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The paper ‘‘The homotopy of spaces of maps between real projective spaces’’ ([3])

contains some mistakes in the computations of two fundamental groups. The mistakes

occur in the proofs of Proposition 2.2, Theorems 5.1 and 5.3. Because all these results

are summarized in Theorem 1.4, in this note we will only correct Theorem 1.4. First,

in the proof of Lemma 2.2, it is stated that �1ðPVnþ1;nÞ ¼� Z=4, but this is not true in

general. In fact, the correct statement is

�1ðPVnþ1;nÞ ¼�
Z=4 if n � 1; 2 (mod 4Þ,
Z=2� Z=2 if n � 0; 3 (mod 4Þ.

(
ð0:1Þ

Since the order of �1ðPVnþ1;nÞ is 4, this can be easily obtained by using the isomorphism

(c.f. [2, Theorem 1.6])

H1ðPVnþ1;n;Z=2Þ ¼�
Z=2 if n � 1; 2 (mod 4Þ,
Z=2� Z=2 if n � 0; 3 (mod 4Þ.

(

Next, in the proofs of Theorems 5.1 and 5.3, it is stated that �1ðPOðnþ 1ÞÞ ¼� Z=4 but it

is also not true in general. The correct statement is:

�1ðPOðnþ 1ÞÞ ¼�
Z=4 if n � 1 (mod 4Þ,
Z=2� Z=2 if n � 3 (mod 4Þ,

(
ð0:2Þ

which easily follows from [1]. By a method analogous to the one used in [3] and by

constructing explicit splittings, we obtain:

THEOREM 1.4. Let 1 � m � n be integers and we write ðZ=2Þk ¼ Z=2�
Z=2� � � � � Z=2 (k-times).

(i) The induced homomorphisms
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�m;n� ¼ �R
m;n� : �1ðVn;mÞ ! �1ðMap�1ðRPm;RPnÞÞ

�m;n� ¼ �R
m;n� : �1ðPVnþ1;mþ1Þ ! �1ðMap1ðRPm;RPnÞÞ

(

are isomorphisms when 1 � m < n or m ¼ n ¼ 1, and split monomorphisms if

m ¼ n � 2.

(ii) If m < n, there are isomorphisms

�1ðMap�1ðRPm;RPnÞÞ ¼�
Z if ðm;nÞ ¼ ð1; 2Þ,
0 if 1 � m � n� 2,

Z=2 if m ¼ n� 1 � 2.

8><
>:

�1ðMap1ðRPm;RPnÞÞ ¼�
Z=2 if 1 � m � n� 2,

ðZ=2Þ2 if m ¼ n� 1 and n � 0; 3 (mod 4Þ,
Z=4 if m ¼ n� 1 and n � 1; 2 (mod 4Þ.

8><
>:

(iii) If m ¼ n, there are isomorphisms

�1ðMap�1ðRPn;RPnÞÞ ¼�
0 if n ¼ 1,

Z if n ¼ 2,

ðZ=2Þ2 if n � 3.

8><
>:

�1ðMap1ðRPn;RPnÞÞ ¼�

Z if n ¼ 1,

ðZ=2Þ2 if n ¼ 2,

ðZ=2Þ3 if n � 3 and n � 0; 3 (mod 4Þ,
Z=4� Z=2 if n � 5 and n � 1; 2 (mod 4Þ.

8>>><
>>>:

PROOF. If we replace the false statement �1ðPVnþ1;nÞ ¼ Z=4 by (0.1), the proof of

Proposition 2.2 in [3] works in a completely analogous way and we obtain the assertions

(i) and (ii). It remains to show (iii). Because the isomorphisms (0.1) and (0.2) are not

used for the proof for the based case, it suffices to carry out the proof for the case

Gn ¼ �1ðMap1ðRPn;RPnÞÞ: The case n ¼ 1 is trivial and if n ¼ 2 exactly the same

argument given as in the proof of Theorem 5.1 shows that the order of Gn is 4 and that

Gn contains the subgroup �1ðPOð3ÞÞ ¼ �1ðSOð3ÞÞ ¼ Z=2 as a direct summand. Hence,

G2 ¼ ðZ=2Þ2.
From now on, assume n � 3. Exactly the same argument as given in the proof

of Theorem 5.3 in [3] shows that Gn is an abelian group of order 8. Since �1ð�n;nÞ is a

split monomorphism, Gn contains the subgroup �1ðPOðnþ 1ÞÞ as a direct summand.

Hence, if n � 1 (mod 2Þ, since the order of �1ðPOðnþ 1ÞÞ is 4, there is an isomorphism

Gn ¼� �1ðPOðnþ 1ÞÞ � Z=2 and the assertion is proved by using (0.2). Next, consider

the case n � 0 (mod 2Þ. Because, Gn also contains the subgroup �1ðPOðnþ 1ÞÞ ¼
�1ðSOðnþ 1ÞÞ ¼ Z=2 as a direct summand, Gn ¼� Z=4� Z=2 or Gn ¼� ðZ=2Þ3. If we

recall the induced long exact sequence of ðyÞ2 ([3, p. 1180]), this reduced to the

short exact sequence
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0 ! Z=2 ! Gn �!rn� �1ðMap1ðRPn�1;RPnÞÞ ¼ Hn ! 0: ð0:3Þ

If n � 2 (mod 4Þ, since Hn ¼ Z=4, there is an isomorphism Gn ¼� Z=4� Z=2.

Finally consider the case n ¼ 4l � 0 (mod 4Þ. Let pn : SOðnþ 1Þ ! PVnþ1;n denote

the double covering and recall the commutative diagram

Z/2 · ι = π1(SO(n + 1))
pn∗−−−→ π1(PVn+1,n)

βn,n∗



� βn−1,n∗



�∼=

Gn = π1(Map1(RPn, RPn))
rn∗−−−→ π1(Map1(RPn−1, RPn)) = .Hn

Let qn : Oðnþ 1Þ ! PVnþ1;n be a natural projection and define the map An : S1 !

Oðnþ 1Þ by Anðei�Þ ¼ Að�Þ � � � � � Að�Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2l times

�ð�1Þ, where we set Að�Þ ¼ cos � sin �
sin � � cos �

� �
.

Because detðAnð�ÞÞ ¼ �1 for any �, by using (0.1) we can show that �1ðPVnþ1;nÞ ¼
Z=2 � pn�ð�Þ � Z=2 � qn�ðAnÞ ¼� ðZ=2Þ2. Because �n�1;n� is an isomorphism, we have

Hn ¼ Z=2 � �n�1;n�ðpn�ð�ÞÞ � Z=2 � �n�1;n�ðqn�ðAnÞÞ ¼� ðZ=2Þ2.
On the other hand, since �n;n� is a split monomorphism, there is a subgroup G0

n such

that Gn ¼ Z=2 � �n;n�ð�Þ �G0
n, and (0.3) reduces to the short exact sequence 0 ! Z=2 !

G0
n �!r Z=2 � �n�1;n�ðqn�ðAnÞÞ ! 0 ðr ¼ rn�jG0

nÞ.
If we define the map sn : S1 ! Map1ðRPn;RPnÞ by the matrix multiplication

snðei�Þð½x0 : � � � : xn	Þ ¼ ½x0 : � � � : xn	 � Anð�Þ, we can prove the equality rn�ðsnÞ ¼
�n�1;n�ðqn�ðAnÞÞ 6¼ 0. Thus, sn 6¼ 0 in Gn. Because sn 
 snðei�Þ ¼ id for any � and

Map1ðRPn;RPnÞ is an H-space with multiplication induced from the composition of

maps, the order of sn is at most 2. Hence, the order of sn is just 2. If we define the

homomorphism s : Hn ! Gn by sð�n�1;n�ðpn�ð�ÞÞÞ ¼ �n;n�ð�Þ and sð�n�1;n�ðqn�ðAnÞÞÞ ¼
sn, it is easy to see that it gives the splitting of (0.3). Therefore, we have an isomorphism

Gn ¼� Z=2 � sn � Z=2 � �n;n�ð�Þ � Z=2 ¼� ðZ=2Þ3. �

References

[ 1 ] M. F. Atiyah, R. Bott and A. Shapiro, Clifford modules, Topology 3, Suppl. 1, (1964), 3–38.

[ 2 ] S. Gitler and D. Handel, The projective Stiefel manifolds-I, Topology, 7 (1968), 39–46.

[ 3 ] K. Yamaguchi, The homotopy of spaces of maps between real projective spaces, J. Math. Soc. Japan, 58

(2006), 1163–1184.

Kohhei YAMAGUCHI

Department of Computer Science

and Information Mathematics

University of Electro-Communications

E-mail: kohhei@im.uec.ac.jp

The homotopy of spaces of maps 1237

http://dx.doi.org/10.1016/0040-9383(86)90013-3

