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Abstract. The subject of this paper is to study the structure of the Eisenstein
component of Hida’s universal ordinary p-adic Hecke algebra attached to modular forms
(rather than cusp forms). We give a sufficient condition for such a ring to be Gorenstein in
terms of companion forms in characteristic p; and also a numerical criterion which assures
the validity of that condition. This type of result was already obtained in our previous
work, in which two cases were left open. The purpose of this work is to extend our method
to cover these remaining cases. New ingredients of the proof consist of: a new construction
of a pairing between modular forms over a finite field; and a comparison result for
ordinary modular forms of weight two with respect to I'1(N) and I'1(N) N Iy(p). We also
describe the Iwasawa module attached to the cyclotomic Z,-extension of an abelian
number field in terms of the Eisenstein ideal, when an appropriate Eiesenstein component
is Gorenstein.

Introduction.

This article is a continuation of our previous investigation [O4] under the same
title, and is of nature supplementary to it.

We fix a prime number p > 5, and a positive integer N prime to p, throughout this
paper. Let v be the ring of integers of a finite extension of @,, and ¢ its residue field. We
denote by A, the Iwasawa algebra over t, by which we mean the completed group alge-
bra over t of the multiplicative group 1 4+ pZ,. As usual, we fix a topological generator
of 1+ pZ,, and identify A, with the ring of formal power series t[[T]] via v < 1+ T.

We then consider Hida’s universal ordinary p-adic Hecke algebra e 7 (N;t) (resp.
eh(N;t)) of level N over t attached to modular forms (resp. cusp forms). One of its
definition is that it is the A.-algebra generated by all Hecke operators T'(n) acting on
ordinary A-adic modular forms (resp. A.-adic cusp forms) of level N. It is an algebra
finite and flat over A, and hence can be decomposed as a direct sum of localizations at
its finite number of maximal ideals.

Take primitive Dirichlet characters x and 1 defined modulo v and v, respectively.
We assume that uv = N, and that t contains the values of ¥ and 1. Set ¥ := yw' with w
the Teichmiiller character, and assume that

(9y)(—=1) =1; and
(9, 9) # (w*,1),(1,1)
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where 1 denotes the trivial character. We can associate, in a natural manner, a A.-adic
Eisenstein series &(1, 1) of level N, which interpolates classical Eisensein series. Define
the Eisenstein ideal .#(9,1) of e #(N;t) as the annihilator of &(«J,%). There is the
unique maximal ideal 9(d, 1) = M of e #(N;t) containing it, the Eisenstein maximal
ideal attached to &(9,%), and we are interested in the structure of the localization
e #(N;t)g, at this maximal ideal. (Even if (9,1) = (w?,1) or (1,1), we can consider
e S (N;t)y,. But these cases are of no interest to us: in each case, the ring e J7(N; t)gy is
isomorphic to Ay, and the Iwasawa module Gal(Loo/Kx) y,)-+ below vanishes.)

On the other hand, with x and v as above, we can associate the classical Eisenstein
series of weight m and level N:

Bl = et 3o wou (e |

n=1 \ 0<t|n

with some constant ¢, for each integer m > 1 satisfying (xt)(—1) = (—1)™, unless k = 2
and x =¢ =1.

For the exponent i as above, we take an integer d such that d =4 mod p — 1 and
0<d<p-—2; and set k:=d+ 2. Let My(I'1(N);€) be the space of modular forms of
weight k with respect to I'1(N) over £ (in the sense of Katz [Kal]). Then the annihilator
of the image of Ej(x, ) in My(I'1(N);¥), in the Hecke algebra acting on this space, is a
maximal ideal and hence we can consider the corresponding localization M, (I';(N);€),,.
Setting k' :=p+1—k, we similarly define the localization My (I"1(N);®),, using
Eir (¢, x). In the following theorem, we denote by 6 the operator introduced by Serre
and Katz, which acts as ¢(d/dq) on g-expansions:

THEOREM I.  Assume that p does not divide p(N) (the Euler function), and also

that x(p) # ¥ (p) when d =p — 2.
1) If the dimension over ¢ of the space:

{f € My(I'1(N);®),, | 0*f = 0g with some g € My(I'1(N);8),,}

is one, then e J(N; 1)y is a Gorenstein ring;
2) If the number:

I[I -0 ) |[Bryer
1IN
lcond(x 1)

is a unit, then the €-vector space in 1) is one-dimensional. Here, By , -1, denotes the
generalized Bernoulli number.

As a consequence, the numerical condition in 2) implies that e JZ(N;t)y, is
Gorenstein. This type of result was, among other things, already obtained by Skinner
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and Wiles [SW], when ¢ = 1. In our previous work [O4], we used a method totally
different from [SW], and proved Theorem I for 1 < d <p — 3. (In [O4, Theorems 3.2.3
and 3.3.2], we stated the results using the space of f as above with g € My (I'1(N); )
rather than in M (I (N);€),,; but that formulation is equivalent to the present one. See
[O4, Proposition 3.1.2] and the proof of Lemma2.3.3 in the text.) The purpose of this
paper is to extend our method to cover the remaining cases where d =0 and d =p — 2.
We will also extend the results in [O4, 3.4]. To state this, let x be a Dirichlet
character of conductor N, and assume that ¥ = xw' is even. We take t as the ring
generated over Z, by the values of x. Let K be the imaginary abelian extension of @
corresponding to Yw, and K, its cyclotomic Z,-extension. Let L, be the maximal
unramified abelian pro-p-extension of K. The character (19w)71 induces a ring
homomorphism of Z,[Gal(K/Q)] to t, and using this, we form the tensor product

Ga.].(Loo/Koo)(ﬁw)—l = Gal(Loo/Koo) ®Zp[Gal(K/Q)] T

(the “(Yw) '-part” of Gal(L./K.)). Via the isomorphism: t[[Gal(K/K)]] = A
induced by the p-cyclotomic character, we consider this group as a A.-module in the
usual manner. Let I(J,1) =1 be the image of J(J,1)gnq) In €h(N;t)gy,q), the
Eisenstein ideal of e h(N; t)gn(y 1)-

THEOREM II.  Assume that pto(N), and that x(p) #1 when d=p—2. If
e H(N;t)gny 1) 15 @ Gorenstein ring, we have an isomorphism

Gal(Loo/ Kuc) gyt = (I/12)]

of Ae-modules. Here, (I/12)" has the same underlying group as I/I* on which the action of
A, is twisted by the involutive t-automorphism of A, given by: T +— 1 (1 + T)_1 - 1.

Let us now explain the contents of the text.

In our proof of Theorem I for 1 < d < p — 3 in [O4], aside from our former works,
inportant roles were played by:

(i) Ulmer’s pairing between modular forms over finite fields ([U1]); and

(ii) Gouvéa’s comparison theorem for ordinary modular forms with respect to
I'/(N) and 't (N) N I'y(p) ([Go)).

In the cases excluded in [O4], some problems arise regarding these points.

As for (i), though Ulmer defined his pairing for cusp forms of weight k with
2 < k < p, his construction, as it stands, does not extend to a pairing

M (' (N); £) x Sp(I'1(N); &) — €

for k= p. In Section 1, we give a new construction of such a pairing. It is based on
another idea of Ulmer: Instead of considering the Selmer group of the universal elliptic
curve over the Igusa curve, we make use of a pairing between modular forms on
supersingular elliptic curves defined in [U1]. Applying a suitable power of the #-operator
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and twisting, we obtain from it a pairing of the form above, which is compatible with the
Hecke operators T'(I) (for prime numbers [ # p) and the diamond operators. In general,
this new pairing has larger left kernel than the previous one, but we show that it behaves
well on ordinary components. Our main result in this direction is Theorem 1.6.5.
Though we need this new pairing only in studying the special case where d = p — 2, we
hope that it is of independent interest.

On the other hand, as for (ii), Gouvéa’s argument was based on the fact that no “p-
new” form of weight k& > 3 with respect to I';1(N) N I'y(p) is ordinary, which fails to hold
when k = 2. In Section 2, we take another method, using the trace mapping for modular
forms of weight two, from I'1(N) N I'y(p) to I'1(IV), to establish a comparison result for
“p-old” ordinary components. See Theorem 2.2.11 for this. This also allows us to extend
some of results of Gouvéa to the weight two case. With this theorem and its corollary,
the proof of Theorem I proceeds almost in the same way as in [0O4] when d = 0.

In Section 3, we give the proof of Theorem I when d = p — 2. As for the part 1), we
first show that the one-dimensionality of the space in question is actually equivalent to
that of My (I'1(N); ), itself. We then argue under this latter assumption, employing our
new pairing for k = p, to prove 1).

In the final Section4, we prove TheoremlIl, using the method of Harder and
Pink [HP] and Kurihara [Ku], along the same line as in our previous works.

CORRECTION TO [O4]: The proof of the statement that the Eisenstein ideal I*
is generated by T%(I) — 1 —I17*(,1) with prime numbers [t Np ([O4, p. 170, 1. 6]) was
incomplete. Corrected proof will be given in 4.1 in the text.

1. Pairings between modular forms over finite fields.

1.1. Preliminaries.

We throughout fix a prime number p > 5, and a positive integer IV prime to p. We
first fix our terminology on algebraic theory of modular forms.

For an integer k, a modular form f of weight k with respect to I'1(N) (in the sense of
Katz [Kal]) over a Z[1/N]-algebra R is a rule which assigns to each pair (F,«)
consisting of:

{ an elliptic curve E over an R-scheme S; and (11.1)
a closed immersion a : gy — Ex of S-group schemes o
a section f(E,«) € T(S,w) satisfying:
{the formation of f(FE,«) is compatible with cartesian squares; (11.2)
f is holomorphic at every cusp. o

Here, wy, is the direct image of Q}s/s to S; and for the precise meaning of the second
condition above, see [Kal, 1.1 and 1.2]; and also Hida [Hi, Section 1]. We denote by
M;(I'1(N); R) the space of all such forms. An element of this space is called a cusp form
if it vanishes at every cusp (cf. loc. cit.); and we denote by Si(I'1(N); R) the subspace of
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cusp forms. The formation of M (I';(N);R) and Si(I1(N); R) commutes with the
change of base rings provided that k£ > 2; and in addition that 6 is invertible in the base
rings when N = 1 (cf. Gross [Gr, Proposition 2.5, Section 10]). However, this property
does not hold when k=1 (cf. Serre [S1]). We stress that, for forms of weight one over
finite fields, we use this definition, rather than to restrict to forms that is obtained by
reduction from the ones in characteristic zero.

Via the g-expansion at the cusp infinity, we have injections:

(1.1.3)
Sk(I(N); R) = R[[q]].

Mi(I'y(N); R) — R[q]],
s

We will often identify the spaces in the left-hand side with their images in R[[g]]. When

R is a subring of C, My(I'1(N); R) (resp. Si(I'1(N); R)) may be identified with the space

of modular forms (resp. cusp forms) in the classical sense having g-expansions with

coefficients in R. More generally, when R is a Z[1/6N]-algebra and k > 2, we have the
following description as subsets of R[[g]]:

My(I'(N); R) = (My(I'1(N); €) N Z[[ql]) ®z R, (1.1.4)

Sk(I'1(N); R) = (Sk(I'(N); C) N Z[[q]]) ®z R. a

We denote by Xi(N),, the usual modular curve over R attached to I'y(IV). It is the
smooth compactification of the (coarse) moduli scheme Y1(N),p classifying the pairs as
in (1.1.1).

From now on, until the end of 1.6, we assume that N > 5. Then YI(N)/R is in fact the
fine moduli scheme, and there is the invertible sheaf w corresponding to the universal
elliptic curve on it. The sheaf w extends to an invertible sheaf on X;(N) 5 in a natural
manner (cf. [Gr, Section 2], [Kal, 1.5]), and we will use the same symbol w for this. We
then have the following identification:

i _ 0 . ,Q®k ,
{Mk(Fl(N)vR) H(X3(N) o ™) (1.1.5)

Sk (N); R) = HO(Xl(N)/R,&W(—CUSPS))

the symbol “cusps” meaning the reduced divisor supported at cusps. We recall that
there is a canonical isomorphism:

W2 e Q&l (V) /R (cusps) (1.1.6)

called the Kodaira-Spencer isomorphism (cf. [Gr, Proposition 2.3], [Kal, 1.5]).

1.2. Modular forms over finite fields.

We fix a finite field € of characteristic p, and consider modular forms over this field.
We set C':= X;(N) , and C = Y1(N) , for notational simplicity. The invertible sheaf w
on C has positive degree, and we have:
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HY(C,w®™) =0 form <0,
o (1.2.1)

,w¥™) =0 form >2.

Let A € M,_1(I'1(1); €) be the form corresponding to the Hasse invariant. Then there is
an exact sequence of sheaves on C considered by Serre ([S1], [S2]):

0 — OUk—p+1) X4 w? — 88, — 0 (1.2.2)

59, being the skyscraper sheaf defined by the exactness of the sequence. Taking the long
exact sequence of cohomology, we obtain an exact sequence:

0 — Myt (T3 (N);£) 2 My(I'1(N): €) — SSK(I'1(N); ¥)

(1.2.3)
_ I{l(cf7 £®(k:—p+1)) _ Hl (C, gQZJI{:) -0

where SSi(I'1(N);€) := H°(C,SS,) is the space of modular forms of weight k with
respect to I'1(N) on supersingular elliptic curves. Its element f may be identified with a
rule as in 1.1 with the pairs (F,«) restricted to supersingular elliptic curves over
extension fields of ¢.

The Kodaira-Spencer isomorphism (1.1.5) and the Serre duality give us the
isomorphism:

HY(C,w®™) = H(C,w®?™™ (—cusps))” = So_m(I1(N);€)" (1.2.4)
where the superscript “Y” indicates the ¢-dual. Thus the exact sequence (1.2.3) reads:

0 — SS(I(N);€) — Sy w(T1(N); €)Y — So i (I (N); €)Y — 0 (k< 0);
0 — € — SSy(I'1(N);€) — S, (I (N); 8)Y — So(I1(N); )Y — 0 (k=0);
0— My (I} (N); ) — SSy(I'1(N); €) = S,(I'1(N); 8) — Si(I'1(N); £)" —0 (k= 1);

0— Mp(I't(N); 8) = SS(I'1(N); ) = Sy (I (N);8) =0 2< k< p—2); (12.5)
00—t M, 1(I'\(N); ) — SS, 1 (I'1(N);€) — So(I'1(N); €)' =0 (k=p—1);

0— My (T (N); ) 55 M, (T (N); €) = SS, (T (N); ) = Sy (T1(N):8)” — 0 (k = p);

0 — My (D1 (N);8) 5 My(I'y(N);€) — SSL(T1(N);8) =0 (k> p+1).

When k> p—1, the injection XA : Mj_p1(I'1(N);8) — M(I1(N);¥) preserves
g-expansions. In the following, we often identify f & Mj_,.1(I1(N);€) with Af €
Mi(I'1(N);®), and thus regard My_,+1(L1(N);¥) as a subspace of M(I1(N);¥).

There are standard operators acting on My(I'1(N); ) and Si(I'1(N); £): the diamond
operators (a) for a € (Z/NZ)™ and the Hecke operators T'(n) for positive integers n, for
k > 1. We recall that there is an automorphism (a) of C over €, which, on points of C?, is
given by:
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(a)(E,a) = (E,aq) (1.2.6)
for each a € (Z/NZ)*. For f € My(I'1(N);¥t), we have
(fl{a)(E, ) == f({a)(E,a)) = f(E, acx). (1.2.7)

If [ is a prime number different from p, then we have:
1 *
(FITW)(E,a) =3 > @' (f(E poa)). (1.2.8)
©

Here, the sum runs over [+ 1 isogenies ¢ : E — E’ of degree | when [t N; and over [
isogenies ¢ as above such that ¢ o « is injective when [ | N (cf. 1.6 below for T'(n)).

The same formulas as (1.2.7) and (1.2.8) define operators on SSi(I'1(N);¥), which
we denote by the same symbols. (But it is not clear how to define T'(p) on this space.)
The natural mapping iy, : My(I'1(N);€) — SSp(I'1(N); €) clearly commutes with (a) and
T() (1 #p).

The injection xA : My_py1(I'1(N);8) — My(I'1(N); ) commutes with (a) and T'(n)
for all n, provided that Kk —p+1>2. When k—p+ 1 =1, this mapping commutes
with (a) and T(I) (I # p), but does not commute with T'(p) (cf. [Gr, Proposition 4.1] for
the description of T'(p) of weight one; cf. also (3.1.2) below).

1.3. Ulmer’s pairing between modular forms on supersingular elliptic
curves.
The purpose of this subsection is to recall Ulmer’s results from [U1, Section 7).
First, let E,.;1 be the classical Eisenstein series of weight p 4+ 1 and level one (normalized
so that its constant term of the g-expansion is one), and set

1

B:=—-—
12

B, (mod p) € M, (I'1(1); F,). (1.3.1)

Let k and k¥ be non-negative integers satisfying k+ k' = p+ 1. Ulmer considered the
pairing

(5 ) SSu(I(N); &) x SS(I'(N);€) — ¢ (1.3.2)

defined by the formula

(f,9) = & 2)o(F, o) (1.3.3)

where the sum runs over all supersingular geometric points of C' (with values in a fixed
algebraic closure of €).
Since B does not vanish at supersingular points, the formula above makes sense,
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and it is easy to see that the value above in fact belongs to €. This pairing is clearly non-
degenerate.

Let X := Il(N)/E be the Igusa curve of level Np over ¢ and denote by the same
symbol w the pull-back of the previous w by the natural morphism: X — C. Then there
is a canonical section a € H'(X,w) as defined in [Gr, Proposition 5.2]. For h €
M,,(I'1(N);€) = H(C,w®™) (m > 0), we can associate a rational function h := h/a™
on X.

For fe My(I't(N);€) and g€ Mp(I'1(N);€), we can define (f,g) by the same
formula as above, which is equal to (i (f),i1(g)). Since the morphism: X — C ramifies
totally at supersingular points, it may be rewritten as:

(o= > %(m) (1.3.4)
z:supersingular —
the sum running over all supersingular geometric points of X. On the other hand,
there is a canonical differential, denoted dq/q, on X whose divisor satisfies (dq/q) =
pr:supcrsingular(x) - Zv:cuspidal(v) (Cf [GI‘, p. 463]7 [Ul’ p. 254]) Later, we will need the
following results due to Ulmer:

PROPOSITION 1.3.5.  For f € My(I'1(N);8) and g € M(I'1(N); ), we have

(o= > Resz(ﬁg%).

z:supersingular

PROOF. This follows from (1.3.4) and the fact that the differential Bdg/q has a
simple pole with residue one at each supersingular point (Ulmer [U2, Lemma 3.4]). O

COROLLARY 1.3.6.  Under the pairing (1.3.2), the exzact annihilator of the image of
Sp(I'1(N);®) in SSL(I'1(N); €) is the image of My (I'1(N);€) in SSp(I'1(N); ).

PROOF. If fe& My(I'\(N);¥) (resp. g€ Sp(I't(N);€)), f (resp. g) has poles of
order at most k' (resp. k) at supersingular points, and is holomorphic elsewhere. Since
g vanishes at cusps, it follows from the proposition that (f,g) =0, by the residue
formula. It is therefore enough to show that the sum of the dimensions of the images
of My(I'1(N);8) — SSp(I1(N);8) and Si(I'1(N);€) — SSp(I1(N);€) is equal to
dime SSy (I'1(N); £), which follows from (1.2.5). O

1.4. Twisted pairing { , )*.

We continue to assume that N > 5, and fix a finite field € of characteristic p. We
moreover assume that € contains a primitive N-th root (y of unity, and fix this (. Then
we can define an automorphism wy of C over £ by the following rule on points of C°:

wy(E,a) = (E*,a") where
E* := E/a(py) with the quotient morphism ¢ : £ — E*; (1.4.1)
o (Cy) = ¢(to) with t, a section of Ey such that ey g(a({n),ta) = Cn-
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Here ey p( , ) is the Weil pairing on Ey. It is easy to see that w% = (—1).
For g€ SSi(I'(N);8) (or Mi(I'1(N);t)), we define glwy € SSp(I'1(N);€) (or
M;.(I'1(N); ®), respectively) by the formula:

(glwn)(E, o) := ¢*(9(E", a7)). (1.4.2)

“ )

Clearly, the oparator “ |wy” induces automorphisms of the respective spaces; and it

preserves Si(I'1(N); ).
DEFINITION 1.4.3. Under the assumptions above, we define the twisted pairing
(, ) :8Sp(I'(N); ) x SS(I1(N);€) — ¢
by the formula:

<fa g>* = <f7g|wN>

We are now going to look at the behavior of (a) and T'(I) with respect to this
pairing. First, we have:

(fl{a),9)" = (£, gl{a))". (1.4.4)

In fact, since B is a modular form of level one, the value B(F, «) is independent of a, and
we have

f(Ea a) (gle)(E, aila)
B(E, )

Our claim follows from this and the relation wy o (a)™" = (a) owy (cf. [04, (2.4.6)]
where we treated the Igusa curve case).

PROPOSITION 1.4.5. Let I be a prime number different from p. Then the twisted
pairing above satisfies:

(FIT(1),9)" = 1""1(f, gl T(D)".

PrROOF. To prove our proposition, let us consider the oriented graph G whose
vertices consist of supersingular geometric points (E, a)’s of C, and whose edges consist
of isogenies ¢ : (E,a) — (E', ) (i.e. isogenies ¢ : E — E’ such that ¢ o a = o) of degree
I. Call e(G) the set of edges of G, and for each ¢ € e(G), denote by i(p) (resp. t(p)) the
initial vertex (resp. the terminal vertex) of ¢. Clearly, every vertex is an initial vertex of
some edge, and it is easy to see that every vertex is also a terminal vertex of some edge.

If ¢ : E — E'is an isogeny of degree | between supersingular elliptic curves, we have
©*(B(E")) = IB(E) by Robert [R, Théoreme B]. Thus using the terminology above, we
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have:

e ) (ghen)(i(2)
urona = 3 EETEGy

For ¢ € e(G), let o be the isogeny dual to ¢. Then since f (resp. B) is of weight ¥’ (resp.
p+ 1), the above sum is equal to:

> ¥ f(t(0) 9" (glww)(i(9)) _ Y Y fE, o) " ((glwn) (E, )
+1 ! /

vee(Q) w B(t((p)) (E' o) p:(E,)—(E' ) B(E & )

where the first sum in the right-hand side ranges over the vertices of GG, and the second

one over ¢ € e(G) such that ¢(p) = (E', o).

Let ¢ : (E,a) — (E',a') be an edge of G. Set wy(F,a) = (E*,a*) and wy(E', o) =
(E™, o) with ¢ : E — E* and ¢ : E' — E™ the quotient morphisms, respectively. Then
Ker(¢') = ¢ o a(py) is annihilated by ¢ o ‘¢, and there is a unique isogeny ¢* : £’ — E*
of degree [ such that ¢po'p = p* o ¢'. Let t, (resp. ty) be a point of Ey (resp. EY) as
in (1.4.1). We have

(v =enp(d((n) te) = enplalln), ‘o(ta))

and ¢* o a™*({n) = ¢ o 'p(ty). We may therefore take ‘¢(t.) for t,, and hence we have
ot =, le ' (B o) — (E*, o) gives an edge of G. If we start with this
isogeny and apply the above construction once again, we easily see that the isogeny
(¢*)" from w3 (E,a) = (-1)(E,a) to wi(E', o) = (-1)(E',d) is given by ¢.

Now wy induces a bijection from the set of vertices of G to itself. The argument
above shows that this, together with the correspondence ¢ +— ¢*, gives an orientation-
reversing automorphism of G. It therefore follows that the sum

Yo e ((glow) (B, @)

@:(E,a)—(E o)
over ¢ € e(G) such that t(p) = (F', o) is equal to the sum

@™ o (¢") (9(E", "))
QO*I(E/*.,(I’*)H(E*,OZ*)

over ¢* € e(G) such that i(¢*) = (E™, «’*). This is equal to I(¢9|T'(!)|wn)(E', &), and our
conclusion follows. O

1.5. Pairing [ , |, on modular forms over finite fields.
Recall that the modular form B does not vanish at supersingular points, and hence
multiplication by it induces an isomorphism
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xB: SSp(I(N);€) = SSpypr1 (F1(N); €) (1.5.1)
for eack k. Since B is of level one, we have:
(a) o (xB) = (xB) o {a). (1.5.2)
From the result of Robert cited in the previous subsection, we have:
T(l)o (xB) =1(xB)oT(l). (1.5.3)

Let 6 be the operator of Serre and Katz acting on modular forms over finite fields
whose effect on g-expansions is given by ¢(d/dq). We have the following relations:

{ (a) 00 =060 {a); (15.4)

T(l)o 0 =100T(l).

In general, for a modular form f over a finite field, we denote by w(f) its filtration
(cf. [Gr, Section 4]; we set w(0) := —o00). We will frequently use the following fact:

PROPOSITION 1.5.5 (cf. [Gr, Proposition 4.10]).  Let f have filtration k > 0.

i) If (k,p) =1, then w(0f) =k+p+ 1.

ii) Set K :==p+1—k. If2<k<p, then w(" f) <k +p+ 1. Here, the equality
holds if and only if f|T(p) # 0 and w(f|T(p)) = k.

See [Gr], loc. cit. for the proof. We remark that, in the second assertion, the
condition w(f|T(p)) = k follows automatically from the non-vanishing of f|T(p) when
2 < k < p — 2; but this is not true when k = p — 1 or p for non-eigenforms. For k =p — 1,
if g is a form of filtration p — 1 satisfying g|T(p) = 0, then f = g+ A has filtration p — 1,
but w(f|T(p)) = 0. On the other hand, when k = p, let g be a form of filtration one, and
set f = g|V, with V, the usual “Frobenius operator”, whose effect on g-expansions is
given by: > jang" — > 07 ang”. We have w(f) =p, but w(f|T(p)) =w(g) =1 in
which case 6f = 0.

Recall that, according to our convention in 1.2, we identify f € My_,41(I1(N);€)
with Af € Mp(I'1(N);¥).

DEFINITION 1.5.6. Assume that £ contains a primitive N-th root of unity. For
2<k<p, set ¥ =p+1—kFk Let iy: Mp(I'1(N);¥) — SSi(I'1(N);€) be the mapping
deduced from (1.2.2), and ji: Mi(I'1(N);€) — SSp(I1(N);€) the composite of:

i p1 (xB)™!

0" .
M (I'1(N); ) = My p1(I'1(N); 8) — SSpip1(IN(N);8) — SSp(I'(N);€). Using
the pairing in 1.4.3, we define

[, ] Mp(I(N);8) x My(I(N); 8) — ¢
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by the formula [f, g, := (j(f),k(9))"

PROPOSITION 1.5.7.  The pairing above satisfies

{ [fla), gl = [f, gl{@)];;; and
FIT), gl = [f,9|T ()], for all prime numbers | # p.

PROOF. This follows from (1.4.4), Proposition 1.4.5, (1.5.2), (1.5.3) and (1.5.4).
O

PROPOSITION 1.5.8.  Assume that 2 < k < p, and consider the pairing
[ Je s Mp(I'1(N); ) x Sp(I'(N);8) — &

Its left kernel consists of the forms f & My(I'\(N);t) satisfying: 6Ff—6g¢c
My+o(I1(N); ) with some g € My(I'1(N); ).

PROOF. First note that MkJ+p+1(F1(N); E)/Mkurg(f'l (N),E) 5 SSk/+p+1(F1(N); E)
by (1.2.5). We see from Corollary 1.3.6 that f belongs to the left kernel if and only if
0" f — By € My o(I'1(N); ) for some ¢ € My(I'y(N);€). But for h € My (I'1(N); ¢), we
have 0h = AOh — k' Bh with 0h € My,2(I'1(N);¥) (cf. Katz [Ka2, III]). Our assertion
follows from this. O

We remark that in general the pairing above has larger left kernel than Ulmer’s
pairing ( , ), (or its twisted version ( , );) considered in [O4], whose left kernel consists
precisely of the forms with companions. In fact, if f € My (I'1(N);#) satisfies f|T(p) =0,
then w(6¥ f) < K + 2 by Proposition 1.5.5, and hence j;(f) = 0. But such a form cannot
have a companion, since % f=0g with g€ Myu(I'1(N);€) implies that w(f"f) =
K +p+ 1. In the next subsection, however, we will see that our new pairing [ , ], has
as good property as Ulmer’s one on ordinary components.

1.6. Ordinary components.

We denote by Hy(I'1(N);€) (resp. hi(I'1(N);€)) the Hecke algebra attached to
Mi(I1(N); 8) (resp. Si(I'1(N);€)); i.e. it is the E-subalgebra of Ende (M (I'1(N); £)) (resp.
Ende(Sk(I1(N); ‘32)) generated by all (a) and T'(I) with prime numbers [ including | = p.
We denote by Hkp)(Fl(N); t) its t-subalgebra generated by (a) and T'(I) with I # p. We
first note the following fact.

LEMMA 1.6.1.  We have H(I'y(N); &) = HP (I’ (N); ®) for 1 <k <p—2.

PROOF. When 2 < k <p—2, this is [O4, Lemma 2.5.4]. The proof in the case
where k = 1 is similar. (But remember that we are employing the definition of Katz, and
Mi(I'1(N);®) may contain elements that are not liftable to forms of weight one in
characteristic zero.) Since we need the argument of the proof later, we outline it.

In general, we can define the Hecke operators T'(n) on M(I'1(N);t) for positive
integers n by the usual formulas:



Companion forms and the structure of p-adic Hecke algebras IT 925

T = T()T(1°) — )T (1Y) for prime numbers 11 N;
T(1°) = T(1)° for prime numbers [ | N;
T(n) T

[L T if n =], is the prime decomposition.

Clearly, Hy(I'1(N); ) is generated over ¢ by all T'(n). For f € M(I'1(N); ), let a(m; f)

m

be the coefficient of ¢™ of the g-expansion of f. Then one can prove, without difficulty,
that a(1; f[T'(n)) = a(n; f).
Consider the pairing;:

Mi(I(N); ) x Hy(I'y(N); €) — ¢

defined by (f,t) = a(1; f|t). The fact above shows that the left kernel of this pairing
consists of (the forms whose g-expansions are) constants. When 1 < k < p — 2, it reduces
to {0}, and it follows from a standard argument that this pairing is perfect.

It is therefore enough to show that the mapping:

Mi(I'y(N); €) — Home(HP (I'y(N); £), €)

sending f to the mapping ¢ — a(1; f|¢t) is injective. Its kernel consists of the forms whose
g-expansions are power series in ¢?. By [Ka2, I, Corollary (5)], these are the images of
V,, and hence the kernel reduces to {0} when 1 <k <p—2. O

The algebra Hy(I'1(N);¥) is finite over ¢, and it can be decomposed as a direct sum
Hy(I'1(N);8) = @nHy(I'1(N); 8), (1.6.2)

of localizations at maximal ideals. For each n, n® :=nn H,E,p)(FI(N);E) is a maximal
ideal of H](cp)(Fl(N);E). For any Hi(I'1(N);t-module M, we write M,y for the
localization at n®) of M viewed as an H,ip)(Fl(N);E)—module. Equivalently, we have
My = M @py(ry(vye) He(L1(N); €) o0

As for the Hecke algebras of weight £ = p — 1 and p, the following holds:

LEMMA 1.6.3. Assume that M,_1(I'1(N);¥),, NEA={0} (resp. My(I1(N);t),» N
V,M(I'y(N);€) = {0}). Then we have H, (I'(N);®)y =HY (I'(N);#)y (resp.
Hy(I'1(N); 8),0 = H;gp>(F1(N)§E)n<p>)~

PROOF. Apply the same argument as in the proof of Lemma 1.6.1 to the pairing
Mi(I'1(N); )y X Hi(I'(N); )0 — €

for k=p—1 and p. O

We now consider the pairings
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{ [ Jin s Mi(D1(N); 8), x My(I'1(N);8), — &, (1.6.4)

[ Jinor @ Mi(L1 (V)5 8) 0 X Mi(I1(N);8) ) — €

induced from the one constructed in the previous subsection. Note that these pairings
are the same things when 2 < k <p— 2, by Lemma 1.6.1.

THEOREM 1.6.5.  Suppose that 2 < k < p, and €t contains a primitive N-th root of
unity. Let n be a mazimal ideal of Hy(I'1(N); €). We assume that T(p) is a unit in the ring
Hy(I't(N); ), and moreover that the assumption in the previous lemma is satisfied
when k= p — 1. Then the left kernel of the pairing

[ o Mi(T1(N); ) X SE(F1(N); )00 — €

consists of the forms with companions; i.e. it is {f € Mu(I'1(N);€), |07 f =
fg with some g € My (I'1(N);€)}.

PrROOF. We first show that, when 2 <k <p—1, ipyippq 0 or . Mi(I'(N); )y —
SSipr1(I'1(N);€) & My yp1(I'1(N); €)/Myo(I1(N); €) is injective; or equivalently,
that w(@*f)=k +p+1 for any non-zero f¢€ Mi(I'(N);®) 0. Indeed, if
2 <k < p—2, this immediately follows from Proposition 1.5.5, ii), since T'(p) induces
an automorphism of My (I (N);€),). If k = p — 1, the kernel of 7,3 o 6* consists of those
fe M, (I''(N);¥),, such that w(f|T(p)) <0, by Proposition 1.5.5, ii). Again, since
T(p) induces an automorphism of M, (I';(N);¥€),u, our assumption implies that such
an f must be zero. This proves our claim.

Now to prove the theorem, we may replace £ by its finite extension, since the base
extension of the pairing above to such an extension is a direct sum of similar pairings.
We may therefore assume that Hy(I'1(N);€)/n = €. Let a(n) (resp. 6(a)) be the image of
T(n) (resp. (a)) to this residue field, and set n(l) := T(I) — «(l) for prime numbers [ # p,
and &(a) := (a) — 6(a), both belonging to n®. Any element of M(I'\(N);€),, is
annihilated by sufficiently high powers of these elements. If we set 1.(1) := I7°T'(I) — a(1),
then it follows from (1.5.4) that 6° o n(l) = n.(I) 0 8° and 6° 0 £(a) = £(a) o 6°.

Assume that a non-zero f & M(I'1(N);€),, belongs to the left kernel of the
pairing in question. If f' € My(I';(N); ), with a maximal ideal n'® of H" (I')(N); )
different from n?), it follows from Proposition 1.5.7 that [f, f'], = 0, i.e. f belongs to the
left kernel of the pairing [ , ], : Mu(I1(N);€) x Sp(I'1(N);8) — £ Thus there are g €
My (T (N);€) and h € My ,o(I'1(N); €) such that 0¥ f = 6g + h by Proposition 1.5.8, and
our goal will be to show that i = 0. For this, we first see from the remarks above that
O(nr—1(1)™g) and 6(£(a)™g) belong to My o(I'1(N); €) for m sufficiently large. But since
1<k <p-1, Proposition 1.5.5, i) implies that these elements cannnot belong to
My12(I'1(N);8) unless they vanish. This in turn implies that h is annihilated by
sufficiently high powers of ny (I) and &(a).

We now prove the theorem when 2 < k <p—1. To do this, let us consider the
maximal ideal ngp) of ngrj’?j—p+l(Fl(N); £) generated by np (I) and £(a). There is an integer
t > 1such that ngp)tGk’f = {0} but ngp)t_lﬂk/f # {0}. Thus thereis an o € n(lp)t_l such that
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o f is a non-zero element annihilated by n(lp). We see from (1.5.4) that there is an
o € H,f,p)(]“l(N);E) satisfying a6 f = 0"/ f. It follows that the constant term of the
g-expansion of af” f is zero, and also that this element is annihilated by T'(p).
Especially, it is a common eigenform of all T'(n). If we denote by b(n) the corresponding
eigenvalues, the g-expansion of af" f is of the form ¢ 3"°° | b(n)¢" with some ¢ € £*. From
the first part of the proof, this form has filtration ¥ + p + 1.

On the other hand, assume that h # 0. We have seen that it is annihilated by
sufficiently high powers of ngp). It, being an image of 6, is also annihilated by T'(p). We
can argue in the same way as above to conculde that thereisa § € H(QZ(Fl (N); ) such
that Sh has g-expansion of the form d >, b(n)q" with d € €*. Since w(Sh) < k¥ + 2, this
is a contradiction.

Finally, we consider the case where k = p. Let f, g and h be as above. The argument
above shows that g € M;(I'1(N); ), . Therefore, fy := f — g belongs to M,(I"i(N); €),u,
and it satisfies 0fy = h € M3(I'1(N); 8). If w(fy) < 1, one easily concludes that h = 0; and
hence we assume that w(fy) =p. Then fy|T(p) # 0, but we have w(fo|T(p)) =1 by
Proposition 1.5.5, ii). Consider the subspace

{f € My(I'\(N); &), | w(f'|T(p)) < 1}

of M,(I't(N);€),4 . It clearly contains
My (I (N); 8) o NV M(I(N);8) = Vo (Mi (I (N); ) )
and is mapped isomorphically onto
My(I'y(N); 8) o N Mi(I'1(N); €) = My(I'1(N); £) 0

by T'(p). Since these two spaces have the same dimension, we conclude that fj lies in the
image of V), and hence 6f, = 0. ]

1.7. Lower level case.

So far, we discussed under the assumption N > 5. In this subsection, we treat the
remaining case where N < 4, which is in fact routine.

We take and fix an integer n > 3 prime to Np. Let Y, be the (not necessarily
connected) modular curve over ¢ classifying triples (E, «, 8) with (E,«) as in (1.1.1),
together with a full level n structure §: Z/nZ x Z/nZ = E,, over t-schemes. We
denote by X, the smooth compactification of Y},.

The group G, := GLs(Z/nZ) acts on Y, in a natural manner; i.e. g € G, sends
(E,a,p) to (E,a,B0g).

In the following, we assume that no prime factor of n is congruent to +1 modulo p,
so that the order of G,, is prime to p. Then the correspondence M +— M% (the invariants
under G,,) gives an exact functor from the category of ¢[G,|-modules to that of ¢&-vector
spaces. We also note the following elementary fact: Let V and W be finite dimensional
E-vector spaces on which G, acts &-linearly. If
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(,):VxW—t

is a non-degenerate €-bilinear pairing satisfying (gv, gw) = (v, w), its restriction to V& x
WS is non-degenarate.

Now we have the invertible sheaf w on X,, and also the spaces My(I'1(N)N
I'(n);8) = H'(X,,w®") and Si(I'(N)NI'(n);€) = H*(X,,w® (—cusps)) as in 1.1. The
group G, acts on these spaces via the pull-back of sections: ¢* f(E, o, 8) = f(E, , B0 g).
We have My(I't(N)N(n);8)% = Mu(I' (N);®) and  Sp(I'y(N)NI'(n); €)=
Si(I'1(N);€) (cf. Edixhoven [E, 2.1]).

We have the exact sequence (1.2.2) on X,, and hence the space SSp(I'1(N)N
I'(n);8) = H°(X,,,S5S,) on which G, acts. We set

SSp(I1(N);8) := SSL(I't(N) N I'(n); €)% (1.7.1)

This space does not depend on the choice of auxiliary level n, up to canonical
isomorphisms. We may in fact identify f € SS,(I'1(N); ) with a “rule” on supersingular
(E, «) over extension fields of ¢ as in 1.2. This description also allows us to define f|{a)
and f|T(l) by (1.2.7) and (1.2.8), respectively.

Since the Kodaira-Spencer isomorphism (1.1.6) on X,, and the Serre duality pairing
are functorial, we see that Hl(Xn,gg‘m)G" = Sg,m(]“l(N);E)v. Thus taking G,-invari-
ants from the long exact sequence deduced from (1.2.2) on X,,, we have the same exact
sequences as in (1.2.5) for N <4 also.

For non-negative integers k and k' such that k+ k' = p + 1, we can define

(), 2 SSp(I(N) N I(n); &) x SSu(I'L(N) N I(n); ) — ¢ (1.7.2)

by the same formula as (1.3.3), the sum being over the supersingular geometric points of
the t-scheme X,,. It is clear that this pairing satisfies (¢* f, g*h),, = (f, h),, for any g € G,,.
Thus its restriction, multiplied by deg(X,,/X; (N)/Q)*l7 gives us a non-degenerate pairing

() ): SSp(I1(N):8) x SSu(I'1(N); €) — . (1.7.3)

This pairing is independent of n, and enjoys the property stated in Corollary 1.3.6, for
the same reason.

From now on, we assume that € contains a primitive N-th root of unity. We define
an automorphism w%’) of X,, by w%)(E,a,ﬂ) = (E*,a*, ), where E* and o* are as in
(1.4.1) and B*:=¢o . It commutes with the action of G,, and induces wy on
Xn/Gn = X1(N) g, defined by (1.4.1) for this coarse moduli scheme. We then obtain
automorphisms “|w§\7)” and “|lwy” of SSE(I'(N)N I'(n);€) and SS,(I1(N); ) as (1.4.2).
Using these operators, we define the twisted pairings
{ () 8Su(I' (N) N I(n);8) x SSR(I'y(N) N I'(n);€) — ¢, and 174
() 1 SSp(I'(N);€) x SSi(I'1(N);8) — ¢ o
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by (f,h), = (f,h|w§f;)> and (f,h)" := (f, hlwy), respectively. Clearly, the restriction
of the former pairing to SSi(I'1(N);¥) x SS,(I1(N);®) is a non-zero constant multiple
of the latter.

For an integer a (resp. b) prime to N (resp. n), we denote by (a), (resp. (b),) the
automorphism of X,, given by (a) 5 (E, o, 8):=(E, ac, §) (resp. (b),,(E,a,[) :== (E, o, bp))
on non-cuspidal points. Then for the same reason as (1.4.4) and Proposition 1.4.5, we
have

(fl(a)x, ), = (f,hl{a)y),, and (1.7.5)

(FITQ), By = "N RIT KD, (1.7.6)

for any prime number [ np. Since there are infinitely many prime numbers n # +1
(mod p), we conclude that (1.4.4) and Proposition 1.4.5 are valid for N < 4.

With all these in mind, the arguments in 1.5 and 1.6 apply to the case where N < 4
without change.

2. p-adic Hecke algebras of Eisenstein type when d = 0.

2.1. p-adic Hecke algebras.

We first review basic terminologies and results on p-adic Hecke algebras. For more
details, the reader is referred to our previous work [O4], and the references cited there.

Asin 1.1, we fix a prime number p > 5, and a positive integer N prime to p. We fix a
finite extension F' of @,, with its ring of integers v. We denote by @ a prime element of
F, and by ¢:=t/(w) the residue field of F.

In the previous section, we have already introduced Hecke algebras over €. Similarly
we let

{Hkm(N);r) C End(Mi(I'(N);v)), (2.1.1)

hi(I'1(N);t) C End, (Sk(I1(N); 1))

be the Hecke algebras over t; i.e. the left-hand side is the t-subalgebra of the right-hand
side generated by all T'(I) with prime numbers [ and the diamond operators (a), or
equivalently by all T'(n) with positive integers n.

As for congruence subgroups of level divisible by p, explicitly for I' = I'; (Np) or
I'\(N)N Ty(p), we simply define My.(I"; R) and Si(I'; R) by the formula (1.1.4) with
I'y(N) replaced by I', and define Hecke algebras Hy(I'; R) and hy(I"; R) acting on these
spaces in the same way as above, for R =1t or &. (We will use these objects only for
k>2)

On the other hand, let

{e%(N; 2 (2.1.2)

eh(N;r)
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be Hida’s universal ordinary p-adic Hecke algebras of level N attached to modular forms
and cusp forms, acting on the space of ordinary A.-adic modular forms and the space of
ordinary A.-adic cusp forms of level N, respectively. These are algebras over the
completed group algebra t[[(Z/NpZ)* x (14 pZ,)]] and hence over the Iwasawa
algebra A, := t[[1 + pZ,]]. As usual, we fix a topological generator v of the multiplicative
group 1+ pZ,, and use it to identify A, with the ring of formal power series t[[T]] via
v 14+T. As Ac-algebras, e #(N;t) and e h(N;t) are finite and flat.
Set

wai=(14+T) =~ € A, (2.1.3)

for a non-negative integer d. Then we have canonical isomorphisms via the special-
ization, sending T'(n) to T'(n):
e A (N5) s = ¢ Hyeo T (Np): ), o1
e A (N;t)" Jwy 5 e Hyo (I (N) N Ty(p); ) whenever d =i mod p — 1

and similarly for cuspidal Hecke algebras. Here and henceforth w denotes the
Teichmiiller character, the superscript “()” indicates the w'-eigenspace with respect
to the action of (Z/pZ)”™, and e denotes Hida’s idempotent attached to T(p).

Now take and fix primitive Dirichlet characters xy and ¥ of conductors u and v,
respectively, satisfying wv = N. We assume that v contains their values. Setting
¥ := xw', the formal power series in ¢

6(0.) = oG04+ Y| o0} )acn) | eadill (219

n=1\ 0<t|n

pit

gives an ordinary A,-adic modular form of level N (the A,-adic Eisenstein series
attached to ¥ and v), provided that (91)(—1) = 1 and (9, ) # (w2, 1). We will always
assume that these two conditions are fulfilled. Here, 6(¢) = 1/2 or 0 according as 1) is the
trivial character 1 or not; G(T,9w?) is a twist of the power series attached, by Iwasawa,
to the p-adic L-function: G(v* — 1,9w?) = L,(—1 — 5,9w%); and A,(T) = t(1 + T)S(t) if
tw™l(t) = v*®. This A.-adic Eisenstein series has the following interpolation property:

S0 = ODLE-1 = d () + X | S 0,0 )| o)

n=1 \ 0<t|n ¢

= Bia((xw' ™)1, ¥) € Masa(I'1(Np), ¥)

for any integer d > 0, where (Xwi’d)1 is the character modulo up induced from yw' <.
The series &(Y,v) is a common eigenform of all T(n) € e #(N;t), and the
eigenvalue of T'(n) is given by the coefficient of ¢" in (2.1.5). We set:
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(2.1.7)
M, ) =M := (L, ¢), T, w).

{ F(9,1) = . := (the annihilator of &(14,) in e F#(N;t)),
These ideals of e #7(N;t) are called the Eisenstein ideal and the Eisenstein maximal
ideal attached to &(¢,v).

Let e #(N;t)y, be the localization of the Hecke algebra at 9t. This local ring is
contained in e #2(N; t)m. In the following, we take an integer d > 0 congruent to 4
modulo p — 1, and set k := d 4+ 2. We will henceforth consider e H,(I'1(N) N ['y(p);t) as
an algebra over e #(N;t) via the projection e #(N;t) — e #(N; t)@) and (2.1.4); and
thus consider any e Hi(I'{(N) N Ty(p);t)-module as an e s (N;t)-module. We then
have an isomorphism:

e H(N;t)gn/wa — e Hy (T (N) 0 To(p); ©) g (2.1.8)

The image of M in e Hy(I'1(N)NIy(p);t) is the maximal ideal corresponding to
Eir(x1,v) € e Mip(I'1(N) N Iy(p); ¢) in the same way as (2.1.7), and the right-hand side in
(2.1.8) is nothing but the localization at this maximal ideal.

Further, the reduction modulo w induces isomorphisms:

{ e U1 (N) N To(p)s)/ = e Hu(I1(N) N Top): f) M g

e Hi(I't(N) N To(p); t)on/w — e Hi(I'1(N) 0 Lo(p); €)gy

for 2 <k #0 (modp —1). In fact, this is contained in [O4, Corollary 1.4.2] for k > 3.
For k = 2, we argue as follows: We have a perfect pairing

e A (N;t) Y x e M(N; A)Y — A,

between the Hecke algebra and the space of A;-adic modular forms ([O4, Corollary
1.4.3]). Reducing this modulo wy = T, we have a perfect pairing

e Hy(I'(N)N o(p);t) x e Mo(I1(N) N ITo(p);e) — ¢

from which (2.1.9) follows.

LEMMA 2.1.10. Let the notation be as above, and assume that p does not divide
@(N) when i = —2 (mod p—1). Then e (N;t)y, is a Gorenstein ring if and only if
e Hy(I'(N) N Lo(p); &)gy is.

PROOF. In general, a local Noetherian ring A is a Gorenstein ring if and only if so
is A/(a) for a non zero-divisor a in the maximal ideal. Thus when ¢ # —2 (modp — 1),
our assertion follows from (2.1.8) and (2.1.9). Even when i = -2 (modp — 1), our
assumption assures us that the second isomorphism in (2.1.9) holds ([O4, Corollary
1.5.4]). O
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In [O4], we gave sufficient conditions for the rings above to be Gorenstein, further
reducing the problem to forms and Hecke algebras of level N. In that consideration, we
excluded the case where ¢ = 0 or —1 modulo p — 1. The purpose of the rest of this paper
is to cover these remaining cases, taking d = 0 or d = p — 2, respectively.

For later use, we record here the following lemma which is a slight generalization
of [O4, Lemma 3.2.2]:

LEMMA 2.1.11.  Assume that pte(N), and also that x(p) #¢¥(p) when
i=-1 (mod p—1). Let

0—eS(N;A)gy = e M(N; Av)gy — Ae — 0

be the canonical exact sequence of e H(N;t)y-modules considered in [O3, (3.1.5)].
Then the congruence module associated with this sequence vanishes if and only if

e S(N; Ac)gy = {0}

PROOF. We only need to prove the “only if” part. By the main result (1.5.5) and
the argument in 3.2, loc. cit., the congruence module in question vanishes if and only if
eh(N;t)gn/1(0,v)gy = {0}, where I(9,%) is the image of .#(¥,9) in eh(N;t). By
Nakayama’s lemma, this implies that e h(N; )y, = {0}. Since e h(NV;t)yy is isomorphic to
the Ac-dual of e S(IV; Ay)gy, our conclusion follows. O

2.2. Trace mappings for modular forms of weight two.
Let p and N be as in the previous subsection. We take and fix integers x, y and w
satisfying pxr — Nyw = 1, and set

pr Yy
W, = . 2.2.1
g [pr p] (221)

/ /
It is easy to see that, if W) = [ bz , y ] is another choice, then both W'’ and
pr D P p

W,W,~! belong to I't(N) N Ly(p).
We have the following disjoint decomposition:

Fl(N):H(FI(N)mFO(p)) Ni (1) H(Fl(N)ﬂFU(P))l JlVy ;w] (2.2.2)
i=0 t - z

For f € Mi(I'1(N)NIy(p); C), we set

p! 1 0 1 —w
Tr(f):Z;ﬂlNi 1]+f|l_Ny px]' (2.2.3)

Here, we have used the usual convention:
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a b k _ az+b
<f| [c d])(z) = (ad — be)2(cz + d) kf(cz—kd)' (2.2.4)

It is clear that Tr(f) belongs to My(I'1(N); C).

LEMMA 2.2.5. Set 1y := { 0

Moo } Then for any f € Mp(I'\(N) N Iy(p); C), we

have:

Tr(flrap) = 0 2T (p) 7w + FIW, .

Here, T'(p) in the right-hand side is the Hecke operator of level Np.

PROOF. This follows from the relations:
1 0 1 — 1 —w pr Yy

= TN, T = ™.
Ny 1 0 p N Y N Yy  pr Npw p N

It is easy to see that the mapping Tr commutes with 7°({) with prime numbers [ # p
and the diamond operators. In fact, as for T'(I), we have

TNp

O

0
l

1 0

I'\(N) 0 1

Ii(N).

(V) = (T () N Tolp)) [;

Decomposing this into a disjoint sum of right cosets with respect to I'y1(N) N Iy(p) in
two ways, we have the desired commutativity.

From now on, we assume that k£ = 2 and turn to the algebraic theory. First note
that, via the correspondence f— f(dq/q), Ma(I'1(N) N y(p); C) is isomorphic to the
space of differential forms on the modular curve attached to I'1(N) N I'y(p), having at
most simple poles at cusps. Then Tr corresponds to the trace mapping for differentials
from this curve to X;(N),¢. It follows that Tr induces a mapping from M;(I'1(N) N
I'y(p); Q) to My(I'1(N); Q), and hence the one with @ replaced by F.

LEMMA 2.2.6.  The mapping Tr sends e My(I'1(N) N I'o(p);t) to Ma(I'1(N);v).

PROOF. We may assume that v contains a primitive Np-th root of unity (y,.

The action of 7y, (resp. 7y) on the complex upper half plane H induces an
automorphism of X1(Np), g, (resp. X1(N),g(,,))- Also the action of W}, on H induces
an automorphism of Xl(Np)/Q@,p). When y = —1, this is we with ¢ = €*™/?_ in the
notation of [Gr, (6.4)].

Let X;(Np),, be the normalization of the projective j-line X (1), in X1(Np) . The
closed fibre of this scheme consists of two irreducible components Cy and Cj, which
meet the cusp sections 00 and 0, respectively. There is the sheaf of regular differentials
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 on this curve. In [Gr, Section 8 (cf. also Section 10)], Gross studied the connection
between L, := HO(Xl(Np)/t,Q) and cusp forms of weight two with respect to I'y (Np)
over t. Replacing Q with Q(cusps), and especially L with L. := H?(X; (Np)/t, Q(cusps)),
one easily checks that [Gr, Proposition 8.4], remains true for modular forms. Thus, for
fe My(I'(Np); F), wy:= f(dq/q) belongs to L. if and only if f and f|w, both belong
to Ms(I'1(Np);t). Since 7y, induces an automorphism of X;(Np), which interchanges
Cs and Cy, this holds if and only if f and f|7y, belong to My(I'1(Np);t), for the same
reason. When this is the case, the restriction of wy to Cs (resp. Cp) gives a differential v
(resp. V), and we write w; = (v,V/) mod wkL;. With these terminologies, if moreover
fe My(I'y(N)NTIy(p); F), we have the formula:

wrrp) = (V|T(p), —vlwe) mod wl;

by [Gr, Proposition 6.10] (cf. the proof of [Gr, Proposition 8.18]).

Now assume that feeMy(I(N)NIy(p);r). We then have flrw, €
My(I'1(N) N I'y(p);t). Indeed, this was proved for cusp forms in the course of the
proof of [02, (2.2.4)], based on the above formula of Gross. The discussion above
allows us to apply the same method for modular forms. Consequently, f|7a,|T(p)+
flrap|W, =t g has the g-expansion with coefficients in t, so that w, belongs to
HO(Xl(N)/r,le(N) ‘/t(cusps)), by the previous lemma. Since 7y induces an auto-
morphism of X3 (Nﬁ/t, the same holds for w, o 7y = wy;,. Again by the previous lemma,
our conclusion follows. ]

In the following, we denote by ey the idempotent attached to T'(p) € Hi(I'1(N);t).

LEMMA 2.2.7.  The Hecke algebra e Hy(I'y(N) N I'y(p); t) is generated overt by T(1)
with prime numbers | # p and the diamond operators.

PROOF. In view of (2.1.9), it is enough to prove the same assertion for
e Hy(I'1(N) N I'y(p); €). On the other hand, we have the identity as subsets of £[[¢]]:

e My(I' (N) N Io(p); 8) = eoMpsa (I (V)3 1)
([O4, Proposition 1.3.5]); and hence an isomorphism
e Hy(I' (N) N I'o(p); £) = eoHpa (It (N); ¥)

of t-algebras, sending T'(I) to T'(I) and (a) to (a). We can then apply the standard
argument (cf. the proof of Lemma 1.6.1) for the ring in the right-hand side. ]

Now eey = e and we have an isomorphism
e eoMg(Fl(N);'C) :> 6M2(F1(N);t) g EMQ(Fl(N) N Fg(p),t) (228)

This is proved by Gouveéa for cusp forms ([Go, Lemma 2 and Lemma 3]); and the same
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proof works for modular forms. This isomorphism commutes with T'(I) with prime
numbers [ # p and the diamond operators. Thus we obtain a surjective ring homo-
morphism:

e Hy(I' (N) N Ig(p); ) — eoHa(I'1(N); ) (2.2.9)

sending T'(1) to T(I) and {(a) to {a), by Lemma 1.6.1 and Lemma 2.2.7.

Consequently, for any maximal ideal n of Hy(I';(N);t) which is ordinary (in the
sense that T'(p) ¢ n), there is a unique ordinary maximal ideal n, of Hy(I'1(N) N I'y(p); )
such that (2.2.9) induces a homomorphism:

i

Assume that Hy(I'1(N);t)/n =€ The natural homomorphism of Hy(I'1(N);t) to
this residue field factors through Hy(I'1(N);€) (cf. [O4, Corollary 1.4.2]). Then a
common eigenform f € My(I'1(N);®) corresponds to this latter homomorphism. In this
case, n is the annihilator of f in Ho(I'1(N);t).

THEOREM 2.2.11.  Let n be an ordinary mazimal ideal of Hy(I'1(N);t), and let n,
be as in (2.2.10). Then the trace mapping induces an isomorphism

Tr: My(I'1(N) N To(p);t), — Mo(I'1(N);¢)

n, n

and hence the one obtained by reduction modulo w

Tr: My(I'i(N) N To(p);€), — My(I'1(N);€)

n, n:

PROOF. Let Hép)(Fl(N) N Iy(p);t) be the r-subalgebra of Hy(I'1(N) N I'h(p);t)
generated by T(I) with prime numbers [#p and the diamond operators. We
may view Tr:eMy(I'i(N)NIy(p);t) — Ma(I1(N);t) as a homomorphism  of
Hép)(Fl(N) N I'y(p);t)-modules. The inverse image of n via Hép)(Fl(N) NTy(p);t) —
Hy(I'y(N);x) and that of en’ via HY (It (N) N Io(p)it) — e Hy(I'y(N) N Ty(p);t) coin-
cide. The localization of Tr above at this maximal ideal gives the first homomorphism in
the theorem, which is compatible with (2.2.10).

Let v/ be the ring of integers of a finite extension of F. Then the base extension of
the first homomorphism to t/ is a direct sum of mappings of the same type. We may
thus assume that Ho(I';(N);t)/n=¢%, so that n corresponds to an eigenform f €
My(I'1(N); ®) as above. Moreover, it is enough to prove the latter assertion.

It is clear from the construction (2.2.8)-(2.2.10) that e(My(I'1(V);t),) is contained
in My(I'y(N)N I'y(p);t), , and hence we have the following (not necessarily commuta-
tive) diagram:

n,’
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]\/fg(Fl(N) N Fo(p);t)np i ]\/fg(rl(N),t)n Q €p A{Q(Fl(N),t)
z\ le
e (Mz(I1(N);t)n)

where i is the inclusion mapping. Since T'(p) of level N and that of Np coincide in
characteristic p, by reducing modulo w, we obtain the diagram:

My(I1(N) N To(p): ), —— Mo (I (N); 8),

P

i\ |
My (I (N); €)n
which commutes because Tro ¢ = p + 1. This shows the surjectivity of Tr, and also that
My(I'(N) N Do(p): ), = Ker(Tr) @ i(Ma (T4 (N): 8),)
as modules over Hy(I'1(N) N Iy(p); E)n,,-

If Ker(Tr) does not reduce to {0}, then there is a non-zero element g in this space
annihilated by n,. Under our assumption, it is the unique eigenform (up to constant
multiples) corresponding to the algebra homomorphism:

Hy(I''(N) N I'o(p); €) - Ha(I'(N) N I'o(p)it), [y = Ha(I'(N);x),/n.
It follows that g is a constant multiple of f, which is clearly absurd. O

COROLLARY 2.2.12.  With the same notation as above, we have an isomorphism:

Hy(I'y(N) N Lo(p);v),, — Ha(I1(N)3t),,. 0

n

REMARK 2.2.13. It follows from this corollary that there is a unique maximal
ideal 91 of e #(N;t) such that (2.1.4) induces an isomorphism:

6%(]\7; t)m/wo 5 HQ(Fl(N);t)n
and similar assertion holds for Hecke algebras attached to cusp forms. This extends

[Go, Corollary 6] to the case where k= 2. With this, one immediately extends the
assertions from Proposition 7 to Corollary 10 in [Go] to this case.
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2.3. Proof of Theorem I when d = 0.

The purpose of this subsection is to prove Theorem I in the introduction when
d = 0; and hence k = 2 and ¥ = p — 1. After Corollary 2.2.12, the proof in fact proceeds
along the same line as in [04], as we will see below.

In general, for Dirichlet characters x and v of conductors u and v, respectively, we
have the well-known Eisenstein series of level N = uv and weight m > 2

Ep(x, %) == 6()L(1 —m, x) + i > x(t)dz(?) t" ¢ € M,,(I''(N); C) (2.3.1)

n=1 \ 0<t|n

whenever (x1)(—1) = (—1)", except for the case where k =2 and x = = 1.

In the following, we fix characters xy and v as above such that yi is even, and
assume that v contains their values. The Eisenstein maximal ideal of e .#(N;t) to be
considered is M(x, ) =: M. We assume that p 1 p(N).

First, in the exceptional case where x =1 =1, we note that e JZ(1;t)y = A..
Indeed, we have G(0,w?) = (p — 1)/12 (cf. (2.1.6)), and hence G(T,w?) is a unit of A,. By
the main result (1.5.5) in [O3], the congruence module considered in Lemma 2.1.11
vanishes, and e M(1; Ay)gy is a free Ai-module of rank one.

We thus henceforth assume that (x,¢) # (1,1). Let m =m(2;x,%) and m’ =
m(p — 1; %, x) be the maximal ideals of Hy(I'1(IN);t) and H,_1(I'1(IV);t) associated with
Es(x,¥) € Ma(I'1(N);¢) and E,_1 (¢, x) € Mp—1(I'1(N); ), respectively. If we indicate by
tilde the reduction modulo w, m (resp. w') is the annihilator of Es(x,1) (resp.
E, 1(1,x)) in Hy(I't(N);x) (resp. H, 1(I'1(N);t)). We note that

0" By (x, ) = 0B, 1 (44, )- (23.2)

Now take m for the ideal n in the previous subsection. Then we have
Hy(I''(N) N I'o(p);x),, = e Ha(I't(N) N Ig(p); t)gn. Thus by Lemma 2.1.10 and Corollary
2.2.12, e J(N;t)g, is a Gorenstein ring if and only if so is Hy(I'1(N);€),,. Since the
pairing

My(I'(N); 8)y x Ha(I't(N); ), —
considered in 1.6 is perfect, the condition above is equivalent to the cyclicity of
M,y(I'((N); ), as a module over Hy(I'j(N); €),,.

To prove Theorem I, part 1), we may assume that ¢ contains a primitive N-th root
of unity. We can then consider the pairing given by (1.6.4)

[ ’ ]Q,m : MQ(Fl(N)?E)m x SQ(Fl(N)ve)m —t

(Instead of this, we could also use the twisted version of Ulmer’s pairing ( , ), studied
in [O4, 2.5].)
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LEMMA 2.3.3. Let Ky be the left kernel of this pairing. We have:
Ky = {f € Mg([‘l(N),E)m ‘ Hp’lf = 0g with some g e Mp—l(Fl(N);E)m’}-

PROOF. By Theorem 1.6.5, K, consists of f € My(I'1(N);¥),, such that *~! f = fg
with some g € M,_1(I'1(N); ).

The space M,_1(I'1(IN); €) contains £A. This subspace is annihilated by the maximal
ideal ng of H, 1(I'1(N);t) generated by T(I) — (1 +17') (vesp. T(I) — 1) with prime
numbers [ such that [ Np (resp. [ | Np), and (a) — 1. If n is a maximal ideal different
from ny, we have H,_1(I'1(N);¥), N¢A = {0}, and it follows from the same argument
as in Lemma 1.6.1 or Lemma 1.6.3 that H, 1(I1(N);¥), is generated over £ by T'({)
with prime numbers [ # p and the diamond operators.

Let g be as above. From the relation (1.5.4), for m sufficiently large, we have:

n

o= (T(1) — (R +p(0))" f = 1"0(T(1) — (DI +X(1)"g =0

for any prime number [ # p, and
6" ((a) — X9p(a)" f = 6((a) — Xeb(a))"g = 0.

Express g in the form ), g, with g, € M,_1(I'1(N);¥£),, the sum running over all
maximal ideals of H,_1(I"1(N);¥). The relations above show that g = gw + gu,, and also

that (T'(1) — (Y1)~ + X(1)))" gn, € LA. Since there is a prime number [ such that T'(I) —

DI~ 4+ x(1)) is a unit in H,_1(I'1(N); ). , gn, itself belongs to £A. We therefore have
X 14 ny 0
P f = g ]

Set
K, 1={g9€ M, 1(I'/(N);¥),, | 09 = 0f with some f € My(I"1(N);¥),}

Again noting that M, (I'1(N);€),, N€A = {0}, we see that the correspondence f < g
gives a bijection between K3 and K),_i, and hence dimg K> = dimg K),_;. Consequently,
if we assume that dimg K, = 1, it follows from (2.3.2) that the pairing [ , ], gives
the perfect pairing '

Mo(T1(N); ) /8B (X, ¥) X Sa(T1(N); 8),, — €
and this implies that My(I'1(N);¥€), is a cyclic module over Hy(I'1(N);¥)
Lemma 3.3.1]). This settles the part 1) of Theorem I when d = 0.
As for the part 2), set I := M(yYwP 3, x) and consider the exact sequence

(cf. [O4,

m

0—eS(N;A)gy = e M(N; Ad)gy — Ae — 0
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of e #(N;t)gp-modules. The number given in the part 2) is a unit multiple of the value
at T = v"=3 — 1 of the power series in [03, (1.5.4)], with § and 1 there replaced by 1w?=?
and x, respectively. By the main result (1.5.5) in [O3], the condition given in the part 2)
implies that the congruence module attached to the exact sequence above vanishes.
It follows from Lemma 2.1.11 that e M(N; A)gy is free of rank one over A.. For the
same reason as [O4, Theorem 3.2.3], we have dim¢ M, ;(I'1(N);¥),, =1, which
completes the proof.

3. p-adic Hecke algebras of Eisenstein type when d = p — 2.

3.1. Modular forms of weight one and weight p over finite fields.

The purpose of this section is to prove Theorem I in the introduction, when d =
p—2 (and hence k=p and k' =1). As in 2.1, v (resp. ¢ = t/(w)) denotes the ring of
integers of a finite extension F' of @, (resp. its residue field).

Recall that by M;(I'1(N);€), we mean the space of modular forms of weight one
in the sense of Katz. There is a natural (g-expansion preserving) injection xA :
Mi(I'1(N);8) — M,(I1(N);¥) by means of which we consider M;(I';(N);€) as a
subspace of M,(I1(N);¥). Also, the operator V, induces an injection from
M;(I'1(N);®) to M,(I't1(N);¢). These mappings commute with all T(I) with prime
numbers [ # p and the diamond operators. We consider the subspace

MO (N); €) := My (I (N); €) + VM (I'1(N); 8) € M, (I (N);8).  (3.1.1)

Here note that Mi(I't(N);8) NV,M(I1(IN);€) = {0} since any non-zero element of
VoM (I'1(N); £) has filtration p. To distinguish the p-th Hecke operator T'(p) of weight p
and that of weight one, we use the symbol U, for the former and retain the symbol T'(p)
for the latter, in this section. We recall that

fT(p) = flU + fI0) Vs (3.1.2)
for f € Mi(I'y(N);¢) ([Gr, (4.7)]). Thus, via the isomorphism
MYy (N);€) = Mi(I'1(N): ) & Mi(I1 (N)s t) given by f+g|V, — (f,9)  (3.1.3)

U, on the left commutes with the mapping (f,g) — (f|T(p) + g, —f|(p)) on the right.
Especially, Mgld(Fl(N); t) is an H,(I'1(N);¥)-submodule of M,(I'1(N);¥£).

Take Dirichlet characters xy and v such that the product of their conductors is N.

We will always assume that (x1)(—1) = —1. We also assume that v contains the values

of x and 1. We can then consider the Eisenstein series E,(x, %) € M,(I'1(N);t) defined

by (2.3.1). As for the Eisenstein series of weight one, it is known that the series given by

B =con)+3 [ 3 x(tw(ﬁ) 7 (3.1.4)

=1 \ 0<t|n t
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0if x #1 and ¢ # 1;

LOW)
with c(x, ¥) = p TXTH
L(OQ’X) it =1

is a modular form of level N and weight one, which in fact belongs to M;(I'1(N);t).
As before, let us indicate by tilde the reduction modulo w. Then these are related by the
following

LEMMA 3.1.5.  E,(x,¥) = Ei(x,v) — X(0) E1(x, ¥)| V.

PROOF. It is easy to see that the coefficients of ¢" of both sides coincide, for
each positive integer n. It follows that EP(X,w) — (Ey(x, ) — i(p)El(X,zb)ﬂ/;,) €
M,(I'1(N);®) is a constant, which can be no other than zero. (Of course, one can also
directly check that the constant terms of both sides agree, using the congruence
property of generalized Bernoulli numbers.) ]

Let m:=m(p;x,¥) be the maximal ideal of H,(I';(NN);t) generated by the
annihilator of E,(x,v) and w. Let H;,Z’)(Fl(N);t) be, as before, the subalgebra of
H,(I'1(N);t) generated by T'(I) with prime numbers ! # p and the diamond operators,
and define its maximal ideal m® in the same manner as above. By a slight abuse of
notation, we define the ideal m’':=m(1;4,x) of Hy(I'1(N);¢) as the annihilator of
El (W, x) = El (x, 1), because of the absence of the corresponding object over t. Thus m®)
is generated by T'(I) — (x ()=t + (1)) (I # p), {a) — x(a)¥(a) and @; and m is generated
by these elements and U, — ¢(p). On the other hand, m’ is generated by T'(I) — (x(I) +
¥(1)) for all prime numbers I and (a) — X(a)¥(a).

By Lemma1.6.1, the natural homomorphism of HY (I'y(N);t) to Hy (I (N);€) is
surjective, and hence it maps m® onto m’. We therefore have:

M (DN 8) iy = My (L1 N); Oy + Vo (ML (N); 8- (3.1.6)

LEMMA 3.1.7. A mazimal ideal of H,(I'y(N);t) containing m®) is either m or
m(p; ¥, x) =: 0.

PROOF. Let a be a maximal ideal of H,(I";(N);t) containing m®). To the natural
homomorphism: H,(I'1(N);t) — H,(I'1(N);t)/a =: ¥, with a finite extension ¢ of &,
corresponds a common eigenform f of all Hecke operators in M,(I";(N);¥) which we
may assume that a(1; f) = 1. Let a be the eigenvalue of U, for f.

Since the homomorphism above sends T(1) to X(I) + 9(I) for [ #p, and (a) to
%(a)’tl(a), respectively, we see that Ep(x, 1) — f is a power series in ¢*, that is, there is a
S ]\gl(Fl(N);E/) such that E[}(Xa'l/)l —f= g\yp. Applying U, to this equation, we get:
Y(P)Ep(x;¥) — af = g, and hence (Y(p) — a)E,(x,¢¥) = g — ag|V,. _

If « = ¢(p), then we have a = m. Otherwise, ¢ := (¥(p) — a)flg satisfies E,(x, ) =
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¢ — ag'|V,, which belongs to Mgld(Fl(N);E/). We see from the previous lemma that
¢ = Ei(x, %) and o = X(p). In this case, we have a = n. O

COROLLARY 3.1.8. If x(p) # J(p), we have:
Mm(p) = Mm b Mn-

or any H,(I'1(N);t)-module M. O
for any Hy(I''(N);)

3.2. Proof of Theorem I when d =p — 2.

We keep the notation introduced in the previous subsection. We henceforth
assume that p{ @(N) and x(p) # ¥(p), so that x(p) # J(p) Thus in the terminology
of [03, (1.4.10)], the pairs (xw™!,7) and (Yw™!,x) are not exceptional. Now the
condition in Theorem I, part 1) in the introduction reduces to a rather stronger one:

PROPOSITION 3.2.1.  Let the assumption be as above. Then the dimension of the
space

{f € My(I'\(N); &)y | 07 f(= 0f) = 0g with some g € My, (I' (N); €),,}

over t is one if and only if dime My (I1(N);8) , = 1.

mw

The “if” part is clear, since we have 9E1(X, Y) = HEP(X, ). To prove the other part,
we make use of the following elementary lemma:

LEMMA 3.2.2. Let K be a field, and a and b different elements of K. Let V be a
finite dimensional vector space over K. Suppose we are given a K-linear transformation
T of V which has only one eigenvalue a+b. Set W :=V ®V and define a K-linear
transformation U of W by U(z,y) := (Tx + y, —abx). We have:

1) The eigenvalues of U on W are a and b;

2) Let W(U,a) (resp. W(U,b)) be the mazimal subspace of W on which U — aly
(resp. U — bly) acts nilpotently. Then dimg W(U,a) = dimgx W(U,b) = dimg V, and the
projection to the first factor maps W(U,a) and W(U,b) isomorphically onto V.

PROOF. The operator U satisfies the quadratic relation: U? — (T @ T)U +
ably = 0, and hence its possible eigenvalues are a and b.

If xy € V is an eigenvector of T', then (x, —bxy) (resp. (zo, —axg)) is an eigenvector
of U with the eigenvalue a (resp. b), which proves the first assertion.

The second part follows by induction on the dimension of V' over K: This is clear
from the above observation when dimg V' = 1. Then the validity of our claim for V//Kx
and its linear transformation induced by T easily implies the validity for V and T. O

PROOF OF PROPOSITION 3.2.1. We apply the lemma ab0\~/e to the following
situation: K =€, V = M(I't(N); ), T =T(p), a = x(p) and b = ¢(p).
Since p { ¢(N), the diamond action of (Z/NZ)™ on Mi(I'\(N);¥),, is given by the

character x, and hence the operator U on W in the lemma corresponds to U, on
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Mgl‘l(Fl(N);E)m(,,) =W’ via (3.1.3). It thus follows from the lemma that W' =

W'(U,,x(p)) @ W (U,,9¥(p)), and note here that Mgld(Fl(N);E)m = W’(Up,'(ZN(p)).
It also follows that, for any f € Mi(I'1(N);#),,, there is an element g € W (U,,¥(p))
of the form f + h|V,, which clearly satisfies f = 6g. This completes the proof. O

We now consider the perfect pairing:
My(I'1(N); ) x Hy(I'(N); €) — ¢ (3.2.3)

which sends (f,t) to a(1; f|t) (cf. [O4, 1.4]).

_ LEmmA 3.2.4. Assume  that dime Mi(I'(N); ), =1, de. M(I(N);8), =
tE) (x, ). Then we have an isomorphism:

HP/(I'(N); ¢)

m()

M, (I (N); 8),.0
=~ Homg (M,Q
EEL(x, )|V}
of Hz()p>(F1(N); £) . -modules.

PROOF. The left kernel of the pairing
My (I (N); ) 0 X ngp)(Fl(N);E)m(,,) — ¢t

induced from (3.2.3) is (V, M1 (I'1(V); £)) e, as seen in the course of the proof of Lemma
1.6.1. This is equal to: V,(Mi(I'(N);¥),) = EEl(X7¢)|V}7~ As a consequence, we see
that H,Sp)(Fl(N);E)m@) # H,(I'/(N);¥),,»», and also that the pairing above induces an
injective homomorphism:

\ < Homg(HP (') (N); €) ., €)
eEi(x. )|V, ’ )

of H}S”)(Fl(N); £),.»-modules. But we have

dime M,(I'\(N); €) o = dime H,(I'1(N); €) no0

> dime HP (11 (N);8) 00 > dime My(T'1(N);€)00 — 1.

This shows that the two modules above have the same dimension over &. O

COROLLARY 3.2.5.  Assume that dimy M1 (I'1(N);€),, = 1. Then as a module over
H (T (N): 8)
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- < Sp(I1(N); E)An}nm E)
Sp(T1(N); €) i N EEL (x, )|V,

is cyclic.

PROOF. The module in question is a quotient of the module in the right-hand side
of the isomorphism above. O

We now prove the part 1) of Theorem I in the introduction. We thus assume that
dimg My (I1(N); €),, =1, and want to show that Mp(Fl(N);{%)m/EEp(x,w is a cyclic
module over H,(I'1(N);€),,. As in 2.3 or [O4, 3.3], this would finish the proof. To do
this, we may assume that £ contains a primitive N-th root of unity, and then we invoke
the pairing

W Mpy(Li(IN); ) X Sp(L(IN); )0 — £ (3.2.6)

[ ) ]p.m m
considered in 1.6. It is at this stage we really need our new pairing. In view of Corollary
3.1.8, it follows from Theorem 1.6.5 that the left kernel of [ , }p,m@) consists of f &
M,(I'\(N);8),» such that 0f = 60g with some g € M;(I'1(N);€). But such a g must
belong to M;(I'1(N);¥),, (cf. the proof of Lemma 2.3.3, or [O4, Proposition 3.1.2]).
Since the kernel of 6 on M,(I'1(N); ), is V,(Mi(I'1(N); ), ), our assumption implies
that the left kernel of [, ], o is LB (x, 1) +EEl(X,1/J)|Vp ZEEp(Xﬂ/)) +EEP(2/J, X)-
Noting that S;(I'1(N);¥) () belongs to the right kernel by Definition 1.5.6 and (1.2.5),
we have injections:

m®)

My N e o, (Sp(rl (N); &) on
EE, (X, ) + EE, (¥, X) S1I(N); )

,E) — Homy(S,(I'1(N); ), €)

of Hép)(Fl(N);E)m(p)—modules. Comparing the dimensions over £, we see that the
two mappings above are in fact isomorphisms. We have especially shown that
S1(I(N); )0 = {0}, ie. Ei(x,%) is not a cusp form. This in turn implies that the
above three modules are cyclic over H;(,p)(Fl(N);E)m(p) by Corollary 3.2.5. Especially,
SO are

m

My (DN O Mp(D(N)58)y  My(T1(N)3 8),
EE, (X, %) + EE, (¥, X) LE, (X, ) EE, (¥, x)

We conclude that its quotient MP(FI(N);E)m/EEp(X,w) is also a cyclic module over
Hx(,p)(Fl(N);P)m(p), and hence over H,(I'i(N);€),,.

We next turn to the proof of the part 2) of Theorem I. For this, we consider the
maximal ideal 9 := M(Yw™', x) of e #(N;r).

Since our pair (w™!, x) is not exceptional, we have a canonical exact sequence:
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0—eS(N;A)gy = e M(N; A)gy — Ae — 0

of e #(N;t)gy-modules. Remembering that 1 — (x'4)(p) is a unit in v, and letting
T =1 — 1 for the power series given in [03, (1.5.4)] for (yw™', x) in place of (6,1)), we
see that the numerical assumption in the part 2) implies the vanishing of the conguence
module attached to this exact sequence, by [03, (1.5.5)]. It follows that e M(N; A;)gy
is isomorphic to A by Lemma 2.1.11, and hence e M,(I'1(Np); t)yy is isomorphic to t.
We conclude from this that dimg M,(I"1(N);€), = 1.

On the other hand, it follows from Lemma 3.2.2 and the proof of Proposition 3.2.1
that M, (I'1(N); ¢),,, and Mgld(f’l (N);8), = W'(U,, X(p)) have the same dimension over €.
The assumption in the part 2) thus implies that dime M; ("1 (N); £),, = 1. This completes
the proof.

4. Application to Iwasawa theory.

4.1. Generators of Hecke algebras.

In this section, we will exclusively consider the case where ¥ = 1. We thus fix a
Dirichlet character x of conductor N, and let ¥ = xw' be even. As before, we assume
that v contains the values of ¥, and let 91 := (¥, 1) be the corresponding Eisenstein
maximal ideal of e 77(N;t). We will always assume that p { ¢(N), and that (¢,1) is not
exceptional, i.e. x(p) # 1 when i = —1 mod p — 1.

The purpose of this subsection is to prove the following

PROPOSITION 4.1.1.  The algebra e J€(N;t)y, is generated over A, by T(I) with
prime numbers | not dividing Np.

In [O4, 3.4], we used this fact to establish Theorem 3.4.12 there. However, its proof
was incomplete, since the one given in Remark 3.3.3, loc. cit. implicitly assumed that
the Galois representation attached to eMy(I'1(Np);t)y;, can be realized over the
subalgebra of e Hy(I'1(Np);t)y; of the same type as in the proposition, which is not
obvious even if e ##(N;t)y, is Gorenstein. In the following, we give a corrected and
detailed version of the proof. The basic idea is, as in [04], due to Wiles [Wi2].

We first note that, since p{ @(N), e #(N;t)yy, is generated over A, by T'(l) with
prime numbers [ ([03, (3.1.1)]). Take an integer d > 0 and let m := m(d + 2; (xyw'=?),, 1)
be the Eisenstein maximal ideal of Hyyo(I'1(Np);t) corresponding to Egio((xw'~%),,1).
By (2.1.4) and (2.1.6), we have an isomorphism:

e ' (N; t)gn/wa = € Hira(T1 (Np); t)gy = Hara(I1(Np);t),y- (4.1.2)

It is enough to show that the ring in the right-hand side is generated over t by T'(I) with
11 Np, by Nakayama’s lemma.

For this, we fix d >0 such that d#¢ mod p—1, and set k:=d+ 2, so that
(xw'™ 1), = xw' "% Let H}SNM(Fl(Np);t)m be the t-subalgebra of Hy(I'1(Np);t),, gener-
ated by T(I) with prime numbers [t Np.
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LEMMA 4.1.3.  We can take a basis of My(I't(Np);t), ®: Q, whose members
consist of common eigenforms of all T(n).

PROOF. It is enough to show the same assertion for the subspace of cusp forms.

The Hecke algebra H,ENP)(Fl(Np);t)m acts semi-simply on S,(I'1(Np);t), ®: Q,.
Let f be a common eigenform of H,iNm(Fl(Np);t)m in this space. Then, fixing an
embedding Q — ap, there is a primitive form f° € Si(I';(Np); Q) having the same
eigenvalues as f for all elements in H,ENP)(Fl(Np); t),. If the conductor of f¥isc, fisa
linear combination of f%(¢z) with positive divisors ¢ of Np/c.

Now every element of My (I'1(NNp);t),, has the same Nebentypus character (cf. loc.
cit.), and it must be xw'~?, the character of Ej(xw'=¢,1). The same holds for f°, and
hence ¢ = Np. O

We thus take a basis fo, fi, -, fu of Myp(I't(Np);t),, @ @, as in the lemma,
with fy = Ep(xw'™, 1) and with f; cusp forms for j > 1. We assume that a(1; f;) = 1 for
each j.

Let Fj be the extension of F' generated by a(n; f;) (n > 0). We denote by t; the ring
of integers of F}, and let @, be a prime element of v;. Then we have the congruences:

a(n; fj) = a(n; fy) mod w; foralln>1 (4.1.4)
and hence especially
a(g; fj) =1 mod w; for any prime divisor ¢ of Np. (4.1.5)
For j > 1, let
by Gal(@/Q) — GLa(F) (4.1.6)

be Deligne’s p-adic representation associated with f;. Namely, it is unramified outside
Np, and if @, is a geometric Frobenius at a prime [ Np, we have

det(X — p;(@0)) = X2 — a(l; £)X + 1 () 0). (4.1.7)

We will denote by  the p-cyclotomic character of Gal(Q/Q). For j =0, we simply
define

po - Gal(Q/ Q) — GLy(F) by py = l X R O]. (4.1.8)

This representation clearly satisfies (4.1.7) for fo.
Set

Ri=t) @ Dty (4.1.9)
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It follows from the previous lemma that Hy(I'1(Np);t),, is isomorphic to the subring R,
of R generated over t by (a(l; fo), -, a(l; fin)) for all prime numbers [. On the other
hand, by the relation (4.1.7) and the Cebotarev density theorem, H,ETNP)(Fl(Np);t)m
corresponds to the subring My of My generated over v by (trpo(o),---,trpm(o)) for
all o € Gal(Q/ Q), via this isomorphism.

LEMMA 4.1.10. Let g be a prime factor of N. Then H,in)(Fl(Np);t)m contains
T(q)-

PrROOF. We first consider f; with j > 1, keeping in mind that its conductor is
exactly Np. Let mj = ®;<xj; be the automorphic representation of GL2(Q 4) associated
with f;. By (4.1.5), the L-function of f; has a non-trivial Euler factor at ¢, but the
character xw' ? of f; ramifies at g. It follows that the local representation 7;, is a
principal series representation (cf. Mazur and Wiles [MW, Chapter 3, Section 2,
Proposition 2]). Then by a result of Langlands [L]|, the restriction of p; to a
decomposition group D, of (some prime above) ¢ is of the form:

D, = 0 Lo - pjsq

with py (resp. p2) ramified (resp. unramified), and moreover the local Euler factor
corresponding to this representation coincides with that of f;, i.e. a(q; ;) = pa(Py).

Since detp; = (x4 'k'* by (4.1.7), there is an element o, of the inertia
subgroup I, of D, such that u;(o,) = x'(0,4) # 1, or equivalently x(c,) — 1 € t*. We
then have:

Pj

&,)x ! 0
‘| and p‘/j,q(@qo_q) _ /’l/l( Q>X (Uq) ]

, . Nl(@q) 0
Pj!q(@q) = [ 0 a(a: ;)

0 algf)
Clearly, the same holds for py. Consequently, we have

(x(oq) = V)(alg; fo), -+, alg; fn)) € Re

which completes the proof. |
The proof of Proposition 4.1.1 will be complete with the following

LEMMA 4.1.11.  The algebra HIENP)(Fl(Np);t) contains T'(p).

m

PROOF. Instead of Langlands’ result, we make use of a result of Wiles [Wil].
Namely, by Theorem 2.1.4, loc. cit., we have



Companion forms and the structure of p-adic Hecke algebras IT 947

with €9 unramified and e2(®,) = a(p; f;) for j > 1. (According to our convention (4.1.7),
the representation p; is contragredient to the one in [Wil].) The same holds trivially
for py.

There is an element o, € I, such that det p;(0,) = w~(0,,) # 1, and thus

w=i(a,) 0
* 1]

P;;p(ap) = [

The rest of the proof then proceeds in the same way as in the previous lemma. O
From the proposition we have just proved, we obtain

COROLLARY 4.1.12.  The Eisenstein ideal I = I (9,1)g, of e (N;t)y, 1is
generated by T(1) — (1 +9(1)A(T)) with primes | not dividing Np.

4.2. Proof of Theorem II.

We are now going to describe the proof of Theorem II in the introduction. This is
indeed a repetition of the arguments already appeared in our previous works. We will be
thus brief when they can be found elswehere. The method is due to Harder and Pink
[HP] and Kurihara [Kul].

We consider the Galois representation on

e*ESP(N)t =e <<h_m Hét(Xl(Npr)/Q ®Q av Zp) ®Zp t) )
r>1

(4.2.1)
¢’ GES,(N), = ¢ <<h_m HL(Yi(ND') 1 ®q Q. Z,) @3, r> .

r>1

On individual cohomology groups in the right-hand sides, we let Hecke correspondences
act covariantly, and use the notation 7% (n) for the n-th Hecke operators acting on these
groups. We denote by the same symbol 7%(n) the endomorphisms of the groups in the
parentheses determined by such T*(n)’s. The symbol e* then stands for Hida’s
idempotent attached to T*(p). As in our previous works (cf. [03, 1.2]), we denote by
e*h*(N;t) and e*7*(N;t) Hida’s Hecke algebras acting on the above cohomology
groups, respectively. These algebras are generated over A, by all 7%(n), and in fact
canonically A.-isomorphic to eh(N;t) and e (N;t) via the correspondence
T*(n) < T(n), respectively.

Now let the notation and the assumption be as in the beginning of this section,
with ¢ the ring generated by the values of ¥ over Z,. We denote by 91 and .#” the ideals
of e*7*(N;t) corresponding to 9 = M(¥,1) and & = .#(IJ,1) via the isomorphism
above, and let I (resp. I*) be the image of o (resp. Fgp) in eh(N;t)y, (resp.
e h*(N;t)gn: ).

For notational simplicity, we set
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h* :=e"h"(N; ),
N =€ H(N;t) gy,

4.2.2
X i= ¢ ESy(N) g (4.2.2)
Y = e"GES)(N), gp-
We then have
h/I = b* /I = AJ(G(T, 9u?)) (4.2.3)

([03, (1.5.5) and 3.2]). We henceforth assume that G(T,9w?) ¢ A for otherwise h* is a
zero-ring (cf. the proof of Lemma 2.1.11) and Gal(LOO/KOO)(,&W)—l in the introduction
vanishes.

We know that

X =vh = X, (4.2.4)

is free of rank one over h*, and

{X/X+ = Homy, (h*, A) (4.2.5)

Y /X, = Homy (97, A)

as modules over §* and $*, respectively ([02, (2.3.6)] and [O4, Lemma 3.4.4]).
From now on, we assume that e 7#(N;t)y,, or equivalently $*, is Gorenstein, so
that Y /X, is free of rank one over $*. Set

X:=Y Qg b (4.2.6)
and consider the diagram:
0 Xy X X/ X4 —— 0 (exact)
H | I 21)
0 X, X (Y/X}) @+ h* —— 0 (split).

The $*-module Y’/ X is isomorphic to €, (NV), gy in the notation of [O1, 4.3], and by [O3,
(2.3.6) and (3.1.2)], this is isomorphic to $*/.#*. We then see that the h*-module
Coker(X — X) is isomorphic to h*/I*, and the two vertical arrows in (4.2.7) are injective.

We can give a natural splitting of the lower exact sequence in (4.2.7): If i Z —1 mod
p— 1, we choose 0y € I, in such a way that x(09) = w(oo) and w™~(0y) # 1, and let X_
be the eigensubspace of X on which oy acts as w = 1(ay). If, on the other hand, i = —1
mod p — 1, we choose a geometric Frobenius @, in such a way that x(®,) = 1, and let X_
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be the eigensubspace of X on which @, acts as x(p)T*(p)”". This X_ gives the desired
splitting image of (Y/X,) ®g h* (cf. [0O3, 3.4]). In the same manner, we can define
X_ C X and split the upper exact sequence in (4.2.7).

We therefore have

X=X ®X, =p (4.2.8)
and get a representation
p:Cal(Q/Q) — GLy (X) = GLy(h"). (4.2.9)
o a(o) b(o) ~ o .
Write p(o) = | _ ~ , and denote by B (resp. C) the ideal of h* generated by all
clo) d(o)

b(o) (resp. ¢(0)). We have
{ a(®)) + d(;) = T*(1) for any prime [ { Np, (4.2.10)
det p(o) = (Jw) (@) (k") (o) el ) ()

(cf. [02, (5.1.5)]) where ¢ is the natural inclusion mapping from 1 + pZ, to its completed
group algebra A..
Noting that

—i-1(y
plog) = [w O( 0) (1)] if i —1mod p—1,
(4.2.11)

x@)T*p)~ 0
0 T*(p)

= lX(p) 01 mod I*if i=—1mod p—1
0 1
we see that {a(o) — det (o) | o € Gal(Q/Q)} and {d(c) — 1| o € Gal(Q/Q)} are con-
tained in I* and generate the same ideal of h* (cf. [HP, Section 3], [Ku, Section 3]). This
ideal contains T*(I) — (1 +9(D)l(lw™ (1)) = T*(1) — (1 +I(1)Ay(T)) for any [{ Np, so
that it coincides with I* by Corollary 4.1.12. It follows that BC = I" for the same reason
as [O1, (5.3.13)], and furthermore that B = I* and C = h* (cf. [04, (3.4.10)]).
Therefore,

g H—

~ I* 7 I*Q
det p(¢) mod b mod 1 (4.2.12)

0 1

gives a representation of Gal(Q/Q) into the multiplicative group {{8 ﬂ |a €

(h/I*)*,b € I*/I**}. If ¢ is the subfield of @ corresponding to this representation, we
obtain that Gal(# Ko /Kx) = Gal(Loo/Kx) )1, and also that this Iwasawa module is
isomorphic to (I*/I*?) (cf. [04, Theorem 3.4.12]). This settles our Theorem II.
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As in [O4, Corollary 3.4.14], we obtain the following corollary to this theorem:

COROLLARY 4.2.13. Let the hypothesis be as in Theorem II, and assume that
e H(N;t)gy is Gorenstein. Then the following conditions are equivalent:
(i) Gal(L OO/K )ﬂw) 1 is a cyclic Ay-module;
(i) eh(N;t)g is a Gorenstein ring,
(ili) eh(N;t)gy, is a complete intersection;
(iv) #(6, )m is a principal ideal ofe%( ) gms
(v) I is a principal ideal of e h(N;t)gy.

PROOF. That (i) = (v) is an immediate consequence of Theorem II. That (iv) <
(v) = (ili) = (ii) = (i) holds without assuming that e J#(N;t)yy, is Gorenstein.

Here, the only non-trivial implication is “(ii) = (i), Whlch is essentially due to
Harder, Pink and Kurihara. In [O4], we derived this using [O1, (5.2.16)], i.e. the
existence of a Gal(Q/Q)- and b*-submodule of X_/G(T,9w?) isomorphic to
h*/I* = A /(G(T,9w?)), proved when i #0, —1 mod p — 1. Although the same proof
works in the present case, here is a simpler argument: Consider the exact sequence

0-X5YSY/X—0

of H*- and Gal(Q/Q)-modules. This sequence splits uniquely as $*-modules when
tensored with the quotient field .Z; of A.:

0— X®\ %L <—Y®A Lo S (X)Y) @), Le — 0 (exact).

By the uniqueness, this latter sequence is also compatible with the Galois action. The
associated congruence module:

HY)/X Y /(0(X) +Y N s(X/Y) 5 (V/X) /(Y 1 5(X/Y))

(cf. [O3, (1.1.4)]) is isomorphic to h*/I* ([03, (1.5.5)]), and oy € I, (resp. P, such that
K(®,) = 1) acts as w " (0g) (resp. x(p)T*(p)”") when i # —1 mod p— 1 (resp. i = —1
mod p — 1) on this module ([03, 3.4]). Since t(Y), being a submodule of X ®j, L, is A,-
torsion free, our claim follows from the snake lemma applied to the following
commutative diagram:

0 X t(Y) t(y)) X —— 0
le(T,mﬂ) le(T,mﬂ) lxo
0 X 1109 t(yY)/ X —— 0.

We can then proceed in the same way as in [O4] to show that (ii) = (i). O



Companion forms and the structure of p-adic Hecke algebras IT 951

References

B. Edixhoven, The weight in Serre’s conjectures on modular forms, Invent. Math., 109 (1992), 563—
594.

F. Gouvéa, On the ordinary Hecke algebra, J. Number Theory, 41 (1992), 178-198.

B. Gross, A tameness criterion for Galois representations associated to modular forms (mod p), Duke
Math. J., 61 (1990), 445-517.

G. Harder and R. Pink, Modular konstruierte unverzweigte abelsche p-Erweiterungen von Q({,) und
die Struktur ihrer Galoisgruppen, Math. Nachr., 159 (1992), 83-99.

H. Hida, Iwasawa modules attached to congruences of cusp forms, Ann. Sci. Ecole Norm. Sup. (4),19
(1986), 231-273.

N. Katz, p-adic properties of modular schemes and modular forms, In: Modular functions of one
variable III, Lecture Notes in Math., 350 (1973), 69-190.

N. Katz, A result on modular forms in characteristic p, In: Modular functions of one variable V,
Lecture Notes in Math., 601 (1977), 53-61.

N. Katz and B. Mazur, Arithmetic moduli of elliptic curves, Ann. of Math. Stud., 108 (1985).

M. Kurihara, Ideal class groups of cyclotomic fields and modular forms of level 1, J. Number Theory,
45 (1993), 281-294.

R. P. Langlands, Modular forms and ¢-adic representations, In: Modular functions of one variable II,
Lecture Notes in Math., 349 (1973), 361-500.

B. Mazur and A. Wiles, Class fields of abelian extensions of Q, Invent. Math., 76 (1984), 179-330.
M. Ohta, Ordinary p-adic étale cohomology groups attached to towers of elliptic modular curves,
Compos. Math., 115 (1999), 241-301.

M. Ohta, Ordinary p-adic étale cohomology groups attached to towers of elliptic modular curves. II,
Math. Ann., 318 (2000), 557-583.

M. Ohta, Congruence modules related to Eisenstein series, Ann. Sci. Ecole Norm. Sup. (4), 36 (2003),
225-269.

M. Ohta, Companion forms and the structure of p-adic Hecke algebras, J. Reine Angew. Math., 585
(2005), 141-172.

G. Robert, Congruences entre séries d’Eisenstein, dans le cas supersingulier, Invent. Math., 61
(1980), 103-158.

J.-P. Serre, Résumé des cours de 1987-1988, Annuaire du College de France (1988), 79-82 ((Euvres
IV, No. 145).

J.-P. Serre, Two letters on quaternions and modular forms (mod p), Israel J. Math., 95 (1996), 281—
299 (Buvres IV, No. 169).

C. Skinner and A. Wiles, Ordinary representations and modular forms, Proc. Natl. Acad. Sci. USA,
94 (1997), 10520-10527.

D. Ulmer, p-descent in characteristic p, Duke Math. J., 62 (1991), 237-265.

D. Ulmer, On the Fourier coefficients of modular forms. II, Math. Ann., 304 (1996), 363-422.

L. Washington, Introduction to cyclotomic fields, Grad. Texts in Math., 83 (1982).

A. Wiles, On ordinary A-adic representations associated to modular forms, Invent. Math., 94 (1988),
529-573.

A. Wiles, Modular elliptic curves and Fermat’s last theorem, Ann. of Math. (2), 141 (1995), 443-551.

Masami OHTA

Department of Mathematics

Faculty of Science

Tokai University

Hiratsuka, Kanagawa, 259-1292, Japan
E-mail: ohta@sm.u-tokai.ac.jp


http://dx.doi.org/10.1007/BF01232041
http://dx.doi.org/10.1007/BF01232041
http://dx.doi.org/10.1016/0022-314X(92)90119-A
http://dx.doi.org/10.1215/S0012-7094-90-06119-8
http://dx.doi.org/10.1215/S0012-7094-90-06119-8
http://dx.doi.org/10.1006/jnth.1993.1078
http://dx.doi.org/10.1006/jnth.1993.1078
http://dx.doi.org/10.1007/BF01388599
http://dx.doi.org/10.1023/A:1000556212097
http://dx.doi.org/10.1007/s002080000119
http://dx.doi.org/10.1007/BF01390118
http://dx.doi.org/10.1007/BF01390118
http://dx.doi.org/10.1073/pnas.94.20.10520
http://dx.doi.org/10.1073/pnas.94.20.10520
http://dx.doi.org/10.1215/S0012-7094-91-06210-1
http://dx.doi.org/10.1007/BF01446299
http://dx.doi.org/10.1007/BF01394275
http://dx.doi.org/10.1007/BF01394275
http://dx.doi.org/10.2307/2118559

