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Abstract. Let KO�CPm� be the KO-ring of the complex projective space CPm.

By means of methods of rational D-series [4], a formula for the J-orders of elements of

KO�CPm� is given. Explicit formulas are given for computing the J-orders of the

canonical generators of KO�CPm� and the J-order of any complex line bundle over

CPm.

1. Introduction.

Let X be a connected ®nite-dimensional CW complex. Let KO�X� be the

KO-ring of X and ~KO�X � (resp. ~KSO�X �) be the subgroup of KO�X� of ele-

ments (resp. orientable elements) of virtual dimension zero. For a real vector

bundle E over X, let S�E� be the sphere bundle associated to E with respect

to some inner product on E. Let JO�X� � KO�X �=TO�X� be the J-group of

X, where TO�X � � fE ÿ F A ~KO�X� : S�El n� is ®bre homotopy equivalent to

S�F l n� for some n A Ng. Then by Adams [1] and Quillen [9], it is shown that

TO�X� �

�

x A ~KSO�X � : there exists u A ~KSO�X � such that

yk�x� �
ck�1� u�

1� u
in 1� ~KSO�X �nQk for all k A N

�

�1�

where yk : ~KSO�X � ! 1� ~KSO�X �nQk is the Bott exponential map, ck is the

Adams operation, Qk � fn=km
: n;m A Zg, and 1� ~KSO�X�nQk is the multi-

plicative group of elements 1� w with w A ~KSO�X�nQk.

Now, X is connected implies that KO�X� � ~KO�X�lZ. So, JO�X � �
~JO�X�lZ where ~JO�X� � ~KO�X�=TO�X �. For x A KO�X�, the J-order of

x is the order of x� TO�X � in JO�X�. By Atiyah [3], ~JO�X� is a ®nite

group. Hence, x A KO�X � has a ®nite J-order if and only if x A ~KO�X�. Let

ym � rxm�C� ÿ 2 where xm�C� is the complex Hopf line bundle over the

complex projective space CPm. Every element of ~KO�CPm� has the form
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Pm�ym;m1; . . . ;ms� � m1 ym � � � � �ms y
s
m for some mi A Z and s A N . The pur-

pose of this paper is to compute the J-order of Pm�ym;m1; . . . ;ms� which we

denote by bm�Pm�ym;m1; . . . ;ms��. In addition to their self importance, these

orders are of great importance in geometric topology, for instance, it is well-

known that the Stiefel ®bration U�n�=U�nÿmÿ 1� ! S2nÿ1 has a cross-section if

and only if n is a multiple of bm�Pm�ym; 1; 0; . . . ; 0��, computed by Adams-Walker

[2]. DibagÆ [5] has used (1) to give another proof of Lam's results [6], we redis-

cover his proof as a special case of Example 2 below.

In section 2, we ®rst obtain a useful formula for yp�y
n
m� for n � 1; . . . ; s.

Then we use (1) and some facts of rational D-series [4] to give, in Theorem 2.5, a

formula for bm�Pm�ym;m1; . . . ;ms��. The formula given in Theorem 2.5 involes

many di½culties and one can obtain a little information about the range of the J-

orders of elements of ~KO�CPm�. So instead, we use a well-known computations

of the J-order of ym to obtain, in Theorem 2.6, upper and lower bounds for

bm�Pm�ym;m1; . . . ;ms��.

There are two important examples in mind, namely the J-orders of the

canonical generators of ~KO�CPm� and the J-orders of complex line bundles over

CPm. In section 3 we ®rst obtain an explicit formula for the p-component of

the J-order of yk
m for k � 2; 3, or 4. For kb 5, we show that the formula is true

if p � 2; 3 or p > k. Then, we give an explicit formula for the J-order of any

complex line bundle over CPm.

2. The J-order of Pm�ym;m1; . . . ;ms� A ~KO�CPm�.

Let L be a non-trivial complex line bundle over CPm. Then LG xm�C�n,

or LG xm�C�n for some n A N , where xm�C� denotes the conjugate bundle to

xm�C�. Let KU�CPm� be the KU -ring of CPm. In Lemma 2.1, we ®nd the

image of xm�C�n under the reali®cation homomorphism

r : KU�CPm� ! KO�CPm�:

Note that r�xm�C�n� � r�xm�C�n�.

Recall that from [2], KO�CPm� is a truncated polynomial ring over the

integers generated by ym with the following relations:

y t�1
m � 0 if m � 2t;

2y2t�1
m � 0; y2t�2

m � 0 if m � 4t� 1;

y2t�2
m � 0 if m � 4t� 3:

For each m A N , let

dm �
t if m � 2t

2t� 1 if m � 4t� 1 or m � 4t� 3.

�
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For each r; s A N with rb s, let br; s be the coe½cient of �xm�C�s � xm�C�s�

in �xm�C� � xm�C� ÿ 2�r. Using the fact that xm�C�xm�C� � 1, we easily see

that:

br; s � �ÿ1�rÿs 2r

rÿ s

� �

: �2�

Further, br;0 is the constant term of �xm�C� � xm�C� ÿ 2�r.

Let n A N . For each s � 1; . . . ; n, de®ne dn; s by the recurrence relation

dn;n � 1 and for s � nÿ 1; nÿ 2; . . . ; 1

dn; s � ÿ�dn; s�1bs�1; s � dn; s�2bs�2; s � � � � � dn;nbn; s�: �3�

Convention. Let f A Zwymx, where Zwymx is the ring of formal power

series with coe½cients in Z. If we consider f as an element of KO�CPm�, then

we implicitly mean that f �mod ydm�1
m �.

Lemma 2.1. Let n;m A N . Then

(i) r�xm�C�n� � dn;1 ym � dn;2 y
2
m � � � � � dn;n y

n
m � 2.

(ii) cn�ym� � dn;1 ym � dn;2 y
2
m � � � � � dn;n y

n
m, and for k � 2; . . . ; dm,

cn�yk
m� � dkn;1 ym� � � � �dkn;kn y

kn
m ÿdk;1c

n�ym�ÿ � � � ÿdk;kÿ1c
n�ykÿ1

m �:

(iii) dn;1 � n2.

Proof. (i) Let c : KO�CPm� ! KU�CPm� be the complexi®cation homo-

morphism. cr�xm�C�n� � xm�C�n � xm�C�n. On the other hand, by (2) and (3),

we have

c�dn;1 ym � � � � � dn;n y
n
m � 2� � xm�C�n � xm�C�n:

Using the fact that c is a monomorphism for m � 2t and m � 4t� 3, we get

r�xm�C�n� � dn;1 ym � � � � � dn;n y
n
m � 2:

To prove the case m � 4t� 1, let i : CP4t�1 ! CP4t�2 be the inclusion map.

Then i� : KO�CP4t�2� ! KO�CP4t�1� is an epimorphism and maps r�x4t�2�C�n�

to r�x4t�1�C�n�. Hence,

r�x4t�1�C�n� � i��r�x4t�2�C�n�� � i��dn;1 y4t�2 � � � � � dn;n y
n
4t�2 � 2�

� dn;1 y4t�1 � dn;2y
2
4t�1 � � � � � dn;n y

n
4t�1 � 2:

(ii) Let l A f1; . . . ; dmg. By (i),

dln;1 ym � � � � � dln; ln y
ln
m � r�xm�C� ln� ÿ 2 � rcn�xm�C� l� ÿ 2

� cn�rxm�C� l� ÿ 2 � cn�dl;1 ym � � � � � dl; l y
l
m�:

The result follows.
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(iii) dn;1 is the constant term of

cr�xm�C�n� ÿ 2

xm�C� � xm�C� ÿ 2
�

xm�C�n � xm�C�n ÿ 2

xm�C� � xm�C� ÿ 2

� �xm�C�nÿ1 � xm�C�nÿ2 � � � � � xm�C� � 1�

� �xm�C�nÿ1 � xm�C�nÿ2 � � � � � xm�C� � 1�:

Hence,

dn;1 � n� 2�nÿ 1� � 2�nÿ 2� � � � � � 2

� n� 2��nÿ 1� � �nÿ 2� � � � � � 1� � n� 2
n�nÿ 1�

2

� �

� n2:

This completes the proof of Lemma 2.1. r

Now, we use the above lemma to ®nd yp�y
n
m� A 1� ~KO�CPm�nQp. For

each n;m; p A N with na dm, let

A�p; n;m� �
cp�dn;1 � � � � � dn;n y

nÿ1
m �

dn;1 � � � � � dn;n ynÿ1
m

� �1=2

A 1� ~KO�CPm�nQp;

and for nb 2, let

B�p; n;m� � �yp�ym�
dn; 1ÿ1

yp�y
2
m�

dn; 2 � � � yp�y
nÿ1
m �dn; nÿ1�ÿ1

A 1� ~KO�CPm�nQp:

Theorem 2.2. Let pb 2 and m � 2t for some tb 1. Then

(i) yp�ym� �
cp�ym�

p2 ym

� �1=2

.

(ii) yp�y
n
m� � A�p; n;m�B�p; n;m�, for each 2a na t.

Proof. (i) This is Lemma 5.4 of [7].

(ii) If h is a complex 4n-dimensional vector bundle over a ®nite CW com-

plex X such that 54n
h � 1, then cyp�rh� � yp�h�. Let h � 2xm�C�n � 2xm�C�n.

Then h is a 4-dimensional complex vector bundle over CPm with

54
�h� � 52

�2xm�C�n�52
�2xm�C�n� � 1:

Hence, cyp�rh� � yp�h�. By Lemma 2.1,

xm�C�n � xm�C�n ÿ 2 � cr�xm�C�n� ÿ 2 � c�dn;1 ym � � � � � dn;n y
n
m�:

Also,

rh � 2r�cr�xm�C�n�� � 2rc�r�xm�C�n��

� 4r�xm�C�n� � 4dn;1 ym � � � � � 4dn;n y
n
m � 8:
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Thus,

cyp�rh� � c��pyp�ym�
dn; 1yp�y

2
m�

dn; 2 � � � yp�y
nÿ1
m �dn; nÿ1yp�y

n
m��

4�:

On the other hand,

yp�h� �
xm�C�np � xm�C�np ÿ 2

xm�C�n � xm�C�n ÿ 2

 !2

�
cp�xm�C�n � xm�C�n ÿ 2�

xm�C�n � xm�C�n ÿ 2

 !2

�
c�cp�ym��c�c

p�dn;1 � dn;2 ym � � � � � dn;n y
nÿ1
m ��

c�ym�c�dn;1 � dn;2 ym � � � � � dn;n ynÿ1
m �

� �2

:

By (i),

c
cp�ym�

ym

� �

� c�p2yp�ym�
2�:

Hence,

yp�h� � c �pyp�ym��
4 cp�dn;1 � dn;2 ym � � � � � dn;n y

nÿ1
m �

dn;1 � dn;2 ym � � � � � dn;n ynÿ1
m

� �2
 !

:

Now, c is a monomorphism implies that

pyp�ym�
dn; 1yp�y

2
m�

dn; 2 � � � yp�y
nÿ1
m �dn; nÿ1yp�y

n
m�

� pyp�ym�
cp�dn;1 � dn;2 ym � � � � � dn;n y

nÿ1
m �

dn;1 � dn;2 ym � � � � � dn;n ynÿ1
m

� �1=2

:

Hence,

yp�y
n
m�B�p; n;m�ÿ1 � A�p; n;m�:

This completes the proof of Theorem 2.2. r

Remark. By Using a method similar to that used in proving Lemma 2.1

when m � 4t� 1, we easily obtain a similar formula for yp�y
n
m� when m is an odd

integer.

Corollary 2.3. yp � c
n � cn � yp on ~KO�CPm� for all m; n; p A N .

Proof. Clearly, we only need to show that yp � c
n�yk

m� � cn � yp�y
k
m� for

each k � 1; . . . ; dm. By induction on k, if k � 1 then by Theorem 2.2 and

Lemma 2.1 (ii),

yp�c
n�ym�� � yp�dn;1 ym � � � � � dn;n y

n
m�

�
cp�dn;1 � dn;2 ym � � � � � dn;n y

nÿ1
m �

dn;1 � dn;2 ym � � � � � dn;n ynÿ1
m

� �1=2

yp�ym�

�
cp�cn�ym��

p2cn�ym�

� �1=2

� cn cp�ym�

p2 ym

� �1=2

� cn�yp�ym��:
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Now, suppose yp�c
n�y l

m�� � cn�yp�y
l
m�� for l � 1; . . . ; k ÿ 1. Then

yp�c
n�yk

m�� � yp�dkn;1 ym � � � � � dkn;kn y
kn
m ÿ dk;1c

n�ym� ÿ � � � ÿ dk;kÿ1c
n�ykÿ1

m ��

� yp�ym�
dkn; 1 � � � yp�y

kn
m �dkn; knyp�c

n�ym��
ÿdk; 1 � � � yp�c

n�ykÿ1
m ��ÿdk; kÿ1 :

On the other hand, cn�yp�y
k
m�� � cn�A�p; k;m�B�p; k;m��. So, we only need to

show that

yp�ym�
dkn; 1 � � � yp�y

kn
m �dkn; kn � cn�A�p; k;m�yp�ym��:

yp�ym�
dkn; 1 � � � yp�y

kn
m �dkn; kn

�
cp�dkn;1 � dkn;2 ym � � � � � dkn;kn y

knÿ1
m �

dkn;1 � dkn;2 ym � � � � � dkn;kn yknÿ1
m

� �1=2

yp�ym�

�
cp�dkn;1 ym � dkn;2 y

2
m � � � � � dkn;kn y

kn
m �

p2�dkn;1 ym � dkn;2 y2m � � � � � dkn;kn ykn
m �

� �1=2

�
cp�ckn�ym��

p2ckn�ym�

 !1=2

� cn cp�ck�ym��

p2ck�ym�

 ! !1=2

� cn�A�p; k;m�yp�ym��:

The result follows. r

Let s � dm and Pm�ym;m1; . . . ;ms� � m1 ym � � � � �msy
s
m A ~KO�CPm�. Let

bm�Pm�ym;m1; . . . ;ms�� be the J-order of Pm�ym;m1; . . . ;ms�, that is the order

of Pm�ym;m1; . . . ;ms� � TO�CPm� in ~JO�CPm�. By using the same method of

Proposition 5.7 of [7 ], we easily see that

b4t�3�P4t�3�y4t�3;m1; . . . ;m2t�1�� � b4t�2�P4t�2�y4t�2;m1; . . . ;m2t�1��;

and b4t�1�P4t�1�y4t�1;m1; . . . ;m2t�1��.

�
b4t�P4t�y4t;m1; . . . ;m2t�� if m2t�1 � 0

lcmfb4t�P4t�y4t;m1; . . . ;m2t��; 2g if m2t�1 � 1.

�

Therefore, in the remainder of this paper we shall assume that m � 2t for some

tb 1, unless othewise indicated.

To compute bm�Pm�ym;m1; . . . ;mt��, we use the notion of rational D-series

introduced and developed in [4]. Let Qwxx be the ring of formal power series

with coe½cients in Q and Q�wxx � f f �x� A Qwxx : f �0� �G1g. Let

f �x� �G1�
X

ib1

aix
i
A Q�wxx:

For each kb 1, let ek� f � denote the smallest positive integer ek such that

M. Obiedat924



� f �x��ek A Zwxx�mod xk�1�. Let Sk� f � be the set of all primes dividing the

denominators of the coe½cients ai for i � 1; . . . ; k. For a rational number q, let

np�q� be the exponent of p in the prime factorization of q and let D�q� be the

denominator of q in its lowest term. For convenience, we assume that np�0� �

ÿy and D�0� � 1. It follows from Lemma 1.3 [4] that p A Sk� f � if and only if

np�ek� f �� > 0.

For each prime p, let ap; bp A Z�, and let a � �a2; a3; a5; . . .�, and b �

�b2; b3; b5; . . .�. A series f �G1�
P

ib1 aix
i A Q�wxx is called a rational D-series

of type �a; b� if np�aap� � ÿbp and np�ak�bÿbp�k=ap� for each k with akW 0. A

rational D-series f is called strict at a prime p if np�ak� > ÿbp�k=ap� for each

kW ap with akW 0. If f is strict at p then, by Theorem 3.5 of [4],

np�ek� f �� � max 0; bpr� np�r� : 0a ra
k

ap

� �� �

:

With these facts on hand, we return to our problem.

Let Z�p� � fr=s : r; s A Z with np�s� � 0g be the localization of Z at p. The

following lemma is (5.2) and Lemma 5.5 of [7 ] with minor changes.

Lemma 2.4. (i) Let 1� u be an element of Q�wymx�mod y t�1
m �. Then

cp�1� u�

1� u
A Z �

�p�wymx�mod y t�1
m �

if and only if u A Z�p�wymx�mod y t�1
m � with u�0� � 0.

(ii) �yp�ym��
h
A Z �

�p�wymx�mod y t�1
m � if and only if

np�h�b np�bm�ym�� � max 0; s� np�s� : 0a sa
m

pÿ 1

� �� �

:

Now, we compute bm�Pm�ym;m1; . . . ;mt��. For each n � 1; . . . ; t, let yp�y
n
m� �

1� an;1�p�ym � � � � � an; t�p�y
t
m where an; i�p� is the coe½cient of y i

m given by

Theorem 2.2. According to (1) bm�Pm�ym;m1; . . . ;mt�� is the smallest positive

integer h such that

yp�hPm�ym;m1; . . . ;mt�� �
cp�1� u�

1� u
in ~KO�CPm�nQ

for some u A ~KO�CPm� and all primes p. Let

bm�p;m1; . . . ;mt� � yp�Pm�ym;m1; . . . ;mt�� � yp�ym�
m1 � � � yp�y

t
m�

mt

� 1� a1�p;m1; . . . ;mt�ym � � � � � at�p;m1; . . . ;mt�y
t
m;

for some ai�p;m1; . . . ;mt� A Q. Then

yp�hPm�ym;m1; . . . ;mt�� � bm�p;m1; . . . ;mt�
h:
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Let

bm�p;m1; . . . ;mt�
h �

cp�1� u�

1� u

for some u A ~KO�CPm�. Then bm�p;m1; . . . ;mt�
h has integer coe½cients. Hence

np�h�b np�et�bm�p;m1; . . . ;mt���:

On the other hand, if b � et�bm�p;m1; . . . ;mt�� then

bm�p;m1; . . . ;mt�
b �

cp�1� u�

1� u

� �b=h

�
cp�1� w�

1� w

for some w A Q��ym��mod y t�1
m �. bm�p;m1; . . . ;mt�

b
A Z ��ym��mod y t�1

m � implies

that

cp�1� w�

1� w
A Z ��ym��mod y t�1

m �:

So, by Lemma 2.4 w A ~KO�CPm� and hence np�h�a np�b�. By Corollary 1.3 of

[4], et�bm�p;m1; . . . ;mt�� � D�bp;1� � � �D�bp; t� where bp;1 � a1�p;m1; . . . ;mt� and

for k � 2; . . . ; t, bp;k is the coe½cient of yk
m in

bm�p;m1; . . . ;mt�
D�bp; 1����D�bp; kÿ1�:

So far, we have proved:

Theorem 2.5. np�bm�Pm�ym;m1; . . . ;mt��� � np�D�bp;1�� � � � � � np�D�bp; t��.

Although Theorem 2.5 gives bm�Pm�ym;m1; . . . ;mt�� by a formula, it is di½cult

to use this formula to ®nd bm�Pm�ym;m1; . . . ;mt�� for speci®c values of m1; . . . ;mt,

because one needs ®rst to ®nd the coe½cients of yk
m in yp�ym�

m1 � � � yp�y
t
m�

mt and

then to ®nd et�bm�p;m1; . . . ;mt�� which involves tedious calculations. So, alter-

natively, we next try to obtain information about bm�Pm�ym;m1; . . . ;mt�� by

using what we know about bm�ym�.

By Theorem 2.2, we directly obtain

yp�y
k
m� �

ak

yp�ym�
Nk

where a2 �
cp�d2;1 � ym�

d2;1 � ym

� �1=2

; N2 � d2;1 ÿ 1

and for k � 3; . . . ; t,

ak �
cp�dk;1 � dk;2 ym � � � � � dk;k y

kÿ1
m �

dk;1 � dk;2 ym � � � � � dk;k ykÿ1
m

� �1=2

a
ÿdk; 2
2 a

ÿdk; 3
3 � � � a

ÿdk; kÿ1

kÿ1 ;

Nk � �dk;1 ÿ 1� ÿN2dk;2 ÿ � � � ÿNkÿ1dk;kÿ1:

�4�
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For each m1; . . . ;mt A Z, let

E�m1; . . . ;mt� � lcmfet�a
m2

2 �; . . . ; et�a
mt
t �g;

N�m1; . . . ;mt� � m1 ÿm2N2 ÿ � � � ÿmtNt;

L�p;m1; . . . ;mt� � np�bm�ym�� ÿ np�N�m1; . . . ;mt�� ÿ np�E�m1; . . . ;mt��;

and

U�p;m1; . . . ;mt� � maxfnp�bm�ym�� ÿ np�N�m1; . . . ;mt��; np�E�m1; . . . ;mt��g:

Theorem 2.6. Let Pm�ym;m1; . . . ;mt� � m1 ym � � � � �mt y
t
m A ~KO�CPm�.

Then

L�p;m1; . . . ;mt�a np�bm�Pm�ym;m1; . . . ;mt���aU�p;m1; . . . ;mt�:

Proof. Let h � bm�Pm�ym;m1; . . . ;mt��. Then

yp�m1 ym � � � � �mt y
t
m�

h �
cp�1� u�

1� u

for some u A ~KO�CPm� and all primes p. So,

yp�ym�
N�m1;...;mt�h �

cp�1� u�

1� u
aÿm2h
2 � � � aÿmth

t :

Thus,

yp�ym�
N�m1;...;mt�E�m1;...;mt�h

has integer coe½cients. Hence, by Lemma 2.4 (ii)

np�N�m1; . . . ;mt�� � np�E�m1; . . . ;mt�� � np�h�b np�bm�ym��;

namely np�h�bL�p;m1; . . . ;mt�. On the other hand, let b A N such that np�b� �

U�p;m1; . . . ;mt�. Then

yp�Pm�ym;m1; . . . ;mt��
b �

cp�1� u�

1� u

� �b=h

:

So,

yp�ym�
N�m1;...;mt�b �

cp�1� u�

1� u

� �b=h

aÿm2b
2 � � � aÿmtb

t :

Let

cp�1� u�

1� u

� �b=h

�
cp�1� w�

1� w
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for some w A Q�wymx�mod y t�1
m � with w�0� � 0. Now,

aÿm2b
2 � � � aÿmtb

t and yp�ym�
N�m1;...;mt�b

have integer coe½cients. Hence,

cp�1� w�

1� w

has integer coe½cients, which implies that w A Z �wymx�mod y t�1
m �. Hence,

np�h�a np�b�:

This completes the proof of Theorem 2.6. r

Corollary 2.7. Let Pm�ym;m1; . . . ;mt� � m1 ym � � � � �mt y
t
m A ~KO�CPm�.

Let s be the smallest positive integer such that mi � 0 for all i > s, if mtW 0, let

s � t. Then

np�bm�Pm�ym;m1; . . . ;mt��� � maxf0; np�bm�ym�� ÿ np�N�m1; . . . ;mt��g

for all p > s.

Proof. Using Lemma 2.1 (iii), we easily see that St�a
mk

k �J f2; 3; . . . ; kg

for each k � 2; . . . ; t. So, if p > s then np�E�m1; . . . ;mt�� � 0. Now, the result

follows from Theorem 2.6. r

3. Two important examples.

Let m � 2t. Then

~JO�CPm� � ha1 � ym � TO�CPm�; . . . ; at � y t
m � TO�CPm�i:

In Example 1, we give a simple formula for the J-orders of a2; a3, and a4.

Let LG xm�C�n for some n A N . By the J-order of L we mean the order

of rxm�C�n ÿ 2� TO�CPm� in JO�CPm�. Lam [6] has used complex K-theory

to ®nd the J-order of L when n is a prime power. Also, DibagÆ [5] has used (1)

to give another proof of Lam's results. In Example 2, we give a simple formula

for the J-order of L for each n A N .

Example 1. For each k � 2; . . . ; t, the J-order of ak � yk
m � TO�CPm� is

bm�Pm�ym; 0; . . . ; 0;mk � 1; 0; . . . ; 0��:

So, by Corollary 2.7, if p > k then

np�bm�y
k
m�� � np�bm�ym�� ÿ np�Nk�:
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According to (2) and (4),

Nk � ÿ
X

k

i�1

bk; i

� ÿ
X

k

i�1

�ÿ1�kÿi 2k

k ÿ i

� �

� ÿ
X

kÿ1

i�1

�ÿ1�kÿi 2k

k ÿ i

� �

ÿ 1

� ÿ
X

kÿ1

i�1

�ÿ1�kÿi 2k ÿ 1

k ÿ i

� �

�
2k ÿ 1

k ÿ i ÿ 1

� �� �

ÿ 1

� ÿ
X

kÿ1

i�1

�ÿ1�kÿi 2k ÿ 1

k ÿ i

� �

ÿ
X

kÿi

i�1

�ÿ1�kÿi 2k ÿ 1

k ÿ i ÿ 1

� �

ÿ 1

� ÿ
X

kÿ1

i�1

�ÿ1�kÿi 2k ÿ 1

k ÿ i

� �

�
X

kÿi

i�2

�ÿ1�kÿi 2k ÿ 1

k ÿ i ÿ 1

� �

� ÿ�ÿ1�kÿ1 2k ÿ 1

k ÿ 1

� �

� �ÿ1�k
2k ÿ 1

k ÿ 1

� �

:

Hence, if p > k then np�Nk� � �2�k ÿ 1�=�pÿ 1��.

In [8], we proved that if p � 2, or 3, then

np�bm�y
k
m�� � max 0; rÿ

2�k ÿ 1�

pÿ 1

� �

� np�r� :
2k

pÿ 1

� �

a ra
m

pÿ 1

� �� �

for each k � 1; . . . ; t. So, we have:

Theorem 3.1. If k � 2; 3, or 4, then

np�bm�y
k
m�� � max 0; rÿ

2�k ÿ 1�

pÿ 1

� �

� np�r� :
2k

pÿ 1

� �

a ra
m

pÿ 1

� �� �

for each pb 2. Further, this formula is true if p � 2; 3 and k � 5; . . . ; t or if

p > k.

Remark. If pW 2; 3 and pa k, then Theorem 3.1 is not necessarily true for

kb 5. For instance, by the method of [8],

n5�b20�y
5
20�� � 3 while maxf0; rÿ 2ÿ n5�r� : 2a ra 5g � 4:

Now, we compute the J-order of any complex line bundle over CPm.
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Example 2. Let n A N . Then the J-order of xm�C�n is bm�rxm�C�n ÿ 2�.

By Theorem 2.5, np�bm�rxm�C� ÿ 2�� � np�et�yp�rxm�C�n ÿ 2���.

rxm�C�n ÿ 2 � rcn�xm�C� ÿ 1� � cn�rxm�C� ÿ 2� � cn�ym�:

So, by Corollary 2.3,

yp�rxm�C�n ÿ 2� � yp�c
n�ym�� � cn�yp�ym��:

Let n � pr1
1 � � � prs

s pd where ri > 0 for i � 1; . . . ; s, and db 0. Let p � 2q� 1 be

any odd prime number. By, Lemma 5.4 [7 ],

yp�ym� � 1�
X

qÿ1

j�1

mj y
j
m �

1

p
yq
m

where mj A Z with np�mj� � 0 for j � 1; . . . ; qÿ 1. Hence,

cn�yp�ym�� � 1�
X

qÿ1

j�1

mjc
n�ym�

j �
1

p
cn�ym�

q
:

Using Lemma 3.6 of [7 ], we easily obtain that

cp d

�ym� �
X

p dÿ1

j�1

nj y
j
m � yp d

m

with np�nj� > 0 for j � 1; . . . ; pd ÿ 1. Now, by using Lemma 2.1 (iii) and the

fact that Adams operations are ring homomorphisms with c l1 � c l2 � c l1l2 for

each l1; l2 A Z, we get

cn�ym� �
X

n

j�1

aj y
j
m

with np�aj� > 0 for j < pd and np�ap d � � 0. Hence,

cn�yp�ym�� � 1�
X

nq

j�1

bj y
j
m

with np�bp dq� � ÿ1, np�bj�b 0 for j < pdq, and np�bj�bÿ1 for j > pdq. Hence,

yp�c
n�ym�� is a strict D-series at p of type �a; b� where

ap 0 �
pdq p 0 � p

y

�

p 0
W p;

bp 0 �
1 p 0 � p

y

�

p 0
W p:
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Hence,

np�bm�rxm�C�n ÿ 2�� � max 0; r� np�r� : 0a ra
m

pnp�n��pÿ 1�

� �� �

:

If p � 2, then

yp�ym� � 1�
1

4
ym

� �1=2

:

So,

cn�yp�ym�� � 1�
1

4
cn�ym�

� �1=2

:

Let n � pr1
1 � � � p rs

s 2
d . Then 1� �1=4�cn�ym� � 1�

Pn
j�1 cj y

j
m with np�c2 d � � ÿ2,

np�cj�b 0 for j < 2d , and np�cj�bÿ2 for j > 2d . Hence, 1� �1=4�cn�ym� is a

strict D-series at 2 of type �a; b� where

ap 0 �
2d p 0 � 2

y

�

p 0W 2;
bp 0 �

2 p 0 � 2

y

�

p 0W 2:

So,

n2 et 1�
1

4
cn�ym�

� �� �

� max 0; 2r� n2�r� : 0a ra
t

2d

� �� �

:

Hence,

n2�bm�rxm�C�n ÿ 2��

� n2 et 1�
1

4
cn�ym�

� �1=2
 ! !

� max 0; 2r� n2�2r� : 0a ra
t

2d

� �� �

� max 0; r� n2�r� : 0a ra
m

2d

� �� �

:

So, we have:

Theorem 3.2. Let n A N and p be any prime number then

np�bm�rxm�C�n ÿ 2�� � max 0; r� np�r� : 0a ra
m

pnp�n��pÿ 1�

� �� �

:

Remark. A similar proof of Theorem 3.2 when n is a power of a prime p

has been obtained independently by DibagÆ [5].
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