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0. Introduction.

A singular foliation on a complex manifold M is determined by an involutive
coherent subsheaf E of the tangent sheaf of M. In this paper, we study the problem of
local (analytical and topological) triviality of the singular foliation along (a subset of) its
singular set S(E). In general, S(E) is an analytic variety, so we examine by stratifying
the set.

For stratified subsets or stratified maps, the local topological triviality has been
studied by a number of people and it is generally known that if the stratification satisfies
the “Whitney condition” or the “Thom condition”, then we have the local topological
triviality along each stratum (the Isotopy Lemmas of Thom).

We first consider the case of analytical triviality in section 2 of this paper, after
reviewing basic definitions and facts on complex analytic singular foliations in section 1.
For complex analytic singular foliations we have the fundamental “Tangency Lemma”
(Theorem (2.5)), which says that every vector field defining the foliation is ‘“tangential”
to the singular set S(E). We discuss and summarize the implications of this lemma,
which include the existence of the integral submanifold (leaf) through each point of M
(even on S(E)) and the local analytical triviality of the foliation along each leaf.

As another application of the Tangency Lemma, we prove, for a complex analytic
singular foliation E, the existence of a Whitney stratification of the singular set S(E) so
that E induces a non-singular foliation on each of its strata (Theorem (3.4)).

In section 4, we study the local topological triviality along each stratum of a
stratification of S(E) as given in Theorem (3.4). This kind of triviality argument can be
applied to the case where a stratum consists of (infinitely) many leaves. A. Kabila
studied this problem for the case where the codimension of E is one and S(E) is non-
singular ([K]). We give, for a general singular foliation, a regularity condition and
prove the local topological triviality under the condition (Theorem (4.10)).

After the preparation of the manuscript, it was informed to me that a result similar
to the last one is indicated in an article of D. Trotman and L. Wilson [TW].

In the process of this work, I received many helpful suggestions and advices,
especially from T. Suwa. I would like to thank him for answering my questions and for
supporting me in various ways. I also thank J.-P. Brasselet, M. Kwiecinski, T. Ohmoto,
A. Saeki and the referee for helpful conversations and comments.

1. Complex analytic singular foliations.

First of all, we recall some general facts about singular foliations on complex mani-
folds and fix the notations used in this papar. For further details, see [BB] and [Sw].
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Let M be a (connected) complex manifold of (complex) dimension n, and let Oy,
Oy and Q be, respectively, the sheaf of holomorphic functions on M, the tangent
sheaf and the cotangent sheaf of M.

Now, let E be a coherent subsheaf of @,,. Note that, in this case, E is coherent if
and only if E is locally finitely generated, since @), is locally free. Then the singular set
of E is defined by

S(E)y={peM | (Oy/E), is not (Op),-free},

and each point in S(E) is called a singular point of E. Concretely, restricting E to a

sufficiently small coordinate neighborhood U with coordinates (z;,z2,...,2,), we can
express E on U as follows:

n a )
(1.1) E = (v1,02,...,0,) (v,-=j2=1:f,-j(z)a—zj (1 SlSr)),

where f;;(z) are holomorphic functions defined on U, and r is a non-negative integer.
Then the singular set S(E) is paraphrased on U as

S(E)NU = {p € U|rank(f;;(p)) is not maximal}.

Next, let us introduce the “integrability condition”. A coherent subsheaf E of @
is said to be integrable (or involutive) if for every point p on M — S(E),

(1.2) |Ep, Ep) < E,

holds ([ , ] means the Lie bracket of smooth vector fields). Moreover, we define the
rank (we sometimes call it dimension) of E to be the rank of locally free sheaf E|j_g(£),
and denote it rank E. Using the notation in (1.1), we can rewrite as

rankE = max rank(fj;(p)).
PEM o
In the following definition we define a singular foliation on M in terms of vector
fields. Later, we will introduce it again from another viewpoint.

DEerFINITION 1.3. A singular foliation on M is a coherent subsheaf E of @y, which is
integrable.

It is clear that a singular foliation E induces a non-singular foliation on M — S(E).
DEerINITION 1.4. Let E be a singular foliation on M. We say that E is reduced if
veI'(U,Opy),vly-si) € I'(U - S(E),E) > vel'(U,E)
holds for every open set U in M.

REMARK 1.5. We can check the following facts about reduced foliations:
(i) If a singular foliation E is locally free,

E is reduced < codim S(E) > 2.

(i) If E is reduced, then the “integrability condition” holds not only on M — S(E)
but on S(E), i.e., (1.2) holds for every point pe M.
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Next, as stated above, let us represent singular foliations in terms of holomorphic
I-forms. It is not so difficult to rewrite it from the viewpoint of its “dual”, but there
are several points which require a little care.

DErFINITION 1.6. Let F be a coherent subsheaf of £2,,. Then we set
S(F) = {p e M|(Qu/F), is not (O),-free},

and call it the singular set of F. Each point in S(F) is often called a singular point of
F.

DErFINITION 1.7. A coherent subsheaf F of ), is said to be integrable (or
involutive) when

dF, c Q, \F,
holds for every point p e M — S(F). Moreover, the rank of F is defined to be the rank
of the locally free sheaf F|j_gs(r), and denoted rank F.

DerFNITION 1.8. A singular foliation on M is a coherent subsheaf F of ), which is
integrable.

DerFmNITION 1.9. Let F(<=£)) be a singular foliation on M. We say that F is
reduced if

wel(U,Qy),0ly-sF e '(U—-S(F),F)=wel(U,F)
holds for every open set U in M.

Now we discuss the relation between the two definitions, (1.3) and (1.8).

DerFINITION 1.10. For singular foliations £ < @)y and F < Q,,, we set

E°={weQy|{v,0)=0 forall vekE},
F'={veOy|{v,w)=0 forall weF},

where ¢ , > means the natural pairing between a vector field and a 1-form. Then
E%(cQpy) and F*(c®)y) define reduced singular foliations on M. We call E¢ (resp.
F?%) the annihilator of E (resp. F).

Remark 1.11. Note that S(E?) = S(E) and S(F?) = S(F) hold.

DEeFINITION 1.12. When E < @) (resp. F = Q)) is a singular foliation on M,
(E*)* (resp. (F?)?) is called the reduction of E (resp. F).

If we use the notations given in (1.10) and (1.12), a singular foliation E = @, (resp.
F < Qy) is reduced if and only if (E%)* = E (resp. (F¢)* = F). In this way we can
make any singular foliation reduced by taking its reduction. If we consider only reduced
foliations, then the two definitions of singular foliation stated above are equivalent, and
in this occasion, moreover, there is no difference between the singular set in terms of
vecter fields and that in terms of 1-forms.
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2. Singular set of a singular foliation.

In this section, we recall some basic properties of the singular set of a singular
foliation, and summarize the “tangency lemma” and its consequences which have been
studied by P. Baum, D. Cerveau, Y. Mitera, T. Suwa and, for the real case, by
T. Nagano, P. Stefan, H.Sussmann, et al. In the preceding section we defined singular
foliations from two different aspects, and observed the relations between the two
definitions. We have checked that they produce “almost” the same results, so we often
express singular foliations only in terms of vector fields. Hereafter, we assume E(c @),)
to be a singular foliation on a complex manifold M and set r = rank E.

DEerINITION 2.1. For each point p in M, we set

E(p) ={v(p)|ve Ep},

where v(p) denotes the evaluation of the vector field germ v at p. Note that E(p) is a
sub-vector space of the tangent space T,M.

DerFINITION 2.2. For an integer & with 0 <k <r, we set
LY = {pe M|dimc E(p) = k},
S® = {pe M|dim¢ E(p) < k},

and set L= = §(-1) = ¢ for convenience. Clearly we have
L0 = s _ gt st () L0

for k=0,1,2,...,r.
PropOSITION 2.3. L% and S®) are analytic sets for every integer k with 0 <k <r.

Proor. If we use the notation in (1.1), S%) is locally expressed on a small open set
U in M as follows:

SO NU = {z € Ulrank(fy(z)) <k}.
All f;; are holomorphic on U, so S ) is analytic. And besides, we come to the

conclusion that L®) (= §®) — §*-1)) is analytic because S*) is analytic and S*-V is
closed in M. Q.E.D.

By the proposition stated above, we get the natural filtration which consists of
analytic sets:

s 5 gr=1) 5 g(=2) 5 ..., >SN 5 50 5 g1
(2.4) I | I
M  S(E) 0

This filtration seems to give us information only about the dimension of the space E(p)
at p. In fact, however, if E is integrable at every point p € M then all S®) appearing in
(2.4) controll the “direction” of E(p) at each point pe S*®). To be more precise,
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THEOREM 2.5 (Tangency Lemma). Suppose E(c O ) is integrable on the whole M.
Let k be an integer with 0 <k <r and p a point in S®. Then we have

E(p) = C,8®),
where CPS(k) denotes the tangent cone of S® at p.

REMARK 2.6. The assumption of theorem (2.5) cannot be dropped. The singular
foliation on C? = {(x,y)} generated by v; = §/0x and v, = x9/dy is a counterexample.

This theorem can be showed as a corollary of the main theorems in [C]. In this
paper, let us indicate that we can get a stronger result than (2.5) when E is reduced.

PROPOSITION 2.7. Suppose E(c@)y) is a reduced foliation and p is a point in M.
Let v be a germ in E, and let {p, = exptv} be the local 1-parameter group of trans-
formations induced by v. For all t sufficiently close to 0, we have

(0)+Ep = Eq,(p);
where (9,)« denotes the differential map of ¢,.

The following proof of this proposition is due to T. Suwa. We first prepare two
lemmas in advance. The first one is a property which is easily drawn from the
integrability of E.

LemMA 2.8. Let v be a germ in E, and let L, denote the Lie derivative of v. Then
we have

L,(Fp) < Fp,
where F is the annihilator of E.
Proor. Take a germ  in F,. For any germ u in E,, we have
u, Liw) = v({u,w)) — {[v,u], w).

We have (u,w) =0 and {[v,u],w) =0, since [v,u] € E,. Hence {u,L,w) =0 for any
u€ Ep, and this implies L,w € E} = F. Q.E.D.

LeEMMA 2.9. Suppose that E,F,v and {¢,} are as above. For any germ u in E, and
any germ in o in F,, we have

2 (@)oo (p))> = <o) Liolo ().

Proor. Choose a coordinate neighborhood U with coordinates (zi,z,...,2,)
about p such that v, ¥ and @ have representatives on U and that E and F have finite
numbers of generators on U. Considering only for ¢ sufficiently close to 0, we may
assume that ¢,(p) stays in U. Now we write explicitly on U as

- 0 n 0 n
v= izzlfi(z)a—zi, u= ;gi(z)gz—i and o= ,; hi(2) dz,

where f;, g; and h; are holomorphic functions on U. Moreover, we set ¢,(¢,z) =
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ziog,(z) and ¢(t,z) = (¢,(t,2),...,9,(t,z)). Then we have

(2.10) (p)su, (9,(2))> = Z gi(z) ( ? hj(o(t,2))
i,j=1

and

(2.11) a¢,(t 2 = fi(p(1,2))

for all z in a small neighborhood around p. Differentialing (2.10) with respect to ¢ and
using (2.11), we obtain

2 o) o(p )

- 52¢,( z) . 09;(2,2) ohy(9(t, 2)) @i (2, 2)
= D0, HleA)+ 3 el — =g
Lj= l,],k—l
< 0p;(1,2) | of;
= 3 a2 T ot0, () + ulole.2) S 012
i j k=1 i
= {(¢,)+tt, Ly(9,(2)) ). QED.
ProoF oOF (2.7). We take a coordinate neighborhood U with coordinates
(z1,22,...,2,) about p such that v has a representative on U and that £ and F have

finite numbers of generators on U. In order to prove this proposition, it suffices to
show that

(2.12) (0)+Ep < Ep,(p)

hold for all ¢ sufficiently close to 0. Once we have (2.12), then
(07 )sEy,(p) = (9_)xEy,(p) = E, and thus this proposition.

Now we take two sections ue€ I'(U,E) and w e I'(U, F) arbitrarily. Using (2.9)
repeatedly, we have

om (@,)su, w((”t(l’)) o ={u,L,---L,w)
m-times

for all non-negative integer m, and the right-hand side of this equation is equal to zero
by (2.8). So we have

{(@)su, 0(p,(p))> =0
for all ¢ sufficiently close to 0. This implies (2.12). Q.E.D.

Now let us look back at the tangency lemma (2.5). Take a germ ve E, and set
9, =exptv. Suppose ¢,(p) ¢ S® for some z. Then we have

dim E(p) < k < dim E(g,(p)),

which contradicts proposition (2.7). So we have ¢,(p) € S® for all ¢ sufficiently close
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to 0. Hence

t

t—0

v(p

is in the tangent cone C,S®) of S®) at p.
Thus, in the case that E is reduced, theorem (2.5) is easily proved as a corollary of
(2.7).

ReMARK 2.13. Theorem (2.5) was proved by P. Baum under the hypotheses that £
is reduced, k =1 and p is a non-singular point of S() (see [B]). For the case of real
singular foliations, see [N], [Ss] and [St].

Using theorem (2.5) we can prove the following results for a singular foliation E of
dimension r on M. For details, we refer to [MY].

THEOREM 2.14. Let k be an integer with 0 < k < r and FE = {Xy}uca the natural
Whitney stratification of the analytic set S®). Then for any a € A and p € X,, we have
E(p) c T,X,. Moreover, E induces a non-singular foliation of dimension k on
Xy — S*D,

THEOREM 2.15 (Existence of Integral Submanifolds). There exist integral sub-
manifolds (whose dimensions are lower than r) also on S(E). To be more precise, there is
a family £ of submanifolds of M such that M = \ | Le ¢ L is a disjoint union and that any
Le¥ and pe L, we have E(p) = T,L.

Each element L in .Z is often called a leaf of E.

THEOREM 2.16 (Local Analytical Triviality). Let k be an integer with 0 < k <r and
p a point in L®) (= SK — =1y Then there exist a small polydisk D of dimension
n—k transverse to E(p) in T,M, a singular foliation E' on D with E'(p) = {0}, a
neighborhood U of p in M and a submersion n: U — D such that

E|ly ~ (n*(E"))%.

Theorem (2.16) says that the structure of a singular foliation E is locally analytically
trivial along the leaf through each point p in M. However the decomposition
M= U Lew L does not give a stratification because this is not always locally finite. In
the following sections we consider a stratification of S(£) which gives a local triviality of
E along each stratum.

3. Stratifications of the singular set.

Let E be a singular foliation on M. Since the singular set S(E) is analytic, we can
construct the “natural Whitney stratification” of S(E) (see [W]), but this is not enough
to achieve our purpose because the dimension of the leaf of E is not always constant on
each stratum.

ExaMPLE 3.1. Let f be the holomorphic function on M = C? defined by

f(xiy’z) =x2—y2(y+22),
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and o the holomorphic 1-form on C* defined by
o =df =2xdx — y(3y + 223 dy — 2y*z dz.

The coherent subsheaf F(c£)s) generated by w is integrable since dw = ddf =0, so F
defines a singular foliation on C3. E = F?(c@)) is generated by the following three
vector fields:

(o — n9 5,0
Ul_y(3y+22)6x+2x6y
0 0
3.2 = L 2
32) ﬁ v 2y25y (3y +227) =~
vy = 2z—q— + X
(3= o oz

E is reduced, and rank E =2. By (3.2), S(E) =S = {x = yz = y(3y +22%) =0} =
{x =y =0} = {z-axis} and S© = {(0,0,0)}. Since S(E) is non-singular, S(E)=
{z-axis} is the only stratum of the natural Whitney stratification of S(E), but dim E(p)
is not constant on the stratum.

In the above example, in order to get a Whitney stratification such that the leaf
dimension is constant on each stratum, we may separate the bad point (0,0,0) from the
z-axis. In this section we prove that there exists a Whitney stratification of S(E) such
that dim E(p) is constant on each stratum.

DEerFINITION 3.3. Let E(c®)y) be a singular foliation of dimension r on M, and let
& be a stratification of M. We say that &% is adapted to E when, for any stratum
X € &, there is an integer i with 0 < i < r such that X < LY, i.e., the leaf dimension of
E is constant on each stratum X € &.

THEOREM 3.4. Let E be a singular foliation of dimension r on M. Then there exists
a Whitney stratification & which satisfies:

(1) & consists of finitely many strata.

(i) & is adapted to E.

To prove this theorem, we introduce some notations on analytic sets. The notation
and basic facts are due to H. Whitney ([W]).

Let 4 be an analytic set. We denote by Sing(A4) the singular set of 4 and denote
by Reg(A) the set of regular (i.e., non-singular) points of 4. Moreover we set

2(A) = Sing(A4) U {p € Reg(4)|dim, 4 < dim 4},

where dim, 4 denotes the dimension of 4 at each point p € Reg(4). For two manifolds
X and Y, we define a subset B(X,Y) of X by

B(X,Y) = {pe X|Y is not Whitney regular over X at p}.
Also for two analytic sets 4 and A4’ we set
(3.5) W(A,A")=2(A)UB(4 — X(A), A — X(4")).

W(A,A") is a analytic subset of 4 whose dimension is lower than dim 4.
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PROOF OF (3.4). We proceed by downward induction, i.e., we show that if we have
already defined & which satisfies the two conditions in (3.4) on | J7_, ., L® then we can
extend it on (Ji_,L®. At first, SOV is closed in M, so L =M — STV s a
submanifold. Hence we obtain a Whitney stratification #") = {L"} of L), which
clearly satisfies the two conditions in (3.4).

Next let k be an integer with 0 < k <r — 1, and suppose we have already defined a
Whitney stratification #*) of (Ji_,,,L® which satisfies the two conditions in
(3.4). Let I denote the dimension of L%*) as an analytic set. We define a family of
analytic subsets {V;}_1<i<; (inductively) as follows:

([ V,=LW

V1_1 = CIOSL(k) U W( V[, X)
XeHD
For each integer with —1 <i< /-2,

(3.6) 9 ( Via (if dim Viyy <i+1)

Vi=q Clos;w [(102 W(Vit1, Viea — Vj+l)> U( U W(Vi+l,X))]

j=i X e G

{ \ (if dim Vi =i+ 1),

where Clos;( ) denotes the closure in L*). The family {V;}_;<i<; is well-defined
since

(3.7) dimV; <

holds for each integer i with —1 < i </ by the definition of V;, and all V; are analytic
since #**1) has only a finite number of strata. Note that we also have V_; =0 by
(3.7). For each integer { with —1 <i </— 1, moreover, we have V; c V., because
Viu1 is closed in L®), Thus we obtain a sequence of analytic subsets of L®):

0V

VioViio2Vi,>o-oe >VioVyo V.
(3.8) | |
L® 0
By (3.8),

l
LW = (Vi = Vio1)
i=0

turns out to be a disjoint union, so we define a partition of {)i_, LY by
(3.9) PO = PED YLy, Vi |0<i <, Vi— Viy # 0}

This partition, in fact, gives a Whitney stratification of | J/_, L% with our two conditions
in (3.4). Obviously #® satisfies the two conditions in (3.4) by the definition of #% in
(3.9), so all we have to do is to show that #% is a Whitney stratification.
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First, let us check that each V; — V;_;(# 0) is a submanifold of M. By (3.5) and
(3.6) we have V;_; o X2 (V;), hence

Vi—-Vinc Vi—=2(V))

holds. Since V; — X2(V;) is a submanifold of M and V;_; is closed in V;, V;~ V,_; is
also a submanifold.

Next we check the Whitney regularity of #%). Take two strata X, Y e #%
(X #7).

(Case 1). If X, Y e #%*+1) the Whitney regularity between X and Y holds by the
inductive assumption.

(Cast 2). If X ¢ %) and Y e #**V) X =V, — V;_, holds for an integer i
(0<i<I). X isa subset of S® since X is contained in L®), and S®) is closed in M,
so we have Closy(X) = S®. On the other hand ¥ e #** implies ¥ =« M — S®),
hence we have Closy (X)NY = @. Therefore there is no problem about the Whitney
regularity of X over Y.

Next, let p be an arbitrary point in X = V; — V;_;. Then we have

(3.10) pEW(V,Y)

by pe Vi, pé¢ Vi_1 and the definition of V;_;. (3.5) and (3.10) imply
(3.11) pE2(V),

(3.12) p¢B(Vi- E(V), Y).

We can rewrite (3.11) as

(3.13) peVi—X(Vy),

so it turns out that Y is Whitney regular at p over V;— X(V;) by (3.12) and
(3.13). Since V; — V;_; is a submanifold of V; — Z(V;), we also find Y to be Whitney
regular at p over V; — V;_j(= X). This implies the Whitney regularity of ¥ over X.

(Case 3) If X,Y ¢ 241 we can take two integers i,j (0 <i,j<1I) such that
X=Vi-Virand Y=V, —V,_;. We may assume i <j. First, Y is Whitney regular
over X because (3.6) says that V;_; contains all points in V; at which Y (= V; — Vj_;) is
not Whitney regular over V; — Z(V;), so those points cannot remain on V; — V;_;(= X).
In order to check the Whitney regularity of X over Y, it suffices to show

(3.14) Closy(X)NY =0.
Since V; is closed in L*) by (3.6), we have
Clos;w (X) = Clos;w (V;) = Vi < Vj-1.
Moreover using ¥ = V; — V;_; and Y < L®) yields
Clos;(X)NY =0,

(3.15)
(M- LWYny =9,



The singular set of a complex analytic foliation 847

and on the other hand we can rewrite Closy(X) as
Closp (X) = (Closp (X) N L®) U (Closp(X) N (M — LK)

(3.16)
= Clos;x (X) U (Closp (X) N (M — L¥)).

Then (3.14) is an immediate consequence of (3.15) and (3.16). Q.E.D.

Now we give some examples of singular foliations and observe the stratifications we
mentioned in theorem (3.4).

ExaMPLE 3.17. Let f be the holomorphic function on M = C* defined by

f(xvyaz) = Z(x2 —'y3)a

and @ the holomorphic 1-form on C? defined by
o =df =2xzdx - 3y*zdy + (x*> — y*) dz.

The coherent subsheaf F(<=)s) generated by w is integrable since dw = ddf =0, so F
defines a singular foliation on C>. E = F*(c@)) is generated by the following two
vector fields:

0 0
— 3y2 Tl
v =3y 6x+2x6y
(3.18) ) R
vy =3x o +2y6 625.
E is reduced, and rankE 2. By (3.18), S(E)= ={xz=yz=x2-3»=0} =
{x=y=0}U{z=x?-3 =0} and SO = {(0,0,0)}. In this case, a Whitney stratifi-

cation & of M defined by

Xi={x=y=0}-{0
¥ ={M - S(E), X1, X,{0}} (Xl _ L _ iz _y}3 ___{0}}_ {0})

meets the requirements in theorem (3.4).

The following example tells us that a Whitney stratification on M which satisfies
(3.4) cannot generally be obtained by adding some strata to the natural Whitney
stratification of S(©,

ExaMPLE 3.19. Let o be a holomorphic 1-form on M = C* defined by
w = 2xz> dx — 2yzdy + y* dz,

and F(cQ)y) a coherent subsheaf generated by w. E = F%(c@y) is generated by the
following two vector fields:
0 0
v = yg}—} + 225
(3.20)

vy =y— 0 —i-xzi
2T ey
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E is integrable since [v;,v2] = vy, so E defines a singular foliation on C3. E is reduced,
and rankE=2. By (3.20), S(E)=S" = {y=xz=0} = {x-axis} U {z-axis} and
SO® = {y =z=0} = {x-axis}. In this situation, a stratification &’ of M defined by

S ={M — S(E),S(E) — S©, s}

satisfies the two conditions in theorem (3.4), but this is not a Whitney stratification (and
E is not trivial along S©®). A Whitney stratification & of M which meets the
requirements in theorem (3.4) is given by

s (5700)

4. Local topological triviality of singular foliations.

In this section we examine the local topological triviality of singular foliations,
which is the main subject in this paper. Let E be a singular foliation on M and & a
stratification of M. For the topological triviality of E along each stratum in %, it is
necessary that & is adapted to E as stated in the preceding section. We consider only
stratifications adapted to E hereafter. Note that theorem (3.4) assures that there always
exists a stratification adapted to E with a stronger condition (Whitney regularity).

To tell the consequence at first, E is topologically locally trivial along each stratum
in & if & satisfies the “foliated Verdier condition”” which will be mentioned later. We
begin this section by recalling basic concepts to give the precise definition of the local
topological triviality. For more details, see, for example, [GWPL] pp 41-50.

DEerFINITION 4.1. Let X be a submanifold of M. A tubular neighborhood of X is a
triple (7,7, p) which satisfies:

(1) T is a neighborhood of X in M.

(i) n:7T — X is a submersion (with 7|y = idy).

(i) p: T — R is a C*-function.

(iv) Let my : Ny — X denote the normal bundle of X in M, and let Z denote the
image of the zero section of Ny. Then there exist a neighborhood D of Z in Ny and a
diffeomorphism ¢ : D — T such that

p ‘. T

nx lp\\ /
commutes.

(v) Let 7: Ny — R denote the distance function to Z which is determined by a
Riemannian metric induced on Ny. Then

p Y. T

"N,

commutes.
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DErFINITION 4.2. Let M be a differentiable manifold of dimension n and 4 a subset
of M. For a Whitney stratification .o/ of A, we set
A=) x (0<ix<n),
dim i
i.e., A’ is the union of all strata of dimension i. Each A‘(# @) is an i-dimensional
submanifold in M since &/ is a Whitney stratification. A family of a tubular
neighborhood of each A4'(# @)

g-z{(Ti>7zi’pi)}0$iSn
is called a tubular neighborhood system of /. A tubular neighborhood system 7 =

{(T,7',p")} of & is said to be controlled if for all integers i, j (i < j) there exist a
neighborhood U’ of 4’ in T’ and a neighborhood U’/ of 4/ in T/ such that

(4.3) nlon/ =n',
hold on U'N U/,

It is generally known that every Whitney stratification admits a controlled tubular
neighborhood system.

Now we give the definition of the local topological triviality. In the following we
shall fix a Riemannian metric of M.

DEFINITION 4.5. Let M be a complex manifold of dimension n and E(c@)y) a
singular foliation on M. Also, let X be a submanifold in M and set / = dimcX.
Suppose X < L%, ie., the leaf dimension of E is constant on X. E is said to be
topologically locally trivial along X when for any point p € X there exist

(T, m,p) : a tubular neighborhood of X,
U, : a sufficiently small neighborhood of p in M,
D : a small neighborhood around 0 in C"~/,
E' : a singular foliation on D,
h : a homeomorphism from U, onto (XN U,) x D
such that
(i) h(x) = (x,0) holds for any x e X N U,.
(i) A|y,—x transforms the leaves defined by E into the product of X N U, and the
leaves defined by E’.
(iii) Let pri: (XNU,) x D — X denote the natural projection to the first com-

ponent, then

U —* - (XNU,)xD

7f|z1,\‘ /Jrl

X
commutes.
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REMARK 4.6. In this paper we consider only complex analytic foliations, so the
trivialization 4 : U, — (XN U,) x D is in practice a diffeomorphism.

Next, let us introduce the foliated Verdier condition for a stratification of S(E). In
order to define the condition, it is necessary to refer to the notion of the distance
between two vector subspaces. The distance is generally defined by measuring the angle
between V and W.

DerINITION 4.7. Let V, W be two vector subspaces of a finite-dimensional inner
product space. We define the distance between V and W by

S(W,V)= sup WKu,v)]
ue wl—-{0} “u“ : ”U”
ve V-{0}
where || - || denotes the norm induced by the inner product < , ).

Note that 6(W, V) is not always equal to 6(V, W). Clearly we have (W, V) e
[0,1], and we can also express 6(W, V) as follows:

S(W,V)= su inf sindv,w),
(W, V) VP e Ko, w)

where {v,w) denotes the angle between v and w.

RemMARK 4.8. It is easy to check that (W, V) satisfies the following properties.
i) (W, V)=0&VcW.
(i) dmV=dmW =6V, W)=06(W,V).
(ili) o(W,V) =1 < there exists a non-zero vector v € ¥ such that {v,w) =0 for
all we W
s VNwt {0}
(iv) dmW <dmV =J§W,V)=1.

Now, we are ready to define the foliated Verdier condition for a stratification
adapted to E. In the following we identify tangent spaces of nearby points by parallel
translation determined by the Riemannian metric.

DerFINITION 4.9. Let E(c®)) be a singular foliation on M and let X be a
submanifold in M such that X = L%, ie., the leaf dimension of E is constant on X.
Let p be a point in X. We say FE satisfies the foliated Verdier condition at p over X
when there exist a tubular neighborhood (7',7,p) of X, a neighborhood U, around p
contained in 7, and a real number 4 > 0 such that

HE(y), TpX) < A-p(y)

hold for all ye U, — X. If E satisfies the foliated Verdier condition over X at every
point p e X, then E is simply said to satisfy the foliated Verdier condition over X.
Moreover, a stratification ¥ adapted to E is called a foliated Verdier stratification if E
satisfies the foliated Verdier condition over all strata X € &.

We have the following “isotopy lemma’ for singular foliations.
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THEOREM 4.10. Let E(cOyy) be a singular foliation of dimension r on M. Suppose
& is a foliated Verdier stratification. Then E is topologically locally trivial along each
stratum X € <.

We introduce here a lemma for the proof of theorem (4.10). This lemma, which is
the most essential part in the proof of (4.10), says that the foliated Verdier condition
assures that any continuous vector field on a stratum X can be “lifted” onto each
stratum sufficiently close to X.

LemMa 4.11. Let E(c O y) be a singular foliation of dimension r on M and let & be
a foliated Verdier stratification. Let X,Y be two strata of & such that XNY # 0.
Given a real continuous vector field v: X — TX such that v(x) #0 for all xe X. Then
for any tubular neighborhood (T,n,p) of X, we can construct a continuous extension ¢ of
von UNY (where U is a sufficiently small neighborhood of X) so that the following
conditions are fulfilled:

(i) myol=vom holds on UNY.

(ii) ¢&(y) € E(y) hold for all ye UNY, i.e., £ is tangent to the leaves defined by E at
all point y in UNY.

(i) Let {@, =exptl} be the local 1-parameter group of transformations induced by
&, Then for all t sufficiently close to 0 and all point y e UN Y, we have p(¢,(y)) > 0, i.e.,
the (local) integral curve through y does not meet X.

In the proof of this lemma, we use some basic facts about linear algebra. Let ¥~ be
a finite-dimensional vector space with an inner product { , >, and let V', W be two
vector subspaces of ¥. We set K= WNV* and J = WNK*, and we denote by
pry : ¥~ — V the orthogonal projection to V. Then we have the following properties.

(i) pryls:J — V is injective.

(ii) pryl|s:J — V is surjective & VN WL = {0}.

(i) o(W,V)=6(J, V).

PROOF OF (4.11). Set dimg X =2/. We will give below how to determine &(y) for
all point y € Y around a fixed point p € X. Since we may only consider y sufficiently
close to X, we may discuss under the following situation:

U, : a coordinate neighborhood around p,

(x1,...,X2,) : real coordinates on U, such that x(p) = (0,0,...,0)

and X N U, = {xa141 = X142 = -+ - = X0 = 0},
m: U, — X

(xl,xz,...,xZn)H(xl,xz,...,x21,0,0,...,0),
p: U, — R

(xl,xz,...,xz,,)t-—»\/x§,+1 +x§,+2—+—---+x§n.

For any point y € U,, the vectors {(9/0x1),,(0/0x2)y,...,(0/0x2,),} form an ortho-
normal basis of 7,M. We may also assume that there exists A > 0 such that
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(4.12) O(E(y), TpX) < 4-p(y)

hold for all ye U,NY. For the sake of simplicity, we put g = n(y).
Let ¢, be the linear map from T,X to 7,M defined by

t/@((%)q) = (;}z)y (i=1,2,...,2]),

ie., ¥,(u) is the parallel displacement of u. Then the vector field # on U, NY deter-

mined by #(y) = ¥,(v(q)) is clearly a continuous extension of v and satisfies the first and

third conditions in (4.11), but does not meet the requirement of the second condition.

So we will modify # so that #(y) is tangent to the leaf defined by E at each y.
We also define two sub-vector spaces of T,M by

K(y) = E(y) Nker(m|5a) (= E(y) N (¥, (T,X)) ")
J(y) = E(y)NK(y)*.
By (4.12), we have
1
(4.13) S(EG), T,X) <3
for all y sufficiently close to X, so we may assume (4.13) hold for all ye U,NY. Then
we have T,XNE(y)t={0} from (4.8), thus |y, :J(y) > T,X is a linear iso-
morphism. We define here a linear map L, : ;X — T, M, which gives the modification
for 5, by
L, = (”*’J(y))_1 — ¥,
Then we have
(4.14) I(E(y), T,X) =0(J (), T X)
=9(Ty X, J(y))

= su inf  sindw, u)
weJ(y)Pi{O}“EnX—{O}

= sup sindw, 7 (w))
welJ(y)—-{0}

= sup tandw,m(w)) - cosw, m.(w)»
weJ(y)—-{0}

~ s [w — W, (e (W) |
wed(y)-10p ¥y (ma(w))]l
| Ly (ma(w))]]

welJ(y)—{0} ”n*(w)”

- cosw, T (w))

- cosqw, T (W) ).

Now we define the vector field £(y), which we are asking for, by

E() = ¥, (v() + Ly(v(9)) (= (melsi)) ™' (v(9)))

forall ye U,NY. Itis clear that ¢ satisfies (i) and (ii) in (4.11), so let us check (iii) and
that ¢ is a continuous extension of v.
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Take a sufficiently small ¢ > 0 and set I = (—¢,¢). Suppose that there exists y €
U,NY such that p(¢p,(y)) = 0 for some te 1. Since p(py(y)) = p(¥) > 0, we can take a
real number 7, # 0 such that p(¢,(y)) > 0 for all ¢ e (—|t]|,[%]|) and p(¢,(y)) =0. We
may assume f) > 0. For the sake of simplicity, we put f(¢) = p(@,(y)).

Set ¢,(y) = (¥1(2),y2(2),...,y2,(2)). Since ¢, = expté, we have

(o) Zy,(t) i

Then for all z€ (0, ¢)) we obtain

2n

(@15) T o= 2 -2y
i=1 "7t
_ 2 yi(t) o ‘
- i3t Ve ()2 + - + yan(1)? it
_| & y,<t> |
,;1 plo(y yi (1)
2n ,Vi(t) 2. 2n Vs
= \J,._ZZ,; (p(fpt(y))) lg;ly,.(z)
=1 ||Ly,@5) (v(m (@, ()]
= HLqJ,(y)(U(qt))”a
where ¢, = n(¢,(y)). On the other hand, (4.14) tells us that for all y we have
(4.16) S(EQ), ) 2 DN oo 50) (@), 0(0),

l[o(g)]

and the foliated Verdier condition implies

(el s)) " (0(9)), 0(9)» = 0 (as p(y) — 0).
Moreover we may assume U, is relatively compact, thus

Mo = sup [lo(x)[ < +oo.
xeXNU,

Hence (4.16) implies that
[ECl|
cos€ (4| (5)) " (v(9)), v(g) »
<2M,-d(E(y), Ty X)
< 2AMj - p(y)

(4.17) 1Ly (v(@)]l < 6(E(y), TgX) -
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hold for all ye U,NY. By (4.15) and (4.17), we obtain

’%(r) < 2AMo - p(9,(y)) = 340 - ()

for all te (0, o). Thus we have —Ao- f(¢) < (df/dr)(¢). Integrating the both sides
from 0 to ¢, it turns out that

p(y) e < f(1)

hold for all € (0,#). This contradicts f(z) =0, thus (iii) in (4.11) holds.

Next let us check the continuity of & constructed above. FE induces a non-singular
foliation on Y because & is adapted to E. Hence it is clear that £ is continuous on Y
by the way of construction. The fact that £ is a continuous extension of v is an
immediate consequence of (4.17). Q.E.D.

ProOOF OF (4.10). Let & be a foliated Verdier stratification. Look upon all strata
in & as real differentiable submanifolds and take a controlled tubular neighborhood
system 7 = {(T%,7n%,p*)} of . Recall that M?% denotes the union of all strata of
dimension 2i and each (7% 7%, p%) is a tubular neighborhood of M?%. Choose a
stratum X € & arbitrarily, and set dimg X = 2/.

By the definition of the local topological triviality, it suffices to show that for every
point p € X E is trivial along X on a sufficiently small neighborhood U of p. This is a
local assertion at p, so we may assume

U : a coordinate neighborhood of p contained in T%,

(x1,...,X2,) : real coordinates on U such that x(p) = (0,0,...,0)
and XNU = {X21+1 =X2i42 = = Xy = 0}.

Hereafter we argue only on U. By shrinking all 7% (I <i < n), we can take (suf-
ficiently small) closed disk bundles F¥ < T% so that

(4.18) Closy(F¥)—F* < |J (M¥NU).

I<j<i-1

In order to get a local trivialization 4 : U — (UNX) x D, it is sufficient to integrate
continuous vector fields &;,&;,...,&y on U such that for every j (1 < j < 2/) we have

419) () (r¥).o¢= % o 7% holds on U.
]

(i) ¢&;(y) e E(y) holdforallye U — X, i.e., ¢ is tangent to the
leaves defined by E at all point y in U — X.

(iii) For any point y € U, the integral curve of ¢; through y stays in
the stratum including y.

We do this work by constructing é?"), gzj), .. .,égi) on each M*N U successively for
i=LIlI+1,...,n.
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We define 6(21) 5(21 . :(51) on MINU (=XNU = {xy41 =Xpp2= -+ = X2, =0})
to be 8/8x1, 8/0xa, .. a/axz, respectively. It is clear that &2, &), ,5 @) satisfy the
three conditions in (4 19).

Suppose we have already constructed all 6(2' 622' NS () Wwhich satisfy (1)—(ii1) in
(4.19) on each M¥NU for I<i<a-—1. In order to deﬁne é(za) é(za),...,éga)
M?»N U, we construct them on each T*NM*NU (I <i<a-1) and glue the pieces
together by means of a partition of unity on M2NU.

We may assume that each T% (I < i < a — 1) is so small that we could apply lemma
(4.11) to M¥NU and T*NU. Note that é(z' #0 on M¥*NU for all i with
I<i<a-1 and for all j with 1 <j <2/ because (n?), oéz') 8/0xj o n* holds on
M?*NU by the inductive assumption. Thus, applying lemma (4.11), we obtain con-
tinuous extensions 77 of é( on T% N M?* N U which satisfy (i)—(iii) in (4.11) for all i, j
with /I <i<a-1, 1<]<21

Now we define é](-za) on M¥NU as follows. First, we set

QZ(a—l) — T2(a—1) ﬂMZa N U,
. a—1
Q¥ = (TZ' - U ClosU(FZ"')> NM*NU (fori=a—2,a—3,...,1+1,]).
m=i+1

Note that {Q%},<i<q_1 is an open covering of M?**N U by (4.18). Then glue all 77
Q% together by means of a partition of unity on M??N U subordinate to {QZ'} and
define é] to be the resulting vecter field. Let us check below that 6(2") meets the three
requirements in (4.19) for each j.

At first, we will show that all #?* (I<k <a—1) satisfy (i). The following
equation holds on Q%:

(n¥), oy 2k = (% on®), 0n _(nzz) o (n%).on 2k =(n 21)*051(2k)on2k

2 0
=§]( )on210n2k=__on21

0x;

thus #? fulfills (i). It is obvious that all 77 satisfy (ii). For (iii), it suffices to show
that if yeInt(F¥)NM?*N U then the 1ntegral curve of é ) through y does not meet
M%*NU (for every integer i with /I <i<a-1). Smce F% does not intersect Q%*
with / <k <i—1 by the definition of Q% 5(2” has been determined on Int(F N
M%NU using only 7* with i<k<a—1. Let {(y**), =expm?} and {( 2, =
exp té(Zk)} denote the local 1-parameter groups of transformatlons respectively. By the
construction of 77 g (|//2‘) ( y) does not meet M?%. For each integer k with i <k
<a-1, we have p¥ = p¥on? by (4.4). Hence

p% o (Y)(y) = p¥ o1 o (Y)i(y) = p¥ 0 (97):(») > 0

hold for all ¢ sufficiently close to 0 by the inductive assumption. This implies that
(t//jzk),(y) does not meet M2 for all ¢ sufficiently close to 0, thus (iii) holds.
This completes the induction and the proof of this theorem. Q.E.D.

Let us close this paper by giving some examples about foliated Verdier stratifications.
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ExaMPLE 4.20. Let v;,v, be holomorphic vector fields on M = C* defined by

0=y i 4 xp?

L= V%% xyzay Y %z
(4.21) '

v —z——xzzi+x z-a—

27 “ox oy s

Let E(c@)) be the coherent subsheaf generated by v;,v;. E is integrable since
[v1, 2] = xpv1 + xZV5, so E defines a singular foliation on C3. The rank of E is one,
and by (4.21), S(E) = S© = {y = z = 0} = {x-axis}. Set X = {x-axis} and ¥ = C> -
{x-axis}, then & = {X, Y} gives a foliated Verdier stratification of C>. Therefore E is
topologically locally trivial along X by (4.10).

ExampPLE 4.22. Let v, v2, v3 be holomorphic vector fields on M = C 3 defined by

(o — 29 92
v = 3y o +2x6y
0 0
4.23 = 2 _ ) — 2,
(4.23) q 2 (x y)ay+3yzaz
vy = (xz—ys)i —2xz—.
\ 0x 0z

Let E(c®)) be the coherent subsheaf generated by v;,v;,v3. We can easily check
that E is integrable (at every point of C3), so E defines a singular foliation on C3.
The rank of E is two, and by (4.23), S(E)=8SU ={xz=yz=x?-3»*=0} =
{x=y=0}U{z=x>—)"=0} and SO ={x=y=0}. Set X;={x=y =0}~ {0}
and X, = {z=x%—)? =0} — {0}, then & = {C? — S(E), X1, X2, {0}} gives a foliated
Verdier stratification of C>. Therefore E is topologically locally trivial along each
stratum of % by (4.10).

ExAMPLE 4.24. Let us recall the singular foliation E on C> given in (3.19). If we
take the stratification &' = {C> — S(E),S(E) — S©, SO}, the structure of E is not
trivial at 0 along the strarum S©®. So it is necessary to separate the bad point 0
from S© to obtain the local triviality along each stratum. The stratification & =
{C? - S(E), X1, X2, {0}} is adapted to E, but this is not a foliated Verdier stratification
(E does not satisfy the foliated Verdier condition at p = (x,0,0) (x #0) over
X, = {x-axis} — {0}. See the directions of the leaves through (x,0,z) e C? for ze C
sufficiently close to 0). We cannot take a foliated Verdier stratification for this type of
singular foliations.
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