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Abstract. It is shown that for the inclusion of factors (B C A) := (W*(¥,w) C
W*(%#,w)) corresponding to an inclusion of ergodic discrete measured equivalence
relations . C %, . is normal in & in the sense of Feldman-Sutherland-Zimmer ([9]) if
and only if A is generated by the normalizing groupoid of B. Though this fact has been
already obtained in [3], we reprove it here by a quite different method.

1. Introduction.

Feldman and Moore obtained a beautiful result in [8] which states that, if a
(separable) von Neumann algebra A contains a so-called Cartan subalgebra D, then
there exist a discrete measured equivalence relation &Z on a standard Borel probability
measure space (X, ) and a normalized 2-cocycle w on Z in such a way that the given
inclusion (D C A) is identified with (L>(X, ) C W*(#,w)), where W*(Z, w) is roughly
the matrix algebra over #Z twisted by w, and L*(X, ) is regarded as the algebra of
diagonal matrices. Hence this result completely characterizes von Neumann algebras
admitting Cartan subalgebras as those that arise from discrete equivalence relations.

Moreover, Aoi showed in [1] that, for such an inclusion (D C A) as above, every
intermediate von Neumann subalgebra B between D and A has the form B = W* (.7, w)
for a (unique) Borel subrelation . of #. This adds yet another evidence of the close
connection between von Neumann algebras with Cartan subalgebras and discrete
equivalence relations.

In the meantime, Feldman, Sutherland and Zimmer introduced in [9] a notion
of normality for an inclusion of (ergodic) discrete equivalence relations, which is
regarded as a groupoid analogue of normal subgroups in group theory.

Given the results of Feldman-Moore and Aoi mentioned above, we might expect
that every phenomenon that occurs in equivalence relations can be in principle
“translated” into the one in von Neumann algebras with Cartan subalgebras, and vice
versa. Thus we might ask ourselves the following question: what kind of notion does
“normality” correspond to in the framework of operator algebras? The purpose of this
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paper is to give a satisfactory answer to this question in the case where an intermediate
subalgebra is a factor. Namely, we will characterize the normality in the sense of [9] in a
purely operator-algebraic term.

We should remark that an answer to the above question has already been obtained
in [3, Theorem 6.5]. The proof given there has an “ergodic theory” nature (partial Borel
transformations, full groups, etc.) and was obtained by “going back and forth” between
a von Neumann algebra and its associated equivalence relation. We will reprove
this theorem in this paper, but our strategy here is quite different from the one adopted
in [3]. We will try to avoid measure-theoretic complicated arguments and to remain
inside of the operator-algebraic framework as much as we can. In addition, it seems of
independent interest. Therefore, we believe that it is worth presenting our proof here.

The organization of the paper is as follows. Section 2 is for preparations. We recall
the definitions of von Neumann algebras associated with discrete equivalence relations,
group coactions and the Jones basic extension. In Section 3, we characterize the
normality in terms of minimal coactions of discrete groups. This is the first operator-
algebraic characterization of normality. In Section 4, we first introduce a notion of the
normalizing groupoid for an inclusion of von Neumann algebras. Then we characterize
the normality by using this normalizing groupoid. In Appendix, we discuss some
properties of the assignment established in Section 4.

The author is grateful to the referee for suggesting some improvement in the
previous version of the article.

2. Notation and terminology.

Throughout this paper, we assume that all von Neumann algebras have separable
preduals.
For a faithful normal semifinite weight ¢ on a von Neumann algebra M, we set

ng:={z € M: ¢(z"z) < oo}, m, = ning, mf =my N M,.

More generally, for an operator valued weight T' ([10], [11], [17]) from a von Neumann
algebra M to a von Neumann subalgebra N, we set

np:={zxeM:T(z"z) € N;}, myp = npng, my=my N M,.

The Hilbert space obtained from ¢ by the GNS-construction will be denoted by Hy, and
we let Ay : ng — Hy stand for the natural injection. As usual, we use the symbols Jy, Ay
to denote the modular conjugation and the modular operator associated with ¢. The
automorphism group of M is denoted by Aut(M).

2.1. Discrete measured equivalence relations.

Throughout this paper, we fix a discrete measured equivalence relation &% on a
standard Borel probability space (X,%,u) in which p is quasi-invariant for #Z. For a
general theory for discrete measured equivalence relations, refer to [7] and [8]. We
denote by v the (o-finite) measure on Z given by
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v(E) = / |r~Y(x) N E| du(x) (E: Borel subset of £Z),
X

where r : # — X is the projection onto the first coordinate, and |S| in general stands for
the cardinality of a (countable) set S. The Radon-Nikodym derivative associated with
this measured equivalence relation will be denoted by 6.

We also fix a (normalized) Borel 2-cocycle w from & into the one-dimensional torus
T in what follows. We then write W*(%,w) for the von Neumann algebra on the Hilbert
space L?(%,v) obtained by the Feldman-Moore construction from % and w ([7]).
Briefly, the construction is as follows. We first define the subspace 2; of L?(%,v) by

Ar:={¢ € L*(R,v) : € is 6-bounded and [|€]|; < oo }.

See [12] and [23] for the definition and properties of 2; and for the terminology used
above. We then introduce a product and an involution on 2(; as follows:

(f*9)(@,2) =Y fl@,p)gly, D)w(z,y,2),  flz,2) = 6(x,2)" f(z2),

y~T

where Zyw stands for the sum taken over all y equivalent to x. By the same argument
as in [12] and [23], one can show that 2; is a left Hilbert algebra (in fact, a Tomita
algebra) in L?(Z,v). The left von Neumann algebra of 2 is denoted by W*(%,w). The
modular operator A, the modular conjugation J are given by

A€ = 8¢, {JE) (x,y) = 6(z,y) €y, 2), (EeAp).

The left multiplication of f € 2; will be denoted by L(f): L*(f)£ := f * £&. Remark that
every element a € W*(%,w) can be in fact written as a = L¥(f) for some f € L*(%,v)
([8]). The abelian von Neumann algebra L® (X, 1) is embedded into W*(Z%,w) through
the representation f € L®(X,u)+— for. We will always identity L*®(X, u) with its
image D under this representation. This algebra D is called a Cartan subalgebra of
W*(#,w).

We define [Z], to be the set of all bimeasurable nonsingular transformations p from
a Borel subset Dom(p) of X onto a Borel subset Im(p) of X satisfying (z, p(z)) € Z for
p-a.e. x € Dom(p). For any p € [#],, set T'(p) := {(z,p(z)) : € Dom(p)}. Then, for
each measurable function g on X of absolute value one, LW((S*l/2 (gor)xr(,1)) is a partial
isometry in W*(#,w) whose initial and final projections are respectively Xpom(, and
Xtm(p)- Here xg in general stands for the characteristic function of a set E. We denote by
4./ (D) the set all partial isometries in W*(%,w) obtained in this way from p € [#], and
call it the normalizing groupoid of D in W*(%,w). It is known that ¥.4'(D) coincides
with the set of all partial isometries v € W*(Z,w) satisfying v*v,vv* € D and
vDv* = Dvv*.

If . is a Borel equivalence subrelation of %, then we may construct W*(.%,w)
which is a von Neumann subalgebra of W*(%,w).
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A Borel map ¢ from £ into a (second countable) locally compact group K is said
to be a (Borel) 1-cocycle if it satisfies

c(x,y)c(y, 2) = c(z, 2) forall x ~y ~ z.

For a Borel 1-cocycle ¢: #Z — K, the essential range of ¢ is the smallest closed
subset o(c) of K such that ¢ !(o(c)) has complement of measure zero. The asymptotic
range r*(c) of c is by definition ({o(cp) : B(C X): Borel and u(B) > 0}, where c¢p stands
for the restriction of ¢ to the reduction Zp := {(z,y) € Z : x,y € B}.

From this point on, assume that &% is ergodic. Let . be a Borel subrelation of Z.
By [9], we may choose a countable family {¢;},.; of Borel maps from X into itself such
that (i) (z,pi(x)) € Z for all ¢ € I and p-a.e. x € X; (ii) for prae. x € X, {F(pi(x)) }ier
is a partition of #Z(z), where Z(x) := {y € X : (z,y) € Z}. The family {¢;},; is called
choice functions for . C #. Once choice functions {¢;},.; are fixed, we can define the
index cocycle o : # — ¥(I) of the pair .7 C %, where ¥(I) denotes the full permutation
group on I, by the following rule:

o(z,y)(i) =7 = (pi(y),¢i(x)) €.

We say (see [9, Theorem 2.2]) that . is normal in Z if there are choice functions
{@itic; for & CZ such that (pi(z),¢i(y)) € & for all i€l and ae. (z,y) €.
According to [9, Theorem 2.2], there are several equivalent definitions for normality. If
< is ergodic, then one of them is phrased in terms of a 1-cocycle as follows: .# is normal
in Z if there exist a countable discrete group I', often denoted by #/.%, and a Borel
1-cocycle ¢: % — T such that (i) the subrelation Ker(c) := {(z,y) € Z : c(z,y) = e}
coincides with .7; (ii) the asymptotic range 7*(c), which turns out to be the same as the
essential range o(c), equals T'.

2.2. Group coactions on von Neumann algebras.

Let K be a (second countable) locally compact group. We denote by W*(K) the
group von Neumann algebra of K, i.e., the von Neumann algebra generated by the left
regular representation Ax of K on L?(K). Remark that W*(K) is the left von Neumann
algebra of the left Hilbert algebra C.(K) of all continuous functions on K with compact
support, where we consider on C.(K) the usual convolution and involution. The faithful
semifinite normal weight on W*(K) associated with the left Hilbert algebra C.(K) is
denoted by ¢k, the Plancherel weight on W*(K). It is well-known that the predual
A(K) of W*(K) has a structure of a commutative involutive Banach algebra. It is called
the Fourier algebra of K (cf. [5], [16]).

There is a special unital normal s#-isomorphism Ag from W*(K) into
WH(K) @ W*(K), called the coproduct of W*(K), defined by

AK(.’E) = WK(l 0 JJ)W[*( (.T € W*(K»v

where Wy is a unitary on L?(K) ® L*(K) = L*(K x K) given by {Wx¢}(g, h) := £(hg, h)
(¢ € L*(K x K)).
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A coaction of K on a von Neumann algebra A is a unital normal *-isomorphism «
from A into W*(K) ® A satisfying (Ag ® ida) o a = (idy-x) ® @) o .
Suppose that « is a coaction of K on a von Neumann algebra A.

(1) For each k € K, we define the subspace A%(k) to be the set of elements a € A that
satisfies a(a) = Ag (k) ® a. We call A%(k) the spectral subspace of a belonging to
k. Note that A% := A%*(e), where e is the identity of K, is a von Neumann
subalgebra of A. It is called the fixed-point algebra of a.

(2) The map T, defined by T,(a) := (¢x ®ids)(a(a)) is an operator valued weight
from A to A%. The coaction « is said to be integrable if T, is semifinite.

(3) The crossed product of A by « is the von Neumann algebra KoxA:=
((A)UL>(K)® C)".

(4) We say that a is faithful if {(idy-(x) ® ¢)(a(a)) 1 a € 4, ¢ € A} = W*(K).

(5) We say that « is minimal (see [13], [20]) if it is faithful and satisfies AN
(A*) = C. We say that « is strictly outer ([13], [21]) if K ox ANa(A) = C.
In [20], the term “outer” is used for “strictly outer”. Due to [20, Proposition 6.2],
minimality is equivalent to strict outerness when the action is integrable.

For the spectral theory for coactions such as the (Arveson) spectrum, the Connes
spectrum and so on, we refer the readers to [16].

Let ¢ be a Borel 1-cocycle from £ into a (second countable) locally compact group
K. Then one can construct, without the assumption that Z is ergodic, a coaction «, of K
on W*(Z,w) whose fixed-point algebra W*(Z,w)™ is exactly W*(Ker(c),w) (see [2,
Section 4]) for the details). In particular, W*(%,w)™ contains the Cartan subalgebra D.
We succeeded in proving in [2] that the converse of this statement is also true:

THEOREM 2.1 ([2]). Let a be a coaction of a (second countable) locally compact
group K on W*(%,w), where # is not necessarily ergodic. If the fized-point algebra
W*(#,w)" contains the Cartan subalgebra D, then there exists a Borel 1-cocycle
c: % — K such that o = a.

2.3. Basic extension.

Let B C A be an inclusion of factors with a faithful normal conditional expectation
Egp. (In our situation considered in the following sections, such an expectation always
exists uniquely.) Fix a faithful normal state ¢ on B and set 6 := ¢ o Eg. Then the
equation egAg(a) := Ag(Ep(a)) defines a projection eg € B(Hy) onto [Ag(B)], where [S] is
in general the closed subspace spanned by a set S. We call eg the Jones projection of the
inclusion B C A. The basic extension of this inclusion (by Ep) is the factor, denoted by
A1, acting on Hy generated by A and ep. It is known that Ay = JyB'Jy.

According to [14] (see also [13, Section 2]), there exists a faithful normal semifinite
operator valued weight Ep, called the operator valued weight dual to E, from A; to A.
It satisfies Ep(ep) = 1 [14, Lemma 3.1], so that AepA C mg .

3. Characterization of normality in terms of coactions.

Throughout this section, we fix an ergodic Borel subrelation . of Z. We then set
A:=W*(#,w) and B := W*(%,w) for some w.
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THEOREM 3.1.  The subrelation . is normal in Z if and only if there exist a
countable discrete group I' and a minimal coaction o of I' on A such that A* = B.

PROOF. Suppose that . is normal. Hence there exist a countable discrete group I'
and a Borel 1-cocycle ¢ : #Z — T such that (i) Ker(c) = .; (ii) 7*(¢) =T. Let a be the
coaction of I on A obtained from c¢ by the construction mentioned just before Theorem
2.1. Since Ker(c) = ., it follows that A* = B. By the ergodicity of ., we have
AN B =C. In the meantime, by (the proof of) [2, Theorem 6.3], we know that the
essential range o(c) of ¢ equals the (Arveson) spectrum Sp(«) of «, and that 7*(c)
coincides with the Connes spectrum I'(«) of a. Since A* = B is a factor, we deduce that
Sp(a) =T(a) =7*(c) =T. From [2, Lemma 6.1], we now see that « is faithful.
Consequently, « is minimal.

Conversely, suppose that there exist a countable discrete group I' and a minimal
coaction a of I' on A such that A* = B. By Theorem 2.1, there is a Borel 1-cocycle
c¢: % — T such that a = . Since A* = B, it follows that Ker(c) equals .. The
minimality of « implies its strict outerness by [20, Proposition 6.2]. In particular,
the crossed product T'yx A is a factor. From [16], the Connes spectrum I'(c) is T. By
the fact mentioned in the previous paragraph, we have r*(¢) = I'. Therefore, . is
normal in Z. ]

4. Characterization of normality using normalizing groupoids.

As in the preceding section, let us fix an ergodic Borel subrelation . of Z. Put
A :=W*(#,w) and B := W*(.,w) for some w. Let A; be the Jones extension of the
inclusion B C A. We denote by Ep the unique faithful normal conditional expectation
from A onto B and by ep the Jones projection determined by Ep.

Before we proceed, we think it proper to mention the result of [15] in relation to the
subject treated in this section (see also [18], [6], [4] and the papers therein). In [15],
Kosaki studied an irreducible subfactor N of a properly infinite factor M with the
condition that (i) N is of finite Jones index and of depth 2; (ii) N’ N (M, ey) is abelian.
His main result states that there exist a finite group G and an outer action of a of G on
N such that M is the crossed product of N by «. Particularly, N is the fixed-point
algebra of an outer coaction of G on M. In this case, G can be obtained as the so-called
Weyl group of M D N, that is, the normalizer group A (N) of N in M modulo the
unitary group of N. Then a key observation is that G is in bijective correspondence with
the minimal projections in N’ N (M, ey). This observation seems suggestive even in our
case, since B' N A is also abelian. We however note that, because B C A is in general of
infinite index, the Weyl group of A D B is no longer useful to our situation, as Example
(1) of [3] shows (namely, . C % can be normal even if the Weyl group is trivial).
Therefore, we need to find a good substitute for a normalizer group, which is the
following.

DEFINITION 4.1. Consider a von Neumann algebra P and a von Neumann
subalgebra @ of P. Define

4N (Q) :={v € P:v: partial isometry, vQv* C Q, v"Quv C Q}.
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We call this set the normalizing groupoid of @ in P.

PROPOSITION 4.2.  Let B C A be as above. For anyv € 4.4/ (B) \ {0}, there exists a
unique minimal projection z, in Ay N B’ such that vegv* = z,vv*. The projection z, equals
ep if and only if v belongs to B. Moreover, we have Eg(z,) = 1.

PROOF. Let ve 4A4(B)\ {0} and p := vv*. For any b € B, we have

vegv pbp = veg - Vv - VbV - v = v - vV - v bY - egv”

= pbvegv* = pbpvegv®.
Hence we obtain
vepv* € pAip N (pBp) = pAip N (B)p = (A1 N B)p.

It follows that there exists an element z, € A; N B’ such that vegv* = z,p. This z, is
unique, since the induction y € B'+— yp € (B)p is an isomorphism due to the
factoriality of B. Because of this, we also see that z, is a projection.

Suppose that e is a projection in A; N B’ such that e < z,. Then we get

viev < v z,v = v z,pv = vivegvtv = vivep. (4.1)

In the meantime, by the same argument as in the previous paragraph, we find that there
is a unique projection g € Ay N B’ such that v*ev = qv*v. By (4.1), we have quv*v < egv*v.
Since the induction y € B’ — yp € (B')p is an isomorphism, it follows that ¢ < ep.
Because ep is minimal in A; N B, we must have either ¢ =0 or ¢ = ep. If ¢ =0, then
v*ev = 0, which implies that ep = 0. By the induction B' — (B’)p being an isomorphism,
we get e = 0. If ¢ = ep, then v'ev = epv*v. So we have

ep = v(vev)v" = v(epv v)v* = z,p.

Hence e = z,. Therefore, z, is minimal in A; N B'.

If v belongs to B, then, by the uniqueness of z,, we have z, = ep. Conversely,
if z, = ep, then we have veg = z,v = egv. Namely, v commutes with ep. Hence v belongs
to B.

Since ANB = C, EB(ZU) is in (0, o0]. But, since vegv* = z,vv* and EB(eB) =1, we
have EB(zU)vv* = EB(ver*) = UEB(GB)U* = vv*. Hence EB(ZU) =1. O

COROLLARY 4.3. The set{z, : v € 44 (B)\ {0}} coincides with {ep} if and only if
44 (B)" = B.

LEMMA 4.4.  Let vy,vo € 94 (B)\ {0}. Then z, 2, = 0 if and only if Ep(v{Bug) =
{0}. Moreover, z, = z, if and only if viBv, C B.

PROOF. Suppose first that z, z, = 0. Then, for any b € B, we have
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Ep(vibve)ep = egviburep = vz, bzy,v2 = 0.

Hence Ep(vibve) = 0.

Conversely, suppose that Eg(viBv) = {0}. By the computation in the previous
paragraph, one has v{bz,, z,v2 = 0 for any b € B. If z, = z,, (=: z), we have v{bzvy = 0,
that is, zvivjbvavy = 0 for all b € B. Since the map x € B — xz € Bz is an isomorphism
as noted before, it follows that v1vjBuvgvy = {0}. But this cannot happen, because B is
a factor. Therefore, we conclude that z, 2, = 0.

If z,, = 2,,, then we have, for any b € B:

vibvgep = vz, vy = V] 2y, bue = epvibus.

Hence vibv, belongs to B.

Conversely, assume that v{Bvy C B. Since B is factor, vyv] Buav never equals {0}.
In particular, v{ Bvs is nonzero. So, by assumption, we have Ep(viBuv,) = vfBuvs # {0}.
Therefore, we obtain z,, = z,,. ]

In what follows, let & stand for the cyclic and separating unit vector x4 € L?(Z)
for A, where 2 :={(z,z) : x € X}. We denote by 6 the faithful normal state on A
determined by the unit vector &.

LEMMA 4.5.  For anyv € 9.4 (B)\ {0}, z, is the projection onto the closure of the
subspace BuBg.

PROOF. Let z be the projection onto the closed subspace K := [BvB&]. Since K is
B-invariant, zis in B'. If b € B, then we have JbJ§, = agm(b*)&). From this, we see that
K is JBJ-invariant. Hence z belongs to (JBJ) = A;. Consequently, we obtain
z€ AN B.If by, by € B, then we have

w* (bﬂ}bgfo) = U(U*bﬂ}bg)fo = UEB(U*bﬂ)bg)ero

= vepv*bivbyepy = Vv z,(b1vbef)).

This shows that vv*| = vw* 2|k, le., v0*z=vv*2,z. Since z € B xz € B'z is an
isomorphism, it follows that z = z,z. By the minimality of z,, z,z is either 0 or z,.
If 2,2 = 0, then vv*z = 0. Because x € B — zz € B’z is an isomorphism again, we would
get vw* =0, a contradiction. So we must have z,z = z,. In this case, we easily see
that z = z,. O

LEMMA 4.6. Let x € A. Then the following are equivalent:

(1) There are projections z1,zy in B' such that xeg = z1x and x*ep = zox*.
(2) Both x*Bx and xBx* are contained in B.

If one of the above conditions holds true, then we can take z; (resp. z9) to be the
proejction onto [BxB&y| (resp. [Bx*B&y)).
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PROOF. (1) = (2): For any b € B, we have, by assumption:
*breg = bz = 27 2,bx = egr*bax.

This shows that x*bx belongs to B. Similarly, we obtain xbz* € B.

(2) = (1): Let 2 (resp. z2) be the projection onto [BzBE] (resp. [Bx*B&]). As we
have seen in the proof of Lemma 4.5, both z; and z; belong to A; N B'.

By definition, we have z12b&y = zb¢; for all b € B. It follows that z;xep = zep. Let
n € [B&]" and € € L2(#). Then we may choose sequences {b(n,i):n € N, 1<i<k,}
and {c,:n € N,1<i<k,} in B such that z£ = lim, Z?;l b(n,i)xc(n,i)€. Since
x*b(n,i)xc(n,d) is in B by assumption, we have

n—00 -
i=1

(2121 [ §) = lim (77

kn
Z x*b(n, i) zc(n, z)£0> =0.

So we obtain zjzn=0. Thus zz(1 —ep) =0. Consequently, z1x = zep. A similar
argument yields z*ep = zo2*. (|

LEMMA 4.7. Let x € A be a nonzero element satisfying xtBx* C B and x*Bx C B.
If x = wlz| be the polar decomposition of x, then w belongs to YN (B). Moreover, z,
equals the projection onto [BxB&).

PROOF. Since z*x and zz* are in B, their support projections w*w and ww* both
belong to B. Moreover, due to Lemma 4.6, we have zep = z1z and x*ep = zyx*, where z;
(resp. z7) is the projection onto [Bx B¢ (resp. [Bx*B&)).

Since |z| is in B, it is easy to see that zep = (wep)- (Jz|ep) is the polar
decomposition of zep. From this, we have

(wep)(wep)” = the range projection of zep
= the range projection of z;x

= 21 - (the range projection of z) = zww".

Thus wepw* = zyww*. In particular, wep = zjw.

Next note that z* = w* - w|z|w* is the polar decomposition of z*. Now, by applying
the arguments made in the preceding paragraphs to z* and zp this time, we obtain
w'ep = z»w*. From Lemma 4.6, it follows that w*Bw and wBw" are contained in B.
Therefore, w belongs to 4.4 (B), and it satisfies z,, = z1. |

Suggested by Lemma 4.5, we define, for any a € A, z, to be the projection onto the
closed subspace [BaBf]. Since [BaB&) is both B-invariant and JBJ-invariant, z,
belongs to A; N B'.

PROPOSITION 4.8.  We have Jz,J = z,+ for any a € A.

PROOF. Let a € A. Since z, € A; N B' C L>*(Z), there exists a Borel subset & of
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% such that z, = xs. Then we have Jz,J = x 41, where &' := {(z,9) : (y,x) € &}.
Note that Jz,J is the projection onto T := J[BaB¢y)|. Since Jx&y = UZ./Q(JS*)&) for all
x € A, it follows that T = [Bazi/Q(a*)Bfo]. By the previous paragraph, we particularly
have ngua(ii/Q(a*)éo = afi/Q(a*)&). Since a(ii/Q(a*)fo = 6'2a%¢y, we get x,o102a*¢) =
8'2a*&,. Because the Radon-Nikodym derivative 6 is nonzero everywhere, it follows that
Xe10"E = a*§y. Namely, Jz,Ja*§y = a*§. From this, we easily deduce that Jz,J > z,.
Replacing a by a* in this inequality, we get Jz,J > 2z,. Thus Jz,J = z4+. ]

COROLLARY 4.9. Let vy, vy € 94 (B) \ {0}. Then the following are equivalent:

(1) 2y, = 2y,-
(2) viBvy C B.
(3) wBvs C B.

PROOF. We have already proven the equivalence of (1) and (2) in Lemma 4.4. By
Proposition 4.8, (1) is equivalent to the condition Zy; = zy;. But this condition is
equivalent to (3) due to Lemma 4.4. O

We denote by {z,},r the set of all distinct projections 2 in A; N B’ obtained as
z = z, for some v € 44 (B)\ {0}. Let us denote by vy the element v € I' satisfying
Zy = €p.

Thanks to Proposition 4.8, for any v € I', the equation
Jzyd = 2z

defines a unique element v~! of I'. It is obvious that the mappingy €'+ v ! €T'is a
period two bijection on T'.

Next we will define a product on I which turns T into a (countable) group.

Fix any 71,72 € I'. Then choose vy, vy € 94(B) satisfying z,, = z, (i =1,2). Since
B is a factor, there exists a nonzero partial isometry u € B such that u*u < vyv; and
uu* < vjvr. Then v := viuv; is a nonzero partial isometry in A. It is easy to check that v
in fact belongs to ¥.4°(B). So there is a 73 € I' such that z,, = z,. We will call 43 the
product of 7 and 2, and write 3 = ;2. Now we have one thing to prove in order to
ensure that this product is in fact well-defined.

LEMMA 4.10.  The product 3 obtained above is independent of the choices of vy,
Vg € YN (B) and u € B satisfying z,, = 2y, 2y, = Zn, Wu < 0205 and vu* < viv;.

PROOF. Let (w;,ws,s) be another triple enjoying the same properties as
(v1,v2,u) does. Thanks to Corollary 4.4, it suffices to show wjs*w;Bvjuvy, C B. But,
from Corollary 4.9, we have wjs*wjBvjuvy C wis*Buvy C wiBvy C B, as desired. O

THEOREM 4.11.  The index set I', equipped with the map v €T +— v~ € T and the
product defined above, is a (countable) group, where o is the identity.

PROOF. Thanks to Lemma 4.10, the product on I introduced above is in fact well-
defined.
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For each v € T', choose a nonzero v, € 4.4(B) with z, = z,. We agree that v,, = 1.

[Associativity] Let 41,7 and 3 be in T'. First, choose a nonzero partial isometry v € B
such that uu* < 1@1 vy, and u*u < v, vfﬂ. Next we choose a nonzero partial isometry v € B
such that vw* < (uv,,)"(uv,,) and v*v < w0l . Since u and v belong to B, it follows
that zy,, = 2,, and 2,, = Zyp,, - By definition, we have z,,, = 2y, uvy, and zy,,, = 2y vvn, -
So we have

Fmy)ys = Z(“ﬂ““ﬁ/z)'“’“w’:s = Z(“Wl)('lwwzvv”m) = Zy1(127s) -

Hence the product is associative.

[Identity] Since v,, =1, it immediately follows that z., = z,, =2, for all yeT.
Namely, vy9 = Y7y = 7. Hence 7y is the identity of T

[Inverse] Let v € I'. By definition and Proposition 4.8, we have z,-1 = 2,:. So we have
Byl = Zur = 2y

This means that yy~! = ~4o. Similarly, one can prove that y~'y = ~y. This completes
the proof. O

Recall that Ay N B’ is contained in L*(Z). So, for each v € T, there is a Borel subset
& of # such that z, = xs . We agree that {&, : v € I'} is a disjoint family, and that
g“m =7

LEMMA 4.12.  We have A = 4.4 (B)" if and only if > erzy =1L

PROOF. Assume that A =%.4(B)". Suppose then that 1 — > er %y is nonzero.
In this case, we have v(Z\J &,)>0. So there exists a map p € [#], such
that p(Dom(p)) >0 and I'(p~!) C Z\U,er €5, where ['(p~!) stands for the graph of

p~t. Put v:= L‘*’(é’lﬂxr(/ﬂ)). Since z,v& = 0 for all v € I', we have, for any a,b € B;
zavo” ), (b)& = azvJbJ& = aJbJ zv€ = 0.

This shows that z,z, =0 for all v € T'.

Since the linear span of nonzero monomials in elements of 4.4'(B) is o-weakly dense
in A, there exists a nonzero x € A, expressed as a product of finite number of elements in
YN (B), such that Ep(a*v) # 0. It is easy to see that zBz* and x*Bx are both contained
in B. If x =w|x| is the polar decomposition of z, then, by Lemma 4.7, w belongs
to 44(B). Hence z,=z,, that is, 2z, L*(#)=[BwB¢)] for some v, €. Since
Ep(w*v) # 0, there are vectors & n € L?(#) such that (Ep(w*v)egé |n) #0. So we
may choose by € B such that (Eg(w*v)bo | n) # 0. We have

0 # (epw vbo&o | m) = (vbo&o | wepn).
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Again, we may choose b; € B such that (vbo&y | wb1&y) # 0. This means that z, is not
orthogonal to z,,, a contradiction.

Conversely, assume that > .z, =1. Set C:= 4.4 (B)" and consider the Jones
projection ec of the inclusion C' C A. For any v € I', choose a v, € 4.4(B) such that
2y = z,,. Then we clearly have [Bv,B&] C [C&]. This implies that z, <ec. So 1=
Z'yel“ zy < e, i.e., ec = 1. Therefore, C coincides with A. ]

In what follows, we assume that A = 4.4 (B)". From Lemma 4.12 and the fact that
A1 N B is abelian, it follows that A; N B’ is generated by the minimal projections
{#},er- So A1 N B’ is isomorphic to £°(T").

Let us fix a yeI'. Put T := EgpoEp. As we saw in Proposition 4.2, one has
Ep(zy) =1. So T(z,) =1. In the meantime, by [14, Lemma 1.3], we have 77! =
(Ep) ' o E' = Ep(J E3'(+) J). From this and 2,1 = Jz,J, we obtain

T_l(z"/) = EB(JE;(Z"/)J) = EB(EB(ZW*I)) =1

From these results and [13, Lemma 2.7], it follows that the index IndT. of the
conditional expectation T from z,A4;z, onto Bz, is 1. In other words, we have
2yA12y = Bz,. Keeping in mind that b € B +— bz, is an isomorphism, we find from this
result that, for any a € A, there exists a unique element S,(a) € B such that
zyazy = S(a)zy. Since z,az, = az, for all a € B, it follows that S, is a normal projection
of norm one from A onto B. By [17, Proposition 10.17], we obtain S, = Ep. Thus we
have proven

LEMMA 4.13.  For any v € I', we have zyaz, = Eg(a)z, for all a € A.

LEMMA 4.14.  For any v €T, the subfactor Q, of A1 generated by A and z,
coincides with Aj.

PROOF. It suffices to show that ep belongs to ),. By Lemma 4.13, the o-weak
closure of A+ Az, A coincides with @,. From this, it results that the o-weak closure of
Az, Ais a o-weakly closed two-sided ideal of ), and hence coincides with (). So Az, A is
o-weakly dense in @),. From this, we see that, if T’ is the restriction of Ejpto Q,, then T,
is still semifinite, because T,(z,) = 1. In particular, the restriction of 6:=00Ep to Qy
is semifinite. Moreover, since 0?(z,) = 2, for all t € R, we have ¢?(Q,) = Q.. It follows
from [19] that there exists a unique faithful normal conditional expectation F' from A;
onto @), such that foF =4.

Take a v € 9.4(B) such that z, = z,, and denote by 1 : B' — (B')v*v the induction
n(y) := yv*v (y € B'). Note that F(ep) belongs to B’ as well. Then we have

n(F(ep)) = F(ep)v'v = F(v'vep) = F(v"z,v) = v*z,0.

By a similar calculation, we have n(ep) = v*z,v. Since 7 is an isomorphism, we get
ep = F(eB) S QA/. O
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PROPOSITION 4.15.  Foreach~y € I, there exists a unique x-automorphism (3, of A;

such that 3|, = ids and B,(z,,) = 2,,,-1. Moreover, 3 is an action of I' on A;.

PROOF. Let us fix a 7 € I By Lemma 4.14, A, is generated by A and z,. We
also have z, € (A1NB)p p . By Lemma 4.13 and [13, Lemma 2.4], there exists a
s-automorphism 7, of A; satisfying 7,|, = id4 and 7,(eg) = z, and Epo 1, =7, 0 Ep.

Since 7, is an automorphism and 7|, = id4, we have 7,(A4; N B') = A; N B'. From
this and the fact that {2,} . is the all minimal projections in A; N B', there exists a
bijection 7, of I such that 7,(y0) = v and 7, (2,,) = 2y (y,) for any 1 € I'. Fix any 7, € I".
Choose v, w € 9.4 (B) satisfying z, =z, and z, = z,. Also take a suitable partial
isometry w € B such that z,, = zy.w. We have vep = z,,v. By applying 7, to this
identity, we get vz, = 2 (,,)v. From this, we have, for any by,by € B:

bivzyuwbe&y = blzmm)vuwbgfg.
Since uwbs§ belongs to the range of z,, the above identity can be rewritten as
bivuwby&y = zmm)blvuwbz&).

Because the linear span of elements of the form bjvuwbe&y (b1, by € B) forms a dense
subspace of the range of z,.,, we deduce that z,, < Zr (). Hence 24,4 = 27 (4,). This
means that m,(y1) =77. Consequently, 7,(z,,)=z2,, for all 3 €. By setting

By = 7'7’1, we completes the proof. O

We use the same notation g for the map A; — £>°(I') ® A; defined by

{B@)E}(7) = By ()E(y)  (x € A€ € (1) ® L*(R)).

Note that this 3 is the action of £*(I')” on A; induced by the original action
v €T — 3, € Aut(4,). Here “the action of £*(I')” 7 means the one in the framework of
locally compact quantum groups (see [20]). One can easily check that

B(zy) = Z by ® 21 (4.2)

ner

for any v € I', where 6, := x(-

LEMMA 4.16.  The fixed-point algebra (Al)ﬂ of the action (8 defined above coincides
with A.

PROOF. By Proposition 4.15, (A;)” contains A. Let P := (J(A;)"J), which is an
intermediate subfactor of B C A. Since (Al)‘@ is the basic extension of P C A, the Jones
projection ep induced by the (unique) faithful normal conditional expectation from A
onto P is in (4;)° NP’ C A, N B. So there is a subset I'y of I' such that ep = D ety %
Since ep belongs to (Al)ﬂ, it follows from Proposition 4.15 that we have, for any v, € I':



1006 T. YAMANOUCHI

ep = [, (ep) = Z Zyyot = Z Zy.

7€l PG

Hence Ty = Tyy; ! for any v € ', which yields I'y =T'. Thus ep = 1. Namely, P = A.
Therefore, (Al)ﬂ equals A. |

THEOREM 4.17.  Let X := Y A(7)" ® 2, € W¥(T') ® Ay. Then the equation
ala) = X" (1®a)X (a € A)
defines a strictly outer coaction o of I' on A. Moreover, if we set
m(r) == X"0(x)X (x € Ay)

then the map w gives a *-isomorphism from A; onto the crossed product fa x A

satisfying (id ® )(X) = (Wr)y,, m(a) = a(a) (Va € A) and Gom = (id®@m) o f.

PROOF. Note that the unitary Wr introduced in Subsection 2.2 is given by

Wr=> Ar(y)" @6,

yel
By using this and Eq (4.2), one can easily check that
(id ® ﬁ)(X) = (WF)12X13-

We also have (Ar ® id)(X™) = (X*)y3(X"),3. Now, in order to obtain the assertion of this
theorem, we have only to apply [22, Proposition 1.22] to our situation above. (Il

LEMMA 4.18. The fixed-point algebra A® of the coaction a obtained in Theorem
4.17 equals B.

PROOF. According to Theorem 4.17, the coaction « is given by

afa) = Z Ar(miys ) ® 2,02, (a € A). (4.3)

M€l

If b € B, then, by (4.3),

Oé(b) = Z )\F(%’Y{l) ® Z’Yle’Y2 = Z )‘F(’Yl’ygl) ® Z’nz’YQb

M€l M€l

=) 1®2z,b=1b.

mner
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Hence b belongs to A®. Conversely, if a € A%, then we have

1 ®a= Z )\F(’ery;l) ® Ry ARy, (CL S A) (44)

M€l

Applying ¢r ® id to both sides of (4.4), where ¢r is the Plancherel state on W*(T'), we

obtain a =Y. 2,0z, . By Lemma 4.13, we have

merl
Z Ay A2y = Z EB(a)Z“/l = EB(CL)'
ner mner
Hence a = Ep(a) € B. Therefore, we completes the proof. O

THEOREM 4.19.  The subrelation .7 is normal in Z if and only if the normalizing
groupoid 4.4 (B) of B in A generates A.

PROOF. Suppose that . is normal in Z. By Theorem 3.1, there exist a minimal
coaction « of a countable discrete group I' on A satisfying A* = B. Since I'(a) =
Sp(a) =T and A%(= B) is a factor, we find that the spectral subspace A%(7y) is
nonzero for all v € I', and that the linear span of | J . A%(7) is o-strongly* dense in A.
Let x € A%(v) for some v € I'. If z = u|x| be the polar decomposition of z, then |z is in
A% = Band u is in A%(). Note that both u*u and uu* belong to B. Moreover, uBu* and
u*Bu are contained in B. Hence u belongs to 4.4/(B). In particular, = is in 4.4/ (B)".
Therefore, 4.4(B)" equals A.

Conversely, suppose that 4.4 (B)" = A. By Theorem 4.17 and Lemma 4.18, we now
know that there exists a strictly outer (hence minimal) coaction of a discrete group I' on
A whose fixed-point algebra is B. From Theorem 3.1, .¥ is normal in Z. O

Appendix

A. The range of the mapping v € ¥4 (B) — 2z, € A;N B’

We saw that every nonzero element v € 4.4'(B) gives rise to a minimal projection
2, in Ay N B’ satisfying EA'B(ZU) = 1. In fact, by the arguments preceding Lemma 4.13, we
know that Ep(z,) = E5'(2,) = 1. In particular, it follows (see [13]) that the index Ind T,
of the conditional expectation T, from z,A4;z; onto Bz, given by T, := zq,T(zU)flT\zv Az
is 1, where T': = Eg o Ep. In this Appendix, we will show that every minimal projection
z€ Ay N B with Ep(z) = E5'(z) = 1 arises in this way.

Let us fix a minimal projection z € A; N B’ satisfying Ep(z) = E5'(z) = 1. Since we
particularly have Ind T, = T'(2)T~!(z) = 1, it follows that zA4,z = Bz.

Meanwhile, choose a Borel subset & of % such that z = xs. Then there is a p € [Z],
such that I'(p~!) C &and v(T'(p!)) > 0. Put v: = L”(6’1/2xp(p71>) € 4.4 (D). Denote by
2o the projection onto the closed subspace [BvB¢y|. As we saw before, zj is a projection
in A; N B'. Since 2v&y = v&y by the definition of v, we have, for any b, c € B:

bucgy = 20”1, () Jbvgy = Jo” o (c*) T 2bvgy = Jo” (") Jvey = buck.
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From this, we see that zy is majorized by z. By the minimality of z, we obtain zy = 2. In
particular, we have

ZVER = VeER. (Al)

LEMMA A.1.  The partial isometry v € 9.4 (D) defined above belongs to 4.4 (B).

PROOF. By (A.1), we have zvepv* = vepv*. Thus vegv® is a projection in A,
majorized by z. Since zA;z = Bz, there exists a unique projection p in B such that
vepv* (= z(vepv*)z) = pz. From this, we have vep = (vepv*)v = pzv = zpv. So v& =
vep&y = zpv€y = pv€y. Since & is separating for A, we get v = pv. Hence vep = zv. By
(the proof of) Lemma 4.6, we obtain v*Bv C B.

Let 2 :=JzJ € AiNB. Then 7 =y, 1, where F ' :={(z,9): (y,2) € F} for a
subset .7 of Z. Since T'(p) =T(p!)™" C &', we have 20"y = v*&. From this, it follows
that 2/ is the projection onto the closed subspace [Bv*B&y]. So we get Zv*ep = v*ep.
Meanwhile, we have 2’417 = BZ. By the same arguments as in the case of the projection
z, we can deduce the inclusion vBv* C B. By Lemma 4.7, v belongs to 4.4'(B). g

From the discussion made above, we now have the following.

THEOREM A.2.  The mapping v € 44 (B)\ {0} — 2z, € Ay has the image which
consists exactly of the minimal projections z in Ay N B' satisfying Ep(z) = E5'(z) = 1.

REMARK. If z is a minimal projection in A; N B satisfying Ep(z) = E5'(2) = 1, as
above, we obviously have Ind T, = 1. Conversely, if z € A; N B’ satisfies Ind T, = 1, then
zA1z = Bz. Consider the partial isometry v constructed in the discussion preceding
Lemma A.1. By proceeding as in the proof of Lemma A.1, it can be verified that we have
veg = zv and v'ep = 2Zv*, where 2 = JzJ. In particular, vegv* = zvv* and v*egv = Zv*v.
Since EB(eB) =1, it follows that E’B(z) = EB(Z') = 1. Therefore, we have proven that
Ind 7, = 1 if and only if Ep(z) = E5'(2) = 1.

References

[1] H. Aoi, A construction of equivalence subrelations for intermediate subalgebras, J. Math. Soc. Japan,
55 (2003), 713-725.

[2] H. Aoi and T. Yamanouchi, A characterization of coactions whose fixed-point algebras contain special
maximal abelian x-subalgebras, Ergod. Th. and Dynam. Sys., 26 (2006), 1673-1706.

[3] H. Aoi and T. Yamanouchi, On the normalizing groupoids and the commensurability groupoids for
inclusions of factors associated to ergodic equivalence relations-subrelations, J. Funct. Anal., 240
(2006), 297-333.

[4] M. Enock, Inclusion irréductible de faceurs et unitaries multiplicatifs, II, J. Funct. Anal., 154 (1998),
67-109.

[5] P.Eymard, L’algebre de Fourier d’un groupe localement compact, Bull. Soc. Math. France, 92 (1964),
181-236.

[6] M. Enock and R. Nest, Irreducible inclusions of factors, multiplicative unitaries, and Kac algebras,
J. Funct. Anal., 137 (1996), 466-543.

[7] J.Feldman and C. C. Moore, Ergodic equivalence relations, cohomology and von Neumann algebras, I,
Trans. Amer. Math. Soc., 234 (1977), 289-324.

[8] J.Feldman and C. C. Moore, Ergodic equivalence relations, cohomology and von Neumann algebras, II,


http://dx.doi.org/10.1016/j.jfa.2006.08.002
http://dx.doi.org/10.1016/j.jfa.2006.08.002
http://dx.doi.org/10.1006/jfan.1997.3206
http://dx.doi.org/10.1006/jfan.1997.3206
http://dx.doi.org/10.1006/jfan.1996.0053
http://dx.doi.org/10.2307/1997924

Normality for ergodic discrete measured equivalence relations 1009

Trans. Amer. Math. Soc., 234 (1977), 325-359.

J. Feldman, C. E. Sutherland and R. J. Zimmer, Subrelations of ergodic equivalence relations, Ergod.
Th. and Dynam. Sys., 9 (1989), 239-269.

U. Haagerup, Operator valued weights in von Neumann algebras, I, J. Funct. Anal., 32 (1979), 175
206.

U. Haagerup, Operator valued weights in von Neumann algebras, II, J. Funct. Anal., 33 (1979),
339-361.

P. Hahn, The regular representations of measure groupoids, Trans. Amer. Math. Soc., 242 (1978),
35-72.

M. Izumi, R. Longo and S. Popa, A Galois correspondence for compact groups of automorphisms of von
Neumann algebras with a generalization to Kac algebras, J. Funct. Anal., 155 (1998), 25-63.

H. Kosaki, Extension of Jones’ theory on index to arbitrary factors, J. Funct. Anal., 66 (1986), 123—
140.

H. Kosaki, Characterization of crossed product (properly infinite case), Pacific J. Math., 137 (1989),
159-167.

Y. Nakagami and M. Takesaki, Duality for crossed products of von Neumann algebras, Lecture Notes in
Math., 731 (1979).

S. Stratila, Modular theory in operator algebras, Abacus Press, 1981.

W. Szymanski, Finite index subfactors and Hopf algebras crossed products, Proc. Amer. Math. Soc.,
120 (1994), 519-528.

M. Takesaki, Conditional expectations in von Neumann algebras, J. Funct. Anal., 9 (1972), 306-321.
S. Vaes, The unitary implementation of a locally compact quantum group action, J. Funct. Anal., 180
(2001), 426-480.

S. Vaes, Strictly outer actions of groups and quantum groups, J. Reine Angew. Math., 578 (2005),
147-184.

S. Vaes and L. Vainerman, Extensions of locally compact quantum groups and the bicrossed product
construction, Adv. Math., 175 (2003), 1-101.

T. Yamanouchi, Crossed products by groupoid actions and their smooth flows of weights, Publ. RIMS,
Kyoto Univ., 28 (1992), 535-578.

Takehiko YAMANOUCHI

Department of Mathematics

Faculty of Science

Hokkaido University

Sapporo 0600810 Japan

E-mail: yamanouc@math.sci.hokudai.ac.jp


http://dx.doi.org/10.2307/1997925
http://dx.doi.org/10.1016/0022-1236(79)90053-3
http://dx.doi.org/10.1016/0022-1236(79)90053-3
http://dx.doi.org/10.1016/0022-1236(79)90072-7
http://dx.doi.org/10.1016/0022-1236(79)90072-7
http://dx.doi.org/10.2307/1997727
http://dx.doi.org/10.2307/1997727
http://dx.doi.org/10.1006/jfan.1997.3228
http://dx.doi.org/10.2307/2159890
http://dx.doi.org/10.2307/2159890
http://dx.doi.org/10.1016/0022-1236(72)90004-3
http://dx.doi.org/10.1006/jfan.2000.3704
http://dx.doi.org/10.1006/jfan.2000.3704
http://dx.doi.org/10.1016/S0001-8708(02)00040-3

