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1. Introduction.

Let @ = (—L,L) be a bounded open interval in R. In this paper we shall consider
the one-dimensional Dirichlet problem

0f(u) =uxx +f(u) in (x,0)eRx(0,T) (1.1)
u(+L,t)=0 onte(0,7) (1.2)
u(x,0) =up(x) onxeR (1.3)

where 0, = d/0t and f(v), f(v) with v > 0 and uy(x) are nonnegative functions.

Equation (1.1) describes the combustion process in a stationary medium in which
the thermal conductivity £'(x)™' and the volume heat source f(u) are depending in a
nonlinear way on the temperature f(u) = f(u(x,?)) of the medium.

Throughout this paper we assume

(A1) B(v), f(v) e C*(R,)NC(R,) where R, = (0,00) and R, = [0,0), B(v) > 0,
f(v)>0, f'(v) <0 and f(v) >0 for v>0, limy_,B(v) =00, fof ' (v) is locally
Lipschitz continuous in v > 0.

(A2) up(x) =0, € C(2) and ug( + L) = 0 (compatibility condition).

With these conditions above Dirichlet problem has a unique local solution
u(x,t) > 0 (in time) which satisfies (1.1)~(1.3) in a weak sense (e.f.- Aronson-Crandall-
Peletier [3], Bertsch-Kersner-Peletier [4], Ladyzenskaja, et al. [11], Oleinik et al. [13]).
The definition of “weak” solutions is given in Section 2.

Let s(x) be the principal eigensolution of —8?/dx®> in (—L,L) with Dirichlet
boundary conditions (s is normalized: s >0 in @, [, s(x)dx=1) and A be the first
eigenvalue of this problem. We further assume the almost necessary condition to raise
the blow-up (see Imai-Mochizuki [9]).

(A3) There exist a continuous function g(&) of & and a &; > 0 such that

g9(&) <f(€) -4 in&>0, (1.4)

I' =gof'is convex in ((0),), (1.5)
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B (n)
g(n)

and I'(p) is nondecreasing in p > p(&,).

g(&) >0, J dnp< oo if &>¢ (1.6)

ReMArRk 1.1. Equation

(ul/m)t = Uyx T /,tup/’"{log(u + 2)}b
m>=1Lp>1Lu>0,b=>0) (1.7)

satisfies (Al)~(A3), if p/m>1or p=m>1lu>Aorp=m=1,b>1.

Under these conditions (A1)~ (A3), we have already known that if the initial data
up(x) is large enough, then the solution of (1.1)~(1.3) blows up in finite time:

Set

J(t) = L Bu(x,t))s(x)dx fort>0. (1.8)

ProposITION 1.2. (Imai-Mochizuki [9]) Assume (Al)~(A3). Let u(x,t) be a
weak solution of (1.1)~(1.3). Then, if J(0) > B(&1), u(x,t) blows up in finite time.

If the initial data up(x) is small enough, then the solution u(x,?) of (1.1)~(1.3)
exists globally in time and stays bounded as ¢t — oo (see Lemma 5.3), provided that f(&)
near ¢ = 0 satisfies inequality

éir;g{4LF(\/i§) -1 <0 (1.9)

where F(¢) = fo f(n)dn.
We are now interested in the problem whether or not the following third case exists:

(P) u(x, t) exists globally but is not uniformly bounded in Q x (0, ).
In the semilinear case B(&) = ¢&, Fila [7] showed that if we assume

(B) there exist constants ¢ > 0, Cy, C, C3 > 0 such that
Ef(E)+Cr=22(1+¢)F(&) forE>0 (1.10)

with F(&) > C&* — C;3 where F(¢) = fo n)dn, then the global solution u(x,?) of
(1.1)~(1.3) stays bounded as ¢t — oo, namely, (P) does not occur. This result can be
extended easily to more general $(¢). Then, the condition is changed to (B) with some
lower restrictions on the growth order of f(£). For example, if (&)= &Y™ t
condition becomes (B) with F(£) > C,&'*1/m*¢ _ C;, and under this condition equatlon
(1.7) satisfies p/m > 1.

Here, we note that Fila [7] also showed the similar results in the quasilinear
case. But, he needed some upper restrictions on the growth order of f(&). We also
note that in the higher dimension case N > 1 he also got the almost complete results for
the boundedness of the global solutions (see Fila [7]).
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ReMARK 1.3. We do not know whether or not the above conditions are stronger
than (A3) in general. But, if we restrict ourselves to (1.7), above conditions are stronger
than (A3).

On the other hand, if we assume

. FE) _
@ i g =

and in the degenerate case f'(0) = co we further assume that
() Gato(X) = up(x) for (x,t)e[-L,a]
ogup(x) = up(x) for (x,t) € [ay, L]

for some —L < a; < a; < L where g,up(x) = up(2a — x), we can easily see that (P) does
not occur by using the energy estimates and the following corollary which is a direct
result from Proposition 1.2.

COROLLARY 1.4. Assume (Al)~(A3). Let u(x,t) be a global weak solution of
(1.1)~(1.3) in time. Then

J(t) < B(&) forallt>0. (1.11)

If 1 <p/m<1+1/m, then (1.7) satisfies condition (C).

Thus, conditions (B) and (C) give some lower and upper restrictions on the growth
order of f(&) respectively. Our aim in this paper is to remove these restrictions,
namely, we show the boundedness of any global weak solution to (1.1) ~(1.3) with the
growth order of f(£) which satisfies only the blow-up conditions (A3):

THEOREM 1.5. Assume (A1)~ (A3). Let u(x,t) be a global weak solution in time to
(1.1)~(1.3). Then, u(x,t) is uniformly bounded in Q x [0, 00).

In order to prove this theorem, we need the property of the zero set of u,(-,¢) and
show the existence of lim,rsgnuy(x,?) which was appeared in Chen-Matano [6] and
R. Suzuki [15]. Using these properties and the energy methods we prove the theorem.
Then, it is important to study the property of u(x,t) on the zero set of u,(:,?).

The higher dimension case N > 1 has been discussed by many authors, e.g.,
Cazenave-Lions [5], Giga 8] for the semilinear case and Ni-Sacks-Tavantzis [12], Fila [7]
for the semilinear and quasilinear cases.

The rest of the paper is organized as follows. In the next Section 2 we state the
definition of a weak solution and give the fundamental tools and lemmas. In Section 3
we show the existence of lim,r sgnu,(x, ¢)(# 0), and in Section 4 we study the property
of u(x,t) on a local minimum (or maximum) curve which is a set (x,¢) satisfying
ux(x,2) = 0. In Section 5, we show the boundedness of the solution near the boundary
by using the energy methods. Finally, in Section 6 we prove Theorem 1.5.
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2. Definitions and preliminaries.

In this section we define weak solutions of (1.1) ~(1.3) and state the fundamental
tools and lemmas which are used later.
Throughout this section we assume (Al) (A2).

DerINITION 2.1. Let G be an open interval in R. By a weak solution of equation
(1.1) in G x (0,T), we mean a function u(x,?) such that

1) u(x,f)>0in Gx[0,T) and € BC(G x [0,7]) (bounded continuous) for each
0<t<T.

2) For any bounded open interval D = (a,f) in G, 0 <7< T and nonnegative
o(x,t) € C*(D x [0, T)) which vanishes on the boundary aD,

jD Blu(x, 1))p(x, 7) dx — jD Blu(x,0))p(x, 0) dx
2.1)

X=0

= [ | @00 +up+s 0} x| upa
0JD

0 x=f

By a weak solution of the initial boundary value problem for (1.1) in G x (0, T), we
mean a weak solution of (1.1) satisfying the given initial and boundary values on the
parabolic boundary of G x (0, T).

DrerFINITION 2.2. A function u(x, t) defined in G x (0,7) is called a weak super-(or
sub-) solution of (1.1) if u(x,?) satisfies 1) 2) of Definition 2.1 with equality in (2.1)
replaced by > (or <).

ProOPOSITION 2.3 (comparison principle). Let u (or v) be a super-solution (or sub-

solution) of (1.1) in G x (0,T). If u>v on the parabolic boundary of G x (0,T), then
we have u > v in the whole G x [0,T).

Proor. see Aronson-Crandall-Peletier [3] and Bertsch-Kersner-Peletier [4]. []

PRrROPOSITION 2.4 (positivity and smoothness principle). Let u be a solution of (1.1)
in Gx(0,T). Letu(x,f)>0 for some (X,f) € G x (0,T), then u is a classical solution in
a neighborhood W of (x,f) and

u(x,t) >p(t) >0intef,T) (2.2)

where p(t),t >t solves the initial value problem

/

p .
=———1in
B'(p)

ProoF. See Lemma 2.1 in K. Mochizuki-R. Suzuki [12] and Lemma 2.3 in R.
Suzuki [15]. O

(7,00) with p(t) € (0, u(x,1)). (2.3)

Finally we prove the next lemma for a global weak solution of (1.1)~(1.3).
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LemMA 2.5. Let u(x,t) be a global weak solution of (1.1)~(1.3). Then, there exists

T > 0 such that
u(x,t) >0 for (x,t)eQ x (T,). (2.4)

ProoF. Using the comparison principle (Proposition 2.3), we may assume that the
initial data ug(x) > 0 satisfies the following conditions:

up(x) > 0,x€ (aj,az), =0,x¢ (a1,a;) forsome —L<a; <ay<L (2.5)
and
up(x) has the unique local maximum point x = (a; + a2)/2 in (ai, az). (2.6)
Set
&1(t) = inf{x € 2|u(x,t) > 0}
and

& (t) = sup{x € 2| u(x,t) > 0}

for each ¢ > 0.
It follows from Proposition 2.3 and Proposition 2.4 that

(&1(0),&() ={xe2|u(x,t) >0} foreachtz>0 (2.7)
and
—¢1(¢) and &,(¢) are monotone nondecreasing. (2.8)
Assume contrary that
&1 (f)>—L forallt>0 (2.9)
and put
b= ltng)l &(t) = —L.
First, we shall compare u and o454 = u(2(b +J) — x, t) (which is called a reflection
of u with respect to b+ J) for small 6 > 0. Choosing 0 <J < |a; — ay|/4, we get
Oproto(x) = up(x), xe[b,b+79|. (2.10)

We also see that gp,su and u satisfy the same equation (1.1) and op,su4 > u on the
parabolic boundary of (b,b+ ) x (0,00). Hence, applying Proposition 2.3 to u and
Op+s, We obtain op,su > u in the whole domain of (b,b+ ) x (0,00). Namely, if we
set w = gpiou — u, then w > 0 in [b,b + ] x [0,00). It follows from w(b +J,¢) = 0 that

ux(b+5,t)=—%wx(b+5,t)20 forz > 0. (2.11)

On the other hand, by (2.9) we get
uy(b,t) =0. (2.12)
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Thus, we see that u(x,?) is a super-solution of the Neumann problem of (1.1) in
(b,b+9) x (0,00).
It follows from the definition of b that there exists 7 > 0 such that

u(b+9,1) > 0. (2.13)
Let v(x,t) be the weak solution to the Neumann problem
B), —vxx =0 (x,¢) € (b,b+5) x (tp,0)
vx(b,t) = vx(b+0,6) =0 t> 1 (2.14)
v(x, ) = u(x,t0) xe(b,b+9).

Since v(x,?) is a sub-solution of the Neumann problem of (1.1), by the comparison

theorem we get
u(x,t) > v(x,t) in(x,t) e (b,b+3) x (1, 0). (2.15)

Hence, noting

b5
v(x,1) — % Jb u(x,0)dx=9>0 (ast— o)

uniformly with respect to x € [b, b + J] (see Alikakos-Rostamian [1]), we obtain for some
Hh>h

u(x,t) > %f) >0 for(x,?) e [b,b+3]x[t1,).

This is a contradiction to u(b,t) =0 for t >0 and so we have for some 7' > 0,
&E(T") = -L.

By the similar methods, we also get
&H(T") =L

for some 7" > 0.
Therefore, if we put 7 =max{7’,T"}, we obtain the assertions of Lemma 2.5.

The proof is complete. []

3. The existence of lim/rsgnux(x,?).

Throughout this section we assume (A1)(A2) and the following condition on the
initial data wup(x):

up(x) >0 forxeQ. (3.1)
The purpose of this section is to prove the next proposition.

PROPOSITION 3.1. Assume (A1)(A2) and (3.1). Let u(x,t) be a weak solution of
(1.1)~(1.3) in 2 x (0,T) (included T = ). Then, for any ae Q2 with a #0, there
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exists

1:‘1%1 sgnuy(x,t) # 0. (3.2)

This proposition plays an important role to prove Theorem 1.5 and was shown by
Chen-Matano [6] in the semilinear case (also for the Neumann and periodic problems),
and was shown by R. Suzuki [15] in the degenerate case under the technical condition
(C") in Section 1.

In order to show Proposition 3.1 we need some notations and preliminary lemmas
(see Angenent [2], Chen-Matano [6] and R. Suzuki [15]).

NoOTATION 3.2. Let w(x) be a continuous real value function on K where K is a
bounded closed interval in R. We define the nodal number of w by

vk (w) = the number of points x € K with w(x) = 0.

This defines a functional vk : C(K) - NU{0} U {0}.

DerFINITION 3.3. We say that w e C'(K) poses only simple zeroes if w/(x) # 0 for
any x € K such that w(x) =0. The set of all such functions is denoted by X (K).

LemMA 3.4. (Angenent [2]). Let p(x,t),q(x,1t),r(x,t) be locally bounded continuous
Sunctions in [a,b] X (to, T) With Pxx,Pxt,Put,Px,Pt,qdx,qs, all locally bounded continuous.
Furthermore, let p(x,t) > 0 and let w(x,t) be a classical solution of

wr = p(x, )Wyx + q(x, )wy + r(x, )w  (x,t) € [a,b] x (%o, T). (3.3)

Assume that w(a,t) # 0 and w(b,t) #0 for any te€ (to, T). Then, putting K = [a, b], we
have

(i) vk(w(-, 1)) is finite for any te (t,T) and is monotone nonincreasing in t,

(i) If (xo,t1) is a multiple zero of w, then vg(w(-, 1)) > vg(w(-,13)) for all
h<bh<ti<ty<T.

(iii) There exists a strictly decreasing sequence of points {ty} < (to, T) such that
{tx} | to and w(-,t) € Z(K) for any te (to, T)\{tx}.

Let {z,} be a sequence in (#,7) such that ¢, <t,.; and ¢, T T as n— oo. Let
{Kn}mo be a sequence of bounded closed intervals in 2 = (—L,L) such that

Kn % Kn+1- (34)

Set
Q = U;ozl Kn X [tna tn+1) UKO X (t()a tl) (35)

and
K(t) =K, iftelty, thi1). (3.6)

Then, we can extend the above lemma as follows:
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Lemma 3.5. Let p(x,t),q(x,t),r(x,t) be as in Lemma 3.4 with [a,b] x (1, T)
replaced by Q. Let w(x, t) be a classical solution of (3.3) in Q. Then, if w(x,t) #0 on
the boundary of Q in R x (1,,T),

(1) vk@(w(-,t)) is finite for any te (o, T) and is monotone nonincreasing in t;

(i)) If (x0,t1) is a multiple zero of w, then vk, (w(:,12)) > vg()(W(:,13)) for all
h<th<ti<tz<T.

(1) There exists a strictly decreasing sequence of points {tx} = (t,T) such that
{tx} | to and w(-,1) € Z(K(t)) for any te (to, T)\{tx}.

PrOOF. Noting vk, (W(-, tnt1)) = Vk,,,(W(-, ta+1)), by Lemma 3.4 we can show
Lemma 3.5 easily. [J

PrOOF OF PRrOPOSITION 3.1. We shall show this proposition in case a > 0.
By (3.1) and Proposition 2.4, we get

u(x,t) >0 for(x,t) e 2 x (0, 7). (3.7)

Set w = v — u where v = g,u = u(2a — x, t) (which is called a reflection of u with respect
to a). Then, since w(L,t) = o,u(L,t) —u(L,t) = o,u(2a— L,t) >0 in [0,T), for any
sequence {ft,} T T there exists {J,} | O such that

w(L —9,t) = —w(2a— L+46,t) >0 for all (6,t) € (0,d,] x [0,1,]. (3.8)

Hence, putting K, = [2a — L 4+ 9,41, L — dp41] and 0= U Ky X [tn, tat1) UKO x (to, 1)
we have

w#0 ondQ (3.9)

where 00 is the boundary of Q in K x (1, T).
On the other hand, since u and v = g,u satisfy the same equation (1.1) in O, we see
that w satisfies equation

__L
VAC)

where ¢ = g(u,v) = fol ¢'(0v + (1 — O)u) dé.
Applying Lemma 3.5 (iii) to w in O, we get that there exists 7 € (to, T) such that

{Wex + (f = Bv)w} inQx (0,T) (3.10)

Wy

w(-,t) e Z(K(t)) fort >, (3.11)

where K(t) = K, if t € [ty,t,11). It follows from w(a,t) =0 that

1
ux(a,t) = ) wy(a,t) #0 fort >

Thus, by virtue of the continuity of wu.(a,f) we obtain the existence of
lim,;7 sgnuy(x,2)( # 0). The proof is complete. []
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4. Solutions on local minimum (or maximum) curves.

In this section we assume (Al)~(A3) and (3.1). Let u(x,?) be a global weak
solution of (1.1)~(1.3). Then, by (3.1) we see that u(x,7) >0 in Q x (0,00). Our
purpose in this section is to study the property of u(x,f) on a local minimum (or
maximum) curve which is defined as follows:

DeFINITION 4.1, Let £(¢) : [to,t1] — 2 be a piecewise C'-function for some
t1 >t = 0. When for any ¢ € [t, ;] Z(¢) is a local maximum point of u(x,?) in Q, we
say this continuous curve Z(¢) in [fy, #;] a local maximum curve. When for any ¢ € [t, ;]
(1) is a local minimum point of u(x, ) in 2, we say this continuous curve #(¢) in [t, t1]
a local minimum curve.

Let us begin with the following lemma.
LEMMA 4.2. For any t > 0, the zero set of ux(-,t) in each compact set of Q2 is finite.

Proor. For any t€(0,T), we can choose small 64 > 0 such that
Ue(—L+0_,1) #0 and wu(L —9,1) #0.
If follows from Lemma 3.4 (i) that vi_;,5 ;5,)(ux(-,?)) is finite. The proof is
complete. []

LEMMA 4.3.  Suppose for the initial data uy(x) that ug(x) € C*(2), the zero set of ugx
in each compact set of Q2 is finite. Then if xo € Q is a local maximum (or minimum) point
of u(x,ty) in Q for some t| € (0,00), there exists a local maximum (or minimum) curve

£(t) in [0,41] of u(x,t) satisfying £(t1) = xo.

Proor. Noting that f o 7' (v) is locally Lipschitz continuous in v > 0, this lemma
follows from Lemma 4.2, Angenent’s theorem (Lemma 3.4) and the implicit function
theorem for u.(x,?). [

LEMMA 4.4. Let £(t) be a local minimum curve of u(x,t) on [0,t]. Then
2 Ble(,0) 2 f@£(0), ) Sfor te 0,1]. (@.1)

PrOOF. Noting u,(£(¢),#) =0 and ux(/(¢),t) = 0, we obtain (4.1). [
LemMaA 4.5. Let £(t) in [0,11] be as in Lemma 4.4. Then, there exists a decreasing
Junction C(t) in t e [0,00) which is independent of ¢(t) such that
u(£(0),0) < C(t1) (4.2)

and
lim C(¢) =0. (4.3)

t—00
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Proor. By (4.1), we obtain

B (u(z(0),0) 0

Putting G(v) = f;o %%) df < oo and integrating (4.4) over [0,1;], we get

G(u(£(0),0)) — G(u(¢(1), 1)) = 1. (4.5)
Since G(v) is a decreasing function, we have
u(£(0),0) < G '(1).

If £(0) > 0 then #; < G(0) and if £(0) = 0 then lim,,, G"!(f) = 0 by (Al). Hence, if
we set C(7) = G!(¢) when 0 <t < G(0) and if we set C(¢) = 0 when ¢ > G(0), then we
get (4.2) and (4.3). The proof is complete. []

LEMMA 4.6. Let uy(x) be as in Lemma 4.3 and u(x,t) be a global weak solution of
(1.1)~(1.3). Suppose

ux(ta,t) #0  forallt >0 (4.6)

for some aj € (0,L). Then, there exists T > 0 such that for any t > T u(x,t) does not
have a local minimum point in (—ay,a;).

Proor. By virtue of Lemma 4.5 we can choose T > 0 such as

0<C(T)< min up(x). (4.7)

x€|—aya|

We assume contrary that xg € (—aj,a;) is a local minimum point of u(x,?) in
(—ai,a1) for some #; > T. Then, it follows from Lemma 4.3 that there exists a
local minimum curve #(f) in [0,#] such that /(#;) =xo. Noting (4.6), we have
2(0) € (—aj1,a1). Therefore, we see from Lemma 4.5 that

min ] up(x) <u(£(0),0) < C(t) < C(T).

x€[—aj,m

This is a contradiction to (4.7) and so we get the assertions of Lemma 4.6. The proof is
complete. []

Finally, we further assume
J(t) = J Bu(x, 1))s(x)dx < M forall > 0 (4.8)
Q

for some M > 0 (see (1.8)), and state the next key lemma for the proof of Theorem 1.5.

LemMMA 4.7. Assume assumption (4.8). Let ay € (0,L) and let £(t) be a local
maximum curve from [0,T] to (—L,—a1) (or (—ai,a1) or (ai,L)). Then, there exist
d > 0 and R > 0 which are independent of £(t) and T such that if nd < T for some ne N
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then inf  u(/ R 4.9
e (o), id) u(Z(1), 1) < (49)

for each i=1,-,-,- n

Proor. We shall only prove this lemma in case /(t) € (ai, L).
Put b, = (L +a;)/2. Noting lim,_,, f(v) = c0 we can choose large R > 0 such as

R
(b1 —a1)s(=b1)p <Z_L (L - bl)) >3M. (4.10)
Let v(x,?) be a nonnegative weak solution of the initial boundary value problem
B(v), = vxx, xe,t>0
{v(—L,t) =0,0(L,t)=R, t>0 (4.11)
v(x,0) =0 x€eQ.

Then, we have already known that v(x,?) < R for (x,7) € 2 x (0,00) and v(x, ) goes to
the stationary solution vy(x) = (R/2L)(x + L) as t — oo uniformly in x € 2 (see [9]), and
sO

J_al Blo(x, 1))s(x) dx — J b Buo(x))s(x) dx ast — oo, (4.12)

b

Therefore, since
J:b, Blvo(x))s(x) dx = (by — ar)s(—b1)B (% (L - bl)) >3M,  (by(4.10))

there exists #; > 0 such that
—ay
J B(v(x,1))s(x)dx =2M forallt> 1. (4.13)
—b

Set d =t and assume nd < T for some ne N. Suppose contrary that for some
l1<i<n
inf £(t > R. 4.14
RGO (4.14)
Put vi(x,7) =v(x,t~ (i~ 1)d) and Q=) 1ysc/<u(~L,¢(1)) x {t}. Then, noting
vi(x, 1) is a sub-solution of (1.1) in Q and u > v; on the parabolic boundary of Q, we get
u>v; in Q by the comparison theorem. Namely,

u(x,id) > vi(x,id) = v(x,d) xe(—-L,£(id)). (4.15)

Hence, it follows from (4.13) that

¢(id)
> J B(v(x,d))s(x) dx

-L

j B(u)s(x) dx
Q

t=id

v

[b B(v(x, d))s(x) dx > 2M.

This is a contradiction to (4.8) and so we get (4.9). The proof is complete. []
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5. Boundedness of the solution near the boundary.

Throughout this section we assume (A1)(A2) and (3.1), and we further assume the
following condition for the initial data uy(x):

L{uo,x(x)}zdx < . (5.1)

Let u(x,t) be a weak solution of (1.1)~(1.3) and let #(¢) be a local minimum curve
of u(x,t) from [0,T] to (a;,L) for some a; € (0,L). Set 6 =L —a; >0. We shall
show that if J is small enough then u(x,f) < C in |J,_, (¢(2),L) x {t} for some
positive constant C which is independent of 7' and /(t)._ For this aim we need the
energy estimates for u(x,t) as follows:

LemMMmA 5.1. For 0<? <t < T, we have

t

t oL 1 L

” (B(w),}? drds + = J w2 dx

are 2 Juw 1=t
(52)

t t

+ F(u(¢(2),0))(¢(2) — @)

< JL F(u)dx .

(1)

=t

where B(¢) = [§ \/B(n)dn and F(&) = [} f(n)dn.

Proor. We shall prove (5.2) for a classical solution of (1.1)~(1.3). Then, by the
limit procedure we can also prove (5.2) for a weak solution of (1.1)~(1.3).

Let u(x,f) be a classical solution of (1.1)~(1.3). Put Q;» = (J,,,(¢(s),L) x
{s}. Multiplying u, to the both sides of (1.1) and integrating over Q,,;, ‘we get

t rL t oL 1
J J P () ug dxds+J J {—(uxz)} dxds
v Je(s) rJde(s) 2 K

t (L
=1J F(u),dxds.
?Je(s)

(5.3)

Here, we used the fact that u, =0 on x = £(¢).
We estimate the both sides of (5.3). Since u, =0 on x = £(¢), we have

aLl

L
— (uy dx = = u“(£(5),8) (s) + — u,) dx
J,, fwr}ac=guiewcw g Sw
aJL 1, o
= — _ux dx-
0s ,(S)2( )

Using the fact that u(/(s),s), > 0 and integrating by parts we get
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LJ:() 2 Fdxds= [ Fae, )0 @ds+ [ 2 LL() F(u) dds

= F(u(t(t), ) (¢()) - a1)

+Jt 0 r F(u)dxds

4 ES' £(s)

- Jt F(u(¢(s),s)),(£(s) — a1) ds

v

t A t
< e, 0)(00) —a)| LU) F(u)dx

t=t'

Therefore, combining these estimates and noting the relation f(u)u, = {B(u),}2 we
obtain (5.2). The proof is complete. []

We also need the following intermediate value theorem:

LeEMMA 5.2.  Let h(t) be a real-value function on some closed interval [0,k|. Suppose
that h(t) satisfies

lim sup A(t) < h(ty) < lim inf h(z) (5.4)
tito My

Sor each ty € [0,k]. Then, if h(0) < hy < h(k) for some h; € (0,k), there exists t| € (0,k)
such that

h1 = h(t). (5.5)
PrROOF. Put
t =sup{z € [0,k]|h(t) < hy for all z€ [0, 7]}. (5.6)
By virtue of (5.4) we have
0<n<k
and h(t) < lim inf h(7) < . (5.7)

Suppose A(t;) < h;. Then, from (5.4) we obtain

ltilrtn suph(t) < h(t)) < hi,

namely, there exists > 0 such that
h(t) < hy fortel(n,t +9). (5.8)
This is a contradiction to (5.6) and so we get (5.5). The proof is complete. []

LemMAa 5.3 (Ref. Imai-Mochizuki [9]). Assume (A1)(A2)(3.1) and (5.1). Let
u(x,t) be a global weak solution of (1.1)~(1.3) and £(t) be a local minimum curve from
[0,T) to (a1,L). Set 6 =L — a; and suppose

inf {28F(v52) - £} < 0 (59)



132 R. Suzuki

where F(&) = f(f f(n)dn. Then, there exists M\ > 0 which is independent of ¢(t) and T
such that if T is large enough then

u(x,1) <M, for0<t<T,xe(¢(0),L). (5.10)

I 1/2
h(t) = {Lm u(x, 1) dx} :

PrROOF. Set

Then, by (5.2) we get

L t t

h()? <2 j F)dx| +2Fw((), )@ —a)| +h()
(1) =t =t
for0</<t<T, (5.11)
which leads to (5.4) and
h(1)* < h(0)* + 20F (Vh(1)), (5.12)
that is,
25F (Voh(2)) — h(1)* + h(0)2 > 0 for all re [0, T]. (5.13)
Here, we used |L — £(t)| + |/(f) —a1| =& and
u(x,t) < Voh(t) forallt>0,xe [£(2),L]. (5.14)

On the other hand, noting assumption (5.9) we can choose a positive constant KX > 0
such as

ggfo(zaF(JSé) ~&+KY)<0. (5.15)
Put
& = inf{& > 0| 20F (Vo) — & + K* < 0}(> 0).

Since u(£(0),0) < C(T) -0 as T — oo by Lemma 4.5, we see that £(0) — 0 as
T — . Hence, if T is large enough, then

1/2
h(0)={r uo,xzdx} < min{K, &} (5.16)

2(0)
It follows from (5.13) that
20F (Voh(1)) — h(1)* + K> >0 forall 1€ [0, T). (5.17)
Therefore, by using Lemma 5.2 we shall show

h(t) <& forallte 0, T]. (5.18)
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In fact, suppose that there is #; € (0, 7] such that
h(t)) > &;.
Then, by the definition of ¢&; there exists &, € (h(0),A(t;)) such that
20F (Vo) — & + K2 < 0.
It follows from Lemma 5.2 that there exists #; € (0,¢;) such that &, = h(2;), and so
25F (Voh(t2)) — h(t)* + K2 < 0.

This is a contradiction to (5.17) and we obtain (5.18).
Thus, using (5.14) we have

u(x,t) < Vo&, for x e [¢(t), L], t € [0, T).
The proof is complete. []

6. Proof of Theorem 1.5.

In this section we assume (Al)~(A3) and prove Theorem 1.5. By Lemma 2.5,
Lemma 4.2 and the energy estimates for u(x,t) we can assume for the initial data ug(x)
that

up(x) >0 xe®, (6.1)
the zero set of up(x) in each compact set of €2 is finite (6.2)
and
Jw@ja<w. (6.3)
Q

Let a; € (0, L) satisfy (5.9) with d = L — a; and let u(x,?) be a global weak solution
of (1.1)~(1.3). Furthermore, from Proposition 3.1 and Lemma 4.6 we can assume for
u(x,t) that

ux(tap,t) #0 forallt>0 (6.4)
and
u(x,t) does not have a local minimum point in (—ay,a;) for ¢ > 0. (6.5)

We can now consider the next three cases:

(case I) u(x, t) has the unique local maximum point in (—a;,a;) for each > 0.
(case II) ux(x,t) >0 for (x,t) € [—ai,a1] x [0, 00).
(case IIT) uy(x,t) <0 for (x,t) € [—aj,a1] x [0,00).

Using the Angenent’s lemma (Lemma 3.4), we obtain the following lemma soon.
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LEMMA 6.1. There exists the local maximum curve £(t) : [0,00) — (=L, L) satisfying
the following conditions for each one of the above three cases:

(case I)
—a1 <{(t)y<ar fort>0 (6.6)
and
{x e (—a, @) |ux(x,8) =0} = {x € (—ar,a1) | x=4(¢)} fort>0. (6.7)
(case II)
£(t) >ar fort>0 (6.8)
and
ux(x,t) >0 fort>0,x€[ayf(1)). (6.9)
(case III)
£(t) < —a1 fort=0 (6.10)
and
ux(x,8) <0 fort>0,x€(£(t),—ai). (6.11)

ProoF. The proof is obvious. []
With these preliminaries, we can show the next key lemma.

LeEMMA 6.2. Let u(x,t) be a global weak solution of (1.1)~(1.3). Then, there exist
d>0,R >0 and iy e N such that for any integer i > i,

nllaziLl u(x,t;) < R forsomet; e [(i— 1)d,id). (6.12)

ProoF. We shall prove Lemma 6.2 only in case I. In other cases we can also
show it similarly.

By Corollary 1.4 we note that inequality (4.8) holds with M = f(&;), since u(x,?) is
a global weak solution of (1.1)~(1.3). Let £(¢):[0,00) — (—ai1,a1) be the local
maximum curve satisfying (6.6) and (6.7). Then, it follows form Lemma 4.7 that for
any ie N there exists ; € [({ — 1)d,id) such that

u(((t,-), t,‘) < R, (613)

where R > 0 and d > 0 are appeared in Lemma 4.7.
Put

x} =min{x € (—L, L)| % is a local minimum point of u(-,#;) in (—L, L) and X > £(t;)}
and
x; =max{X¥ e (—L,L)|xis a local minimum point of u(-, ;) in (—L, L) and X < £(;)}.

Then, we see that x; < —a; and x7 > a;.
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Let #;(¢):[0,#] — [a1,L) be a local minimum curve of u(x,f) with £;(¢;) = xi.
Noting that é = |a; — L| satisfies (5.9) and applying Lemma 5.3, we have for large i,
u(x,t;) <My forxe[xf, L],
where M), > 0 is appeared in Lemma 5.3. Similarly we get for large i
u(x,t;) <M, forxe[-L,x;].
Therefore, putting R’ = max{M;,R} we obtain (6.12). The proof is complete. []
Therefore,

LEMMA 6.3. Let u(x,t) be a global weak solution of (1.1)~(1.3) and let t; and R’ be
as in Lemma 6.2. Then

JQ u® dx +2 JOO L){B(u)t}2 dx dt

‘ (6.14)
< 2{4LF(RI) +J u(),x2 dx} =M,.

t=t;

Q
Further, if u(x,t) < C in (x,t) € Q x [t;,t] for some T > t;, then

J u,? dx
Q

ProOF. Combining (5.2) with #(¢) = —L and Lemma 6.2, we get the assertions of
Lemma 6.3. [

<A4LF(C) + M,. (6.15)

=T

If we prove the next lemma, we are ready to show Theorem 1.5.

LEMMA 6.4. Let u(x,t) be a real-value continuous function in X [t;,t] which
vanishes on the boundary 0Q and let u(x,t) satisfy inequality

J uy(x,8)2dx < C  fortet,1] (6.16)

Q

for some C > 0. Then
T
” u?tdxdt < e (6.17)
t,' Q

implies

lu(x, 1) — u(x, )| < e/*2CYV2 + |t = ¢|'*) forxeQ,1,¢ €|t,1]. (6.18)

Proor. By (6.16), we have
lu(x, ) —u(xX, )] < CP|x = X|'* forx,x € Q,t€[t;,1]. (6.19)

Choose % € [x —&!/2,x] or %€ [x,x +¢&'/? to satisfy

xisl/2 t
j j ez, 1) dpudz

X t

<2,

t
J uy(%, ﬂ)zdﬂl <e 2

t
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Combining this and (6.19) we get

ju(x, 1) — u(x, )| < [ux, ) — u(, O] + [u(x, 1) — u(®, )] + u(®, ') — u(x, )|
1/2
<2C2|x — &2 4 |1 = 7|V

t

J u (%, )" du
t(

< 2C1/281/4 + It _ tl|1/281/4 — 81/4(2C1/2 + |t _ t,ll/z). n

PrROOF OF THEOREM 1.5. We shall show

lim sup  max u(x, ) < R +1 (6.20)
i—00 Qx[t;,(i+1)d)

where R')t; and d are appeared in Lemma 6.2.
Set

70 = sup{r| lim sup max u(x,7) < R + 1}(> 0)
i— Qx[t;, ti+7]

and suppose
To < 00.

Then, by the definition of 7y, we see that for any J € (0,7) there exists i;( > i) such
that

~ max u(x,t) <R +1 fori>i,
QX[ti,ti+TI)—5]

where ip is as in Lemma 6.2.
It follows from Lemma 6.3 that

sup J u>dx <ALF(R + 1)+ My = C(R) fori>i. (6.21)
Q

te [t,~,t,-+r0 —5]

On the other hand, it follows from (6.14) and B”(v) <0 that

ti+10—0 1 00
2d dts—JJ B(u) Y dxdt =& — 0 | — 00). 6.22
|| wce < g ] @ P dsai=a—0 @siz). (622

Hence, applying Lemma 6.4 to u(x,t) in Q x [t;,t; + 19 — ], we get
u(x, : + 70 — ) — u(x, ;)| < & QCR)2 + (rg —6)'/?) forxe Q.
Therefore, by (6.12) we see that if i is large enough then

u(x, t; + 70 — 8) < R+ &/4(2C(R)? + (z0 — 6)/%)

1
<R + 3 for x € Q. (6.23)
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Let v(¢) be the solution of the initial value problem

B(v), =f(v)
1 (6.24)
v(0) =R +=
2
and choose ¢ > 0 small enough such as
, 3
0(25) <R + Z

Then, setting v;(f) = v(¢ — t; — 70 +J) and applying the comparison theorem to u(x,?)
and v;(¢) in 2 x (t; + 79— 9,8 + 19 +J), we get for large i,

u(x,t) < vi(t) <v(20) < R’+% for (x,0)eR x[ti+710—0,t+ 10+ ).

This is a contradiction to the definition of 7. Hence we get 7o = oo and so (6.20).
Thus, noting #;,11 < (i + 1)d we obtain Theorem 1.5. The proof is complete. [
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