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1. Introduction

A stochastic process of Ornstein-Uhlenbeck type (OU type process) {X;} was
introduced in one dimension by Wolfe [7] and in multidimension by Sato and Yamazato
[4]. Tt is a Markov process (2, %, %;, P*, X,) on the d-dimensional Euclidean space R?
obtained from a spatially homogeneous Markov process undergoing a linear drift force
determined by a matrix —Q. The purpose of this paper is to give an integral condition
of recurrence and transience for OU type processes. Let {Z,} be a Lévy process on R?,
that is, a stochastically continuous process with stationary independent increments,
starting at the origin. Let Q be a real d x d matrix of which all eigenvalues have
positive real parts. An OU type process {X;} on R? is, under the measure P*,
equivalent to the process {X,} defined by

t
(1.1) X, =e "9+ J e 4z,

0
where the stochastic integral with respect to the Lévy process {Z,} is defined by
stochastic convergence from integrals of simple functions. It is the unique solution of

the equation
t

(1.2) 7,:x+Z,—J 0X, du.

0
An OU type process is determined by the Lévy process {Z,} and the matrix Q. When
{Z,} is a Brownian motion and Q is a positive constant multiple of the unit matrix, it is
a classical Ornstein-Uhlenbeck process. Precise definition of an OU type process by its
infinitesimal generator is given in [2] and [4]. The process {X;} is called recurrent if
there is y € R? such that

P"(tlim inf |X;, — y| =0) =1 for every x € R°.
—00
The process {X;} is called transient if
P"(tlim |X;| = o0) =1 for every x € R°.
—00

OU type processes are necessarily recurrent if they have limit distributions. Sato and
Yamazato [3,4] obtain a necessary and sufficient condition for OU type processes to
have limit distributions. Moreover they show in [4], by giving a concrete example, that
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there is a recurrent OU type process which does not have a limit distribution. Later
Shiga [6] gives a recurrence criterion for OU type processes in one dimension and
discusses several symmetric multidimensional cases. He also shows that any OU type
process is either recurrent or transient. However his proof of the recurrence criterion
includes probabilistic argument which is peculiar to one dimension. Sato, Watanabe
and Yamazato [2]| discover a purely Fourier analytic method to overcome difficulty in
nonsymmetric multidimensional case and give a recurrence criterion when Q is diag-
onalizable and all eigenvalues of Q are real and positive. Some related remarks are
discussed in Sato and Yamazato [5]. After that, Sato, Watanabe, Yamamuro and
Yamazato [1] give a criterion when @ is a Jordan cell matrix with a positive eigenvalue
and also obtain a criterion which unifies the results when Q is diagonalizable or a
Jordan cell. Concerning recurrence and transience of two-dimensional OU type pro-
cesses, they make comparison of the case where Q is diagonal and the case where Q is
a Jordan cell matrix. Through these studies, it is conjectured by K. Sato that the
unified criterion in [1] should be a general recurrence criterion for the OU type
process. In this paper we shall answer Sato’s conjecture in the affermative. A lemma
(Lemma 1) on boundedness of some integrals involving exponential functions and
trigonometric functions is crucial for the proof. Let |x| and (x,y) denote the norm and
the inner product in R? in the usual sense. The characteristic function of Z, is
represented as
Eei@Z:) — ot¥(2)

(13) , -1 i(z,x) ; 2y-1

¥(z) = i(y,z) — 27 (z,Bz) + Rd(e M =1 =iz, x)(1 + |x]°)"")p(dx),
where  is a constant vector in R?, B is a symmetric and nonnegative definite real d x d
matrix, and p is a measure on R? satisfying p({0}) =0 and fRd(|x|2 A 1)p(dx) < o0.
The measure p is called the Lévy measure of the Lévy process {Z,}. Our main result is

the following theorem.

THEOREM 1 (Sato’s conjecture). Fix ¢ >0. Then the OU type process {X,}
associated with the Lévy process {Z,;} and the matrix Q is recurrent if and only if

1 1

(1.4) j @epr du j (exp(—luQxl)—l)p(dx)} = w,
oV v U |x] = ¢

where u2 = ellos¥)Q.

We state the following corollaries, which are pointed out by M. Yamazato. Let
||| be an arbitrary norm in R

COROLLARY 1. Fix ¢> 0. The equation (1.4) is equivalent to

1 v 1 u
(15) | % exo U T ) - 1>p(dx>] =,

v

and hence the OU type process {X,} is recurrent if and only if (1.5) holds.
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Let S = RQR™! be the real Jordan canonical form of Q with R being a real
invertible d x d matrix. Let y; =o; +v—18; (1 <j <n) be distinct eigenvalues of Q.
We define a matrix S as a matrix substituting 0 for all B; in S and define a matrix Q0 as
0 =R!'SR.

COROLLARY 2. Let {X;} and {X,} be OU type processes associated with a common
Lévy process {Z;} and matrices Q and Q, respectively. Then {X;} is recurrent if and
only if {X,} is recurrent.

After we show a lemma on boundedness of some integrals in Section 2, we prove the
results above in Section 3.

2. Boundedness of some integrals

In this section we prove a key lemma which plays an essential role in the proof of
Theorem 1. Let R be the set of all real numbers. Let m and n be positive integers.
Fix n distinct complex numbers y, (1 <j<n) such that y; =o;+ \/—_1ﬂj with
0<au <oap<--- <a,and f;eR. Let Pi(s) and Q;(s) (1 <j < n) be polynomials with
complex coefficients and with degrees being at most m. We assume that if y; is real,
then polynomials P;(s) and Q;(s) have real coefficients and that if y; is not real, then
there exists k (1 <k <n) such that y, =7, Pi(s) = P;(s), and Qx(s) = Qj(s). Here z
stands for the complex conjugate of a complex number z. Define functions f(s) and
g(s) on R as

(2.1) f(s) =) €"Pys) and g(s) =) €’ Q(s).

Jj=1 j=1
Note that f(s) and g(s) are real valued by virtue of our assumption on P;(s) and
Qi(s). Let I(x) be a real bounded measurable function on R continuous at x = 0 and
let J(x) = [; I(u)du. From now on, denote by K; (/=1,2,...) positive constants
depending only on m,n, and {yj}}’zl. We state the following lemma in a version
improved by M. Yamazato.

LemMA 1. Suppose that

(2.2) sup |[I(x)| <1 and sup |J(x)| <L
xeR xeR

(i) We have, for every N > 0,

(2.3) <Ki+K log(

JN 1(/()) ds 70 1)‘

(i) In addition to (2.2), suppose that

(2.4) sup )| <l
x#0 |x|
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Then we have, for every M and N with M < N,

jN 1(f(s)) ds

M

(2.5)

< Ks.

REMARK 1. We change the variable as s =logu. Setting I(x) = e and letting
N — oo in (1) of Lemma 1, we get

(26) J; e < K+ Katog v )

On the other hand, setting I(x) =sinx and 2~ '(cosx — e~™), respectively in (ii) of
Lemma 1, we obtain that, for every M and N with 0 < M < N,

N
(2.7) JM sin(f(log u))% ‘ <K;
and
(2.8) JN (cos(f(logu)) — e-|f<'°g“>')@ <Ky
M u

We need several lemmas for the proof of Lemma 1. Denote by {6,}12, the set of
all zeros of the polynomials {Q;(s)};_;. Define a set 7, for #>0 as

Ly
(2.9) T,=(){seR:|s— Reb)] = n},

I=1
where Rez stands for the real part of a complex number z. Here we define T, = R if
all polynomials {Q;(s)};_, are constants. For every dp with 0 < do < a1 /4, there exists a
sufficiently large 7, > n depending only on Jy,m,n, and {yj} _; such that, for any
s,te T, satisfying |s—¢ <n and for 1 <j<n and 1 <k <2n,

(2.10) 105(5) — O;(1)] < 80l Qs(s)]
and
(2.11) 109 ()] < 80l Qs(s)],

where Q;k)(t) stands for the k-th derivative of Q;(¢).

LeMMA 2. There exists py € (0,1) and 5y > n depending only on m, n, and {y;};_,
such that if p € (0,py] and so € Ty 4n satisfy

(2.12) g(s0)l <" 3 e#%1Q,(s0)l,
j=1

then, for some 1 with 0<l<n—1, there is a real zero {; of g¥(s) satisfying
lso — &1 < mp.
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Proor. Fix py€(0,1) and 5y, > n temporarily and let p e (0,p,] and so € Ty 4n
satisfy (2.12). Denote

(2.13) =Y ¢|Qi(s)|-
=1

Suppose that, for any / with 0 </ <n—1, g¥(s) is non-zero for any s satisfying
|so — 5| < np. We show the following assertion (a).
(a) For every I with 0 </ <n—1, there exists s; satisfying

(2.14) Isi—so| <lp and |gW(s)| < p"'p.

If we let /=0 in (2.14), it is obviously true. Suppose that, for some k with
0<k<n-2, and for some s,

(2.15) Isk —so| <kp and |g®(s)| < p"* I,

and, for every s satisfving |s — so| < (kK + 1)p,

(2.16) g ()| > ok,

By virtue of the mean value theorem, we find from (2.15) and (2.16) that there are two
numbers cy satisfying |c4 — s¢| < p and

(2.17) 199 (sic + p) = g©(s)] = plg* D (e2) > " .

Since g**1)(s) cannot change its sign on (sx — p, sk +p) < (so — (k + 1)p, 50 + (k + 1)p),
it follows from (2.15) that either g®)(sx + p) or g®)(sx — p) has the opposite sign with
g®(s;). Hence there exists a real zero {, of g®)(s) satisfying |{; — sx| < p, which
contradicts our assumption. This proves the assertion (a). Now define an nxn
matrix I” as

1 1 1
(2.18) r— 71 V2 ¥n
o !

Note that detlI'#0, since it is Vandermonde’s determinant. Let I'"! = (7y)
(1 <i,j <n) and let max; <; j <a|y;| = Ks. If we choose py small enough and 7, large
enough beforehand, then, by virtue of (2.10) and (2.11), for some J; > 0 and for each /
with 0 </ <n-1,

n

(2.19) ¢ (s) = ;(?j)'eyfs" Qj(s0) + Ry,

|R)| <61ly, and n*(8; + po)Ks < 1.

The smallness of p, and the largeness of 7, depend only on m,n, and {y;}/_;. We
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define complex numbers x; (0 <j<n-—1)and y; (0<I/<n-1) as

(2.20) xj = €71 Qj11(s0)
and
(2.21) yi=4g"(s) - R,

Denote x =(xg,...,x,—1) and y =*(yo,...,¥n—1). Then we see from (2.19) that

(2.22) x=TI"y.

Hence we obtain from the assertion (a) and (2.19) that
n—1

(2.23) L= |x| <61+ po)Ksh < I,
=0

which is a contradiction. This proves Lemma 2.

LEMMA 3. There exists sufficiently large ny > n and small 6, € (0,1) each depending
only on m,n, and {yj}]'.’=1 such that, for every t€ R and every I with 0 <1 <n—1,g%(s)
has at most n— 1 real zeros on [t,t+ 3] N T,,.

PrOOF. We use again I defined in (2.13). We see from (2.10) and (2.11) that, for
every ¢ > 0, there exist sufficiently large #, > » and small J;, > 0 depending only on
e,m,n, and {y, ]'7:1 such that, for any so,s€ T, satisfying [so —s| <dJ, and for
0<j<2n,

(2.24) 199 (s) — ¢V (s0)| < elo.

Suppose that, for some / with 0 </ <n — 1 and for some ¢, there are at least » distinct
real zeros of g)(s) on [t,t+J,]NT,,. Then we find from Rolle’s theorem that, for
0 <j<n-1,g"(s) has at least n — j distinct real zeros on [t,¢+ ;] N T,,. Choosing
So € [t,t +32] N Ty, we see that, for 0 < j < n — 1, there exists a real zero {;,; of gl (s)
satisfying |{;,; — so| < J>. Hence, from (2.24),

(2.25) 19t (s0)| < ely for0<j<n-—1,

which leads to a contradiction by argument similar to the proof of Lemma 2. The
proof of Lemma 3 is complete.

Let « >0 and let P(s) be a polynomial with complex coefficients and with the
degree being at most m. Let 4; (1 <j</) be all zeros of P(s). Define a set T as

]
(2.26) T=(\{seR:|s— Rei| >1}.
j=1
Here we define 7= R if P(s) is a constant.

LEMMA 4. There exists a positive constant K depending only on a and m such that

(2.27) e*|P(s)| > K|P(0)| foralls>0 withseT.
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Proor. If P(0) =0 or P(s) is a constant, then the lemma is obviously true. Hence
we can and do assume that P(0) #0 and / > 1. Define a function R(s) on R as

_ &P
PO)] -

(2.28) R(s)

We may assume the zeros are repeated according to their multiplicity. Then R(s) is
expressed as

!
—
(2.29) Rs) =[] Is = 41
Without loss of generality, we can and do assume that 0 < |41 < [A2| < --- < |4|. We
shall prove (2.27) considering the following three possible cases:

Case (i). If 2714 <, then we have

(2.30) R(s) >

Case (ii). If 27'4j| <5< 27'|4j41] for some j with 1 <j</—1, then we get
2=l gali1/2
41

Case (iii). If 0 <s < 27!|4;], then we find that

(2.31) R(s) >

(2.32) R(s) = 27",

Let C = inf|<j<pminfyox~/e*/? and let K =2""(CA1). Then (2.27) is evident from
(2.30), (2.31), and (2.32).

ProOF OF LEMMA 1. The assertion is trivial if f(s) identically vanishes. Hence we
assume that, for some j, P;(s) does not vanish identically. We first prove (i). Denote
{(JI}IL:'1 be all zeros of the polynomials {I)j(s)}]’-l=l. Define a set S, for # > 0 as

L .
(2.33) Sy=(){seR:|s— Reb)| =n}.

=1
Here we define S, = R if all polynomials {P,(s)};_; are constants. There exists suffi-
ciently large 7, > 1 depending only on m and «; such that, for any se S, and for
1<j<n,

(2.34) |P(s)| <470 |Bi(s)-
Now we choose Q;(s) = y;F(s) + P/(s). Then g(s) =f"(s). Choose sufficiently large
7o > n and small py,d, € (0,1) as in Lemmas 2 and 3. Denote

L,

(2.35) U=TynNSy, = la,b] and ¥V =UNR,
1=0
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where 0 < L, <2mn+1 and ay = —o0 and by, = +oo. Then we have
(2.36) J [I(f(s))|ds < 2(ny + n)mn + 2n,mn = K.

1%

Define functions fy(s), go(s), and gi1(s) on R as

(2.37)

(2.38)

and

(2.39)

fols) =3 1B,
=1

go(s) =Y e*|Q;(s)],
j=1

—oy8/2

gi(s) =e go(s).

Hereafter we fix an arbitrary integer / in 0 </ < L,. We see from (2.11) that

(2.40)

g (s) =47 'ayg1(s) >0 on [ay, b))

Since Q;(s) = 7;F;(s) + Pi(s), it follows from (2.34) that

(2.41)

Note from (2.40) that gj(s) >0 on [a;,b].

fo(s) < Kzgo(s) on [a, by].

following three possible cases:
(i) If there exists s; € [a;, b;] such that go(s;) =1, then we set ¢; =s,.
(i) If go(a;) > 1, then we set ¢; = a;.
(iii) If go(b;) < 1, then we set ¢; = by.

We shall show that if ¢; < b;, then

(2.42)

JN I(f(s))ds' < Kg for every N € [c;, by].

9}

We define ¢; € [a;,b;] considering the

Let ¢ be a positive number. Denote p_ = p,é* for integers k > 0 and 1 = e"e*%/2. We
choose ¢ depending only on m,n, and {yj}]'.'=1 sothat 0 <e<1land A >1. Let {Cj}fil
be all real zeros of the functions {g() (s)},':;(l) (L3 may be infinity). For k > 0 define sets
Wi, U, and Vj as

(2.43)

(2.44)
and
(2.45)

Here we define

L
Wie=\{seR:|s—{| =np},

j=1

U = [c1, N1 N [c; + kb2, c1 + (K + 1)d] N Wy,

Vi = [e1, N| N [c; + kda, c1 + (kK + 1)62) N W

Wi = R if there are no real zeros of the functions {g®(s)}iq.



Sato’s conjecture on recurrence conditions

represent Uy as

Ly
(2.46) Uk = | [y, dyjy1).-
j=1

Note from Lemma 3 that Ly <n?+ 1 and that
(2.47) J [I(f(s))| ds < n*2np, = 2n°pye*.
Vi

Fix an arbitrary integer j in 1 <j < Ls;. We see from Lemma 2 that
(2.48) l9(s)| = prgo(s) on [dy, dyjii].

On the other hand, we find from (2.40) that, for s e [dy;, dyj1],

(2.49) go(s) = e**/2g(c)) > eku%/2,

Here note from ¢; < b; that go(c;) > 1. Hence we obtain from (2.48) that

(2.50) lg(dyj)| = pigo(dy) = piik
and likewise
(2.51) lg(daye1)| = pia*.

We see from (2.11) that
(2:52) |9'(s)] < Kogo(s) on [dy, dyji1].
Hence we get by (2.40), (2.48), and (2.49) that

r 9O 4 Ko r ds

4 g T P e, gols)
(2.53) o .
2j+
< T—g—-— J e 1512 dg < __En__9____ < Kloll_k.
P91 (dy) Jay 19" go ()

By using integration by parts, we obtain from (2.50), (2.51), and (2.53) that

sz,-“ I(f (s))ds> < H{%(S)—)] :1 + JZI 17 9)g(s) ;2;3'“) ds

dy;
< 2p5"A7F + KioA™F = Ky a7k

(2.54)

It follows that, for every N € ¢, by,

)
< Z{(nz + I)Kuﬂ._k + 2n3p08k} = Kg.
" k=0

(2.55)

N
j 1(£(s)) ds

163

Thus we have proved (2.42). Next we shall prove that if a; < ¢; and 0 < ¢;, then

(2.56) J (£ (5))] ds < Ku» + K3 log (ﬁ(ﬂ v 1).

tI[VO
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Note from a; < ¢; that go(c;) < 1. Hence we have

(2.57) cr < —2a7 ' log g1 (cr).

By using Lemma 4 with a = o; — 21/2, s =¢;, and P(s) = P,(s) for 1 <j <n, we find
from (2.41) that

(2.58) |£(0)] < Kise ™™ fy(e1) < Kisgu(cr)-

Hence we get (2.56) by (2.57). It follows that, for every N > 0,

J: I(f(s))ds| < K¢ + 2mn + 1)<2K3 + Kiz + Ki3 log(|f(0)I ))

(2.59)

=K+ Klo ( )

SRR\ OTI
Thus we have established (i). Secondly we prove (ii). We see from (2.40) and (2.41)
that if a; < ¢;, then

Cl Cy

[ <g [ gl

(2.60) “ .-

< K7g1(ar) J e™/? ds < 2 K707 go(er) < K,
a

where we use the inequality go(¢;) < 1. Recalling (2.42), we conclude that, for every M
and N with M < N,

(261) < K¢ + (2mn + 1)(2K8 + K16) = Kj.

N
j 1(£(5)) ds
M

The proof of Lemma 1 is complete.

3. Proof of results

In this section we prove the results which are stated in Section 1. Our argument
used in the proof of Theorem 1 is similar to the proof of Theorem A of [1] and so the
same part of the proof is omitted.

ProoF OF THEOREM 1. Denote by y; = a; + \/:fﬂj (1 <j < n) distinct eigenvalues
of Q with 0 <aj <ap < --- <o, and f;€ R. Suppose that {X,} is transient. Then,
by using (2.7) of Remark 1, we find as in the proof of Theorem A of [1] that there is
ze R with 0 < |z| <1 such that

1 1
(3.1) L —‘—?exp U du Jl  ooszu%) — D@9 <o

v U

Here c is an arbitrary positive constant. Setting f(logu) = (z,u%x), we see from (2.8)
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of Remark 1 that

! o, du
(3.2) [ (coste, ) — e | <
and hence
1
J (cos(z, ufx) — 1)%f
! ) 0 o 0 du
(33) = J [(COS(Z, uQx> —_ e_l(z’u x)l) + (e_l(z)u x| _ e_lu x|) + (e—lu x| _ 1)] 7

1

> —Ky +J (e71u®x — 1)‘17".

v

Here we note that eI — ¢~I¥®xl > 0. Hence we obtain from (3.1) that

0 v

Vv Udu
(3.4) J %—exp U % JIXIZC(exp(—|uQx|) - l)p(dx)J < 0.

Conversely, suppose that (3.4) is true for each ¢ > 0. We shall prove that {X,} is
transient. Again, as in the proof of Theorem A of [1], it is enough to prove that, for
some ¢ > 0,

(3.5) JMSI dz Jl av exp Ul du LXIZO(cos(z, ulx) — l)p(dx)] < 0.

oV v U

In general there are positive constants C; (1 <j < 4) depending only on Q such that, for
xeR?,

(3.6) Cau|x| < [u9x| < C3uSt|x| forue (0,1],
and
(3.7) CluC x| < |ulx| < C;'u%|x| forue|l, o).

For ¢>0 denote by p, the ristriction of the Lévy measure p to the set
{xeR?:|x| = c}. Denote by §~! the d — 1 dimensional unit sphere. Define a set Sy
as

(3.8) Sop= {68 : [ul¢| > 1 foru>1}.
o

We define a probability measure o on Sy and measures ¢ (£ € S9! on (0,0) such that
1¢(B) is measurable in ¢ for any Borel set B in (0, o), 7¢((0, 00)) = p.(R?), and, for each
Borel set E in R,

(3.9) peB) = | atat) f 15 (rO8) e (db).

So
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We get by (3.6) that, for £ €Sy and for ze R? with |z <1,

1 1
0 w 0 w
Setting f(logw) = (z, w2¢), we find from (2.6) of Remark 1 that
® dw OO Q dw 1
311 J o Neweal _ g-weely B J R IRl N A
Y 3 =) w S TR

We see from Lemma 2.2 of [2] that, for sufficiently large ¢ > 0,

X d 1 g
(3.12) L'Sl dze p{pc(R e LQ log 175 (dé)} < o0.

Letting ru = w, we obtain from (3.10), (3.11), and (3.12) that, for sufficiently large ¢ > 0,

1
J dzexp “ du J (e"KZ’“Q">| - e"'"Qx|)p(dx)}
lzZl<1 0 U Jix|=e

iy [ grae) [ (elemean _ g-ivecty
peBY) [ ata) | ¢ )w]

So

(3.13) < J dz exp
|zl<1

1
(2, &)
Recalling (3.2), we get that, for sufficiently large ¢ > 0,

[ o[ 4], ot

1 1
= J dz J a exp U du J {(cos(z, ulx) — e~ t5425l)
|z| <1 x| >c

< const - J dz exp
lzZ|<1

a(dé)] < 0.

pc(Rd)KZ J log
So

oV v U
(3.14)

+ (e—|(z,uQx)| _ e—|uQx|) + (e‘—luQx| _ 1)}p(dx):|

< const - Jl av exp Ul du jl I (exp(—|u®x|) — l)p(dx)] < 0.

oV v

Thus we have established (3.5). The proof of Theorem 1 is complete.

PrOOF OF COROLLARY 1. In the proof of Corollaries 1 and 2, we continue to use
the notations above. Obviously there are positive constants Cs and Cg such that
(3.15) Cs|x| < ||x|| < Cs|x| for x € R“.

Let a and b be constants satisfying 0 < a < b. We see from (3.6) and (3.7) that, for
£ e S,

1 1
16 R N 0s 4
(3.16) Jo(e e ) ” <((b-a) Jo |wlE| —

w
< (b-a)C!C
w —( a) 1 35
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and

(3.17) JOO (e~ W%l _ g=bweely dw

© dw
< J e MR < a7lcr! G,
1 w 1 w

Letting ur = w, we obtain from (3.16) and (3.17) that

1

J p(dx) J (e—aluQxI _ e—bluQxl)ilf

|x|=c 0 u

(3.18) . j

< p,(R% J a(dé) J (emaweel _ gmbmeey 20 o
So 0 w

It follows that

1
du
dx J ollulxl _ j-juxl W
jlxIZCp( ) OI |~

(3.19)

1
x| = ¢ 0 u

Hence Corollary 1 is evident from Theorem 1.

ProOF OF COROLLARY 2. Let u > 0. Denote

(3.20) E2=((1) ?) and Dzz(; _f)

with o, € R. Obviously we have
(3.21) |uP2x| = u*|x| for x e R

Let 4; (1<j<I) be real 2x2 matrices. We define real 2/ x 2/ matrix M(4,,
As, ..., A)) as

Ay Ay Az - A

Al Ay - A,

(3.22) M(Ay, Ay, ... A) =
Ay Ay

0 A

Denote J; = M(D,, E;,0,...,0) and J, = M(aE,, E»,0,...,0). Then we find that

-1
= M(uD2, (loguyu®, .. ,___(‘(‘l’g_ “)1), uDz)
(3.23) ' -
= M(uD2,0, NN ,O)M(Ez, (logu)Ez, ce ,(—((;gTui)—' Ez)
and

. -1
(3.24) w' = M(u"E,,0,. .. ,0)M<E2, (logu)E,, . .. 7% EZ).
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Hence we obtain from (3.21) that

(3.25) W’ix| = [u''x| for xe R*.

It follows that

(3.26) uSx| = |Sx| for x e R°.
Define the norm ||x|| = |Rx|. Note from (3.26) that

(3.27) 1u@x|| = |5 Rx| = |u’ Rx| = [|u2x]|.
Therefore, Corollary 2 is evident from Corollary 1.
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