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Abstract. We consider the initial-boundary value problem

(P )

8
>>>><
>>>>:

∂

∂t
u = ∆u− V (|x|)u in ΩL × (0,∞),

µu + (1− µ)
∂

∂ν
u = 0 on ∂ΩL × (0,∞),

u(·, 0) = φ(·) ∈ Lp(ΩL), p ≥ 1,

where ΩL = {x ∈ RN : |x| > L}, N ≥ 2, L > 0, 0 ≤ µ ≤ 1, ν is the outer unit normal
vector to ∂ΩL, and V is a nonnegative smooth function such that V (r) = O(r−2) as

r →∞. In this paper, we study the decay rates of the derivatives ∇j
xu of the solution

u to (P ) as t →∞.

1. Introduction.

The linear heat equation, which has been studied for more than two centuries, is
still one of the main topics in the theory of partial differential equations. The decay rate
of the derivatives of a solution to the linear heat equation is one of worth challenging
problems and will give some insight to the behavior of solutions to the semilinear heat
equations.

We consider the initial-boundary value problem of the heat equation in the exterior
domain of a ball,





∂

∂t
u = ∆u− V (|x|)u in ΩL × (0,∞),

µu + (1− µ)
∂

∂ν
u = 0 on ∂ΩL × (0,∞),

u(·, 0) = φ(·) ∈ Lp(ΩL),

(1.1)

where 0 ≤ µ ≤ 1, p ≥ 1, ΩL = {x ∈ RN : |x| > L}, N ≥ 2, L > 0, and ν is the outer
unit normal vector to ∂ΩL. Throughout this paper, we assume that V = V (|x|) satisfies
the following condition (V l

ω) for some ω ≥ 0 and l ∈ N :
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(V l
ω)





(0) V = V (|x|) ∈ Cl(RN ), V ≥ 0 in RN ,

(i) lim
r→∞

r2V (r) = ω,

(ii)
∫ ∞

L

r

∣∣∣∣V (r)− ω

r2

∣∣∣∣dr < ∞,

(iii) sup
r≥L

∣∣∣∣r2+j

(
dj

drj
V

)
(r)

∣∣∣∣ < ∞, j = 1, . . . , l.

The purpose of this paper is to study the decay rates of the derivatives of the solution
of (1.1) under the condition (V l

ω), as t →∞.
To explain the precedent works and our results, we introduce some notations. For

any set A and B, let f = f(λ, ν) and g = g(λ, µ) be maps from A× B to (0,∞). Then
we say

f(λ, µ) ¹ g(λ, µ) for all λ ∈ A

if, for any µ ∈ B, there exists a positive constant C such that f(λ, µ) ≤ Cg(λ, µ) for all
λ ∈ A. Furthermore, we say

f(λ, µ) ³ g(λ, µ) for all λ ∈ A

if f(λ, µ) ¹ g(λ, µ) and g(λ, µ) ¹ f(λ, µ) for all λ ∈ A. We put

N0 = N ∪ {0}, NN
0 =

{
(n1, . . . , nN ) : ni ∈ N0, i = 1, . . . , N

}
.

Furthermore, for any j = (j1, . . . , jN ) ∈ NN
0 , we write |j| =

∑N
i=1 ji and ∇j

x =
∂|j|/∂xj1

1 · · · ∂xjN

N .
Let Ω be an unbounded domain in RN . Then, under the suitable assumptions on Ω

and V , for any j ∈ NN
0 , the solution u of (1.1) in the domain Ω satisfies

∥∥(∇j
xu)(·, t)∥∥

L∞(Ω)
¹ t−

N
2p ‖φ‖Lp(Ω) (1.2)

for all sufficiently large t. (See Theorem 10.1 of Chapters 3 and 4 in [5].) On the other
hand, for the case when Ω = RN (or Ω = RN

+ ) and V ≡ 0, the explicit representation of
the fundamental solution of the heat equation implies that, for any j ∈ NN

0 ,

∥∥(∇j
xu)(·, t)

∥∥
L∞(RN )

¹ t−
N
2p− |j|2 ‖φ‖Lp(RN ) (1.3)

for all t > 0. Furthermore, for the case when Ω is a convex domain in RN and V ≡ 0,
Li and Yau [6] studied the behavior of the nonnegative solution of (1.1) with µ = 0, and
obtained the inequality
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|∇xu|2
u2

− ∂tu

u
¹ 1

t
, (x, t) ∈ Ω× (0,∞). (1.4)

Then, by the standard arguments in the parabolic equations, we see that, for any j ∈ NN
0

with |j| ≤ 1, the inequality (1.3) holds for all t > 0. (We remark that the inequality (1.4)
holds for all sufficiently small t > 0 without the convexity of the domain Ω (see [10]).)
On the other hand, Grigor’yan and Saloff-Coste [2] studied the asymptotic behavior of
the Green function GV

µ = GV
µ (x, y, t) of (1.1) for the case when Ω is the exterior domain

of a compact set, µ = 1, and V ≡ 0. They proved that, for any fixed x, y ∈ Ω,

GV
1 (x, y, t) ³ t−

N
2

for all sufficiently large t (see also [11]) if N ≥ 3. This together with the mean value
theorem, the Dirichlet boundary condition, and (1.2) implies that

∥∥(∇xGV
1 )(·, ·, t)∥∥

L∞(Ω×Ω)
³ t−

N
2

for all sufficiently large t. So we see that the solution of (1.1) with µ = 1 does not
necessarily satisfy the inequality (1.3) even for the case |j| = 1. The first author of this
paper studied the asymptotic behavior of the solution of the heat equation under the
Neumann boundary condition in the exterior domain of a ball in [3]. His results imply
that, for the case µ = 0 and V ≡ 0 on ΩL, the inequality (1.3) does not necessarily
hold for the case |j| = 2. Recently, Shibata and Shimizu [8] studied the decay properties
of the Stokes semigroup in the exterior domain of a compact set, under the Neumann
boundary condition. Their results are applicable to the heat equation, and we see that
the inequality (1.3) holds for the case when N ≥ 3, Ω is the exterior domain of a compact
set, V ≡ 0 on Ω, and µ = 0. (For further informations on the behavior of the derivatives
of the solutions of the heat equations, see [1], [7] and [9].)

Let uV
µ = uV

µ (x, t : φ) be a solution of the initial-boundary value problem (1.1) in
the exterior domain ΩL. For any p ≥ 1 and t > 0, put

∥∥∇j
xGV

µ (t)
∥∥

p→∞ = sup
{∥∥(∇j

xuV
µ )(·, t : φ)

∥∥
L∞(ΩL)

: ‖φ‖Lp(ΩL) = 1
}
,

where j ∈ NN
0 . In particular, for the case p = 1, we see that

∥∥∇j
xGV

µ (t)
∥∥

1→∞ =
∥∥(∇j

xGV
µ )(·, ·, t)

∥∥
L∞(ΩL×ΩL)

, t > 0.

Let ∆SN−1 be the Laplace-Beltrami operator on SN−1 and {ωk}∞k=0 the eigenvalues of

−∆SN−1Q = ωQ on SN−1, Q ∈ L2(SN−1), (1.5)

that is,

ωk = k(N + k − 2), k ∈ N0. (1.6)
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Furthermore, let {Qk,i}lk
i=1 and lk be the orthonormal system and the dimension of the

eigenspace corresponding to ωk, respectively. Let UV
µ,L(r) be a solution of the initial

value problem for the ordinary differential equation,

(OV )





∂2
rU +

N − 1
r

∂rU − V (r)U = 0 in (L,∞),

(∂rU)(L) = µ, U(L) = 1− µ,

where 0 ≤ µ ≤ 1. Put

g(t : ω) = (1 + t)−
α(ω)

2 (1.7)

Here α = α(ω) is a nonnegative root of the equation α(α + N − 2) = ω, that is,

α(ω) =
−(N − 2) +

√
(N − 2)2 + 4ω

2
. (1.8)

Then, under the condition (V 1
ω ), we see that

g(t : ω) ³ [
UV

µ,L(t1/2)
]−1

for all sufficiently large t (see Proposition 3.1).
In this paper, we consider the initial-boundary value problem (1.1), and study the

decay rate of ‖∇j
xGV

µ (t)‖p→∞ as t →∞, by using the asymptotic behavior of UV
µ,L(r) as

r →∞. Here, we give the main results of this paper for the case N ≥ 3.

Theorem 1.1. Let N ≥ 3 and consider the initial-boundary value problem (1.1)
under the condition (V l

ω) with ω ≥ 0 and l ∈ N . Let p ≥ 1. Assume either

µ 6= 2n′

2n′ + L
or V (r) 6≡ ω2n′

r2
on [L,∞) (1.9)

for any n′ ∈ N0 with 2n′ ≤ l + 1. Then, for any j ∈ NN
0 with |j| ≤ l + 1,

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ¹ t−
N
2p− |j|2 if |j| ≤ α(ω), (1.10)

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ³ t−
N
2p−α(ω)

2 if |j| > α(ω) (1.11)

for all sufficiently large t.

If, for some n′ ∈ N0, the equalities hold in (1.9), we have another decay property.

Theorem 1.2. Let N ≥ 3 and consider the initial-boundary value problem (1.1).
Assume that there exists a nonnegative integer n′ such that
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n = 2n′, V (r) ≡ ωn

r2
on [L,∞), µ =

n

n + L
. (1.12)

Let p ≥ 1. Then, for any j ∈ NN
0 ,

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ¹ t−
N
2p− |j|2 if |j| ≤ n, (1.13)

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ³ t−
N
2p−

α(ωn+ω1)
2 if |j| > n (1.14)

for all sufficiently large t.

Here we remark that, under the condition (1.12), V satisfies the condition (V l
ω) for

all l ∈ N and α(ω) = α(ωn) = n. Furthermore, as a corollary of Theorems 1.1 and 1.2,
we have

Corollary 1.1. Let N ≥ 3 and uV
µ = uV

µ (x, t : φ) be a solution of the initial-
boundary value problem (1.1) with φ ∈ Lp(ΩL), under the condition (V l

ω) with ω ≥ 0 and
l ∈ N . Let p ≥ 1 and j ∈ NN

0 with |j| ≤ l + 1. Then there exist positive constants C

and T such that

∥∥(∇j
xuV

µ )(·, t : φ)
∥∥

L∞(ΩL)
≤ Ct−

N
2p− |j|2 ‖φ‖Lp(ΩL)

for all t ≥ T and all φ ∈ Lp(ΩL) if and only if, either ω ≥ ω|j| or

|j| = 1, V (r) ≡ 0 on [L,∞), µ = 0.

The latter case of Corollary 1.1 comes from Theorem 1.2 with n = 0. Indeed, in
this case, there hold ω0 = 0, ω1 = N − 1 and α(ω0 + ω1) = 1. By (1.14), the conclusion
follows. The former case is an immediate consequence of Theorems 1.1 and 1.2.

For the decay rates of the derivatives of the solution for case N = 2, see Section 7.
Now, we give a rough sketch of the proof of the upper estimates in Theorems 1.1

and 1.2, which will be discussed in-depth in Section 5. Under the suitable assumptions
on the initial data φ, the solution uV

µ of (1.1) is written by

uV
µ (x, t) =

∞∑

k=0

lk∑

i=1

vk,i
µ (x, t)Qk,i

(
x

|x|
)

in ΩL × (0,∞).

Here vk,i
µ is a radial solution of (1.1) with V (r) replaced by Vk(r) ≡ V (r)+ωk/r2. Assume

(V l
ω) and let j ∈ NN

0 with 1 ≤ |j| ≤ l. Then, roughly speaking, we see that there exists
a function ζk,i = ζk,i(t) such that

vk,i
µ (x, t) ³ ζk,i(t)UVk

µ,L(|x|), (1.15)
∣∣∇j

xvk,i
µ (x, t)

∣∣ ³ ζk,i(t)
∣∣∇j

xUVk

µ,L(|x|)∣∣ ³ ζk,i(t)|x|α(ω+ωk)−|j| (1.16)
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for all x ∈ ΩL and all sufficiently large t with |x| ≤ t1/2. By (1.16), we have

∣∣(∇j
xuV

µ )(x, t)
∣∣ ³

∣∣∣∣
∞∑

k=0

lk∑

i=1

ζk,i(t)∇j
x

[
UVk

µ,L(|x|)Qk,i

(
x

|x|
)]∣∣∣∣

¹
∞∑

k=0

lk∑

i=1

ζk,i(t)|x|α(ω+ωk)−|j| (1.17)

for all x ∈ ΩL and all sufficiently large t with |x| ≤ t1/2. Furthermore, by (1.7) and
(1.15), we have

ζk,i(t) ¹
[
UVk

µ,L(t1/2)
]−1∥∥vk,i

µ (·, t)∥∥
L∞(ΩL)

³ g(t : ω + ωk)t−
N
2p ‖φ‖Lp(ΩL)

for all sufficiently large t (see also (2.12)). By (1.7) and (1.17), for any sufficiently small
ε > 0, we have

∣∣(∇j
xuV

µ )(x, t)
∣∣ ¹ t−

N
2p

∞∑

k=0

lk∑

i=1

g(t : ω + ωk)|x|α(ω+ωk)−|j|‖φ‖Lp(ΩL)

¹ t−
N
2p

∞∑

k=0

lk∑

i=1

ε[α(ω+ωk)−|j|]+ max
{

g(t : ω + ωk), t−
|j|
2

}
‖φ‖Lp(ΩL)

¹ t−
N
2p max

{
g(t : ω), t−

|j|
2

}
‖φ‖Lp(ΩL) (1.18)

for all x ∈ ΩL and all sufficiently large t with |x| ≤ εt1/2, where [a]+ = max{a, 0}. On
the other hand, by using the standard arguments in the parabolic equations, we see

∣∣(∇j
xuV

µ )(x, t)
∣∣ ¹ t−

N
2p− |j|2 ‖φ‖Lp(ΩL) (1.19)

for all (x, t) ∈ ΩL×(0,∞) with |x| ≥ εt1/2 > L+2 (see Lemma 2.3). By (1.18) and (1.19),
we have the upper estimates of ‖∇j

xGV
µ (t)‖p→∞ in Theorem 1.1. (For more details, see

the proof of Proposition 5.1.)
Next, for the case (1.12), we see that∇j

xUV
µ ≡ 0 in ΩL for all j ∈ NN

0 with |j| ≥ n+1
(see Proposition 3.3). Then, in a similar way to (1.17) and (1.18), we have

∣∣(∇j
xuV

µ )(x, t)
∣∣ ³

∣∣∣∣
∞∑

k=1

lk∑

i=1

ζk,i(t)∇j
x

[
UVk

µ,L(|x|)Qk,i

(
x

|x|
)]∣∣∣∣

¹ t−
N
2p max

{
g(t : ω + ω1), t−

|j|
2

}
‖φ‖Lp(ΩL) (1.20)

for all x ∈ ΩL and all sufficiently large t with |x| ≤ εt1/2, where ε is a sufficiently small
positive constant and j ∈ NN

0 with |j| ≥ n + 1. This together with (1.19) implies the
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upper estimates of ‖∇j
xGV

µ (t)‖p→∞ in Theorem 1.2. (For more details, see the proof of
Proposition 5.2.) Note that the lower estimates in (1.11) and (1.14) are essential parts
of this paper and will be discussed in Section 6.

The rest of this paper is organized as follows: In Section 2, we give preliminary
lemmas in order to study the decay rates of the derivatives of the solution (1.1) for the
case N ≥ 3. Section 3 is devoted to the study of the asymptotic behavior of UV

µ,L. In
Section 4, by using the similar arguments to in [3] and [4], we study the large time
behavior of derivatives of the solution v of the initial-boundary value problem (P k

µ ):

(P k
µ )





∂tv = ∆v −
(

V (|x|) +
ωk

|x|2
)

v in ΩL × (0,∞),

µv − (1− µ)∂rv = 0 on ∂ΩL × (0,∞),

v(·, 0) = ψ(·) ∈ Lp(ΩL),

where 0 ≤ µ ≤ 1, p ≥ 1, k ∈ N0, and ψ is a radial function in ΩL. However, it
seems difficult to obtain optimal decay rates of the derivatives of the solution vk

µ for
all k = 0, 1, 2, . . . by using the arguments in [3] and [4] directly. So we construct a
super-solution of (P k

µ ), and obtain estimates of the derivatives of vk
µ. In Section 5, we

give upper estimates of the derivatives of the solution u of (1.1). Lower estimates of the
derivatives of the solution uV

µ for some initial data φ are given in Section 6, and complete
the proofs of Theorems 1.1 and 1.2 there. Furthermore, as corollaries of Theorems 1.1
and 1.2, we give two results on the decay rates of derivatives of uV

µ . In Section 7, we
study the decay rate of the solutions for the case N = 2.

2. Preliminaries.

In this section, we give preliminary lemmas in order to study the decay rates of the
derivatives of the solution (1.1) for the case N ≥ 3. For any µ ∈ [0, 1], R ≥ L, and ω ≥ 0,
let Uω

µ,R be the solution of

(Oω)





∂2
rU +

N − 1
r

∂rU − ω

r2
U = 0 in (R,∞),

(∂rU)(R) = µ, U(R) = 1− µ.

Put

Uω
+(r) =

(
r

L

)α(ω)

, Uω
−(r) =

(
r

L

)−β(ω)

, (2.1)

where β(ω) = N − 2 + α(ω). Then the functions Uω
+(r) and Uω

−(r) are solutions of the
ordinary differential equation

∂2
rU +

N − 1
r

∂rU − ω

r2
U = 0 in (0,∞), (2.2)
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and Uω
+(r) 6≡ Uω

−(r) on (0,∞). So, by the uniqueness of the solution of (Oω), there exist
constants c1 and c2 such that

Uω
µ,R(r) = c1U

ω
+(r) + c2U

ω
−(r), r ≥ R.

Therefore, by Uω
µ,R(R) = 1− µ and ∂rU

ω
µ,R(R) = µ, we obtain

Uω
µ,R(r) =

α− µα−Rµ

α + β

(
r

R

)−β

+
Rµ− βµ + β

α + β

(
r

R

)α

(2.3)

where α = α(ω) and β = β(ω). In what follows, we put

Uω,k
µ,R(r) = Uω+ωk

µ,R (r), Uω,k
+ (r) = Uω+ωk

+ (r), Uω,k
− (r) = Uω+ωk− (r),

for simplicity. Then we have the following lemma on Uω
µ,R.

Lemma 2.1. Let L ≤ R < S and a, b ≥ 0. Assume N ≥ 3. Then

Ua,k
µ,R(r) ³ U b,k

µ,R(r) (2.4)

for all r ∈ [R, S], µ ∈ [0, 1], and k ∈ N0,

Ua,k
µ,R(r) ³

[
µ

k + 1
+ 1− µ

](
r

R

)α(a+ωk)

(2.5)

for all r ≥ S, µ ∈ [0, 1], and k ∈ N0, and

Ua,k
0,R(r) ³ Ua,k

+ (r) (2.6)

for all r ≥ R and k ∈ N0. Furthermore

0 ≤ d

dr
Ua,k

µ,R(r) ¹ µ + (k + 1)(1− µ)
R

(
r

R

)α(a+ωk)−1

, (2.7)

0 < Ua,k
µ,R(r) ¹

[
µ

k + 1
+ 1− µ

](
r

R

)α(a+ωk)

, (2.8)

for all r > R, 0 ≤ µ ≤ 1, and k ∈ N0.

Proof. Let a, b ≥ 0. Put αk(a) = α(a + ωk) and βk(a) = β(a + ωk). Then we
have

lim
k→∞

k−1αk(a) = lim
k→∞

k−1βk(a) = 1, (2.9)
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lim
k→∞

k|αk(a)− αk(b)| = 2|a− b|. (2.10)

Then, by the Cauchy mean value theorem and (2.3), for any r ∈ (R, S) and k = 1, 2, . . . ,
there exists an r̃ ∈ (R, r) such that

Ua,k
1,R(r)

U b,k
1,R(r)

=
αk(b) + βk(b)
αk(a) + βk(a)

(
r

R

)αk(a)−αk(b) 1− (r/R)−αk(a)−βk(a)

1− (r/R)−αk(b)−βk(b)

=
(

r

R

)αk(a)−αk(b)(
r̃

R

)2(αk(b)+αk(a))

≥
(

S

R

)−|αk(a)−αk(b)|
.

This together with (2.10) implies (2.4) for the case µ = 1. Similarly, we have (2.4) for
the case µ = 0. Therefore, since

Uω,k
µ,R(r) = (1− µ)Uω,k

0,R (r) + µUω,k
1,R (r), r ≥ R, (2.11)

we have (2.4). On the other hand, by (2.3), we have (2.5)–(2.8), and the proof of Lemma
2.1 is complete. ¤

Next we recall the following two lemmas on the decay rate of the solutions of the
initial-boundary value problem (1.1) under the condition (V l

ω).

Lemma 2.2. Let uV
µ be a solution of (1.1) under the condition (V 1

ω ) with ω ≥ 0. Let
1 ≤ p ≤ q ≤ ∞ and i = 1, 2, . . . . Then there exists a positive constant C, independent of
V , such that

∥∥uV
µ (·, t)∥∥

Lq(ΩL)
≤ Ct−

N
2 ( 1

p− 1
q )‖φ‖Lp(ΩL) (2.12)

for all t > 0.

Proof. Let GV
µ be the Green function of (1.1). By the comparison principle, we

see that

0 < GV
µ (x, y, t) ≤ G0

0(x, y, t), x, y ∈ ΩL, t > 0. (2.13)

Furthermore, there exists a positive constant C such that

G0
0(x, y, t) ≤ Ct−

N
2 exp

(
− |x− y|2

Ct

)
, x, y ∈ ΩL, t > 0

(see [10] and [11]). This together with (2.13) implies (2.12), and the proof of Lemma
2.2 is complete. ¤

Lemma 2.3. Let uV
µ be a solution of (1.1) under the condition (V l

ω) with ω ≥ 0 and
l ≥ 1. Then, for any ε ∈ (0, 1) and p ≥ 1, there exists a positive constant C such that
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∣∣(∂i
t∇j

xuV
µ )(x, t)

∣∣ ≤ Ct−
N
2p− |j|2 −i‖φ‖Lp(ΩL), (2.14)

for all (x, t) ∈ ΩL × (0,∞) with |x| ≥ εt1/2 > L + 2 and all i ∈ N0 and j ∈ NN
0 with

2i + |j| ≤ l + 1.

Proof. Let (x0, t0) ∈ ΩL × (0,∞) with |x0| ≥ εt
1/2
0 > L + 2. Let k = εt

1/2
0 /2 > 1

and put

ũ(x, t) =
1
k2

uV
µ (x0 + kx, t0 + k2t)

for (x, t) ∈ Q ≡ B(0, 1)× (−1, 1). Then ũ satisfies

∂tũ = ∆ũ− Ṽ (x)ũ in Q,

where Ṽ (x) = k2V (|x0 + kx|). Furthermore, by (V l
ω)–(iii) and |x0| ≥ 2k, there exist

constants C1 and C2 such that

∥∥∇j
xṼ

∥∥
L∞(B(0,1))

≤ C1 max
x∈B(0,1)

|j|∑
m=1

km+2

|x0 + kx|m+2
≤ C2

for all j ∈ NN
0 with |j| ≤ l. Therefore, by Theorem 10.1 of Chapter 4 in [5] and Lemma

2.2, there exist constants C3, C4, and C5 such that

k2i+|j|−2
∣∣(∂i

t∇j
xuV

µ )(x0, t0)
∣∣ =

∣∣(∂i
t∇j

xũ)(0, 0)
∣∣ ≤ C3‖ũ‖Lp(Q)

≤ C4k
−N

p −2 sup
t>0

∥∥uV
µ (·, t)∥∥

Lp(ΩL)
≤ C5k

−N
p −2‖φ‖Lp(ΩL)

for all i ∈ N0 and j ∈ NN
0 with 2i + |j| ≤ l + 1. This implies (2.14), and the proof of

Lemma 2.3 is complete. ¤

3. Behavior of UV
µ,L(r) as r → ∞.

In this section, we study the behavior of the solution UV
µ,L(r) of (OV ) under the

assumption (V l
ω). Put

Vk(r) = V (r) +
ωk

r2
, k ∈ N0.

In what follows, for k ∈ N0 and λ ∈ R, we put

αk = α(ω + ωk), βk = N − 2 + αk, hλ(r) = V (r)− λ

r2

for simplicity. We first prove the following lemma.
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Lemma 3.1. Let R ≥ L, a ≥ 0, and k ∈ N0. For any g ∈ C([R,∞)), put

Ha,k
R [g](r) = Ua,k

− (r)
∫ r

R

s1−N [Ua,k
− (s)]−2

( ∫ s

R

τN−1Ua,k
− (τ)g(τ)dτ

)
ds.

Then

(i) Ha,k
R [g](r) is a solution of the ordinary differential equation

U ′′ +
N − 1

r
U ′ − a + ωk

r2
U = g in (R,∞),

with U(R) = U ′(R) = 0. In particular,

UVk

µ,R(r) = Ua,l
µ,R(r) + Ha,l

R

[
hωl+a−ωk

UVk

µ,R

]
(r)

for all r ≥ R, k ∈ N0, and l = 0, . . . , k.
(ii) If g(r) ≥ 0 on [R, R1] with R1 > R, then

Ha,k
R [g](r) ≥ 0, Ha,k

R [g]′(r) ≥ 0, R ≤ r ≤ R1. (3.1)

(iii) Assume that there exists a positive constant A such that

|g(r)| ≤ A|ha(r)|Ua,k
µ,R(r), r ≥ R. (3.2)

Then there exist positive constants C1 and C2, independent of R and k, such that

∣∣Ha,k
R [g]′(r)

∣∣ ≤ C1Ar−1Ua,k
µ,R(r)

∫ r

R

τ |ha(τ)|dτ, (3.3)

∣∣Ha,k
R [g](r)

∣∣ ≤ C2AUa,k
µ,R(r)

∫ r

R

τ |ha(τ)|dτ (3.4)

for all r ≥ R.

Proof. The statement (i) comes from the variation of constants for the second
order ordinary differential equations for (OV ). Furthermore, we can switch the role of
Ua,k
− to Ua,k

+ in the definition of Ha,k
R and we have

Ha,k
R [g](r) = Ua,k

+ (r)
∫ r

R

s1−N
[
Ua,k

+ (s)
]−2

( ∫ s

R

τN−1Ua,k
+ (τ)g(τ)dτ

)
ds.

This implies the statement (ii). Next we prove (iii) for the case µ = 0. Put

Ug(r) = r−βk(a)

∫ r

R

s2βk(a)+1−NIg(s)ds, Ig(s) =
∫ s

R

τ1−αk(a)g(τ)dτ,
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where αk(a) = α(a + ωk) and βk(a) = β(a + ωk). Then Ha,k
R [g](r) = Ug(r) for r ≥ R.

By (2.6) and (3.2), there exists a constant C1 such that

max
R≤s≤r

|Ig(s)| ≤ C1A

∫ r

R

τ1−αk(a)

(
τ

R

)αk(a)

|ha(τ)|dτ

≤ C1AR−αk(a)

∫ r

R

τ |ha(τ)|dτ. (3.5)

By (3.5) and βk(a) > 0, we have

∣∣U ′
g(r)

∣∣ ≤ βk(a)r−βk(a)−1

∫ r

R

s2βk(a)+1−N |Ig(s)|ds + rβk(a)+1−N |Ig(r)|

≤
[
1 +

βk(a)
αk(a) + βk(a)

]
rαk(a)−1 max

R≤s≤r
|Ig(s)|

≤ 2C1Ar−1
( r

R

)αk(a)
∫ r

R

τ |ha(τ)|dτ

and

|Ug(r)| ≤ r−βk(a) max
R≤s≤r

|Ig(s)|
∫ r

R

s2βk(a)+1−Nds

≤ C1A

αk(a) + βk(a)

(
r

R

)αk(a) ∫ r

R

τ |ha(τ)|dτ

for all r ≥ R and k ∈ N0. These inequalities together with (2.6) imply (3.3) and (3.4)
for the case µ = 0. Next we consider the case µ = 1. Then

(
r

R

)−αk(a)

Ua,k
1,R(r) =

R

αk(a) + βk(a)
− R

αk(a) + βk(a)

(
r

R

)−αk(a)−βk(a)

is a monotone increasing function, and we have

max
R≤s≤r

|Ig(s)| ≤ A

(
r

R

)−αk(a)

Ua,k
1,R(r)

∫ r

R

τ1−αk(a)

(
τ

R

)αk(a)

|ha(τ)|dτ

≤ AR−αk(a)

αk(a) + βk(a)

(
r

R

)−αk(a)

Ua,k
1,R(r)

∫ s

R

τ |ha(τ)|dτ.

Therefore, by the same argument as in the proof of (3.3) and (3.4) for the case µ = 0,
we have (3.3) and (3.4) for the case µ = 1. Finally, by (2.11), we have (3.3) and (3.4) for
the case 0 < µ < 1, and the proof of Lemma 3.1 is complete. ¤

In view of Lemma 3.1, we have the following proposition on the behavior of UVk

µ,L(r)
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as r →∞, by using the function Uω,k
µ,L(r) = U

α(ω+ωk)
µ,L (r).

Proposition 3.1. Assume (V 1
ω ) with ω ≥ 0 and N ≥ 3. Then

0 ≤ (
∂rU

Vk

µ,L

)
(r) ¹ (k + 1)

(
r

L

)αk−1

(3.6)

for all r > L, 0 ≤ µ ≤ 1, and k ∈ N0. Furthermore

UVk

µ,L(r) ³ Uω,k
µ,L(r), 0 ≤ µ ≤ 1, (3.7)

UVk

0,L(r) ³ Uω,k
+ (r) (3.8)

for all r ≥ L and k ∈ N0. In particular,

UVk

µ,L(r) ³
[

µ

k + 1
+ 1− µ

]
Uω,k

+ (3.9)

for all sufficiently large r, 0 ≤ µ ≤ 1, and k ∈ N0.

Proof. By UVk

µ,L(L) = 1 − µ, (UVk

µ,L)′(L) = µ, and the continuity of UVk

µ,L, there
exists a constant r0 > L such that UVk

µ,L(r) > 0 for all r ∈ (L, r0). Assume that there
exists a constant r1 > r0 such that

UVk

µ,L(r) > 0, r ∈ (L, r1), UVk

µ,L(r1) = 0.

By h0(r) = V (r) ≥ 0, we see h0(r)UVk

µ,L(r) ≥ 0 on [R, r1]. So, by Lemma 3.1–(i), (ii), we
have

UVk

µ,L(r) = U0,l
µ,L(r) + H0,l

L

[
hωl−ωk

UVk

µ,L

]
(r) ≥ U0,k

µ,L(r) > 0

for all r ∈ (L, r1] and l = 0, . . . , k. This contradicts UVk

µ,L(r1) = 0. So we see that
UVk

µ,L(r) > 0 on (L,∞), and obtain

UVk

µ,L(r) = U0,k
µ,L(r) + H0,k

L

[
V UVk

µ,L

]
(r) ≥ U0,k

µ,L(r) > 0, r > L. (3.10)

Furthermore, by Lemma 3.1–(ii), (2.7), and (3.10), we see that

(
∂rU

Vk

µ,L

)
(r) ≥ 0, r > L. (3.11)

Let S be a constant to be chosen later such that S > L. Put ωS =
S2 maxL≤r≤S V (r). Then hωS

(r) ≤ 0 in (L, S). So, by (3.10), we have hωS
(r)UVk

µ,L(r) ≤ 0
in (L, S). Hence, by Lemma 3.1–(i), (ii), we have
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UVk

µ,L(r) = UωS ,k
µ,L (r) + HωS ,k

L

[
hωS

UVk

µ,L

]
(r) ≤ UωS ,k

µ,L (r) (3.12)

for all r ∈ [L, S]. By (2.4), (3.10), and (3.12), we have

UVk

µ,L(r) ³ Uω,k
µ,L(r), r ∈ [L, S], 0 ≤ µ ≤ 1, k ∈ N0. (3.13)

Furthermore, by (2.5), we have

UVk

µ,L(S) ³ Uω,k
µ,L(S) ³

[
µ

k + 1
+ µ− 1

](
S

L

)αk

(3.14)

for all k ∈ N0 and 0 ≤ µ ≤ 1. On the other hand, by Lemma 3.1–(i), we have

UVk

µ,L(r) = Uω,k
µ,L(r) + Hω,k

L

[
hωUVk

µ,L

]
(r), r ≥ L. (3.15)

Then, by (V l
ω)–(ii), Lemma 3.1–(iii), and (3.13), we have

0 ≤ d

dr
UVk

µ,L(r) ¹ [µ + (k + 1)(1− µ)]
(

r

L

)αk−1

(3.16)

for all r ∈ [L, S] and k ∈ N0.
Let ε > 0 be a sufficiently small constant to be chosen later. By (V l

ω)–(ii), we may
take a sufficiently large S so that

∫ ∞

S

τ |hω(τ)|dτ < ε. (3.17)

By Lemma 3.1–(i), we have

UVk

µ,S(r) = Uω,k
µ,S (r) + Hω,k

S

[
hωUVk

µ,S

]
(r), r ≥ S.

Put

U1(r) = Uω,k
µ,S (r), Uj+1(r) = Uω,k

µ,S (r) + Hω,k
S [hωUj ](r), j ∈ N . (3.18)

Then there exists C0 > 0 independent of j such that

∣∣UVk

µ,S − Uj+1

∣∣ ≤ C0ε
∣∣UVk

µ,S − Uj

∣∣, j ∈ N .

By the standard arguments in the ordinary differential equations, we see that

UVk

µ,S(r) = lim
j→∞

Uj(r), r ≥ S. (3.19)
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By (3.4), (3.17), and (3.18), there exists a positive constant C such that

∣∣U2(r)− Uω,k
µ,S (r)

∣∣ ≤ CUω,k
µ,S (r)

∫ ∞

S

τ |hω(τ)|dτ ≤ CεUω,k
µ,S (r) (3.20)

for all r ≥ S. Similarly, we have

∣∣U3(r)− Uω,k
µ,S (r)

∣∣ ≤ (Cε + C2ε2)Uω,k
µ,S (r), r ≥ S.

Let ε be a sufficiently small positive constant such that Cε < 1/4. By repeating this
argument, we have

∣∣Uj(r)− Uω,k
µ,S (r)

∣∣ ≤ Uω,k
µ,S (r)

j−1∑

k=1

(Cε)k ≤ 1
2
Uω,k

µ,S (r)

for all r ≥ S and j = 2, 3, . . . . By (3.19), we have

∣∣UVk

µ,S(r)− Uω,k
µ,S (r)

∣∣ ≤ 1
2
Uω,k

µ,S (r), r ≥ S, (3.21)

and obtain

UVk

µ,S(r) ³ Uω,k
µ,S (r) r ≥ S, k ∈ N0.

Then, by (2.5), (2.6), (3.14), and (3.16), we have

UVk

µ,L(r) = UVk

µ,L(S)UVk

0,S(r) +
(
∂rU

Vk

µ,L

)
(S)UVk

1,S(r)

≥ UVk

µ,L(S)UVk

0,S(r) ³
[

µ

k + 1
+ (1− µ)

](
S

L

)αk
(

r

S

)αk

³ Uω,k
µ,L(r) (3.22)

for all r ≥ S and k ∈ N0. Furthermore, by (2.3) and (2.9), we have

UVk

1,S(r) ³ Uω,k
1,S (r) ≤ S

αk + βk

(
r

S

)αk

¹ 1
k + 1

(
r

S

)αk

and obtain

UVk

µ,L(r) = UVk

µ,L(S)UVk

0,S(r) +
(
∂rU

Vk

µ,L

)
(S)UVk

1,S(r)

¹ UVk

µ,L(S)UVk

0,S(r) +
[

µ

k + 1
+ (1− µ)

](
S

L

)αk−1(
r

S

)αk

³ Uω,k
µ,L(r) (3.23)

for all r ≥ S and k ∈ N0. Therefore, by (2.5), (2.6), (3.13), (3.22) and (3.23), we have
(3.7)–(3.9). Furthermore, by Lemma 3.1, (2.7), (2.8), (3.7), and (3.16), we have (3.6),
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and the proof of Proposition 3.1 is complete. ¤

Furthermore, by Proposition 3.1, we have the following proposition.

Proposition 3.2. Assume (V 1
ω ) with ω ≥ 0 and N ≥ 3. For any g ∈ C([L,∞)),

put

FV
L [g](r) = UV

0,L(r)
∫ r

L

s1−N
[
UV

0,L(s)
]−2

( ∫ s

L

τN−1UV
0,L(τ)g(τ) dτ

)
ds.

Then, for any k ∈ N0, FVk

L [g](r) is a solution of





U ′′ +
N − 1

r
U ′ − Vk(r)U = g in (L,∞),

U(L) = U ′(L) = 0.

(3.24)

If there exist constants A > 0 such that

|g(r)| ≤ AUVk

0,L(r), r ≥ L,

then there exists a positive constant C, independent of k, such that

∣∣FVk

L [g](r)
∣∣ ≤ CA(k + 1)−1r2UVk

0,L(r), (3.25)
∣∣FVk

L [g]′(r)
∣∣ ≤ CArUVk

0,L(r), (3.26)

for all r ≥ L.

Proof. As in Lemma 3.1, by the definition of FVk

L , we see that FVk

L satisfies (3.24).
Put

J(r) =
∫ r

L

s1−N
[
UVk

0,L(s)
]−2

( ∫ s

L

τN−1
(
UVk

0,L(τ)
)2

dτ

)
ds.

By (3.8), there exists a constant C1 such that

|J(r)| ≤ C1

∫ r

L

s1−N
[
Uω,k

+ (s)
]−2

( ∫ s

L

τN−1
[
Uω,k

+ (τ)
]2

dτ

)
ds

≤ C1

∫ r

L

s−2αk+1−N

( ∫ s

L

τ2αk+N−1 dτ

)
ds ≤ C1

2(2αk + N)
r2, (3.27)

|J ′(r)| ≤ C1r
1−N

[
Uω,k

+ (r)
]−2

∫ r

L

τN−1
[
Uω,k

+ (τ)
]2

dτ

≤ C1r
−2αk+1−N

∫ r

L

τ2αk+N−1 dτ ≤ C1

2αk + N
r (3.28)
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for all r ≥ L. By (2.9) and (3.27), we have (3.25). Furthermore, by (3.6) and (3.28), we
have

∣∣FVk

L [g]′(r)
∣∣ ¹ (k + 1)

(
r

L

)αk−1

|J(r)|+
(

r

L

)αk

|J ′(r)| ¹ r

(
r

L

)αk

.

Therefore, by (3.8), we obtain (3.26), and the proof of Proposition 3.2 is complete. ¤

Next we consider the condition (1.12).

Proposition 3.3. Assume (V l
ω) with ω ≥ 0 and l ∈ N . Furthermore assume that

there exists a multi-index J ∈ NN
0 with |J | = n + 1 ≤ l + 2 such that

(∇j
xUV

µ,L

)
(|x|) 6≡ 0 in ΩL, for all j ∈ NN

0 with |j| ≤ n,
(∇J

xUV
µ,L

)
(|x|) ≡ 0 in ΩL.

(3.29)

Then there exists a nonnegative integer n′ such that (1.12),

UV
µ,L(|x|) =

1− µ

Ln

(
x2

1 + · · ·+ x2
N

)n′ =
1− µ

Ln
|x|n, x ∈ ΩL, (3.30)

and
(∇j

xUV
µ,L

)
(|x|) ≡ 0 in ΩL (3.31)

hold for all j ∈ NN
0 with |j| ≥ n + 1.

Proof. Let J = (J1, · · · , JN ) ∈ NN
0 with |J | =

∑N
i=1 Ji = n + 1 ≤ l + 2 such

that (∇J
xUV

µ )(x) ≡ 0 in ΩL. Put

Z(J) =
{
j = (j1, · · · , jN ) ∈ NN

0 : 0 ≤ ji ≤ Ji, i = 1, . . . , N
}
,

ϕ0(r) = UV
µ,L(r), ϕk+1(r) =

1
r
(∂rϕk)(r), k = 0, . . . , n.

Then we have

∂

∂xi
ϕk(|x|) = (∂rϕk)(|x|) xi

|x| = ϕk+1(|x|)xi, i = 1, . . . , N.

So there exist radial functions {fj}j∈Z(J)\{J} such that

0 =
(∇J

xϕ0

)
(|x|) = ϕn+1(|x|)xJ +

∑

j∈Z(J)\{J}
fj(|x|)xj

= |x|n+1ϕn+1(|x|)yJ +
∑

j∈Z(J)\{J}
|x||j|fj(|x|)yj
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for all x ∈ ΩL and y ∈ SN−1 with y = x/|x|, and we have

rn+1ϕn+1(r) = 0, r ≥ L. (3.32)

This implies that UV
µ,L(r) is a polynomial at most of 2n degree, that is, there exist a

natural number l(≤ 2n) and constants {ai}l
i=0 such that al 6= 0 and

UV
µ,L(r) =

l∑

i=0

air
i, r ≥ L. (3.33)

Then, by (OV ) and (3.33), we have

l∑

i=2

i(i− 1)air
i−2 + (N − 1)

l∑

i=1

iair
i−2 − ω

l∑

i=0

air
i−2 = hω(r)UV

µ,L(r)

for all r ≥ L. Let

b0 = −ωa0, b1 = (N − 1)a1 − ωa1,

bi = i(i− 1)ai + (N − 1)iai − ωai. (3.34)

Then, by (V l
ω)–(i), we have

r2hω(r)UV
µ,L(r) =

l∑

i=0

bir
i =

l∑

i=0

aihω(r)ri+2 = o(1)
l∑

i=0

air
i (3.35)

for all sufficiently large r. So we have bl = 0, and by al 6= 0, we obtain

ω = l(l − 1) + (N − 1)l = ωl. (3.36)

By (3.34) and (3.36), for any i = 0, 1, . . . , l − 1, if bi 6= 0, then ai 6= 0. However, since
(3.35) holds identically, we see that

a0 = a1 = · · · = al−1 = 0, hω ≡ 0 on [L,∞). (3.37)

Therefore UV
µ,L(r) = alr

l, and by (3.32), we have

rn+1ϕn+1(r) = al

( n∏

k=0

(l − 2k)
)

rl−(n+1) = 0, r ≥ L.

So there exists a nonnegative integer n′ ∈ N ∪ {0} such that l = 2n′, and we have

UV
µ,L(|x|) = al

(
x2

1 + · · ·+ x2
N

)n′
.
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Then, by (3.29), we have n = 2n′ = l and (3.31). Furthermore, by (3.36), (3.37), and the
boundary condition, we have (1.12). Finally, by UV

µ,L(L) = 1 − µ, we have (3.30), and
the proof of Proposition 3.3 is complete. ¤

4. Derivatives of the solutions of (P k
µ ).

In this section, we consider the radial solution v of the initial-boundary value problem

(P k
µ )





∂tv = ∆v − Vk(|x|)v in ΩL × (0,∞),

µv − (1− µ)∂rv = 0 on ∂ΩL × (0,∞),

v(·, 0) = ψ(·) ∈ Lp(ΩL),

where 0 ≤ µ ≤ 1, p ≥ 1, k ∈ N0, and ψ is a radial function in ΩL. For any positive ε

and T , put

Dε(T ) =
{
(x, t) ∈ ΩL × (T,∞) : |x| < ε(1 + t)1/2

}
,

Γε(T ) =
{
(x, t) ∈ ΩL × (T,∞) : |x| = ε(1 + t)1/2

}

∪ {
(x, T ) : x ∈ ΩL, |x| ≤ ε(1 + T )1/2

}
.

In this section, we construct a super-solution of (P k
µ ) in Dε(T ) for some positive constants

ε and T , and give some estimates on the derivatives of the solution vk
µ of (P k

µ ) in Dε(T ).
In what follows, under the assumption (V l

ω), we put

Uk(r) = UVk

0,L(r), gk(t) = g(t : ω + ωk)

for simplicity. We first construct a super-solution of (P k
µ ).

Lemma 4.1. Assume N ≥ 3 and (V l
ω) with ω ≥ 0 and k ∈ N0. Let γ > 0. Then

there exist positive constants T , ε, and C, which are independent of k, and a function
W = W (x, t) in ΩL × (0,∞) such that

∂tW ≥ ∆W − Vk(|x|)W in Dε(T ), (4.1)

µW (x, t) + (1− µ)
∂

∂ν
W (x, t) ≥ 0 on ∂ΩL × (T,∞), (4.2)

W (x, t) ≥ C−αk(1 + t)−γ on Γε(T ), (4.3)

and

0 < W (x, t) ≤ (1 + t)−γgk(t)Uk(|x|) in Dε(T ). (4.4)

Proof. Let A and ε be constants to be chosen later such that A > 0 and 0 < ε < 1.
Let Tε be a positive constant such that ε(1 + Tε)1/2 = L + 1. Put
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W (x, t) = (1 + t)−γgk(t)
[
Uk(|x|)−A(1 + k)(1 + t)−1FVk

L [Uk](|x|)]

for all (x, t) ∈ ΩL×(Tε,∞). Then, by (1.7) and (2.9), there exists a constant C1 = C1(γ)
such that

∂tW ≥ [− γ(1 + t)−γ−1gk(t) + (1 + t)−γg′k(t)
]
Uk(|x|)

≥ −C1(1 + k)(1 + t)−γ−1gk(t)Uk(|x|) (4.5)

and by (3.24), we have

∆W − Vk(|x|)W = −A(1 + k)(1 + t)−γ−1gk(t)Uk(|x|) (4.6)

in ΩL × (Tε,∞). Let A = C1. Then, by (4.5) and (4.6), we have

∂tW ≥ ∆W − Vk(|x|)W in ΩL × (Tε,∞). (4.7)

On the other hand, by Proposition 3.2, there exists a positive constant C2, independent
of ε, such that

0 ≤ A(1 + k)(1 + t)−1FVk

L [Uk](|x|)
≤ C2A(1 + t)−1|x|2Uk(|x|) ≤ C2AεUk(|x|)

for all (x, t) ∈ Dε(Tε). Let 0 < ε ≤ min{1, 1/2C2A}. Then we have

1
2
gk(t)Uk(|x|) ≤ (1 + t)γW (x, t) ≤ gk(t)Uk(|x|) (4.8)

for all (x, t) ∈ Dε(Tε). Then, by the definition of W , we have

µW + (1− µ)
∂

∂ν
W = µW ≥ 0 on ∂ΩL × (0,∞). (4.9)

By Proposition 3.1 and (1.7), we see that

Uk

(
ε(1 + t)1/2

) ³ Uω,k
µ,L

(
ε(1 + t)1/2

)

º (k + 1)−1

(
ε(1 + t)1/2

L

)αk

³ (k + 1)−1

(
ε

L

)αk

[gk(t)]−1 (4.10)

for all t ≥ Tε and k ∈ N0. By (4.8) and (4.10), there exists a positive constant C3 such
that



Decay rates of derivatives 881

(1 + t)γW (x, t) ≥ 1
2
gk(t)Uk(|x|) =

1
2
gk(t)Uk

(
ε(1 + t)1/2

)

≥ C−1
3 (k + 1)−1

(
ε

L

)αk

(4.11)

for all (x, t) ∈ Γε(Tε) with t > Tε. Furthermore, by (3.6), (4.8), and ε(1+Tε)1/2 = L+1,
there exists a positive constant C4 such that

W (x, Tε) ≥ 1
2
(1 + Tε)−γ−αk

2 Uk(L) =
1
2
(1 + Tε)−γ

(
ε

L + 1

)αk

≥ C−αk
4 (1 + Tε)−γ (4.12)

for all (x, Tε) ∈ Γε(Tε) and k ∈ N0. By (4.7), (4.9), (4.11), and (4.12), we have (4.1)–
(4.4), and the proof of Lemma 4.1 is complete. ¤

Next we give the following lemmas on the estimates of derivatives of vk
µ. First, we

estimate v and its time derivatives.

Lemma 4.2. Assume that ψ is a radial function in ΩL such that ‖ψ‖Lp(ΩL) = 1
with p ≥ 1. Let N ≥ 3 and v be a solution of (P k

µ ) with v(·, 0) = ψ(·) under the condition
(V l

ω) with ω ≥ 0. Put

w(x, t) = FVk

L [(∂tv)(·, t)](|x|).

Then there exist positive constants T , ε, and η, independent of k, such that

∣∣∂i
tv(x, t)

∣∣ ≤ ηαkt−
N
2p−igk(t)Uω,k

+ (|x|), (4.13)
∣∣∂i

tw(x, t)
∣∣ ≤ ηαkt−

N
2p−1−igk(t)|x|2Uω,k

+ (|x|) (4.14)

for all (x, t) ∈ Dε(T ) and all i ∈ N0 with 2i ≤ l + 1.

Proof. Let i ∈ N0 and put vi = ∂i
tv. Let T and ε be positive constants given in

Lemma 4.1. Let W be the function constructed in Lemma 4.1 with γ = N/2p + i. For
any η1 > 0, we put

vi(x, t) = ηαk
1 W (x, t)

for all (x, t) ∈ Dε(T ). Then, taking a sufficiently large T and η1 if necessary, by Lemma
2.3, we have

|vi(x, t)| ≤ vi(x, t) on Γε(T ).

So, by the comparison principle, we have

|vi(x, t)| ≤ vi(x, t) in Dε(T ).
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This inequality together with (2.8), (3.7), and (4.4) implies

|vi(x, t)| ≤ ηαk
1 t−

N
2p−igk(t)Uk(|x|)

³ ηαk
1 t−

N
2p−igk(t)Uω,k

µ,L(|x|) ¹ ηαk
1 t−

N
2p−igk(t)Uω,k

+ (|x|)

for all (x, t) ∈ Dε(T ), and we obtain the inequality (4.13). On the other hand, since

(∂i
tw)(x, t) = FVk

L

[
(∂i+1

t v)(·, t)](|x|) (4.15)

for all (x, t) ∈ ΩL × (0,∞), by (3.8), (3.25) and (4.13), we have (4.14), and the proof of
Lemma 4.2 is complete. ¤

Furthermore we have the following lemma on the time derivatives of ∂rv and ∂rw.

Lemma 4.3. Assume the same assumptions as in Lemma 4.2. Then there exist
positive constants T , η, and ε, independent of k, such that

∣∣∂i
t∂rv(x, t)

∣∣ ≤ ηαkt−
N
2p−igk(t)|x|−1Uω,k

+ (|x|), (4.16)
∣∣∂i

t∂rw(x, t)
∣∣ ≤ ηαkt−

N
2p−1−igk(t)|x|Uω,k

+ (|x|) (4.17)

for all (x, t) ∈ Dε(T ) and all i ∈ N0 with 2i ≤ l + 1.

Proof. By (3.8), (3.26), (4.13), and (4.15), we have (4.17). So we prove (4.16).
Put vi = ∂i

tv and wi = ∂i
tw. Then vi and wi satisfy

∂tvi = ∆wi − Vk(|x|)wi

by the definition of FVk

L . By the uniqueness of the initial value problem for the ordinary
differential equation, there exists a function ζ(t) in (0,∞) such that

vi(x, t) = ζ(t)UVk

µ,L(|x|) + wi(x, t) (4.18)

for all (x, t) ∈ ΩL×(0,∞). Furthermore, by (3.8), (3.25), (4.13), (4.14), and (4.18), there
exist constants C1, C2, T , η1, and ε such that

|ζ(t)|Uk(ε(1 + t)1/2) ≤ |vi(x, t)|
∣∣∣∣
|x|=ε(1+t)1/2

+ |wi(x, t)|
∣∣∣∣
|x|=ε(1+t)1/2

≤ C1t
− N

2p−i + C1η
αk
1 t−

N
2p−i−1gk(t)|x|2Uω,k

+ (|x|)
∣∣∣∣
|x|=ε(1+t)1/2

≤ C1t
− N

2p−i + C2η
αk
1 t−

N
2p−igk(t)Uω,k

+ (ε(1 + t)1/2)



Decay rates of derivatives 883

for all t ≥ T . This together with (4.10) implies that there exists a constant η2 such that

|ζ(t)| ≤ ηαk
2 t−

N
2p−igk(t), t ≥ T, k ∈ N0. (4.19)

In addition, by (3.6), (4.17), and (4.18), there exists a constant η3 such that

|(∂rvi)(x, t)| ≤ |ζ(t)|(∂rU
Vk

µ,L

)
(|x|) + |∂rwi(|x|, t)|

¹ ηαk
2 (k + 1)t−

N
2p−igk(t)

( |x|
L

)αk−1

+ ηαk
1 t−

N
2p−i−1gk(t)|x|Uω,k

+ (|x|)

≤ ηαk
3 t−

N
2p−igk(t)Uω,k

+ (|x|)|x|−1

for all (x, t) ∈ Dε(T ) and k ∈ N0. So we obtain (4.16), and the proof of Lemma 4.3 is
complete. ¤

We give upper estimates on the spatio-temporal derivatives of v and w.

Lemma 4.4. Assume the same assumptions as in Lemma 4.2. Then there exist
positive constants T , η, and ε, independent of k, such that

∣∣∂i
t∂

j
rv(x, t)

∣∣ ≤ ηαkt−
N
2p−igk(t)|x|−jUω,k

+ (|x|), (4.20)
∣∣∂i

t∂
j
rw(x, t)

∣∣ ≤ ηαkt−
N
2p−1−igk(t)|x|2−jUω,k

+ (|x|) (4.21)

for all (x, t) ∈ Dε(T ), i ∈ N0 with 2(i + 1) ≤ l + 1, and j = 2, . . . , l + 2.

Proof. Let i ∈ N0 with 2(i + 1) ≤ l + 1. As in the proof of Lemma 4.3, put
vi = ∂i

tv. Then, by (V l
ω)–(iii) and (P k

µ ), vi satisfies

∣∣∂2
rvi

∣∣ =
∣∣∣∣−

N − 1
r

∂rvi + V (|x|)vi +
ωk

|x|2 vi + ∂tvi

∣∣∣∣

≤ N − 1
r

|∂rvi|+ C

r2
|vi|+ (1 + t)

|x|2 |vi+1| (4.22)

for all (x, t) ∈ D1(T ), where C is a positive constant. This inequality together with
Lemmas 4.2 and 4.3 implies the inequality (4.20) with j = 2. Furthermore, since vi

satisfies

∂3
rvi =

N − 1
r2

∂rvi − N − 1
r

∂2
rvi +

(
V ′ − 2

ωk

r3

)
vi + V ∂rvi + ∂r∂tvi (4.23)

in ΩL×(0,∞), we may obtain the inequality (4.20) with j = 3. Repeating this argument,
we obtain the inequality (4.20). Furthermore, by (3.24), (4.14), (4.17), and (4.20), we
obtain (4.21), and the proof of Lemma 4.4 is complete. ¤
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Finally, we give estimates on the derivatives of v for the case (1.12).

Lemma 4.5. Assume that ψ is a radial function such that ‖ψ‖Lp(ΩL) = 1 with
p ≥ 1. Let v be the solution of (P k

µ ) with v(·, 0) = ψ(·) and k = 0, under the condition
(1.12). Then, for any j ∈ NN

0 with |j| ≥ n+1 and i ∈ N0, there exist positive constants
C, T , and ε such that

∣∣∂i
t∇j

xv(x, t)
∣∣ ≤ Ct−

N
2p− 1

2−i−n
2 (4.24)

for all (x, t) ∈ Dε(T ).

Proof. By (1.12), we have

UV
µ,L(x) = c

( N∑

i=1

x2
i

)n′

, Uω
+(r) =

(
r

L

)n

, g(t : ω) = (1 + t)−
n
2 ,

where n = 2n′ and c is a positive constant. (See also Proposition 3.3). Put vi(x, t) =
∂i

tv(x, t) and wi(x, t) = FV
L [vi+1](|x|). Let j ∈ NN

0 with |j| ≥ n+1. Then ∇j
xUV

µ,L(|x|) ≡
0 in ΩL, and by (4.18), we have ∇j

xvi(x, t) = ∇j
xwi(x, t) for all (x, t) ∈ ΩL × (0,∞).

Therefore, by the radial symmetry of wi and the inequality (4.21) with k = 0, there exist
positive constants T and ε such that

∣∣(∇j
xvi)(x, t)

∣∣ ¹
|j|∑

m=1

|(∂m
r wi)(x, t)|
|x||j|−m

¹ t−
N
2p−1−i−n

2 |x|n+2−|j|

¹ t−
N
2p−1−i−n

2 |x| ¹ t−
N
2p− 1

2−i−n
2

for all (x, t) ∈ Dε(T ), and the proof of lemma 4.5 is complete. ¤

Remark 4.1. If the Lp-norm of the initial value is not 1, then all the right-hand
terms in the estimates in Lemmas 4.2, 4.3 and 4.4 must be multiplied by ‖ψ‖Lp(ΩL).

5. Upper bounds of derivatives of solutions.

In this section, we prove the following two propositions, which are mentioned in
Section 1 as upper estimates, by using lemmas given in the previous sections.

Proposition 5.1. Assume the same assumptions as in Theorem 1.1. Then, for
any p ≥ 1 and j ∈ NN

0 with |j| ≤ l + 1,

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ¹ t−
N
2p−min{α(ω),|j|}

2 (5.1)

for all sufficiently large t.

Proposition 5.2. Assume the same assumptions as in Theorem 1.2. Then, for
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any p ≥ 1 and j ∈ NN
0 with |j| ≥ n + 1,

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ¹ t−
N
2p−

α(ωn+ω1)
2 (5.2)

for all sufficiently large t.

Proof of Proposition 5.1. Let uV
µ be the solution of (1.1) with φ ∈ C0(ΩL).

By the same arguments as in [3] and [4], φ can be expanded in the Fourier series, that
is, there exist radial functions {φk,i} ⊂ L2(ΩL) such that

φ(x) =
∞∑

k=0

lk∑

i=1

φk,i(|x|)Qk,i

(
x

|x|
)

in L2(ΩL). (5.3)

Let uk,i
µ be a solution of (1.1) with the initial data φk,i(|x|)Qk,i(x/|x|) and vk,i

µ a radial
solution of (P k

µ ) with the initial data φk,i. By the uniqueness of the solution of (1.1), we
see that

uk,i
µ (x, t) = vk,i

µ (x, t)Qk,i

(
x

|x|
)

, (x, t) ∈ ΩL × (0,∞), (5.4)

where k ∈ N0 and i = 1, . . . , lk. On the other hand, by the standard elliptic regularity
theorem and ‖Qk,i‖L2(SN−1) = 1, for any n ∈ N , we have

‖Qk,i‖C2n(SN−1) ¹ (1 + ωk)‖∆SN−1Qk,i‖C2(n−1)(SN−1)

¹ (1 + ωk)n+1 ³ (k + 1)2n+2 (5.5)

for all k ∈ N0 and i = 1, . . . , lk. Furthermore the eigenspace of ∆SN−1 corresponding to
ωl is spanned by the functions ∇j

x|x| for j ∈ NN
0 with |j| = l, and we have

lk ≤ Nk. (5.6)

By the orthogonality of {Qk,i}k,i, we have

∫

ΩL

uk1,i1
µ (x, t)uk2,i2

µ (x, t)dx = 0 (5.7)

for all t ≥ 0 if (k1, i1) 6= (k2, i2). On the other hand, for any t > 0,

uV
µ (x, t) = lim

m→∞

m∑

k=0

lk∑

i=1

vk,i
µ (x, t)Qk,i

(
x

|x|
)

(5.8)

holds uniformly for all x ∈ ΩL. Hence we have
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∫

∂B(0,|x|)
uV

µ (x, t)Qk,i

(
x

|x|
)

dσ = vk,i
µ (x, t)

∫

∂B(0,|x|)

∣∣∣∣Qk,i

(
x

|x|
)∣∣∣∣

2

dσ

= |x|N−1vk,i
µ (x, t)

for all (x, t) ∈ ΩL × (0,∞). Then, by (5.5) and the Jensen inequality, we have

|x|N−1
∣∣vk,i

µ (x, t)
∣∣p ≤ |x|(N−1)(1−p)

( ∫

∂B(0,|x|)

∣∣uV
µ (x, t)

∣∣
∣∣∣∣Qk,i

(
x

|x|
)∣∣∣∣dσ

)p

¹ (k + 1)2p

∫

∂B(0,|x|)

∣∣uV
µ (x, t)

∣∣pdσ

for all (x, t) ∈ ΩL × (0,∞) and k ∈ N0. So, by (2.12), we have

∥∥vk,i
µ (·, t)

∥∥
Lp(ΩL)

¹
( ∫ ∞

L

rN−1
∣∣vk,i

µ (r, t)
∣∣pdr

)1/p

¹ (k + 1)2
∥∥uV

µ (·, t)∥∥
Lp(ΩL)

¹ (k + 1)2‖φ‖Lp(ΩL) (5.9)

for all t > 0 and k ∈ N0.
Let j ∈ NN

0 with |j| ≤ l+1. Let k ∈ N and i = 1, . . . , lk. By (1.6), (5.4), and (5.5),
we have

∣∣∇j
xuk,i

µ (x, t)
∣∣ ¹ (k + 1)l+3

|j|∑
m=0

|∂m
r vk,i

µ (x, t)|
|x||j|−m

, (x, t) ∈ ΩL × (0,∞). (5.10)

Since Dε1(T ) ⊂ Dε2(T ) if ε1 ≤ ε2, by Lemmas 4.2, 4.3, 4.4, Remark 4.1 and (5.9), there
exist positive constants η1, η2, η3, T∗, and ε∗ such that

|∂m
r vk,i

µ (x, t + t0)|
|x||j|−m

¹ ηαk
1 t−

N
2p gk(t)Uω,k

+ (|x|)|x|−|j|∥∥vk,i
µ (·, t0)

∥∥
Lp(ΩL)

¹ (k + 1)2ηαk
2 t−

N
2p−

αk
2 |x|αk−|j|‖φ‖Lp(ΩL)

¹ (k + 1)2ε[αk−|j|]+ηαk
3 t−

N
2p−

αk
2 t

[αk−|j|]+
2 ‖φ‖Lp(ΩL)

¹ (k + 1)2ε[αk−|j|]+ηαk
3 t−

N
2p−

min{αk,|j|}
2 ‖φ‖Lp(ΩL)

for all (x, t) ∈ Dε(T∗) with 0 < ε ≤ ε∗, t0 > 0, and m = 0, 1, . . . , |j|, where αk = α(ω+ωk).
Letting t0 → 0, we obtain

|∂m
r vk,i

µ (x, t)|
|x||j|−m

¹ (k + 1)2ε[αk−|j|]+ηαk
3 t−

N
2p−

min{αk,|j|}
2 ‖φ‖Lp(ΩL)
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for all (x, t) ∈ Dε(T∗) with 0 < ε ≤ ε∗ and m = 0, 1, . . . , |j|. This inequality together
with (5.10) implies that

∣∣∇j
xuk,i

µ (x, t)
∣∣ ¹ (k + 1)l+5ε[αk−|j|]+ηαk

3 t−
N
2p−

min{αk,|j|}
2 ‖φ‖Lp(ΩL) (5.11)

for all (x, t) ∈ Dε(T∗) with 0 < ε ≤ ε∗. Let 0 < ε ≤ ε∗ and Tε be a positive constant such
that Tε > T∗ and ε(1 + Tε)1/2 ≥ L + 2. By (2.9) and (5.11), taking a sufficiently small ε

if necessary, we see

∣∣∇j
xuk,i

µ (x, t)
∣∣ ¹ 1

2kNk
t−

N
2p−

min{αk,|j|}
2 ‖φ‖Lp(ΩL) (5.12)

for all (x, t) ∈ Dε(Tε), k ∈ N , and i = 1, . . . , lk. Similarly, for the case k = 0, we have

∣∣∇j
xu0,1

µ (x, t)
∣∣ =

∣∣∇j
xv0,1

µ (x, t)
∣∣ ¹

|j|∑
m=1

|(∂m
r v0,1

µ )(x, t)|
|x||j|−m

¹ t−
N
2p−

min{α0,|j|}
2 ‖φ‖Lp(ΩL) (5.13)

for all (x, t) ∈ Dε(Tε). By (5.6), (5.12), and (5.13), we obtain

∣∣(∇j
xuV

µ )(x, t)
∣∣ ≤ lim sup

m→∞

m∑

k=0

lk∑

i=1

∣∣(∇j
xuk,i

µ )(x, t)
∣∣

¹ t−
N
2p−

min{α0,|j|}
2 ‖φ‖Lp(ΩL)

∞∑

k=0

lk∑

i=1

1
2kNk

¹ t−
N
2p−

min{α0,|j|}
2 ‖φ‖Lp(ΩL) (5.14)

for all (x, t) ∈ Dε(Tε). On the other hand, by Lemma 2.3, we have

∣∣(∇j
xuV

µ )(x, t)
∣∣ ¹ t−

N
2p− |j|2 ‖φ‖Lp(ΩL) (5.15)

for all (x, t) 6∈ Dε(Tε). Therefore, by (5.14) and (5.15), we obtain

∣∣(∇j
xuV

µ )(x, t)
∣∣ ¹ t−

N
2p−min{α(ω),|j|}

2 ‖φ‖Lp(ΩL) (5.16)

for all (x, t) ∈ ΩL with t ≥ Tε, where φ ∈ C0(ΩL). Since C0(ΩL) is a dense subset of
Lp(ΩL), the inequality (5.16) holds for all φ ∈ Lp(ΩL), and the proof of Proposition 5.1
is complete. ¤

Proof of Proposition 5.2. By (1.12), V satisfies the condition (V l
ω) with ω =

ωn and l = 0, 1, 2, . . . . Let j ∈ NN
0 with |j| ≥ n + 1 = 2n′ + 1. Let uV

µ be the solution of
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(1.1) with φ ∈ C0(ΩL) and uk,i
µ a function given in the proof of Proposition 5.1. By the

same argument as in the proof of (5.13) and Lemma 4.5, for any sufficiently small ε > 0,
there exists a positive constant Tε such that

∣∣(∇j
xu0,1

µ )(x, t)
∣∣ ¹ t−

N
2p−n+1

2 ‖φ‖Lp(ΩL) (5.17)

for all (x, t) ∈ Dε(Tε).
On the other hand, as discussed in Section 1 (see (1.20)), by the same argument as

in the proof of (5.14), taking a sufficiently small ε > 0 if necessary, we have

lim sup
m→∞

m∑

k=1

lk∑

i=1

∣∣(∇j
xuk,i

µ )(x, t)
∣∣ ¹ t−

N
2p−

min{α(ωn+ω1),|j|}
2 ‖φ‖Lp(ΩL) (5.18)

for all (x, t) ∈ Dε(Tε). Since α(ωn + ω1) is the nonnegative root of the equation, α(α +
N − 2) = n(N + n− 2) + N − 1, we see that α(ωn + ω1) ≤ α(ωn) + 1 = n + 1. Therefore,
by (5.17), (5.18), and |j| ≥ n + 1, we have

∣∣(∇j
xuV

µ )(x, t)
∣∣ ¹ t−

N
2p−

α(ωn+ω1)
2 ‖φ‖Lp(ΩL) (5.19)

for all (x, t) ∈ Dε(Tε). Furthermore, by (5.15) and (5.19), taking a sufficiently small ε if
necessary, we have

∣∣(∇j
xuV

µ )(x, t)
∣∣ ¹ t−

N
2p−

α(ωn+ω1)
2 ‖φ‖Lp(ΩL) (5.20)

for all (x, t) ∈ ΩL × (Tε,∞), where φ ∈ C0(ΩL). Furthermore, since C0(ΩL) is a dense
subset of Lp(ΩL), we have the inequality (5.20) for all φ ∈ Lp(ΩL), and the proof of
Proposition 5.2 is complete. ¤

6. Proofs of Theorems 1.1 and 1.2.

In this section we consider the asymptotic behavior of the derivatives of the radial
solution v of (1.1) for some initial data ψ ∈ C0(ΩL) and complete proofs of Theorems
1.1 and 1.2.

Proposition 6.1. Let R > 0, ω ≥ 0, and ψ(6≡ 0) be a nonnegative, radial function
belonging to C0(ΩR). Let v be a radial solution of





∂tv = ∆v − ω

|x|2 v in ΩR × (0,∞),

v(x, t) = 0 on ∂ΩR × (0,∞),

v(x, 0) = ψ(x) in ΩR.

(6.1)

Then, for any p ∈ [1,∞],
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‖v(·, t)‖Lp(ΩR) ³ t−
N
2 (1− 1

p )−α(ω)
2 (6.2)

holds for all sufficiently large t. Furthermore there exists a positive constant ε∗ such that,
for any 0 < ε ≤ ε∗,

v(x, t)
∣∣∣∣
|x|=ε(1+t)1/2

³ εα(ω)t−
N+α(ω)

2 , t > T (6.3)

holds with suitably chosen T = T (ε).

Proof. Put

z(y, s) = (1 + t)
N+α

2 v(x, t), y = (1 + t)−
1
2 x, s = log(1 + t), (6.4)

where α = α(ω). Then the function z satisfies





∂sz =
1
ρ
div (ρ∇yz) +

N + α

2
z − ω

|y|2 z in W,

z = 0 on ∂W,

z(y, 0) = ψ(y) in ΩR,

(6.5)

where ρ(y) = exp(|y|2/4) and

Ω(s) = e−s/2ΩR, W =
⋃

0<s<∞
(Ω(s)× {s}), ∂W =

⋃
0<s<∞

(∂Ω(s)× {s}).

Put

ϕ(y) = c0|y|α(ω) exp(−|y|2/4),

where c0 is a positive constant such that ‖ϕ‖L2(RN ,ρdy) = 1. Then, since

∫

ΩR

v(x, t)Uω
1,R(|x|)dx =

∫

ΩR

φ(x)Uω
1,R(|x|)dx > 0, t ≥ 0,

by the same argument as in the proof of Lemma 6.1 in [4], we see that

a ≡
∫

ΩR

φ(x)Uω
1,R(|x|)dx = lim

s→∞

∫

Ω(s)

z(y, s)ϕ(y)ρ(y)dy > 0. (6.6)

Furthermore, by the same argument as in the proof of Lemmas 3.3 and 3.4 in [4], for any
r1 and r2 with 0 < r1 < r2, we have
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sup
s>0

‖z(·, s)‖L2(Ω(s),ρdy) < ∞, (6.7)

sup
s>0

‖z(·, s)‖L∞({y : |y|≥r1}) < ∞, (6.8)

lim
s→∞

‖z(·, s)− aϕ‖C({y : r1≤|y|≤r2}) = 0. (6.9)

By (6.6), (6.7) and (6.9), we have ‖z(·, s)‖L1(Ω(s)) ³ 1 for all sufficiently large s. So, by
(6.8) and (6.9), for any p ∈ [1,∞], we have ‖z(·, s)‖Lp(Ω(s)) ³ 1 for all sufficiently large
s, and obtain (6.2).

On the other hand, by the same argument as in (4.18), there exists a function ζ in
(0,∞) such that

v(x, t) = ζ(t)UV
0,R(|x|) + FV

L [(∂tv)(·, t)](|x|) (6.10)

for all (x, t) ∈ ΩR× (0,∞) with V = ω/r2. By (6.2) with p = ∞, we may apply the same
arguments as in the proof of Lemma 4.2 with γ = (N + α(ω))/2 to v. Then we see that
there exist positive constants ε∗ and T∗ such that

∣∣FV
L [(∂tv)(·, t)](|x|)∣∣ ¹ t−

N
2 −α(ω)−1|x|α(ω)+2 (6.11)

for all (x, t) ∈ Dε∗(T∗). Therefore, by (3.9), (6.9), (6.10), (6.11), and the same arguments
as in the proof of (4.19), we may take a sufficiently small ε̃ so that

ζ(t) =
[
UV

0,R(ε̃(1 + t)1/2)
]−1[

v(x, t)− FV
L [∂tv](|x|)]

∣∣∣∣
|x|=ε̃(1+t)1/2

³ ε̃−αt−
α
2

[
t−

N+α
2 + O(ε̃α+2)t−

N+α
2

]
³ t−

N
2 −α (6.12)

for all sufficiently large t. Then, by (6.10)–(6.12) and the similar argument as in (6.12),
we have (6.3), and the proof of Proposition 6.1 is complete. ¤

Proof of Theorem 1.1. Assume (V l
ω). Let ω̃ be a constant such that ω̃ > ω

and

α(ω̃) < α(ω) + 1. (6.13)

Then, by (V l
ω)–(i), we may take a sufficiently large R so that

V (r) ≤ ω̃

r2
, r ≥ R.

Let p ≥ 1 and ψ(6≡ 0) be a nonnegative, radial function belonging to C0(ΩR). Let v be a
solution of (6.1) with ω replaced by ω̃. For any T > 0, let uV

T be a solution of (1.1) with
the initial data φ(·) = v(·, T )/‖v(·, T )‖Lp(ΩR). Here we remark that



Decay rates of derivatives 891

∥∥uV
T (·, 0)

∥∥
Lp(ΩL)

= 1. (6.14)

By the comparison principle, (6.2), and (6.3), for any sufficiently small ε > 0, there exists
a positive constant Tε such that

uV
T (x, T ) ≥ v(x, 2T )

‖v(·, T )‖Lp(ΩR)
³ T

N
2 (1− 1

p )+
α(ω̃)

2 v(x, 2T )

º εα(ω̃)T−
N
2p (6.15)

for all (x, T ) ∈ ΩL × (Tε,∞) with |x| = ε(1 + 2T )1/2 > max{R, 2L + 2}.
On the other hand, there exists a function ζV (t) such that

uV
T (x, t) = ζV (t)UV

µ,L(|x|) + FV
L

[
∂tu

V
T

]
(|x|) (6.16)

for all x ∈ ΩL. By Lemmas 4.2–4.4 and (6.14), taking a sufficiently small ε and sufficiently
large Tε if necessary, we have

∣∣∂j
rFV

L [∂tu
V
T ](|x|)∣∣ ¹ t−

N
2p−1−α(ω)

2 |x|2−|j|+α(ω) (6.17)

for all (x, t) ∈ Dε(Tε) and j ∈ N0 with |j| ≤ l + 2. Furthermore, by (6.13) and (6.15)–
(6.17), there exist positive constants C1, C2, and C3 such that

ζV (T )UV
µ,L(|x|) ≥ uV

T (x, T )− ∣∣FV
L [∂tu

V
T ](|x|)∣∣

≥ C1ε
α(ω̃)T−

N
2p − C2ε

α(ω)+2T−
N
2p º εα(ω)+1T−

N
2p

for all x ∈ ΩL with L + 1 < |x| = ε(1 + 2T )1/2/2 < ε(1 + T )1/2 and T ≥ Tε. Therefore,
by (2.5) and (3.7), we have

ζV (T ) º T−
N
2p−α(ω)

2 (6.18)

for all sufficiently large T . Therefore, by (6.16)–(6.18), there exist positive constants C3

and C4 such that

∣∣∇j
xuV

T (x, T )
∣∣ ≥ ζV (T )

∣∣∇j
xUV

µ,L(x)
∣∣− C3

|j|∑
m=1

∣∣∂m
r FV

L [∂tu
V
T ](|x|)∣∣|x|m−|j|

≥ C4T
− N

2p−α(ω)
2

∣∣∇j
xUV

µ,L(x)
∣∣− C4T

− N
2p−1−α(ω)

2 |x|2+α(ω)−|j| (6.19)

for all L < |x| ≤ ε(1 + T )1/2, T ≥ Tε, and j ∈ NN
0 with |j| ≤ l.

Let j ∈ NN
0 with |j| ≤ l. By the assumption of Theorem 1.1 and Proposition 3.3,

there exists a point x0 ∈ ΩL such that (∇j
xUV

µ,L)(x0) 6= 0. Then, by (6.19), there exist
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positive constants C5 and C6 such that

∣∣(∇j
xuV

T )(x0, T )
∣∣ ≥ C5T

− N
2p−α(ω)

2 − C6T
− N

2p−α(ω)
2 −1 º T−

N
2p−α(ω)

2 (6.20)

for all sufficiently large T . This inequality together with (6.14) implies

∥∥∇j
xGV

µ (T )
∥∥

p→∞ º T−
N
2p−α(ω)

2 (6.21)

for all sufficiently large T . This together with Proposition 5.1 implies (1.10) and (1.11),
and the proof of Theorem 1.1 is complete. ¤

Proof of Theorem 1.2. Let uV1
T be a function given in the proof of Theorem

1.1 with V (r) = (ωn + ω1)/r2. Put

ũV
T (x, t) = uV1

T (x, t)
x1

|x| .

Then ũV
T is a solution of (1.1) with V (r) = ωn/r2.

Let j = (j1, . . . , jN ) ∈ NN
0 with |j| ≥ n + 1. Put j′ = (j1 + 1, j2, . . . , jN ) and

Ũωn+ω1
µ,L (r) =

∫ r

L

Uωn+ω1
µ,L (s)ds

Then, by (2.5), we see that Ũωn+ω1
µ,L (r) ³ rα(ωn+ω1)+1 for all sufficiently large r. If

∇j′
x Ũωn+ω1

µ (|x|) ≡ 0 in ΩL, then, by the same argument as in the proof of (3.33), we see
that Ũωn+ω1

µ,L (r) is a polynomial. This contradicts α(ωn + ω1) 6∈ N if n ≥ 1. If n = 0, by
(1.12),

Uωn+ω1
µ,L (r) = Uω1

0,L(r) =
1
N

(
r

L

)−(N−1)

+
N − 1
LN

r,

and Ũωn+ω1
µ (r) is not a polynomial. So we have

∇j′
x Ũωn+ω1

µ (|x|) = ∇j
x

[
Uωn+ω1

µ (|x|) x1

|x|
]
6≡ 0 in ΩL.

By the similar arguments in (6.16)–(6.20) and ω = ωn +ω1, there exist positive constants
C1 and C2 such that

∣∣(∇j
xũV

T )(x0, T )
∣∣ ≥ C1T

−N
2 −

α(ωn+ω1)
2 − C2T

−N
2 −α(ωn+ω1)−1

º T−
N
2 −

α(ωn+ω1)
2

for all sufficiently large T . Furthermore, since ‖ũV
T (·, 0)‖Lp(ΩL) ³ 1, we obtain
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∥∥∇j
xGV

µ (T )
∥∥

p→∞ º T−
N
2p−

α(ωn+ω1)
2

for all sufficiently large T . Therefore, this inequality together with Propositions 5.1 and
5.2 implies (1.13) and (1.14), and the proof of Theorem 1.2 is complete. ¤

Next, we give a result on the estimates of the decay rates of L∞loc-norm of the deriva-
tives of the solutions to (1.1). For any R > L, we put

∥∥∇j
xGV

µ (t)
∥∥

R:p→∞ = sup
{∥∥(∇j

xuV
µ )(·, t : φ)

∥∥
L∞(B(0,R)∩ΩL)

: ‖φ‖Lp(ΩL) = 1
}
.

Then we have the following result on the decay rate of ‖∇j
xGV

µ (t)‖R:p→∞ as t →∞.

Theorem 6.1. Let N ≥ 3 and consider the initial-boundary value problem (1.1)
under the condition (V l

ω) with ω ≥ 0 and l ∈ N . Let p ≥ 1 and R > L.

(i) Assume (1.9) for any n′ ∈ N0 with 2n′ ≤ l + 2. Then, for any j ∈ NN
0 with

|j| ≤ l + 2,

∥∥∇j
xGV

µ (t)
∥∥

R:p→∞ ³ t−
N
2p−α(ω)

2 (6.22)

for all sufficiently large t.
(ii) Assume (1.12). Then, for any j ∈ NN

0 ,

∥∥∇j
xGV

µ (t)
∥∥

R:p→∞ ³ t−
N
2p−α(ω)

2 if |j| ≤ 2n′, (6.23)

‖∇j
xGV

µ (t)‖R:p→∞ ³ t−
N
2p−

α(ω+ω1)
2 if |j| > 2n′ + 1 (6.24)

for all sufficiently large t.

Proof. By the condition (V l
ω), UV

µ,L ∈ Cl+2([1,∞)). Then, by (2.9), in a similar
way to the proof of Theorem 1.1, for any R > L, there exist constants η and T such that

∣∣∇j
xuk,i

µ (x, t)
∣∣ ¹ (k + 1)l+5ηαk(ω)t−

N
2p−

αk(ω)
2 ‖φ‖Lp(ΩL)

¹ (k + 1)l+5ηαk(ω)t−
N
2p−α(ω)

2 T−
αk(ω)−α(ω)

2 ‖φ‖Lp(ΩL)

¹ 1
2kNk

t−
N
2p−α(ω)

2 ‖φ‖Lp(ΩL)

for all x ∈ ΩL∩B(0, R), t ≥ T , k ∈ N , and i = 1, . . . , lk, instead of (5.11). Therefore, by
the same argument as in the proof of Proposition 5.1, we have (6.22) with ³ replaced by
¹. Furthermore, by the same argument as in the proof of (6.21), we have (6.22) with ³
replaced by º, and obtain (6.22). Similarly, we obtain (6.23) and (6.24), and the proof
of Theorem 6.1 is complete. ¤
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Next, for the solution uV
µ of (1.1), we put

ûV
µ (r, θ, t) = uV

µ (x, t), r = |x|, θ =
x

|x| , (6.25)

and consider the decay rate of r−|j|∇j
θû

V
µ as t → ∞. For any k = 0, 1, . . . and i =

1, . . . , lk, Qk,i is a polynomial in the variable θ of the degree k, and so we see that there
exists J ∈ NN

0 with |J | = k such that ∇J
θ Qk,i 6≡ 0 in SN−1 and that ∇j

θQk,i ≡ 0 on
SN−1 for all j ∈ NN

0 with |j| ≥ k + 1. Therefore, in a similar way to the proof of
Theorem 1.2, we have the following result.

Theorem 6.2. Let N ≥ 3 and consider the initial-boundary value problem (1.1)
under the condition (V l

ω) with ω ≥ 0 and l ∈ N . Let p ≥ 1. Then, for any j ∈ NN
0 with

|j| ≤ l + 1,

∥∥r−|j|∇j
θG

V
µ (t)

∥∥
p→∞ ¹ t−

N
2p− |j|2

for all sufficiently large t. Here

∥∥r−|j|∇j
θG

V
µ (t)

∥∥
p→∞ = sup

{∥∥r−|j|(∇j
θû

V
µ )(r, θ, t : φ)

∥∥
L∞((L,∞)×SN−1)

: ‖φ‖Lp(ΩL) = 1
}
.

By Theorem 6.2, we have

sup
x∗=(x1,0,...,0)∈ΩL

∣∣(∇j
xuV

µ )(x∗, t : φ)
∣∣ ¹ t−

N
2p− |j|2 ‖φ‖Lp(ΩL)

for all j = (0, j2, . . . , jN ) with |j| ≤ l + 1.

7. Decay rate of the derivatives of the solution for the case N = 2.

In this section, we treat the two dimensional case. We first consider the cases either

N = 2 and ω > 0 (7.1)

or

N = 2, µ = 0, and V ≡ 0 on [L,∞). (7.2)

For these cases, by the same arguments as in the proof of Proposition 3.1, we see that

UV
µ,L(r) ³ α− µα− Lµ

α + β

(
r

L

)−β

+
Lµ− βµ + β

α + β

(
r

L

)α

for all r ≥ L, where α = α(ω) and β(ω) = N − 2 + α(ω) = α(ω). Furthermore, applying
the same arguments as in the previous sections, we have the following theorems.
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Theorem 7.1. Assume either (7.1) or (7.2). Then Theorems 1.1, 1.2, 6.1, and
6.2 hold true.

Next, we consider the cases either

(N, ω) = (2, 0) and µ > 0 (7.3)

or

(N, ω, µ) = (2, 0, 0) and V 6≡ 0 on [L,∞). (7.4)

Then we see that

U0
µ,L(r) = 1− µ + µ log

(
r

L

)
.

For these cases either (7.3) or (7.4), we say that the function V satisfies the condition
(Ṽ l

ω) if V satisfies the condition (V l
ω) with the condition (ii) replaced by

∫ ∞

L

∣∣∣∣V (r)− ω

r2

∣∣∣∣r log
(

2r

L

)
dr =

∫ ∞

L

V (r)r log
(

2r

L

)
dr < ∞.

We assume (Ṽ l
ω) instead of (V l

ω), and study the decay rate of the derivatives of the
solution of (1.1). We first prove the following proposition, instead of Proposition 3.1 for
the case k = 0.

Proposition 7.1. Consider the cases either (7.3) or (7.4). Assume (Ṽ l
ω). Then,

for any 0 ≤ µ ≤ 1,

0 ≤ d

dr
UV

µ,L(r) ¹ r−1, (7.5)

UV
µ,L(r) ³ 1− µ + log

(
r

L

)
(7.6)

for all r > L.

Proof. For the case (7.3), we have UV
µ,L(r) = U0

µ,L(r) on [L,∞), and, by µ > 0,
we obtain (7.5) and (7.6). So we consider the case (7.4), and assume that V 6≡ 0 on
[L,∞). Put

U0
+(r) = log

(
r

L

)
, U0

−(r) = 1, ι(r) = r log
(

2r

L

)
,

instead of (2.1). Then, by the same arguments as in the proof of Lemma 3.1, we see that
Lemma 3.1 holds with (3.25) and (3.26) replaced by
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∣∣H0,0
R [g]′(r)

∣∣ ≤ C1Ar−1

∫ r

R

ι(τ)|h0(τ)|dτ, (7.7)

∣∣H0,0
R [g](r)

∣∣ ≤ C1A log
(

r

R

) ∫ r

R

ι(τ)|h0(τ)|dτ, (7.8)

respectively, where R ≥ L and g is a continuous function satisfying

|g(r)| ≤ Ah0(r)
(

1− µ + log
(

r

R

))
.

On the other hand, by Lemma 3.1–(i), (ii), and V ≥ 0, UV
µ,L(r) ≥ 0 on [L,∞), and we

have

UV
µ,L(r) = U0

µ,L(r) + H0,0
L

[
h0U

V
µ,L

]
(r) ≥ U0

µ,L(r) (7.9)

for all r ≥ L. Then we have

UV
µ,L(r) ≥ U0

µ,L(r) + H0,0
L

[
h0U

0
µ,L

]
(r)

≥ 1− µ + µ log
(

r

L

)
+ (1− µ)

∫ r

L

s−1

( ∫ s

L

τV (τ)dτ

)
ds

≥ 1− µ + µ log
(

r

L

)
> 0 (7.10)

for all r > L. Let S be a positive constant to be chosen later such that S > L. By the
same arguments as in the proof of (2.4) and (3.13), for any 0 ≤ µ ≤ 1, we have

UV
µ,L(r) ³ U0

µ,L(r) ³ 1− µ + log
(

r

L

)
, L ≤ r ≤ S. (7.11)

Furthermore, since H0,0
L [h0U

0
µ,L]′(r) ≥ 0 on [L,∞), by (7.7), (7.9), and (7.11), we obtain

0 ≤ ∂rU
V
µ,L(r) ¹ r−1, L ≤ r ≤ S. (7.12)

Let ε′ be a sufficiently small positive constant. By V 6≡ 0 on [L,∞) and (Ṽ l
ω), we

may take a constant S > L such that

∫ ∞

S

ι(τ)|h0(τ)|dτ =
∫ ∞

S

ι(τ)V (τ)dτ < ε′, (7.13)

∫ S

L

τV (τ)dτ > 0. (7.14)

For r ≥ S, put



Decay rates of derivatives 897

i(r) =
∫ r

S

ι(τ)V (τ)dτ.

Put

U1(r) = U0
µ,S(r), Uj+1(r) = U0

µ,S(r) + H0,0
S [V Uj ](r), j = 1, 2, . . . .

Then, by (7.8) and (7.13), there exists a constant C2 such that

∣∣U2(r)− U0
µ,S(r)

∣∣ ≤ C2i(r) log
r

S
≤ C2i(r)U0

1,S(r).

Furthermore we have

∣∣U3(r)− U0
µ,S(r)

∣∣ ≤ [
C2i(r) + (C2i(r))2

]
log

r

S
.

By the same argument as in the proof of (3.21), taking a sufficiently small ε′ if necessary,
we have

∣∣UV
µ,S(r)− U0

µ,S(r)
∣∣ ≤ C2i(r) log

r

S
¹ log

(
r

S

)
, r ≥ S. (7.15)

By (7.11), (7.12), and (7.15), there exists a positive constant C3 such that

UV
µ,L(S)UV

0,S(r) ¹
(

1− µ + log
S

L

)(
1 + C3 log

r

S

)
¹ 1− µ + log

r

L
,

(
∂rU

V
µ,L

)
(S)UV

1,S(r) ¹ S−1

(
log

r

S
+ C3 log

r

S

)
¹ log

r

L

for all r ≥ S. So we have

UV
µ,L(r) = UV

µ,L(S)UV
0,S(r) + (∂rU

V
µ,L)(S)UV

1,S(r)

¹ 1− µ + log
r

L
(7.16)

for all r ≥ S. Furthermore, by (7.10) and (7.14), we have

UV
µ,L(r) º 1− µ + log

r

L
(7.17)

for all r ≥ S. Therefore, by (7.11), (7.16), and (7.17), we have (7.6). Furthermore, by
(7.6), (7.7), and (7.9), we have (7.5), and the proof of Proposition 7.1 is complete. ¤

Furthermore, we see that Proposition 3.1 for the case k ≥ 1 and Proposition 3.2
hold. Therefore, by the same arguments as in the proof of Theorems 1.1, 6.1, and 6.2,
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we have the following theorem.

Theorem 7.2. Let N = 2 and consider the initial-boundary value problem (1.1)
under the condition (Ṽ l

ω) with ω = 0 and l ∈ N . Let p ≥ 1, and R > L. Assume either
(7.3) or (7.4). Then, for any j ∈ NN

0 with |j| ≤ l + 1,

∥∥∇j
xGV

µ (t)
∥∥

p→∞ ³ ∥∥∇j
xGV

µ (t)
∥∥

R:p→∞ ³ t−
1
p (log t)−1,

∥∥r−|j|∇j
θG

V
µ (t)

∥∥
p→∞ ¹ t−

1
p− |j|2

for all sufficiently large t.

Finally, by Theorems 7.1 and 7.2, we see that Corollary 1.1 holds true for the case
N = 2.
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