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Abstract. The Kirchhoff elastic rod is one of the mathematical models of thin
elastic rods, and is characterized as a critical point of the energy functional obtained
by adding the effect of twisting to the bending energy. In this paper, we investigate
Kirchhoff elastic rods in three-dimensional space forms. In particular, we give explicit
formulas of Kirchhoff elastic rods in the three-sphere and in the three-dimensional
hyperbolic space in terms of Jacobi sn function and the elliptic integrals.

1. Introduction.

The most famous model of thin elastic rods is probably Euler’s elastica, which
is a critical curve for the energy with the effect of bending only. The uniform
symmetric case of the Kirchhoff elastic rod is a generalization of the elastica and
is the simplest model with the effect of bending and twisting. (In this paper, we
call it a Kirchhoff elastic rod for short.)

Such mathematical models of thin elastic rods in the Euclidean space have
been extensively studied since the days of Euler in the 1730s (see, e.g., [1], [23]).
Meanwhile, the elastica or its certain generalizations in Riemannian manifolds,
except the Euclidean space, have been investigated since the 1980s not only for
their own interests but also for applications to constructing Willmore surfaces, and
so on (see, e.g., [2], [3], [4], [8], [16], [19], [20], [26]).

In this paper, we consider Kirchhoff elastic rods in the simply-connected three-
dimensional space forms, R®, 3 and H3. In [21], by using Pontryagin’s maxi-
mum principle, Langer and Singer derived the Hamiltonian systems associated to
a class of variational problems, including that of Kirchhoff elastic rods in the three-
dimensional space forms, and proved their Liouville integrability. These Hamilto-
nian systems are defined on the cotangent bundle of the orthonormal frame bundle
(or its certain enlargement) of the space form. Also, Jurdjevic ([11]) considered
the complexified Hamiltonian equations induced by the variational problems of
generalized Kirchhoff elastic rods (see also [8], [9], [10]). Jurdjevic classified the
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integrable cases, including that of Kirchhoff elastic rods in the three-dimensional
space forms, and showed the integration procedures. However, it seems to be dif-
ficult to visualize immediately the global shapes of the centerlines of Kirchhoff
elastic rods in the non-Euclidean space forms. To make the visualization easier,
we would like to take a system of coordinates on the space form itself and obtain
simple explicit formulas of Kirchhoff elastic rods by well-known special functions.

In the case of the three-dimensional Euclidean space R®, many authors have
been studying explicit expressions of Kirchhoff elastic rods, or their relations with
the Lagrange top, the vortex filament equation or the DNA molecule (e.g., [6],
[7], [14], [15], [22], [25], [27], [28]). Langer-Singer ([22]) and Shi-Hearst ([27])
obtained explicit formulas of the centerlines of Kirchhoff elastic rods by Jacobi sn
function and the elliptic integrals in terms of cylindrical coordinates.

It is natural to ask if we can get such explicit expressions as [22], [27], even
in the three-sphere 52 or the three-dimensional hyperbolic space H3. In the case
of the three-sphere, the author obtained explicit formulas of the centerlines of
Kirchhoff elastic rods by Jacobi sn function and the elliptic integrals in terms
of a system of coordinates analogous to the cylindrical coordinates (Theorem 6.1
of [13]). However, we cannot apply the same method as [13] to the case of the
three-dimensional hyperbolic space.

In this paper, by using an approach not depending on the signature of the
sectional curvature of the space form, we prove that an analogous result also holds
for the three-dimensional hyperbolic space H?.

Let .# be a smooth n (> 2)-dimensional Riemannian manifold with metric
(,). Let v =~(¢): [0,]] — .4 be a smooth unit-speed curve, and T'(t) = ~/(¢) the
tangent vector to v. We denote by T.# the tangent bundle of .Z and by V the
Levi-Civita connection in T'.Z .

To describe how the elastic rod is twisted, we utilize a smooth orthonormal
frame field M = (My, Ms,...,M,_1) in the normal bundle T+.# along 7. We
consider the pair {v, M} of v and M. In this paper, we call such a pair {v, M} a
unit-speed curve with adapted orthonormal frame, and + the centerline of {~, M}.
Note that (T'(t), M1(t), ..., M,_1(¢)) is an orthonormal basis of the tangent space
T, for each t. Now, let v be a fixed positive constant, which is determined
by the material of a given rod. (Throughout the paper, this constant v is always
fixed.) We define the energy T as follows:

1 n—1 .
Stan)) = [ 1verPaer Y. [ viPa
0 = Jo

where V1 denotes the normal connection in TH.#, so that, V%Mi = VoM, —
(VrM;, T)T. The first term of T({y, M}) expresses the energy of bending, and
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the second term that of twisting. We call {~, M} a Kirchhoff elastic rod if {~, M}
is a critical point of ¥ with respect to the variations of unit-speed curves with
adapted orthonormal frames which preserve the frames (y(¢), (T'(t), M (t))) at the
both end points.

Let .# be S3 or H? of constant sectional curvature G. In Section 2, according
to [13], we give explicit expressions of the curvature and torsion of the centerline
v of a Kirchhoff elastic rod {7, M} in .#, and then parametrize the space of the
congruence classes of Kirchhoff elastic rods by four real numbers, which we will
write as «, 1, p, w (Proposition 2.2).

To obtain the explicit formulas for ~ itself, we use a similar method to that
of Langer and Singer (see e.g., [7], [12], [13], [18], [20], [22]). In Section 3, we
construct two Killing vector fields J and H on .# associated to the Kirchhoff
elastic rod {v, M} (Lemma 3.2), and prove that J and H commute (Lemma 3.4).

In Section 4, by using these two lemmas, we show that the matrix repre-
sentations of J and H can be simultaneously canonicalized (Proposition 4.2 and
Proposition 4.5), and we construct a system of coordinates suitable for {v, M}
(the last part of Section 4).

In Section 5, we first express various constants by «, 7, p and w. (A part
of these calculations is written in the appendix (Section 6).) Then, we give the
explicit formulas of the coordinate components of v in terms of «, 1, p, w, Jacobi
sn function and the incomplete elliptic integral of the third kind (Theorem 5.3).

Let

1 if =53, O(4) it A =53,
€= o I(A) =
~1 if .4 = H?, 0*+(3,1) if .4 = H>.

In the case where .# = S®, we embed .# isometrically into the four-dimensional
Euclidean space R*, with the canonical coordinates (21,29, 23,24), as the stan-
dard three-sphere of radius 1/v/G. In the case where .# = H?, we embed .#
isometrically into R* with the Lorentzian metric dz? + da3 + dz3 — dx3 as the
hyperboloid {*(z1, z, 3,24) € R*; 23 + 23 + 22 — 23 = 1/G, x4 > 0}. We denote
by ¢ : 4 — R* the isometric embedding. Let *(x1, x2, x3,24) € 1(#). We take a
local coordinate system (r,6,1), called the cylindrical coordinates with respect to
t, on .# by the following relations:

In the case of S3, x1 =rcosf, xo = rsinf, xs =7 cos, T4 = TSiny.

In the case of H?, 21 =rcosf, xo =rsinf, 3 = —rsinhe, x4 = 7cosh.

Here, 0 < 7 < 1/4/G in the case of S%, and r > 0 in the case of H3. Also,
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7 = /e(1/G — r2). This coordinate system (r,8,1) is analogous to a system of
cylindrical coordinates in R?.

THEOREM 1.1 (cf. Theorem 5.3). Let {~y, M} be a Kirchhoff elastic rod in
M = S or H>. When # = H?, we assume that the associated Killing vector
fields J and H are not parabolic. Then, there exists P € I(A) satisfying the
following: Let (r,0,1) denote the coordinates as above with respect to the isometric
embedding Pov: .4 — R* instead of v, and let v(t), 6(t), ¥(t) denote the r, 0, 1
components of v. Then,

r(t) = \/e1sn2(cot, ¢3) + c4.
Moreover, if there exist no points where r(t) =0 or 7#(t) = 0, then

H(t) = c5t + CGH(CQt, cr, 63)7
Y(t) = cst 4 coll (cat, c10, c3),

where sn and II denote Jacobi sn function and the incomplete elliptic integral of
the third kind, respectively. Also, c1,...,c19 are real constants, which are explicitly
expressed by (a,n,p,w) and G.

We note that if there exists a point where r(t) = 0 or 7(t) = 0, then the
explicit formulas of 6(t), ¥(t) are also obtained. Even when .# = H? and .J
or H is parabolic, the explicit formulas for v are obtained in terms of another
coordinate system. Consequently, in all cases, we obtain the explicit formulas of
the components of v (see Theorem 5.3).

The point of the proof of the above theorem is the simultaneous canonical-
ization of the matrix representations of J and H. The main difference between
the approach of this paper and that of [13] is as follows: In [13], in order to prove
this simultaneous canonicalizability, the author did not use the commutativity of
J and H directly, but exploited the fact that the two vector fields J + 2v/GH are
Killing vector fields on S of constant lengths. Thus, the same method cannot
apply to the case of H3. On the other hand, in this paper, we first prove the com-
mutativity of J and H, which holds not depending on the signature of G (Lemma
3.4). Due to this commutativity, we can prove the simultaneous canonicalizability
of the matrix representations of J and H, and then obtain the explicit formulas
for v even in the case where .# = H?3.

The author would like to express his gratitude to the referee for valuable
comments and suggestions.
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2. The space of Kirchhoff elastic rods.

In this section, according to [13], we give explicit expressions of the curvature
and torsion of the centerline v of a Kirchhoff elastic rod {v, M} in .# = R3, 53,
H?, and then parametrize the space of the congruence classes of Kirchhoff elastic
rods by four real numbers (Proposition 2.2). Unless otherwise specified, all curves,
vector fields, etc., are assumed to be C°.

Let .# be R?, S3 or H® of constant sectional curvature G. We fix an orienta-
tion of .#, and denote by x the vector product. Let {~, M} be a unit-speed curve
with adapted orthonormal frame in .#. We call {y, M} a Kirchhoff elastic rod
if {y, M} is a critical point of the energy ¥ with respect to the variations which
preserve the frames (v(t), (T'(t), M (t))) at the both end points. More precisely, a
Kirchhoff elastic rod is defined to be a solution of the associated Euler-Lagrange
equation, whose derivation is discussed in detail in Section 2 of [13].

DEFINITION 2.1. A unit-speed curve with adapted orthonormal frame
{7, M} is called a Kirchhoff elastic rod if the following equations hold for some
real constants a and pu.

Vr[2(Vr)*T + 3|VeT|? — i+ 2G + 2va®)T — 4vaT x V1T] =0,

(VEM,, T x M;) = a.

The constant a is uniquely determined for each {v, M}, and is called the
twist rate of {, M}. Except the case where 7 is a geodesic, the constant p is
also uniquely determined, and is called the Lagrange multiplier of {~, M}. In the
rest of the paper, we assume that the centerline of a Kirchhoff elastic rod is not
a geodesic. (A Kirchhoff elastic rod whose centerline is a geodesic is a relatively
trivial object. For details, see page 212 of [13].) Note also that a Kirchhoff elastic
rod {7, M} is real analytic in ¢.

For a while, we assume the curvature of 7 is positive everywhere. By writing
down the first equation of Definition 2.1 in terms of the Frenet frame (T, N, B)
along -, we obtain the following equations of the curvature k and torsion 7 of ~.

2k" + k3 + (2va® — p+ 2G)k — 2k7(T — 2va) = 0, (2.1)
k*(r —va) = b, (2.2)

where b is a constant. Using the substitution 7 = b/k? + va and multiplication by
k' and integration, we obtain
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4 2
(K')? + % + %(21/(12 — 142G + 270k + % =c, (2.3)
where c is a constant.

Let sn(z,p), cn(z,p), dn(z,p) and K(p) denote Jacobi sn, cn, dn functions
and the complete elliptic integral of the first kind, respectively (cf. [5], [20]).
The solution k(t) of (2.3) is expressed by Jacobi sn function, and the space of
all congruence classes of Kirchhoff elastic rods, including the case where v has
inflection points, is parametrized by four real numbers (Proposition 3.1 of [13]).
For the proof, see pages 212-215 of [13].

In this paper, instead of the parameter (a., a1, as,as) in Proposition 3.1 of
[13], we use another parameter («, 7, p, w), which is defined as follows:

a o n ay D Q3 — Qg w Qa3
= Q3 = = = .
’ ,/013, 0434-0(1’ a3 + oy

Then Proposition 3.1 of [13] is rewritten as the following proposition. (As for the
definition of a congruence class of unit-speed curves with adapted orthonormal
frames, see pages 211-212 of [13].)

PROPOSITION 2.2.  The space of all congruence classes of Kirchhoff elastic
rods (except geodesics) defined on R in M = R3, S% or H3 corresponds to the
parameter space P = P/ ~, where

and the equivalence relation ~ is defined as follows: If p = w or w = 1, then
(e, n,p,w) ~ (@, =0, p,w).

An element [(o,n,p,w)] of &P corresponds to the congruence class of Kirch-
hoff elastic rods with twist rate £n+/a, whose curvature k(t) and torsion 7(t) are
expressed as follows:

k(t) = Va(l — ¢?sn2(y(t — to),p)), (2.4)
a3/2 —w2) (w2 — p2
T(t) = + ( \/(12w2 - (2)(2 ), w;\/a> : (2.5)

where ¢ = p/w, y = Ja/(2w) and ty € R. Also, the double sign of n\/a and that
of the right hand side of (2.5) are in the same order.
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We note that the parameters p, a and b are expressed by («, 7, p, w) as follows:

a3/2

[~Y 4+ 20*(1 +2v9?)], a=+nVa, b=t5—

«

where
V=vV1-w? X=yw2-p2 Y=1+p>—(1+40*)w?—4Gw?/a. (2.7)

The expressions (2.6) follow from (3.13), (3.14) and (3.15) of [13]. For details, see
the proof of Proposition 3.1 of [13]. The expression of the parameter ¢ in terms
of (a,m,p, w) can be obtained as well, but we omit it, because we need not use it
below.

We give some relations between («, n, p,w) and the shape of 7. If the elliptic
modulus p = 0, then ~ is a helix, that is, both k£ and 7 are constant. If 0 < p < 1,
then k is a periodic function with primitive period 2K (p)/y, which attains the
maximum (resp. minimum) value \/a (resp. v/3) precisely when t = 2mK (p)/y+to
(resp. (2m~+1)K (p)/y+to), where 8 = a(w?—p?) /w? and m is an arbitrary integer.
Also, 7 is a periodic function with primitive period 2K (p)/y or a constant function.
If p = 1 (which implies w = 1), then k = \/asech(y(t — tg)), which is not periodic
and attains the maximum value /o at ty, and converges to the infimum value
VB (=0) as t — +oo. In this case, T = Lvn /a.

Also, v has inflection points if and only if p = w # 1. In this case, k =
Valen(y(t — tg), p)|, which vanishes precisely when ¢t = (2m+ 1)K (p)/y +to (m €
Z), and 7 = +vn/a except at the periodic inflection points.

3. Construction of Killing vector fields.

In this section, we construct two commuting Killing vector fields associated to
a Kirchhoff elastic rod (Lemmas 3.2 and 3.4), which will be used in the following
sections to construct a system of coordinates and obtain explicit formulas of the
components of the centerline of the Kirchhoff elastic rod.

In the rest of the paper, let {~, M} be a Kirchhoff elastic rod in .#. Without
loss of generality, we may assume that ¢y in (2.4) is zero. Now, we define two
vector fields J and H along v by setting

J=2(V7)’T + (3|V7T|* — p+ 2va®)T — dvaT x V1T,
H=2vaT +T x VrT.

Note that in terms of the Frenet frame along 7y, these are expressed as follows:
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J = (k* — p+ 2va®)T + 2k'N + 2k(t — 2va)B, (3.1)
H =2valT + kB. (3.2)
Before stating the main claims of this section, we give some useful formulas

with respect to J and H. By using the formula X; x (X2 x X3) = (X1, X3) X3 —
(X1, X2) X3, where X7, Xo and X3 are tangent vectors at a point in .#, we see

Vr(-T)=T x H, (3.3)
1
VrH =T x §J. (3.4)
We should mention that the relations (3.3) and (3.4) correspond to the n = 1,2
cases of the filament model recursion scheme (1) of [17] starting with —7". Vector
fields =T, H and (1/2)J are the first three of the sequence derived from this
scheme.

Since the first equation of Definition 2.1 is equivalent to VpJ = —2GV T, it
follows from (3.3) that

VpJ =2GT x H. (3.5)

Using these formulas, we obtain the following two first integrals, which are viewed
as the space form versions of the n = 3 case of (11) of [17].

PROPOSITION 3.1.  The functions (J, H) and |J|?> + 4G|H|? are constant.

ProOOF. By (3.4) and (3.5), it follows that

d 1
%U,H) =2G(T x H,H) + §<J,T x Jy=0,

%(|J|2 +4G|H*) = 4G(T x H,J) +4G(T x J, H) = 0. O

We state the main claims of this section, that is, Lemmas 3.2 and 3.4.

LEMMA 3.2 (Proposition 4.1 of [13]).  The vector fields J, H along v extend
uniquely to Killing vector fields on A .

The key lemma of the proof of Lemma 3.2 is the following:

LEMMA 3.3 ([18], [20]). Let .4 be R®, S®, or H® of constant sectional
curvature G. Let v = y(t) be a unit-speed C™ curve in M whose curvature k(t)
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is positive everywhere. Let A be a C* wvector field along v. Then A extends
to a Killing vector field on A if and only if A satisfies the following system of
differential equations.

(VoA T) =0,
((Vr)?A+GA,N) =0

k/

<(v V3A - ]i/(vT) + (G + k*)VrA - — G4, B> =0,

where (T, N, B) is the Frenet frame along v. Moreover, the Killing vector field
is uniquely determined. (Such a vector field A is said to be a Killing vector field

along v.)

By using Lemma 3.3 and the Euler-Lagrange equations (2.1) and (2.2), we
can prove Lemma 3.2, but we omit it. For details, see [13].

LEMMA 3.4. LetJ, H denote the unique extensions of J, H as Killing vector
fields on A, respectively. Then, [J, H] = 0.

PrOOF. The set of all zeros of a Killing vector field on .# is either the
empty set, the whole M , or one geodesic in .. Thus it is sufficient to verify that
[J H ] = 0 on v, because the image of v is not contained in any geodesm Since
[J,H] =V ;H —V 5J, it is sufficient to show that V5.J =0 and V;H =0 on .

First, we show V J = 0on~. Since J is not expressed exphmtly except at the
points on v, it is difﬁcult to compute V gj directly. And so, we replace V Hj by
another expression. Let ¢ (A € R) denote the one-parameter group of isometries
generated by J & and ¢ the differential map of o for each \. We write (cp o) (t)
as (A, t) = 4 (t), and let T(\,t) = 87/875 and J(\, t) = 87/8)\( JH(1)).
We denote the induced connection by V7 ‘T , and write V) Ly at # and Vg /afﬂ

as V7 and V;, respectively. Now, let H be the vector field along 4 defined by
I:I()\,t) = 2val + T x VTT. The formulas obtained by replacing T, J and H
n (3.3), (3.4) and (3.5) by T, J and H are valid, because T(\, 1) = @2 (T (t)),
T\ 1) = @2(J(8)) and H(X,t) = @2 (H(t)).

Smce H coincides with H on 7, it suffices to calculate Vi J. Also, since H
is invariant under the flow ¢*, g J = V; -H holds. Hence it suffices to show

V; -H = 0. We write T J H, VJ, etc. as T J, H, Vj, etc., unless confusions
could occur. We can verify that V ;T = VrJ and

ViV X =VrV; X +GUT, X)J — (J, X)T), (3.6)
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where X is an arbitrary vector field along 4. These formulas together with VJ =
1
—2GV 7T and VrH = iT x J yield

ViH =2vaV7J + Vo] x VT +T x (V7)2J + GJ)
= —2G(2vaV 7T + T x (V7)*T) + GT x J

= —2G <VTH - %T x J) =0. (3.7)

Hence ng =0on 7.

Next, we show Vjﬁ = 0 on 7. In the same way as above, we replace Vjﬁ
by another expression. Let ¥ (A € R) be the one-parameter group of isometries
generated by H. We write (¢ 0 7)(t) as F(\, t) = 4*(t), and let T(\, t) = 97/dt,
H(\t) = 07/0X(= HGO1), Vi = V)50 and Vg = V) 7. Let J be
the vector field along 4 defined by

J\t) =2(Vp)°T + (3|VT|? — p+2va®)T — dvaT x VT

Since J coincides with J on 7, it suffices to calculate V;H. Also, J(\,t) =
Y2 (J(t)) yields VyH = V zJ. Thus, it suffices to show V z.J = 0. By a calculation
similar to that of V ; H, we obtain
Vg =2(V7)*H + (3|VrT|* — p+ 2G + 2va®) Vo H
—4va(VrH x VT +T x (Vr)’H + GT x H + GV1T)
on . It is sufficient to show that the right hand side is equal to zero except at the
inflection points of v. By using (k*(7 — va)) = k(2k'T + k7' — 2vak’) = 0, we see
that the right hand side of the above expression becomes
— (1 —2va)[2k" + K* + (2va® — p + 2G)k — 2kT(T — 2va)|N
+ 2K + K* + (2va® — p + 2G)k — 2k7(T — 2va)]'B,

which is equal to zero by (2.1). Hence Vjﬁ = 0 on =, which completes the proof.
O

For a later convenience, we need the following lemma, which follows from
Lemma 3.3 together with a straightforward calculation.
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LEMMA 3.5. Let {v, M} be a Kirchhoff elastic rod such that v is a heliz.
Then the tangent vector T of vy extends uniquely to a Killing vector field on A .
4. Construction of coordinates.

In this section, we construct a system of coordinates suitable for a Kirchhoff
elastic rod {7, M} by using the associated commuting Killing vector fields J and
H constructed in the previous section.

Let

0 if . #=R?
e=<1 if 4 =253,
-1 if .4 = H5.

We embed . isometrically into R* = {4(z1, 22,23, 24); T1,T2, 73,74 € R} with
the Euclidean metric as

{t(x17x27x351); T1,T2,23 € R} if A = R37

{{(x1, 9, 23,24) € R*; 22 + 22 + 22 + 22 = 1/GY} if 4 = S°.

Also, we embed .7 isometrically into R* with the Lorentzian metric da? + dz3 +
dz? — dx3 as the hyperboloid

{"(x1, 0, 23,24) € R*; 22 + 22 + 22 —22 = 1/G, x4 > 0} if .4 = H>.
We denote by ¢ : .# — R* the above isometric embedding, and we often identify

M with o(#). The Euclidean or Lorentzian metric on R* and the Riemannian
metric on .# are denoted by the same notation (, ). Let

E(3) if #=R?, e(3) if .# =R?
() = 04) if =53 Lie(I(#))=1{0(4) if .4 =25
07 (3,1) if .# = H?, 0(3,1) if .# =H?3,

where

E(3) = {< ]g 11) > €GL(4,R); RcO(3),bc R3},
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07 (3,1) = {P € GL(4,R); '"PBP = B, Py, > 1},

e(3) = {(‘g g) eM(4,R);Aeo(3),beR3},

0(3,1) = {(;‘l‘) g) eM(4,R);Aeo(3),beR3},

o O O
oS O = O
O = O O

o o O

-1

and O(4) is the Lie group of all 4 x 4 orthogonal matrices and 0(4) is the Lie algebra
of all 4 x 4 skew-symmetric matrices. That is, I(.#) is the isometry group of .Z,
and Lie(I(.#)) is its Lie algebra. For a later use, we define Ey, Ey € Lie(I(.#))
and Fi, F» € 0(3,1) as follows:

0 -1 00 000 O

B = 1 0 00 7 By — 000 O 7
0 0 00 000 -1
0 0 00 00e¢e O
00 —-11 00 0 O

P = 00 0 O 7 Fy = 00 —-11
10 0 O 01 0 O
10 0 O 01 0 0

For any Killing vector field Y on .#, there exists a unique 4 x 4 matrix
Ay € Lie(I(.#)), called the matriz representation of Y with respect to v, satisfying
(t.Y)(x) = Ayx, where ¢ = '(x1,x9,x3,24) € (). Note that if P € I(A),
then the matrix representation of Y with respect to P o ¢ is equal to PAP~!.

Let *(z1, 72,73, 74) € t(#). We define a coordinate system (r,6,), called
the cylindrical coordinates with respect to ¢, on M = R3 53 H3 by the following
relations:

In the case of R® Ty =1rcosb, o =rsinf, r3 = —1.
’ ) ) 3
In the case of S3, , =rcosf, x5 = rsinf, x3 = Fcos, T4 = Fsina.

In the case of H?, x1 =rcosf, x5 =rsinf, x5 = —Fsinht, x4 = 7cosh .
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Here, > 0 in the case of R® or H?, and 0 < r < 1/\/@ in the case of S3. Also,
7 =+/e(1/G — r?). The coordinate fields 9/9r, 9/060, 8/ are orthogonal. Note
that 9/00 (resp. 9/0%) is not defined on the geodesic r = \/z? + 23 = 0 (resp.
7 = \/ex? + 22 = 0) in the case of R®, S3, H?® (resp. S%), but naturally extends to
a smooth vector field on the whole .#, which is also denoted by the same notation
0/00 (resp. 9/0¢). Then 9/90 (resp. 9/0v) corresponds to the Killing vector
field whose matrix representation with respect to ¢ is Fy (resp. Fs). In the case of
M = S3, H3, the following holds:

9|__1 91_,. |2]|_;
ol VeGr |00] 7 |ow|
0 L0 o o 0 L, 0
9 __ 9 9 _ g _ g - 2 (1
V%E’@ EGrrar, V%&/} v%ao 0, V%Odj Grrar, (4.1)
o 10 o —er 0
Véor “voe “dor @ oy

When .# = H3, we also need another coordinate system. We consider the
upper half-space R‘j_ = {*(wy,ws,w3) € R® w3 > 0} with the Poincaré metric
(dw? + dw3 + dw?)/(—Gw3). Let w; (j = 1,2,3) be the functions on «(H?) into
Ri defined by

1

1

wo =

T2
ws T 3 1/\/ -G

3

where (21,22, 73,274) € ((H®). Then, the map (w1, w2, w3) : «(H?) — RY is
an isometry between ((H?%) and R%. By identifying H® with +(H?), we can view
(w1, wa,w3) as a coordinate system on the whole H?, called the upper half-space
coordinates with respect to 1. The coordinate field 9/0w, (resp. &/0wsy) on H3
coincides with the Killing vector field whose matrix representation with respect to
tis Fy (resp. F3).

In what follows, we give an appropriate P € I(.#) and take the cylindrical or
upper half-space coordinates with respect to the isometric embedding P o¢. First,
we consider the transformation of an element of Lie(I(.#)) into the canonical
form. We can check the following lemma, whose proof is omitted.

LEMMA 4.1.

(1) If A € ¢(3) (resp. 0(4)), then there exist P € E(3) (resp. O(4)) and o1,
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o2 € R satisfying PAP™' = 01 E; + 02F5.
(2) If A€ o(3,1), then the only one of the following (i) and (ii) holds:
(i) There exist P € O1(3,1) and 0y, 02 € R satisfying PAP™! = 01 F; +
O’QEQ.
(ii) There exists P € OT(3,1) satisfying PAP™1 = Fy.

A matrix A € 0(3,1) is said to be semi-simple (resp. parabolic) if (i) (resp.
(ii)) holds. It should be noted that through the Lie algebra isomorphism between
s[(2,C) and 0(3,1) derived from the spinor map SL(2,C) — SO*(3,1), a semi-
simple (resp. parabolic) element of 0(3,1) corresponds to a diagonalizable (resp.
non-diagonalizable) element of s[(2, C). For details about the spinor map, see [24].

In this paper, a Killing vector field Y on H? is said to be semi-simple (resp.
parabolic) if the matrix representation of Y with respect to ¢ is semi-simple (resp.
parabolic). (It is clear that if Y is semi-simple (resp. parabolic), then the matrix
representation of Y with respect to P o is also semi-simple (resp. parabolic) for
any P € I(.#).) We can check that if a Killing vector field Y is parabolic, then
any integral curve of Y is a horocycle, that is, a curve with curvature /—G and
torsion 0. Also, if Y is semi-simple, then any integral curve of Y is a helix which
is not a horocycle.

Now, Lemma 4.1 immediately yields the following: If .# = R?, S% or .# =
H? and J is semi-simple, then there exist P € I(A#) and o1, 02 € R such that
the matrix representation of J with respect to Pois 01 F1 + 092 Fs. However, due
to Lemma 3.4, we have the following stronger assertion.

PROPOSITION 4.2.  Suppose that # = R>, S* or .4 = H? and J is semi-
simple. Then there exist P € I(#) and o1, o2, p1, p2 € R such that the matriz
representations ofJ~ and H with respect to Pouv are o1 E14+02FEs and p1 E1+ p2Es,
respectively. In particular, if # = H? and J is semi-simple, then H is again semi-
stmple.

PROOF. We first consider the case where .# = H? and J is semi-simple.
If J = 0, then the assertion is obvious. We assume that J # 0. Let Ajzand Ay
denote the matrix representations of J and H with respect to ¢, respectively. Then
there exist P € I(.#) and o1, 02 € R such that the matrix representation of J
with respect to P o is PAJP_1 =o01FE1 +03F5. Set

0 —hi1 —hs hyg
hi 0 —hs hs
ho  hs 0 hg ’
hy hs hg 0

PAP! =
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where hi,...,hg € R. It suffices to show that ho = hs = hy = hs = 0. Now,
it follows from Lemma 3.4 that (PA;P~')(PAzP~') = (PAgP ') (PA;P™Y).
Thus, a straightforward calculation yields

h3 h4 g1 _ 0 —h5 —h2 g1 _ 0
h4 —h3 g9 o 0 ’ —h2 h5 g9 - 0 '
Since (o1, 02) # (0,0), we obtain hy = hy = hy = hs = 0.

Next we consider the case where .# = S3. Suppose that ~ is not a helix.
There exist P € I(.#) and p1, p2 € R such that the matrix representation of H
with respect to Pov is PAHP’1 = p1E71 + p2Es. Since vy is not a helix, |H| is not
a constant function, and hence |p1| # |p2|. Set

0 —j1 —J2 —Ja
PA;P! = ]:1 0 —J3 *ji5

Joog3 0 —Js

Ja js  Je¢ O

where j1,...,j¢ € R. It suffices to prove jo = j3 = ju = j5 = 0. By a similar
calculation to that of the case of H?, we see

(Pl Pz)(jS —j2>(0 0)
p2 P Ja  Js 00)
It follows from |p1] # |p2| that j2 = j3 = ja = js = 0.

Suppose that ~ is a helix. By Lemma 3.5, the tangent vector T extends
uniquely to a Killing vector field T on .#. Thus, there exist P € I(.#) and
&1, & € R such that the matrix representation of T with respect to P o is
&1Ey + &Es. Let (r,0,1) be the cylindrical coordinates with respect to P o ¢.
Then, T = £,(0/86) + £,(0/8). Tt suffices to prove that both of J and H are
linear combinations of 9/96 and 9/9y. To prove this, we express the Frenet frame
along v by v*(9/0r), v*(9/90) and v*(9/0¢), where v* denotes the pull-back by
~. For a later convenience in the appendix, we give a calculation valid for both
cases of .# = S and H3. Let r(t), 0(t) and 9(¢) be the r, # and ) components
of y(t). Since T = £,7*(9/00) + £27*(0/0), we obtain

r(t)=ro, 0'(t) =&, V'(t)=4E, (4.3)
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where 7 is a constant satisfying ro # 0 and 7o := \/e(1/G — r2) # 0. Using (4.1),
we get

5 .0 _
Vil = (6 - @)eCrort L, a=VEGrnlé -Gl (44)
Set 6 =1 (resp. —1) if £ — €3 is positive (resp. negative). Then,

a0 (8R 9 an D
N = —0veG Ty o B—:F6( . 7 58 7 y aw), (4.5)

where the upper (resp. lower) sign is taken when the orientation of the frame
(0/0r,0/00,0/0%) is positive (resp. negative). Hence (3.1) and (3.2) yield that J
(resp. H) is a linear combination of v*(9/8) and v*(8/dv). Since J (resp. H) is
the unique extension of J (resp. H) as a Killing vector field on .#, we see that J
(resp. H) is a linear combination of 8/96 and /9.

Finally, we consider the case where .# = R>. In this case, the first equation
of Definition 2.1 yields V¢J = 0, and so J is a constant vector field. Now,
suppose that H is not a constant vector field. Then there exist P € T (A) and
p1(#0), p2 € R such that the matrix representation of H with respect to P oy is
PAHP*1 = p1F1 + p2Fs. Since J is a constant vector field, PAjP*1 is expressed
as follows:

PA;P! =

o O O O

o O O O
o
g

where jy,J5,76 € R. By p1 # 0 and a similar calculation to those of the cases of
H?3, 53, we obtain j4 = j5 = 0, and hence PA;P~! = —jGE».

Suppose that H is a constant vector ﬁeld We assume that J and H are
linearly independent. Since |H|? is constant, v is a helix. By (3.1) and (3.2)
together with the assumption that J and H are linearly independent, we see T is
expressed as a linear combination of J and H. Thus VT = 0, which contradicts
the assumption that - is not a geodesic. Consequently, J and H are constant
vector fields which are linearly dependent. Hence the assertion is obvious. This
completes the proof. O

Before examining the case where .# = H?3 and J is parabolic, we investigate
another exceptional case. In this case, in spite of .# = R? or S3, we need to take
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P € I(#) in a different way from Proposition 4.2 (see Case 3 in page 570). We
set

f=2(J,H), h=|JP+4G|H, (4.6)

which are constants independent of ¢ by Proposition 3.1.

LEMMA 4.3.  The following are equivalent.

(1) Jx H=0 forallt € R.
(2) A = R3?, S3, ~ is a heliz and (1 —2va)? =G.
(3) 4 =R?, S p=0 and

1<V /G) 1<V G>
n=—\-—+1/— or n=—\-——1/—1-
v\ 2w o v\ 2w o

(4) # = R?, S® and h? — 4G f? = 0.

PROOF. First, we show that (1) and (2) are equivalent. Since
(Jx HT)=(Tx J,H)=(2VpH,H) = (|H]?)' = (k*),

we see J x H # 0 at a point where (k?)'(t) # 0. Thus, if v is not a helix, then
J x H # 0 everywhere except at periodic points or one point. Next, let v be a
helix. Noting that (2.1) yields p = « + 2va? — 27(7 — 2va) + 2G, we have

J x H = va|—(a — p+2va®) + 4va(t — 2va)|N = 2/a(G — (17 — 2va)?)N. (4.7)

Thus, (1) holds if and only if v is a helix and (7 —2va)? = G. Hence (1) and (2) are
equivalent. Also, by using (2.2) and (2.6), we see that (2) and (3) are equivalent.
We show that (1) and (4) are equivalent. By (4.6),

h? —AGf? = (AG|H|* — |J[*)? + 16G|J x H|*. (4.8)

Hence (1) follows from (4). Next, suppose that (1) holds. Then the above argument
yields that .# = R®, 53, ~ is a helix and o — p + 2va® = 4va(r — 2va). By (3.1)
and (3.2), we have J = 2(7 — 2va)H, which implies |J|*> = 4G|H|?. Hence (4)
holds. g

Finally, we examine the case where .# = H?® and J is parabolic. First, we
express by f and h the condition that J is parabolic.
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LEMMA 4.4. Let .# = H3. Then the Killing vector field J is parabolic if
and only if f =h =0.

PRrROOF. First, we note that there exists at least one point ¢ € R such that
(J x H,V7T) # 0. Indeed, let ty be a point satisfying k(to) = kmax(= V), for
example, let tg = 0. Then, by a calculation similar to (4.7),

k”(to)
\/a

(J x HNTT)|t=t, = 2a( + G — (1(to) — 21/@)2) < 0.

Let Y(\, t), J, H, V;, etc. be the same as in Lemma 3.4. We fix t € R
satisfying (J x H,V7T) # 0, and let ¥ : R — H?3 be the curve defined by
2(A) = 4(\,t). Since J is a Killing vector field, X is a helix with constant speed
|J(t)](> 0). The curvature kyx and torsion 75, of ¥ are calculated as follows:

- G2
—Gf
™= (4.10)

(The proof of these expressions are written below.) If J is parabolic, then ¥ is a
horocycle, that is, ks = v/—G and 75, = 0. Hence (4.9) and (4.10) yield f = h = 0.
Conversely, if f = h = 0, then ¥ is a horocycle, and hence J is parabolic.

Now, we show (4.9) and (4.10). In the same way as in Lemma 3.4, we write .J,
H, etc. as J, H, etc. First, we show V;.J = 2G.J x H. Tt follows from |.J|?/OX = 0
that (V ., J) = 0. Also, d(.J, H)/OX = 0 and (3.7) yield (V ;.J, H) = —(J,V ;H) =
0. Hence V ;J is parallel to J x H. It follows from (3.6), (3.5) and (3.4) that

(V3 I, VrT) = —(J,V ;VrT) = —(J, (V)2 T + G(J — (J,T)T))
= —G(J,2VyT x H+ 2T x Vo H + J — (J,T)T)
= —G(J,2VT x H) = (2G.J x H,VT).

Hence, by (J x H,V1T) # 0, we obtain V;J = 2GJ x H. Thus,

e xH| G\ IRIEE ()8
TR N
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Therefore, by using (4.6), we have (4.9). It follows from J x H # 0 that ks > 0
and 75 is well-defined. Since (V;)%J = 4G?(J x H) x H, we see that

V2P x V) -2G(H) _ ~Gf _
. (k21T e R

PROPOSITION 4.5.  Suppose that .4 = H® and J is parabolic. Then there
exists P € I(.#) such that the matriz representations of J and H with respect to
Poy are Fy and (1/(2v/—GQ))Fs, respectively. In particular, H is again parabolic.

PROOF.  Since J is parabolic, there exists P € I(.#) such that the matrix
representation of J with respect to P o is F1. Let the matrix representation of
H with respect to P o . be as the right hand side of (4.2). By Lemma 3.4 and a
straightforward calculation, we have hs = hs, hy = hy and h; = hg = 0. Thus,

(J(z),H(x)) = hao(—w3 + 24),

|J(@)|* + 4G| H(2)|* = (1+4G(h3 + h3)) (—a5 + x4)?,

for & = '(x1, 2,23, 24) € H?. Tt follows from Lemma 4.4 that (J, H) = 0 and
|J|> + 4G|H|?> = 0 on 7. Hence hy = 0 and hs = +1/(2y/—G). In the case of
hs = —1/(2/—G), we consider P; o P, where P;(€ O7(3,1)) is the transformation
sending (z1, z2, 23, 24) to t(x1, —x2,23,24), and rewrite P; o P as P. Then the
matrix representations of J and H with respect to P o ¢ are equal to F; and
(1/(2v/—GQ)) Fy, respectively.

Since QF,Q~! = Fi, where Q € OT(3,1) is the transformation sending
(21,0, x3,24) to t(x2, 21, 23, 24), Fy is parabolic. Hence H is parabolic. O

Now, we introduce the system of coordinates suitable for {~, M}. We note
that by (4.8), h? — 4G f? > 0 always holds.

THE COORDINATES SUITABLE FOR {v, M}.

CASE 1. h? —4Gf? > 0.

By Lemma 4.4, if .# = H?, then J is semi-simple. Thus, there exists P €
I() as in Proposition 4.2. We take the cylindrical coordinates (r,6,1) with
respect to P o .

CASE 2. .# = H? and h? — 4G f? = 0.

By Lemma 4.4, this case corresponds to the case where .# = H® and J is
parabolic. We take the upper half-space coordinates (w1, w2, ws3) with respect to
P o, where P is as in Proposition 4.5.



570 S. KAWAKUBO

CASE 3. .# = R?, S and h? — 4G f? = 0.

It follows from Lemma 4.3 that v is a helix. By Lemma 3.5 and Lemma 4.1,
there exist P € I(.#) and &1, &2 € R such that the matrix representation of T
with respect to P o is & Fy + & E2. We take the cylindrical coordinates (r, 6, )
with respect to P o . In the case of .# = S, we may assume that & > |&] and
the orientation of the frame (9/0r,d/00,0/0v) is negative (cf. Proposition 5.5 of
13)).

5. Explicit formulas.

In this section, we first express various constants by «, 7, p and w. (A part of
these calculations is written in the appendix (Section 6).) Then, we give explicit
formulas of the coordinate components of « in terms of «, 1, p, w, Jacobi sn
function and the incomplete elliptic integral of the third kind (Theorem 5.3).

From now on, we always assume .# = S® or H®. By using an argument
similar to those stated below, we can obtain the R® version of Theorem 5.3, but
we omit it for the sake of simplicity. For details about the R® case, see also [7],
[12], [22] and [27].

We express various quantities in the previous sections by («, 7, p, w). In order
to simplify expressions of (a, 7, p,w), we introduce the following notation:

R=VX -2vmqu? S=Y-2(1+42*)w? U, =Y —4unR,

Uy = (1 —p? — (1 — 40 + 4G /)w*) X Jw — dvnuwV,

Ly

—a(Y? + 4R%) + 16Gw* (1 + 41°n?),

Ly = —a((Y — 2p*)? + 4w (V — 2vnX)?) + 16Gw* (X% /w? + 4v%n?),
where V, X and Y are defined by (2.7).
First, we calculate f. It follows from (3.1), (3.2) and (2.2) that

3/2

2
== 2

(vnY + R), (5.1)

where the upper sign is taken when b > 0, while the lower sign is taken when
b < 0.

Next, we calculate h. We denote the values of |J(t)|, |H(¢)|, |J(t) x H(t)| at
a point t satisfying k(t)? = a (resp. 3) by |J|a, |H|a, |J x H|a (resp. |J|s, |H|g,
|J x H|g). (We can check that these values are determined not depending on the
choice of t satisfying k()2 = « (resp. 3). Also, when p = 1, there are no points
t satisfying k(¢)? = 8. In this case, |J|g etc. are not defined.) By (3.4), we see
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|J|? = (J,T)? + 4|V H|?, which yields

2

|J]2 = (@ — p+2va®)? + da(b/a — va)* = %(Y2 + 4R?).
Since |H|?2 = a(1 + 4v?n?), we obtain
h= [a(Y? + 4R?) + 16Gw* (1 + 40°9?)]. (5.2)
A calculation similar to that of |J|2 yields
o2
|J|% = yo (Y —2p%)% + 4w?(V — 2vnX)?].
Also, by a straightforward computation, we have
I HE = 20t aciHf - g = 2 (5.3
X HE = 20z, eI - 1 = 42, (5.4

Now, we consider Case 1, that is, h? — 4G f2 > 0. By Proposition 4.2,

= 0 0 ~ 0 0
J—Ul@"‘O’Q@, H_plﬁ—FpQ@ (55)

We seek for expressions of 01, 02, p1 and ps in terms of («,n, p,w). By virtue of
(5.1) and (5.2), it suffices to express them by f and h.

Without loss of generality, we may assume p; > 0. (Because if p; < 0, then it
suffices to take (r, 8, )) with respect to Pyo Pou instead of Pot, where Py(€ I(.#))
is the transformation sending (1, z2, 3, 74) to ! (—x1, x2, ¥3,74).) In addition, we
may assume po > 0. Next, by h? — 4G f? > 0 and Lemma 4.3, J x H # 0 for some
t. Thus, if p; = 0, then o7 # 0. Hence we may assume, without loss of generality,
that if p; = 0, then o1 > 0. Similarly, we may assume that if po = 0, then o5 > 0.
In addition, in the case of .# = S3, we may assume p? — ep3 = p? — p3 > 0.

LEMMA 5.1.

ot = (- VIEIGP), o3 = (he ViR AGP),
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p=5 (h+ VIZZIGR) . = (h- VRS IGP).

8

PROOF. To begin with, we show that the above expressions of ¢, o3, p?
and p3 follow from the following relations:

o1p1 =Gf/2, (5.6)
oope =G f/2, (5.7)
o? +4Gp? = Gh, (5.8)
o3 4+ 4Gp3 = eGh. (5.9)

Let .# = S3. We first show p? > p3. Seeking the contradiction, we suppose
p? = p3. Then p; = pa. Since |H|? = k(t)? + 4v%a® is not identically zero,
(p1,p2) # (0,0) holds. Thus, (5.6) and (5.7) yield oy = o, which implies that .J
and H are linearly dependent. By Lemma 4.3, this contradicts h2 — 4Gf2 > 0.
Hence p? > p3. Now, by (5.6), (5.7), (5.8) and (5.9), both of p? and p3 satisfy
the quadratic equation 4x? — ha + Gf?/4 = 0 of x. Hence we have p? = (h +
Vh2 —4Gf?)/8 and p3 = (h — \/h? — 4G f?2)/8. Next, let .4 = H3. Tt follows
from (5.8) and (5.6) that p? = (h++/h2? — 4G f2)/8. We show that the double sign
is 4. Seeking the contradiction, we suppose that it is —. Then p; =0, f = 0 and
h > 0. By (5.7), 0o =0 or p2 = 0. If 03 = 0, then (5.9) and h > 0 yield p2 = 0.
Thus, p; = p2 = 0, which contradicts that |H|? is not identically zero. Hence the
double sign is +. By a similar argument, we obtain p3 = (—h + \/h2 — 4G f2)/8.
Also, 07 and o3 follow immediately from (5.8) and (5.9).

We show (5.6), (5.7), (5.8) and (5.9). Let r(t), 6(¢), ¥(t) be the r, 6, @
components of v. By |9/00| = r, |0/0y| = 7 and (5.5), we have

f/2=(J,H) = (01p1 — 502/02)7"(15)2 +eoap2/G, (5.10)
h=|J? +4G|H? = (02 + 4Gp? — (02 +4Gp2))r(t)? + e(02 + 4Gp3)/G.
(5.11)

Thus, in order to show (5.6), (5.7), (5.8) and (5.9), it suffices to verify

g1pP1 — E0202 ZO, (512)
0? +4GpT — e(03 +4Gp3) = 0. (5.13)

We prove (5.12) and (5.13) in the case where v is not a helix. The proof of
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the case where v is a helix is written in Section 6. It follows from (5.5) that

2 2 2 2, €P5
[HI" = (o1 —ep2)r(t)” + = (5.14)
Also, since v is not a helix, |H|?> = k(t)? + 4v%a® is not a constant function.
Thus, r(¢)? is not a constant function. Hence (5.10) yields (5.12). Similarly, (5.13)
follows from (5.11). O

By Lemma 5.1 and the assumption of the signatures of o1, g2, p1 and ps, we
obtain the following

PROPOSITION 5.2.

(1) pr = \/(h+ VI —AGP)/8, po = \Je(h — VAT —4G)/8.
(2) If py =0 (& h < 0 and f = 0), then o1 = VGh. If py # 0, then o1 =

Gf/(2p1).
(3) If po =0 (& h > 0and f = 0), then 0o = VeGh. If po # 0, then

o2 =G f/(2p2).

Now, we state the main theorem. We introduce the following notation:

2 2
—o1 (ep5  aS —o9 (p; S
Al=—|—+-— 2 Ay = —| 5 +-— 2
! 4G<G +2w2>+ vapl, A2 =54 (G+2w2>+ vape,
A1 A2
Cy = , Cy = ,
LT Y+ 1P — <p3/G) 2= Yo+ W22 = 7G)
2 2
Bl - a9 B2 = aq

a+4v2a? —ep3 /G’ a+4v2a? — p}/G’

It should be noted that all of these are expressed by (a,n,p,w). We denote by

(x,cp) = / (e
0

1 —csn?(z,p)
the incomplete elliptic integral of the third kind, where ¢, p are real numbers
satisfying ¢ < 1,0 <p < 1.

THEOREM 5.3.  Let r(t), 0(t), ¥(t), wi(t), wa(t) and ws(t) denote the r, 0,
Y, wr, we and wz components of y(t).

CASE 1. The case of h?> — 4G f? > 0.
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(1) r(t) is given by

(a +4v%a® — ep3/G) — aq® sn’(yt, p)
r(t) = 5 —
P~ EP2

(a) There exists t € R satisfying r(t) = 0 if and only if
p#1l, Us=0 and Ly <0. (5.15)

If (5.15) holds, then the set of all zeros of r(t) is {(2m+1)K(p)/y; m €
Z}.
(b) There exists t € R satisfying 7(t) = 0 if and only if

M=S83 U =0 and L; > 0. (5.16)

If (5.16) holds and p # 1, then the set of all zeros of T(t) is
{2mK(p)/y; m € Z}. If (5.16) holds and p = 1, then the set of all
zeros of 7(t) is {0}.
(2) 0(t) is given as follows:
If (5.15) does not hold, then

o(t) = %t + C I (yt, By, p) + 6(0).

If (5.15) holds, then

0(t) = — 2t +mr +0(0), (Qm‘;)K@<K(2”H;)K(m’

where m is an arbitrary integer.

(3) ¥(t) is given as follows:
If (5.16) does not hold, then

U(t) = =t + Coll(yt, Ba,p) + %(0).

If (5.16) holds and p # 1, then

)
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where m is an arbitrary integer.
If (5.16) holds and p =1, then

w(t) = ;Z;(t— Kggp)) —l—n(t)w—&-ib(KZ(f?)),

where

0 if t>0,
n(t){ ‘
-1 if t<O.

CASE 2. The case of # = H? and h? — 4G f? = 0.
w1 (), wa(t) and ws(t) are given as follows:

1 S q>
0l = <5 |+ somr s (v T )| + 010
_ +2vnw q?
’wg(t) - ma(l —|—4l/21’]2)H(yt’ 1+ 4V2772 7p) + w2(0)7
1
ws(t)

T 2Ga(l+ PP — s (gt p))
CASE 3. The case of M = S® and h* — 4G f? = 0.

In this case, p=0 and n = (V/(2w) + \/G/a) /v or (V/(2w) — /G/a)/v.
Ifn = (V/(2w) ++/G/a) /v, then r(t), 6(t) and 1(t) are given as follows:

0=\ [15EL 00 —ato0), v -atre0),  Gan

where

(51352) = <:|: \/a_mv ﬁ+m), D, =o¢w2+(\/aV+2\/5w)2

2w 2w

If n = (V/(2w) — \/G/a) /v, then r(t), 6(t) and () are given by (5.17),

where

b = aw? + (VaV — 2vGw)?

@6 - (7 Y VD)

2w
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PROOF. First, we consider Case 1. By Lemma 5.1, p? — gp3 =
Vh?—4Gf?/4 > 0. Thus it follows from (5.14) that

() = \/k‘(t)2 +4v2a? — Epg/G.

- pi —ep

Substituting (2.4) yields the expression of r(¢) of (1).

We show (a). In the case of p = 1, it follows from k? = asech®(yt) that r
does not attain the minimum value and is positive everywhere. Next, let p # 1.
Then r attains the maximum (resp. minimum) value ryax (resp. Tmin) precisely
when k(t)2 = a (resp. 3), that is, when t = 2mK (p)/y (resp. (2m + 1)K (p)/y),
where m is an arbitrary integer. By |H|3 = 8+ 4v%a® and (4.6), we see

(ranin)? = B+ 4v?a® —ep3/G

AGIH|3 — |3 + \/(4G|H|g —|J12)2 + 16G|J x HI3
- 8G(p1 — ep3) '

Thus, rmin = 0 if and only if |J x H|g = 0 and 4G|H|% — \J|% < 0. It follows from
(5.4) that rmin = 0 if and only if Uy = 0 and Ls < 0. Hence we complete the proof

of (a).

Next, we show (b). In the case of .# = H?, since 7% = —1/G +1? > —-1/G,
7(t) is positive everywhere. Let .# = S®. Then 7 attains the minimum value 7y,
precisely when k(t)? = «, that is, when

L 2mK(p)/y (meZzZ) if p#l,
o i op=1,

and

(Fan)? = —(a+4%a® — p?/G)
pi —ep3
_4GIH|Z — T2 — VAGIHZ —[J]2)? + 16G|J x H[2
—8G(p} — ep3) '

(5.18)

Thus 7min = 0 if and only if |J x H|, = 0 and 4G|H|?2 — |J|2 > 0. By (5.3),
Tmin = 0 is equivalent to U; = 0 and L; > 0, which completes the proof of (b).
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We seek for (t) and ¢ (t). By (5.5), J x H = (01pa — 02p1)(0/060 x 9/dp).
Since Lemma 4.3 and the assumption h? — 4G f? > 0 imply that J x H # 0 for
some t, we see o1p2 — oop1 7 0, and so

1 ~ ~ 0 1 ~ -
—=——"—(poJ —02H), —=———(-pJ+aH).
00 01p2 — 02pP1 (,02 ? ) 31/1 01pP2 —0201( P ! )

Thus, at a point where r(¢) > 0, we have

el(t) _ <T7 8/89> — 02<J> T> _ 0'2<H7 T>
|0/00]? (o1p2 — o2p1)r(t)?

where we write v*(9/00) as 0/90, for short. Now, (5.6), (5.7), (5.8) and (5.9)
yield o1p1 = e0apa and 0f — o3 = —4G(p? — ep2), from which we obtain

(pT —ep3)pa  —o1  (pi —ep3)oa

o1p2 — O2p1 4G’ o1p2 — o2

By these expressions, (3.1) and (3.2),

- A —0 y01
0 (1) — o1 1 _ 1 ]
®) g " (p? —ep3)r(t)? 4G 1 — Bysn2(yt,p)

Hence, by integration in ¢, we obtain the former part of (2).
Similarly, at a point where 7(t) > 0, it follows that

L T.0/00)  —o, A
YO ="air T Ie T e e
—02 A2

el (a+4v2a?2 — p? /G) — ag? sn?(yt, p)’

Suppose that 7(t) > 0 for all ¢ € R. Then, in the case of .# = S3, by using
(5.18), we see a + 4v%a? — p? /G # 0. In the case of .# = H?3, it is clear that
a+4v?a® — p?/G # 0. Thus, By is well-defined, and hence

_ —09 yCs
4G 1 — Bosn?(yt,p)’

from which the first part of (3) follows.
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Next we consider the case where r (resp. 7) vanishes. Then, at a point where
r(t) = 0 (resp. 7(t) = 0), 6(¢) (resp. (1)) jumps by m. More precisely, the following
holds.

LEMMA 5.4.

(1) Suppose that (5.15) holds. Let t; satisfy r(t1) = 0. Then, both lim 6(t)

t—t140

and lim 6(t) exist, and tla?ioe(t) - tl&{rlioe(t) =7 (mod 2m).

t—t1—

(2) Suppose that (5.16) holds. Let to satisfy 7(t2) = 0. Then, both . htni-ow(t)
—l2
and tilgl_ow(t) exist, and tiltrg_o¢(t) - t—l»lén—ow(t) =7 (mod 27).

PrROOF. We show (1). It is checked that (z1,x2,%) is a local coordinate
system around «(¢1). Let x1(t), 22(t) and ¢ (¢) be the x1, 22 and ¢ components of
~(t). To prove (1), it is sufficient to prove that =/ (t)(8/0x1) + z5(t)(d/dx2) does
not vanish at ¢ = t1. Since

BRI I R e Wl B
Yow,  20xo| | or 26 orl  VeGr

except at t = tq, it is sufficient to show that |r/| approaches a positive number as
t — t1. It follows from 7y, = 0 that 3+ 4v%a® — p3/G = 0, and hence

ag?
=1/ 5 ——=len(yt, p)l.
\/ p? —en3

Thus,

aq? q*(1 —p?)
Ir'(t)| = y | == |sn(yt, p)| dn(yt,p) — y| —5—=—=
P — €p3 P — €p3

as t — ty. Since p # 1, the above limit value is positive.
By using the local coordinate system (x3,x4,0) around 7(t2), we can verify
(2) in the same way as (1). O

We show the latter part of (2) of the theorem. Suppose that (5.15) holds.
Since it follows from 7y, = 0 that a + 4v2%a® — spz/G = aq?, we have

¢ —oit Ay [t dt
o) —0(0) = [ O'()dt= 24 2L [T
(t) = 600) /0 Q 1G T ag? o cn?(yt,p)
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for all t € (—K/y,K/y). If Ay # 0, then the right hand side diverges as t —

K/y — 0, which contradicts the existence of %r/n 6(t). Consequently, A; =0,
t—K/y—0

and hence 0'(t) = —o1/(4G) except at the zeros of r. Combining this with Lemma
5.4, we obtain the latter part of (2). Similarly, we can check the second and third
parts of (3). The proof of Case 1 is completed.

We consider Case 2, that is, the case where .# = H?® and J is parabolic.
Proposition 4.5 implies J = 8/0w; and H = (1/(2/—G))d/dwy. Thus, it fol-
lows from |0/0ws|* = 1/(—Gw3) that |H|?> = 1/(4G%ws3(t)?). Hence ws(t) =
1/(—2G+\/k(t)? + 4v2a?). Also, by |0/0w1|? = 1/(—Gw?),

vy \T.0/0wr) 9 1 —p + 2va® — 4v%a?
wi(t) = 10/0wn 2 = —Gus(t)(T, J) = Vel 1+ E(t)2 + 40242 ’

Substituting (2.4) yields the expressions of wy(t) and ws(t). Similarly, we have
the expression of wa(t).

We consider Case 3. Then « is a helix and T' = £,(0/90) + £2(9/0¢). In the
same way as in the proof of Lemma 4.2, we have (4.3). It follows from |T| = 1
that

ro=/(1-/G)/(& - &).
Let us express & and & by (o, n,p,w). By (4.4) and (4.5),

a=Grirg (& — &) =8+ 86 — (L£&)*/G -G,
7= (VrN,B) = —-6&/VG.

Thus, by the assumption & > |£1], we have

5125(\/04—1—(7'—\/5)2—\/a—i—(r—&—\/a)?),
(5.19)

2= %(\/a+(77\/é)2+\/a+(7+\@)2).

It follows from Lemma 4.3 that n = (V/(2w) + \/G/a)/v or n = (V/(2w) —

VG/a)/v. It n = (V/2w) + \/G/a)/v, then 7 = £/a(V/(2w) + vn) =
+(/aV/w + v/G). Substituting this to (5.19) yields the formula of (&,&) in
terms of (v, n,p,w). Similarly, when n = (V/(2w) — \/G/a)/v as well, we have
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the formula of (&1, &2). O

6. Appendix.

In this appendix, we prove (5.12) and (5.13) of Lemma 5.1 in the case where
7 is a helix. Note that h? — 4G f? > 0 has been assumed. Since 7 is a helix, we
see J = ;T +c3B, H = coT + ¢4 B, where ¢; = a — pu+2va? = 27(7 — 2va) — 2G,
ca = 2va, ¢z = 2y/a(t — 2va) and ¢4 = /a. It follows from Lemma 4.3 that
J x H = (cocg — c1c4)N does not vanish, and hence 7" and B are expressed
as linear combinations of J and H, respectively. Thus, T is expressed as T =
&17*(0/00)+E&2v*(0/0v) for some &1, & € R. Hence we obtain r(t) = ro, 0'(t) = &
and ¢’ (t) = &o, where rg is a constant satisfying r9 # 0 and 7 # 0.

Let us express o1, 02, p1 and ps by &1, &2, ¢1, co, c3, ¢4 and rg. In the same
way as in the proof of Lemma 4.2, we have (4.4), (4.5) and

T = (VrN,B) = ££,£/VeG. (6.1)
Thus,
<01 P1)<§1 :!:552770/7“0)<01 02)
o2 P2 §2 F06&1m0/T0 ez ¢ )

Hence we have

n csea(TEs — ergéld) - d(cacs + cica)éiéo .

7'07_’0(0'1/)1 760’2,02) = 61027'070(5% 7865 _— EG
070

Now, it follows from |T| = 1 that
o =(01-e/G)/(€§ <), 70 =e(6/C-1)/(E] —<8d).
By using these two expressions together with (4.4) and (6.1), we have

1) csea(m? — G
roTo(01p1 — €02p2) = \/ﬁ creav/a+ 34(\@) — (cac3 + creq)T|.

The definitions of ¢1,...,c4 and a straightforward calculation yield that the right
hand side is equal to zero. Since 79, 79 # 0, we obtain (5.12). By a similar
argument, we can verify (o — e03) + 4G(p? — £p3) = 0, and hence (5.13) holds.
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