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Hilbert-Speiser number fields and the complex conjugation
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(Received Nov. 2, 2008)

Abstract. Let p be a prime number. We say that a number field F satisfies

the condition ðHpÞ when any tame cyclic extension N=F of degree p has a normal

integral basis. We determine all the CM Galois extensions F=Q satisfying ðHpÞ for
the case p � 5, using the action of the complex conjugation on several objects

associated to F .

1. Introduction.

Let p be a prime number. We say that a number field F satisfies the Hilbert-

Speiser condition ðHpÞ when any tame cyclic extension N=F of degree p has a

(relative) normal integral basis. The rationals Q satisfy the condition ðHpÞ for all
p by a classical theorem of Hilbert and Speiser, while a number field F 6¼ Q does

not satisfy ðHpÞ for infinitely many p by Greither, Replogle, Rubin and Srivastav

[3]. There are several results on number fields satisfying or not satisfying this

property ([2], [5], [8], [9], [10], [12], [13], [22]). In particular, in [13], we

determined all imaginary quadratic fields satisfying ðHpÞ for each p. In this paper,

we deal with a CM Galois extension, and prove the following theorem. Here, a

number field F is called a CM Galois extension when F is a CM field and F=Q is a

Galois extension. For an integer n � 2, �n denotes a primitive n-th root of unity.

THEOREM 1.1. Let p be a prime number with p � 5 and let F=Q be a

nonquadratic CM Galois extension. Then F satisfies the condition ðHpÞ if and only

if F ¼ Qð�12Þ and p ¼ 5.

Our method is sketched as follows. Using a theorem of McCulloh [17] and

several of its known consequences, we show that if a CM Galois extension F

satisfies ðHpÞ, then the group WF of roots of unity in F must be ‘‘large’’

(Lemma 3.1) and at the same time, the minus class group Cl�F must be almost

trivial (Corollary 4.1). A point of the arguments is the existence of the complex

conjugation J acting on several objects associated to F . However, when WF is

2000 Mathematics Subject Classification. Primary 11R33; Secondary 11R18.

The author was partially supported by Grant-in-Aid for Scientific Research (C), (No. 19540005),

Japan Society for the Promotion of Science.

Key Words and Phrases. Hilbert-Speiser number field, normal integral basis, CM field.

#2010 The Mathematical Society of Japan
J. Math. Soc. Japan
Vol. 62, No. 1 (2010) pp. 83–94

http://dx.doi.org/10.2969/jmsj/06210083


large, Cl�F becomes large. We prove Theorem 1.1 using these facts and some

results on class numbers of cyclotomic fields. The arguments in this paper are

generalizations of those in the previous papers.

Combined with the result in [13] for the imaginary quadratic case, it follows

from Theorem 1.1 that there exists no CM Galois extension satisfying ðHpÞ for

p � 11. In the final section, we give an example of a real abelian field satisfying

ðHpÞ for p ¼ 11 or 13.

REMARK 1.

(I) Let p ¼ 2 or 3. Yoshimura [22] determined all imaginary abelian fields

satisfying ðH2Þ or ðH3Þ using Yamamura’s determination [21] of the imaginary

abelian fields F with class number one. To determine all CM Galois extensions

satisfying ðH2Þ or ðH3Þ, it would be necessary to know all those with class number

one.

(II) In [1], Brinkhuis used the complex conjugation to show that an

unramified abelian extension N=F of CM fields quite rarely has a normal integral

basis.

2. McCulloh’s theorem.

To study Hilbert-Speiser number fields, a theorem of McCulloh [17]

mentioned in Section 1 plays an important role. In this section, we recall the

theorem and some of its known consequences.

Let p be a prime number, and let � ¼ ðZ=pÞþ and G ¼ ðZ=pÞ� be the additive

group and the multiplicative group of the finite field Z=p. For a number field F ,

let OF be the ring of integers of F , and ClF the ideal class group of the Dedekind

domain OF . Let ClðOF�Þ be the locally free class group of the group ring OF�,

and Cl0ðOF�Þ the kernel of the natural map ClðOF�Þ ! ClF induced from the

augmentation OF� ! OF . Let RðOF�Þ be the subset of ClðOF�Þ consisting of the

locally free classes ½ON � for all tame �-extensions N=F . It is known that

RðOF�Þ � Cl0ðOF�Þ. As � is abelian, F satisfies ðHpÞ if and only if RðOF�Þ ¼ f0g.
Let SG be the classical Stickelberger ideal of the group ring ZG associated to the

abelian extension Qð�pÞ=Q. For the definition, see Washington [20, Chapter 6].

Through the natural action of G on �, the group ring ZG acts on ClðOF�Þ. The
following is the main theorem of [17].

RðOF�Þ ¼ Cl0ðOF�ÞSG : ð2:1Þ

The following consequence of (2.1) was proved in [3]. Let EF ¼ O�
F be the

group of units of F . For a subgroup E of EF , let ½E�p be the subgroup of ðOF=pÞ�
consisting of the classes containing units in E.
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LEMMA 2.1 ([3, Theorem 1]). Let p � 3. If F satisfies ðHpÞ, then the

exponent of the quotient ðOF=pÞ�=½EF �p divides ðp� 1Þ2=2.

LEMMA 2.2. Let p � 5. If a CM Galois extension F=Q satisfies ðHpÞ, then p

is unramified in F .

PROOF. Similar assertions are given in [5, Proposition 3.4] and [11,

Proposition]. We can show the assertion similarly by using Lemma 2.1. �

For a number field N and an integer � 2 ON , let ClN;� be the ray class group

of N defined modulo the principal ideal �ON . In particular, we have ClN ¼ ClN;1.

Let K ¼ F ð�pÞ and � ¼ �p � 1. In view of Lemma 2.2, we assume that F is a

number field unramified at p. Then we can identify the Galois group GalðK=F Þ
with G through the Galois action on �p. It is known that Cl0ðOF�Þ is isomorphic to

ClK;� as a G-module ([1, Proposition 2.1]). Hence, we obtain from (2.1) the

following:

LEMMA 2.3. Let F be a number field unramified at p, and let K ¼ F ð�pÞ.
Then F satisfies ðHpÞ if and only if the Stickelberger ideal SG annihilates the ray

class group ClK;�.

Next, we collect some facts on the Stickelberger idealSG which are necessary

in this paper. Let k ¼ Qð�pÞ. We are identifying Galðk=QÞ with G ¼ ðZ=pÞ�
through the Galois action on �p. For an integer i with p - i, denote by �i the

element of G corresponding to i. Let AG be the ideal of the group ring ZG

consisting of the elements � such that ð1þ ��1Þ� 2 NGZ, where NG is the norm

element of ZG. Let � be a generator of G and put

nG ¼ 1þ �þ �2 þ � � � þ �ðp�1Þ=2�1:

We can easily show that AG is generated by nG over ZG:

AG ¼ hnGi:

For an integer n � 3, let h�
n be the relative class number of the cyclotomic field

Qð�nÞ. By a general theorem of Sinnott [18, Theorem 2.1] on Stickelberger ideals,

it is known that SG � AG and that

½AG : SG� ¼ h�
p : ð2:2Þ

We put
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�2 ¼
Xp�1

i¼1

2i

p

� �
��1
i ¼

Xp�1

i¼ðpþ1Þ=2
��1
i 2 ZG:

It is known that �2 and NG belong to SG. By NG 2 SG and Lemma 2.3, we obtain

LEMMA 2.4 ([12, Proposition 4]). Let F be a number field unramified at p,

and let K ¼ F ð�pÞ. If F satisfies ðHpÞ, then the natural map ClF ! ClK is trivial.

3. Roots of unity.

We collect some notation which we use frequently in this paper. Let F be a

CM field and Fþ the maximal real subfield of F . Let Cl�F be the kernel of the norm

map ClF ! ClFþ , namely the minus class group of F , and let h�
F ¼ jCl�F j. Let WF

be the group of roots of unity in F .

Let F be a CM field unramified at p, and let J be the complex conjugation of

the CM field K ¼ F ð�pÞ. Note that J is different from the automorphism

��1 2 G ¼ GalðK=F Þ. The following assertion is a ‘‘minus part’’ version of

Lemma 2.1.

LEMMA 3.1. Let p � 3, and let F be a CM field unramified at p. If F satisfies

ðHpÞ, then

ððOF=pÞ�ÞðJ�1Þ2 � ½WF �p:

In particular, ððOF=pÞ�ÞðJ�1Þ2 is a cyclic group.

PROOF. Let k ¼ Qð�pÞ and K0 ¼ F � kþ. Let IF be the group of ideals of F

relatively prime to p, and HF the subgroup of IF consisting of ideals xNK0=FA for

ideals A of K0 relatively prime to p and elements x 2 F� with x � 1 mod p. The

reciprocity law induces an isomorphism

IF=HF ¼� GalðK0=F Þ

compatible with the action of the complex conjugation J. As J acts on

GalðK0=F Þ ¼ Galðkþ=QÞ trivially, we obtain

IJ�1
F � HF :

Now, let � be an element of F� with ð�; pÞ ¼ 1. Then, by the above, we have

�J�1OF ¼ xNK0=FA for some ideal A of K0 and an element x 2 F� with
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x � 1 mod p. Noting that the element �2 2 SG acts on K�
0 as the norm operator

NK0=F , we see from Lemma 2.3 that the ray class ½NK0=FA � OK � 2 ClK;� is trivial.

Therefore,

�J�1 � �mod �

for some unit � 2 EK . By a theorem of units of a CM field [20, Theorem 4.12], we

have �J�1 2 WK . We see that WK ¼ WF � h�pi as F is unramified at p. Hence,

�ðJ�1Þp 2 WF . Let f be the least common multiple of the degrees of the prime ideals

of F over p, and put � ¼ �ðJ�1Þpf 2 WF . Then we obtain

�ðJ�1Þ2 � �ðJ�1Þ2pf � �mod �:

This congruence holds modulo p as F is unramified at p. Therefore, we obtain the

assertion. �

LEMMA 3.2. Let p � 5, and let m � 4 be an even integer with p - m. Then

p’ðmÞ ¼ 1þ am for some integer a � 3. Here, ’ð	Þ is the Euler function.

PROOF. We give a proof of this elementary assertion for the sake of

completeness. When m ¼ 2e with e � 2, we can easily show the assertion by

induction on e. So, let us deal with the case where m is not a power of 2. First, let

m ¼ 2m0 for some odd integer m0 � 3. We have 2’ðmÞ ¼ 2’ðm0Þ ¼ 1þ am0 for some

a � 1. It follows that

p’ðmÞ > 4’ðmÞ ¼ 1þ bm0 with b ¼ 2aþ a2m0 � 5:

On the other hand, p’ðmÞ ¼ 1þ cm0 for some even integer c. From the above

inequality, we obtain c � 6, from which the assertion follows in this case. Next, let

m ¼ 2eþ1m0 for some e � 1 and an odd integer m0 � 3. We have already shown

that p’ð2m0Þ ¼ 1þ 2am0 for some a � 3. Hence, it follows that

p’ðmÞ ¼ ð1þ 2am0Þ2
e

� 1þ 2eþ1am0 ¼ 1þ am:

The assertion follows from this. �

LEMMA 3.3. Let p � 5. Let F=Q be a nonquadratic CM Galois extension

unramified at p. Let f� be the relative degree at F=Fþ of a prime ideal of F over p.

Assume that F satisfies ðHpÞ. Then the following assertions hold:

(I) m ¼ jWF j � 4 and F ¼ QðWF Þ.
(II) The prime p remains prime in Fþ.
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(III)When f� ¼ 1 (resp. f� ¼ 2), m is a multiple of ðp’ðmÞ=2 � 1Þ=2 (resp.

ðp’ðmÞ=2 þ 1Þ=2).

PROOF. Let f be the degree of p at Fþ=Q. We have a canonical

decomposition

ðOF=pÞ� ¼�
M
}

ðOF=}Þ�

where } runs over the prime ideals of Fþ over p and OF=} ¼ OF=}OF . Each

component ðOF=}Þ� is invariant under the action of the complex conjugation J.

The endomorphism 1� J on ðOF=}Þ� induces an exact sequence

1 ! ðOFþ=}Þ� ! ðOF=}Þ� ! ððOF=}Þ�Þ1�J ! 1:

Using this, we easily see that ððOF=}Þ�Þ1�J is a cyclic group of order pf � 1 (resp.

pf þ 1) when f� ¼ 1 (resp. 2). As ðJ � 1Þ2 ¼ 2ð1� JÞ, it follows that

ððOF=}Þ�Þð1�JÞ2 is a cyclic group of order ðpf � 1Þ=2 (resp. ðpf þ 1Þ=2). As p � 5,

it follows that the last group is nontrivial. However, since ððOF=pÞ�ÞðJ�1Þ2 is a

cyclic group by Lemma 3.1, we see that the prime number p remains prime in Fþ:

f ¼ ½Fþ : Q�:

It also follows from Lemma 3.1 that

pf � 1

2
m or

pf þ 1

2

����
����m ð3:1Þ

according to whether f� ¼ 1 or 2. If m ¼ 2, then we see that p ¼ 5 and

f ¼ f� ¼ 1, which implies that F is a quadratic field. Thus, we obtain m � 4.

Hence, QðWF Þ is an imaginary subfield of F . We put

f0 :¼
’ðmÞ
2

¼ ½QðWF Þþ : Q�:

Then, as QðWF Þþ � Fþ, f is a multiple of f0. To prove the assertions (I) and (III),

it suffices to show that f ¼ f0. Assume, to the contrary, that f 6¼ f0. We see from

(3.1) and Lemma 3.2 that the case f ¼ 2f0 ¼ ’ðmÞ can not happen, and hence

f ¼ f0b for some b � 3. Then it follows from (3.1) that
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pf0b 
 1

2
� m � p2f0 � 1:

This is impossible as b � 3. Therefore, we obtain f ¼ f0. �

Using Lemma 3.1, we can also show the following:

PROPOSITION 3.1. For each CM field F , there exist at most finitely many

prime numbers p for which F satisfies ðHpÞ.

PROOF. Let p be a prime number unramified in F . Let } be a prime ideal of

Fþ over p, and f the degree of }. Assume that F satisfies ðHpÞ. Then, similarly as

in the proof of Lemma 3.3, we see from Lemma 3.1 that ðpf � 1Þ=2 or ðpf þ 1Þ=2
divides the order jWF j. We obtain the assertion because there are at most finitely

many primes p satisfying this condition. �

4. Proof of Theorem 1.1.

Let p � 3 be a prime number. Let F be a CM field unramified at p, and

K ¼ F ð�pÞ. Let Cl�F be the minus class group of F . The following lemma seems to

be known to specialists.

LEMMA 4.1. Under the above setting, let XF be the kernel of the natural map

Cl�F ! ClK. Then the exponent of XF divides 2.

PROOF. We show the assertion using a standard argument in pp. 288–290 of

[20]. Let � be a generator of the Galois group G ¼ GalðK=F Þ. Let A be an ideal of

F such that the ideal class ½A�F is contained in the kernel XF . Then AOK ¼ �OK

for some � 2 K�. As A is an ideal of F , ���1 ¼ � for some unit � 2 EK . As

½A�F 2 Cl�F , it follows that A
1þJ ¼ 	OF for some 	 2 F�. Therefore, �1þJ ¼ 	� for

some � 2 EK , and hence

�1þJ ¼ �ð1þJÞð��1Þ ¼ ð	�Þ��1 ¼ ���1: ð4:1Þ

Put �1 ¼ �2=�. Then �1OK ¼ A
2OK , and

�1 :¼ ���1
1 ¼ �2ð��1Þ=���1 ¼ �2=���1 2 EK:

Using (4.1), we see that

�1þJ
1 ¼ �2ð1þJÞ�ð1��Þð1þJÞ ¼ �ð��1Þð1�JÞ:
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This implies that �1þJ
1 ¼ 
1. On the other hand, we have �21 ¼ �
 for some � 2 WK

and a real unit 
 2 EKþ by [20, Theorem 4.12]. Then we see that 1 ¼ �
2ð1þJÞ
1 ¼


1þJ ¼ 
2, and hence �1 2 WK . As F is unramified at p, we have WK ¼ WF � h�pi.
As the exponent of XF divides p� 1, we may as well replace A with A

p, and �1
with �p1. Therefore, we may as well assume that �1 2 WF . Let d be the order of �1.

Then, as ��
1 ¼ �1�1, it follows that a ¼ �d

1 2 F� and A
2d ¼ aOF . We see that the

Kummer extension F ð�1Þ ¼ F ða1=dÞ over F is unramified outside 2d, and that it is

totally ramified at the primes over p as F ð�1Þ � K. Hence, it follows that

F ð�1Þ ¼ F and �1 2 F�. Therefore, A2 is a principal ideal of F . �

COROLLARY 4.1. Under the above setting, if F satisfies ðHpÞ, then the

exponent of Cl�F divides 2. In particular, the relative class number h�
F is a power of

2.

PROOF. This follows immediately from Lemmas 2.4 and 4.1. �

PROOF OF THEOREM 1.1 Let p � 5 and let F be a nonquadratic CM Galois

extension satisfying ðHpÞ. Then, by Lemma 3.3 and Corollary 4.1, F coincides

with the cyclotomic field Qð�mÞ for some even integer m and the relative class

number h�
m of F ¼ Qð�mÞ is a power of 2. All cyclotomic fields with h�

m a power of

2 were determined by Masley and Montgomery [16] and Horie [6]; those with

h�
m ¼ 1 by [16] and those with h�

m > 1 by [6]. There are exactly 33 nonquadratic

such ones. The corresponding even integers m are as follows:

m ¼ 8; 10; 12; 14; 16; 18; 20; 22; 24; 26; 28;

30; 32; 34; 36; 38; 40; 42; 44; 48; 50; 54;

56	; 58	; 60; 66; 68	; 70; 78	; 84; 90; 120	; 130	:

Here, for those m with 	-mark, h�
m is a nontrivial power of 2. Further, p must

satisfy the very strong condition (III) in Lemma 3.3. We observe that each of the

abovem’s is a product of powers of at most three prime numbers. Hence, it follows

that

’ðmÞ
m

� 1�
1

2

� �
� 1�

1

3

� �
� 1�

1

5

� �
¼

4

15
:

Therefore, if p � 5 satisfies (III), then

52m=15 � 2mþ 1:
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We see that this inequality holds only whenm ¼ 8; 10; 12; 14; 16. Among these five

m, the condition (III) is satisfied for a prime p � 5 when and only when m ¼ 12

and p ¼ 5. Now, it remains to show that F ¼ Qð�12Þ satisfies ðH5Þ. Let K ¼
F ð�5Þ ¼ Qð�60Þ, and G ¼ GalðK=F Þ ¼ ðZ=5Þ�. By Lemma 2.3, it suffices to show

that ClSG

K;� ¼ f0g. Let � be a generator of G. Then, as h�
5 ¼ 1, we have SG ¼

AG ¼ h1þ �i by (2.2). On the other hand, Yusuke Yoshimura calculated that

jClK;�j ¼ 2 using KASH. Let c be the unique nontrivial element of ClK;�. Then, as

c� ¼ c, it follows that c1þ� ¼ c2 ¼ 1. Therefore, we obtain ClSG

K;� ¼ f0g. �

5. Examples.

At present, no example of a number field F satisfying ðHpÞ for p � 11 seems to

be given in a literature. In this section, we present an example of F satisfying the

condition for p ¼ 11 or 13.

EXAMPLE.

(I) The real quadratic field F ¼ Qð
ffiffiffi
5

p
Þ satisfies ðH13Þ.

(II) The cyclic cubic field F ¼ Qðcosð2�=7ÞÞ satisfies ðH11Þ.

To deal with the above two examples simultaneously, we need the following

lemma, which is given under very strong assumptions. For a number field F , let

hF ¼ jClF j be the class number of F .

LEMMA 5.1. Let F be a totally real number field unramified at p. Let

K ¼ F ð�pÞ, and N be the intermediate field of K=F such that ½N : F � is a power of 2

and ½K : N � is odd. Assume that the following conditions are satisfied:

(i) p ¼ 1þ 2eq for some e � 1 and some odd prime number q.

(ii) The prime 2 remains prime in Qð�qÞ.
(iii) hK ¼ h�

K ¼ 2q�1.

(iv) hN ¼ 1.

(v) ðOK=�Þ� ¼ EK mod �.

Then F satisfies the condition ðHpÞ.

PROOF. Let G ¼ GalðK=F Þ. By Lemma 2.3 and the assumption (v), it

suffices to show that ClSG

K ¼ f0g. Let � be a generator of G, and let nG be the

element in ZG defined in Section 2. As SG � AG ¼ hnGi, it suffices to show that

nG kills ClK . As F is totally real, J ¼ ��1 2 G is the complex conjugation of the

CM field K. We easily see that

ð�� 1ÞnG ¼ J � 1:
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Let � ¼ GalðK=NÞ. Let Z2 be the ring of 2-adic integers, and let �Q2 be an

algebraic closure of the 2-adic rationals Q2. By (iii), ClK is a module over the

group ring Z2�. Let � be a nontrivial �Q2-valued character of �, and �0 the trivial

character of �. By (i), the order of � equals the prime q. Let Z2½�� ¼ Z2½�q� be the
subring of �Q2 generated by the values of � over Z2. We regard Z2½�� as a module

over Z2� by letting � act via �. Let ClKð�0Þ be the �-invariant part of ClK , and

let ClKð�Þ ¼ ClK � Z2½�� be the �-component of ClK where the tensor product is

taken over Z2�. By the assumptions (i) and (ii), all nontrivial characters of � are

conjugate to � over Q2. Hence, we have a canonical isomorphism

ClK ¼� ClKð�0Þ  ClKð�Þ

of Z2�-modules. (See Tsuji [19, Section 2], for this decomposition.) By the

assumption (iv), we have ClKð�0Þ ¼ f0g and hence, ClK ¼ ClKð�Þ. Let us

determine the structure of ClKð�Þ over Z2½��. By (ii), Z2½�� ¼ Z
ðq�1Þ
2 as modules

over Z2. Therefore, it follows from (iii) that

ClK ¼ Cl�K ¼ ClKð�Þ ¼� Z2½��=2

as Z2�-modules. Hence, we see that cJ�1 ¼ 1 for all c 2 ClK . Further, noting that

� 2 � acts on Z2½��=2 via �ð�Þ-multiplication, we can show that if c 2 ClK
satisfies c� ¼ c for all � 2 �, then c ¼ 1. Now, let c be an arbitrary element of ClK .

Then, we see that

cnGð��1Þ ¼ cJ�1 ¼ 1

and hence, ðcnGÞ� ¼ cnG . This implies that cnG ¼ 1. �

PROOF OF EXAMPLES. We begin with a simple remark on units of k ¼
Qð�pÞ. We see that ðOk=�Þ� ¼ Ek mod � because the cyclotomic unit

�a ¼ 1þ �p þ � � � þ �a�1
p

satisfies �a � amod � for each 2 � a � p� 1. Hence, for any divisor d of p� 1,

there exists a unit � of k such that �mod � is of order d.

First, let p ¼ 13 and F ¼ Qð
ffiffiffi
5

p
Þ. The assumptions (i) and (ii) are satisfied.

We see that (iii) and (iv) are satisfied from the table [4, Tafel I] and the

computation of van der Linden [15]. The group ðOF=pÞ� ¼ ðOK=�Þ� is cyclic of

order 23 � 3 � 7. Let � ¼ NQð�5pÞ=Kð1� �5pÞ be a cyclotomic unit of K. Using

�p � 1 mod �, we see that

92 H. ICHIMURA



� �
ffiffiffi
5

p
� �mod � with � ¼

ffiffiffi
5

p

 1

2
:

We see that
ffiffiffi
5

p
mod � (resp. �mod �) is of order 8 (resp. 28) by some hand

calculation. Hence, �mod � is of order 23 � 7. Further, as 3jp� 1, there exists a unit


 in Qð�pÞ such that 
mod � is of order 3 by the above remark. Therefore, the last

condition (v) is satisfied.

Next, let p ¼ 11 and F ¼ Qðcosð2�=7ÞÞ. The assumptions (i) and (ii) are

satisfied. By [4, Tafel I] and [15], the assumptions (iii) and (iv) are satisfied. The

group ðOF=pÞ� ¼ ðOK=�Þ� is cyclic of order 2 � 5 � 133. Using KASH, H. Sumida-

Takahashi calculated that ½ðOF=pÞ� : ½EF �p� ¼ 5. On the other hand, as 5jp� 1,

there exists a unit � in Qð�pÞ such that �mod � is of order 5. Therefore, (v) is

satisfied. �

REMARK 2. The method for determining the Galois module structure of

ClK in the proof of Lemma 5.1 is a standard one, which originates from Iwasawa

[14]. For K ¼ Qð
ffiffiffi
5

p
; �13Þ (resp. Qðcosð2�=7Þ; �11Þ), Horie and Ogura [7] have

already shown that ClK is isomorphic to ðZ=2Þðq�1Þ as an abelian group with

q ¼ 3 (resp. 5).

REMARK 3. A table of relative class numbers of imaginary abelian fields of

conductor f � 100 (resp. 100 < f � 200) is given in [4, Tafel I] (resp. Yoshino and

Hirabayashi [23], [24]). Using these tables, we observe that for p � 17, there

exists no real abelian field F for which F and K ¼ F ð�pÞ satisfy the assumptions of

Lemma 5.1 and fK � 200. Here, fK is the conductor of K. And, at present, we

have no example of a number field F satisfying ðHpÞ for p � 17. Does there exist

such a number field F?
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