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1. Introduction.

In [3], Chen and Verstraelen treated the classification of (locally) symmetric
spaces admitting a hypersurface with a particular property. Also, in [6], Koiso
treated similar problem among the class of Einstein manifolds.

In this paper we shall treat a similar problem to the above among normal
homogeneous spaces which are known as a generalization of Riemannian sym-
metric spaces of compact type. More precisely, our main purpose is to prove
Theorem A which is a generalization of the following fact (see Chen and Na-
gano [2] $)$ .

FACT 1.1. Spheres and hyperbolic spaces are the only simply connected,
irreducible symmetric spaces admitting a totally geodesic hypersurface.

THEOREM A. Let $G$ be a comPact srmPle Lie group and $K$ a closed subgroup
of G. If a normal homogeneous space $G/K$ admits a totally geodesic hypersurface,
then $G/K$ has (Positive) constant sectimal curvature.

We shall prove some properties of root systems of simple Lie algebras in
Section 3. In Section 4 we shall give a description of $f$ (the Lie algebra of $K$)

in terms of a root system of $\mathfrak{g}$ (the Lie algebra of $G$ ). Particularly, in the case
$rk(G)=rk(K)+1$ , the forms of root spaces with respect to a maximal abelian
subalgebra of $f$ is determined. Using some results in [7] and in Sections 3, 4
we shall prove Theorem A in Sections 7, 8.

Particularly, in the case $rk(G)=rk(K)$ , the same result as in Theorem A is
derived from a weaker hypothesis.

THEOREM B. Let $G$ be a compact srmple Lie group and $K$ a closed subgroup

of $G$ wzth $rk(G)=rk(K)$ . If there exists a curvature invariant hyPerPlane $V$ in a
tangent sPace of the nomal space $G/K$, then $G/K$ has constant sectional curvature.

The above theorem will be proved in section 5. In section 9, we shall give

Recently, Tsukuda [8] has improved Theorem A.
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a counterexample of Theorem $B$ in the case $rk(G)>rk(K)$ .

2. Preliminaries.

Let $\mathfrak{g}$ be a complex semisimple Lie algebra and $\mathfrak{h}$ a Cartan subalgebra of
$\mathfrak{g}$ . Put $l=\dim_{C}\mathfrak{h}$ . Let $\Delta$ be the set of nonzero roots of $\mathfrak{g}$ with respect to $\mathfrak{h}$ and
$\Phi$ the Killing form of $\mathfrak{g}$ . Since $\mathfrak{g}$ is semisimple, $\Phi$ is nondegenerate. Then we
can define $H_{\alpha}\in \mathfrak{h}(\alpha\in\Delta)$ by $\Phi(H., H)=\alpha(H)$ for all $H\in b$

AS is well-known, there exist the root vectors $\{E_{a} : \alpha\in\Delta\}$ such that for
all $\alpha,$ $\beta\in\Delta$ and for all $H\in \mathfrak{h}$ ,

(2.1) $\Phi(E_{a}, E_{-a})=1$ , $[E_{a}, E_{-a}]=H_{\alpha}$ ,

$[H, E_{a}]=\alpha(H)E_{a}$ , $[E_{a}, E_{\beta}]=N_{\alpha.\beta}E_{\alpha+\beta}$ ,

where $N_{a,\beta}$ are real numbers satisfying the relation

(2.2) $N_{\alpha.\beta}=-N_{-\alpha,-\beta}$ .
Moreover the following holds.

(2.3) $N_{a.\beta}=N_{\beta.\gamma}=N_{\gamma.a}$ if $\alpha+\beta+\gamma=0$

(2.4) $(N_{\alpha,\beta})^{2}= \frac{q(1-p)}{2}\alpha(H_{\alpha})$

where $\{\beta+n\alpha:p\leqq n\leqq q\}$ is the a-series containing $\beta$ . Set $a_{\beta.\alpha}=2\alpha(H_{\beta})/\alpha(H_{a})$ ,

then

(2.5) $a_{\beta.a}=-(p+q)$

(2.6) $0\leqq a_{a.\beta}a_{\beta.a}\leqq 3$ if $H_{\alpha}$ is not parallel to $H_{\beta}$

(see Helgason [4] for details).
Next, we recall some properties of naturally reductive homogeneous spaces.
Let $(M, g)=G/K$ be a naturally reductive homogeneous space with a Lie

group $G$ and a compact subgroup $K$ of $G$ . Then there exists an $Ad(K)$-in-
variant decomposition $g=f+p$ of the Lie algebra $\mathfrak{g}$ of $G(f$ is the Lie algebra of
$K)$ such that for $X,$ $Y,$ $Z\in p$ the following holds.

(2.7) $\langle[X, Y]_{\mathfrak{p}}, Z\rangle+\langle Y, [X, Z]_{p}\rangle=0$

Here $\langle, \rangle$ denotes the inner product on $\mathfrak{p}$ induced by $g$ under the canonical
identification of $\mathfrak{p}$ with the tangent space $T_{o}M(0=\{K\})$ . Then $\langle, \rangle$ is $Ad(K)-$

invariant and $[f, \mathfrak{p}]\subset \mathfrak{p}$ . For $W\in g$ we write $W=W_{i}+W_{\mathfrak{p}}$ to identify components
under the decomposition.

AS is well-known, $\gamma_{x}(t)=\tau(\exp tx)(0)(x\in \mathfrak{p})$ is the geodesic of $(M, g)$ such
that $\gamma_{x}(0)=0$ and $\gamma_{x}’(O)=x$ where $\tau(h)$ denotes the left transformation of $G/K$ in-
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duced by $h\in G$ . Furthermore, the curvature tensor $R$ at $0$ is given by

(2.8) $R(X, Y)Z=[[X, Y]_{f},$ $Z]+ \frac{1}{2}[[X, Y]_{\mathfrak{p}},$ $Z]_{\mathfrak{p}}$

$- \frac{1}{4}[X, [Y, Z]_{\mathfrak{p}}]_{\mathfrak{p}}+\frac{1}{4}[Y, [X, Z]_{\mathfrak{p}}]_{\mathfrak{p}}$

(cf. Kobayashi and Nomizu [5]).

In particular, let $G/K$ be a normal homogeneous space, that is, $G/K$ is a
reductive homogeneous space equipped with a $G$-invariant metric induced by a
biinvariant metric $\langle, \rangle$ of compact Lie group $G$ . More precisely, let $g=f+p$ be
the orthogonal decomposition with respect to $\langle$ , $\rangle$ . Then, since $\langle, \rangle$ is biin-
variant, we have for $X,$ $Y,$ $Z\in p$

$\langle[X, Y]_{\mathfrak{p}}, Z\rangle+\langle Y, [X, Z]_{\mathfrak{p}}\rangle=0$ .

Hence normal homogeneous spaces are naturally reductive. From now on, we
use the same symbol $\langle, \rangle$ for the biinvariant metric $\langle, \rangle$ restricted to $\mathfrak{p}$ . Then
for $X,$ $Y\in p$ , we have from (2.8)

$\langle R(X, Y)X, Y\rangle=||[X, Y]_{\mathfrak{k}}||^{2}+\frac{1}{4}||[X, Y]_{\mathfrak{p}}||^{2}$ .

Therefore we obtain

(2.9) $\langle R(X, Y)X, Y\rangle=0\Leftrightarrow[X, Y]=0$ .

In the remaining part of this section we give some lemmas which are con-
cerned with the totally geodesic hypersurfaces of naturally reductive homoge-
neous spaces (see [7]).

AS before, let $G/K$ be a naturally reductive homogeneous space. Define
an isometry $e^{-\varphi_{X}}(Xep)$ of $(D, \langle , \rangle)$ as follows:

$e^{-\varphi_{X}}(Y)= \sum_{\iota=0}^{\infty}\frac{(-1)^{l}}{l}\varphi_{X^{l}}(Y)$

where $\varphi_{X}(Y)=(1/2)[X, Y]_{\mathfrak{p}}$ . Then $\tau(\exp tX)_{*}(e^{-\varphi\iota x}(Y))$ is a parallel vector field
along the geodesic $\tau(\exp tX)(0)$ . (see [7].)

For $\nu\in \mathfrak{p}$ , we say that $\nu$ satisfies condition (T-G) if there exists a totally
geodesic hypersurface tangent to the hyperplane $\nu^{\perp}$ in $\mathfrak{p}$ at $0$ . Then the follow-
ing lemmas hold.

LEMMA 2.1. A vector $\nu$ satisfies condition $(T-G)$ if and only if for any $X\in$

$V(V=\nu^{\perp})$ the following is satisfied:
$R(X, e^{-\varphi_{X}}(V))e^{-\varphi_{X}}(v)=\{0\}$

LEMMA 2.2. If $\nu$ satisfies condition $(T-G)$ , then $Ad(k)(\nu)(k\in K)$ and $e^{-\varphi_{X}}(\nu)$
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$(X\in\nu^{\perp})$ satisfy condition $(T-G)$ .
In particular, if $\nu$ satisfies condition (T-G), then the following holds.

(2.10) $R(V, V)V\subset V$

3. Simple root systems.

In this section we shall give some properties of the root systems of complex
simple Lie algebras for later use (cf. [4]).

Let $\mathfrak{g}$ be a simple Lie algebra over $C$ and $\mathfrak{h},$
$\Delta$ the same as in section 2.

We call $\mathfrak{g}$ is of type I (resp. of type II) if it is a Lie algebra associated with
one of the following types:

$A_{l},$ $D_{\iota},$ $E_{6},$ $E_{7},$ $E_{8}$ (resp. $B_{\iota},$ $C_{l},$ $F_{4}$)

Then the following holds.

LEMMA 3.1. Let $t\beta+n\alpha$ : p;$ $n\leqq q$ } be the $\alpha$-series containing $\beta(\alpha, \beta\in\Delta)$ .
Then:

(1) $0\leqq q-p\leqq 1$ if $\mathfrak{g}$ is of type $I$.
(2) $0\leqq q-p\leqq 2$ if $\mathfrak{g}$ is of type II.
(3) $0\leqq q-p\leqq 3$ if $\mathfrak{g}$ is of tyPe $G_{2}$ .
PROOF. By using descriptions of the simple root systems in [4, p. $462-p$ .

474], we prove the lemma.
(1) In this case, for any $\alpha,$ $\beta e\Delta(\alpha\neq\pm\beta)$ we can easily check $\alpha(H_{\alpha})=$

$\beta(H_{\beta})$ . Hence we get $a_{\beta.a}=a_{a.\beta}$ . Then by (2.6), we get $|a_{\beta.\alpha}|=0$ or 1.
Therefore we obtain $q-p\leqq 1$ . (If $q-P\geqq 2,$ $t^{then}r:a_{\beta+pa.\alpha}=p-q$ . This con-
tradicts the above.) We have thus proved (1).

(2) In this case, for any $\alpha,$ $\beta e\Delta(\alpha\neq\pm\beta)$ we can see

(3.1) $\frac{\beta(H_{\beta})}{\alpha(H_{\alpha})}=1,2$ or $\frac{1}{2}$

From (2.5), if $q-p\geqq 3$, then we get

$a_{\beta+pa.a}\leqq-3$ .
Then it follows from (2.6) that

$a_{\beta+p\beta.\alpha}=-3$ , $a_{\alpha.\beta+p\alpha}=-1$ .
Therefore we have

$\frac{\beta(H_{a})}{\alpha(H_{a})}=3$ .

This contradicts (3.1) and finishes the proof of (2).
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Finally (3) is obvious from (2.6). We have thus proved the lemma. $\square$

Let $\alpha_{1},$ $\alpha_{2}$ and $\alpha_{3}$ in $\Delta$ such that $\alpha_{1}\neq\pm\alpha_{2}$ . We consider the case where
$(H_{a_{1}}-H_{\alpha_{2}})$ is parallel to $(H_{\alpha_{1}}-H_{\alpha_{3}})$ . Set

$H_{\alpha_{1}}-H_{a_{3}}=c(H_{\alpha_{1}}-H_{\alpha_{2}})(ceRc\neq 0)$ ,
that is,

(3.2) $H_{a_{3}}=(1-c)H_{\alpha_{1}}+cH_{\alpha_{2}}$ .
Hence

(3.3) $\alpha_{3}(H_{a_{3}})=(1-c)^{2}\alpha_{1}(H_{\alpha_{1}})+c^{2}\alpha_{2}(H_{\alpha_{2}})+2c(1-c)\alpha_{1}(H_{\alpha_{2}})$ .

If $\mathfrak{g}$ is of type I, then it follows from (3.3) that

$c(1-c)(2-a_{\alpha_{1}.\alpha_{2}})=0$ .

From (1) of Lemma 3.1, we have $|a_{\alpha_{1}.a_{2}}|\leqq 1$ . Therefore we have $c=1$ and
$\alpha_{3}==\alpha_{2}$ from (3.2). We have thus the following lemma.

LEMMA 3.2. Let $\mathfrak{g}$ be of type I and $\alpha,$ $\beta\in\Delta$ . If $\gamma\neq\pm\alpha$ , $\pm\beta(\gamma\in\Delta)$ , then
$(H_{\gamma}-H_{\alpha})$ is not parallel to $(H_{\alpha}-H_{\beta})$ .

Next, we shall check the root systems of type II and of type $G_{2}$ .

TYPE II.
Put $a_{i}=\alpha_{i}(H_{\alpha_{i}})(i=1,2,3)$ . By (3.1), for all $\alpha\in\Delta$ , there is a positlve num-

ber $e$ such that $\alpha(H_{\alpha})=e$ or $2e$ . Then the following eight cases are possible:

$(a_{1}, a_{2}, a_{3})=(1):(e, e, e)$ (2): $(2e, e, e)$ (3): $(e, 2e, e)$

(4): $(e, e, 2e)$ (5): $(2e, 2e, e)$ (6): $(2e, e, 2e)$

(7): $(e, 2e, 2e)$ (8): $(2e, 2e, 2e)$

(1) From (3.3), we get

$2c(1-c)\{e-\alpha_{1}(H_{a_{2}})\}=0$ .
Therefore we obtain $c=1$ or $\alpha_{1}(H_{\alpha_{2}})=e$ . If $\alpha_{1}(H_{\alpha_{2}})=e$ , then

$a_{\alpha_{1}.\alpha_{2}}a_{a_{2},a_{1}}= \frac{4e^{2}}{e^{2}}=4$ .

Hence we conclude $c=1,$ $i.e$ . $a_{3}=a_{2}$ .
(2) Since

$a_{\alpha_{1}.\alpha_{2}}a_{\alpha_{2}.a_{1}}= \frac{2\alpha_{1}(H_{\alpha_{2}})^{2}}{e^{2}}$ and $a_{\alpha_{i}.\alpha_{j}}\in Z$ ,

the possible values of $\alpha_{1}(H_{\alpha_{2}})$ are $0$ and $\pm e$ . $lf\alpha_{1}(H_{\alpha_{2}})=0$, then from (3.3)

we get $c=1$ or 1/3. Therefore
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$\alpha_{3}=a_{2}$ or $\frac{2a_{1}+\alpha}{3}$ .

However, by making use of the description of the root systems in [4, p. 462-
p. 473], we can see that $(2\alpha_{1}+\alpha_{2})/3$ is not a root.

If $\alpha_{1}(H_{\alpha_{2}})=e$ , then $a_{3}=a_{2}$ .
If $a_{1}(H_{\alpha_{l}})=-e$ , then

$\alpha_{3}=a_{f}$ or $\frac{4a_{1}+a_{2}}{5}$

However, we can see that $(4\alpha_{1}+\alpha_{2})/5$ is not a root. Consequently, in thls case
we have $a_{3}=a_{2}$ .

(3) AS in (2), we can check

$a_{1}(H_{\alpha_{2}})=0$ or $\pm e$ .

If $a_{1}(H_{\alpha_{2}})=0$, then from (3.3), we have $3c^{2}-2c=0$ . hence $c=2/3(c\neq 0)$ . Then
$a_{3}=(a_{1}+2a_{2})/3$ . But it is not a root.

If $a_{1}(H_{\alpha_{2}})=e$ , then $c=0$ . This contradicts the assumption.
If $\alpha_{1}(H_{a_{2}})=-e$ , then $c=4/5$ , that is, $a_{3}=(a_{1}+4a_{2})/5$ . But it is not a root.
(4) In this case we have $\alpha_{1}(H_{a_{2}})=0$ or $\pm(e/2)$ . However, for each $\alpha_{1}(H_{\alpha_{2}})$ ,

we see that $(1-c)\alpha_{1}+c\alpha_{2}$ is not a root.
(5) In this case we see $a_{1}(H_{\alpha_{2}})=0$ or $\pm e$ .
If $a_{1}(H_{\alpha_{l}})=\pm e$, then $(1-c)a_{1}+c\alpha_{2}$ is not a root.
If $\alpha_{1}(H_{\alpha_{2}})=0$, then we have $c=1/2$, i.e. $a_{S}=(a_{1}+a_{2})/2$ . Hence we get

(3.4) $\alpha_{3}=\frac{\alpha_{1}+a_{2}}{2}$ with $a_{\alpha_{1}.\alpha_{2}}=0$ , $\frac{a_{1}}{a_{2}}=1$ .

(6) Also in this case, we get $\alpha_{1}(H_{\alpha_{2}})=0$ or $\pm e$ .
If $\alpha_{1}(H_{a_{2}})=0$ or $-e$, then we can see that $(1-c)\alpha_{1}+c\alpha_{2}$ is not a root. If

$a_{1}(H_{\alpha_{2}})=e$ , then we obtain $\alpha_{3}=2\alpha_{2}-a_{1}$ . Thus we have

(3.5) $\alpha_{3}=2a_{2}-\alpha_{1}$ with $a_{\alpha_{1},a_{8}}=2$ , $a_{\alpha_{2},a_{1}}=1$ .
(7) In this case we get $a_{1}(H_{a_{l}})=0$ or $\pm e$ .
If $\alpha_{1}(H_{a_{2}})=0$ or $-e$ , then $(1-c)a_{1}+ca_{2}$ is not a root.
If $\alpha_{1}(H_{\alpha_{2}})=e$ , then we find that $\alpha_{3}=2\alpha_{1}-\alpha_{2}$ . Consequently we get

(3.6) $\alpha_{1}=2\alpha_{1}-\alpha_{2}$ with $a_{\alpha_{1}.a_{2}}=1$ , $a_{a_{2}.\alpha_{1}}=2$ .
(8) In this case we see that $\alpha_{1}(H_{\alpha_{2}})=0$ or $\pm e$ . Then for any $\alpha_{1}(H_{\alpha_{2}})$ , we

have $r(1-c)=0$ . Hence $a_{3}=a_{2}$ .

REMARK. Put $\hat{\alpha}_{1}=a_{3},$ $a_{2}=\alpha_{2}$ and $a_{3}=a_{1}$ in (3.4). Then we obtain

$\hat{\alpha},$ $=*\llcorner 2_{1}*_{1}-\theta_{2}$ with $\alpha_{\hat{\alpha}_{1}.\hat{\alpha}_{2}}=1$ , $\alpha_{\overline{\alpha}_{2}.\hat{a}_{1}}=2$ .
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Thus, from (3.4), (3.5) and (3.6), we have the following.

LEMMA 3.3. Let $\mathfrak{g}$ be of type II. If $\alpha_{1},$ $a_{2},$ $a_{3}\in\Delta(a_{1}\neq\pm\alpha_{2},$ $\alpha_{2}\neq\pm a_{3},$ $\alpha_{s}\neq$

$\pm\alpha_{1})$ satisfy (3.2), then

$\{\alpha_{1}, a_{2}, \alpha_{3}\}=\{\alpha, \beta, \gamma\}$ with $a_{\alpha.\beta}=1$ , $a_{\beta.\alpha}=2$

where $\gamma=2\alpha-\beta$ .

TYPE $G_{2}$ .
Under the same notation as in type II, we can assume that $a_{i}=e$ or $3e$

$(i=1,2,3)$ . Then we examine the following eight cases:

$(a_{1}, a_{2}, a_{3})=(e, e, e)$ , $(3e, e, e)$ , $(e, 3e, e)$ ,

$(e, e, 3e)$ , $(3e, 3e, e)$ , $(3e, e, 3e)$ ,

$(e, 3e, 3e)$ , $(3e, 3e, 3e)$ .

By the same computation as in type II, we have the following lemma.

LEMMA 3.4. Let $\mathfrak{g}$ be of type $G_{2}$ . If $a_{1},$ $\alpha_{2},$
$a_{3}\in\Delta(\alpha_{1}\neq\pm\alpha_{2},$ $\alpha_{2}\neq\pm a_{3},$ $a_{8}\neq$

$\pm\alpha_{1})$ satisfy (3.2), then $\{a_{1}, a_{2}, a_{3}\}$ is one of the following two cases.
(1) $\{a, \beta, 2\alpha-\beta\}$ with $a_{\alpha,\beta}=1,$ $a_{\beta.a}=1$ .
(2) $\{\alpha, \beta, 3\alpha-2\beta\}$ with $a_{a,\beta}=1,$ $a_{\beta.\alpha}=3$ .

4. Description of $(\mathfrak{g}, f)$ .
Let $G/K$ be a normal homogeneous space witb a compact simple Lie group

$G$ and a closed subgroup $K$ of $G$ . Let $\mathfrak{g}$ and $f$ be the Lie algebras of $G$ and
$K$, respectively. Then $\mathfrak{g}$ is isomorphic to a compact real form

$\mathfrak{g}_{u}=\sqrt{-1}\mathfrak{h}_{R}+\sum_{\alpha\in\Delta}RA_{\alpha}+\sum_{\alpha\in\Delta}RB_{\alpha}$

of the complexification $\mathfrak{g}_{c}$ of $\mathfrak{g}$ , where $A.=E.-E_{-}.,$ $B_{\alpha}=\sqrt{-1}(E_{a}+E_{-\alpha})$ and
$\mathfrak{h}_{R}=\Sigma_{\alpha\in\Delta}RH_{\alpha}$ (see [4]). Therefore we consider $\mathfrak{g}_{u}$ as the Lie algebra $\mathfrak{g}$ of $G$ .
Moreover, since any maximal abelian subalgebra of $\mathfrak{g}$ is conjugate to $\sqrt{-1}\mathfrak{h}_{R}$ ,

we suppose that a maximal abelian subalgebra of $f$ is contained in $\sqrt{}^{-}-1\mathfrak{h}_{R}$ .
Generally, the dimension of a maximal abelian subalgebra of $\mathfrak{g}$ is called the

rank of $G$ (denoted by $rk(G)$).

Let $\langle, \rangle$ be a biinvariant metric of $G$ . Since $G$ is simple, then $\langle, \rangle$ is
unique up to a scalar factor by Schur’s lemma. Thus we put $\langle$ , $\rangle=-\Phi( , )$ $(\Phi$

is the Killing form).

Let $g.(a\in\Delta)$ be a subspace of $\mathfrak{g}$ spanned by $A_{a}$ and $B_{a}$ . We note that for
$\alpha,$ $\beta\in\Delta$
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(4.1) $[\mathfrak{g}_{\alpha}, \mathfrak{g}_{\beta}]=\mathfrak{g}_{a+\beta}\oplus \mathfrak{g}_{a-\beta}$ .
Moreover the following is immediately given by (2.1):

(4.2) $\{[A_{\alpha}[B_{\alpha}[A_{\alpha}, B_{\beta}]=N_{\alpha.\beta}B_{\alpha+\beta}+N.B_{a-\beta}A_{\beta}]=N_{\alpha.\beta}A_{a+\beta}-N_{\alpha.-\beta}A_{\alpha-\beta}B_{\beta}]=-N_{a.\beta}A_{\alpha+\beta}-N_{\alpha.-\beta}^{-\beta}A_{\alpha-\beta}\}$

We define subsets $\Delta_{l},$ $\Delta_{\mathfrak{p}}$ and $\Delta’$ of $\Delta$ as follows:

$\Delta_{f}=\{a\in\Delta:\mathfrak{g}_{\alpha}\subset f\}$

$\Delta_{\mathfrak{p}}=\{\alpha\in\Delta:\mathfrak{g}_{\alpha}\subset \mathfrak{p}\}$

$\Delta’=\Delta\backslash (\Delta_{\iota}\cup\Delta_{\mathfrak{p}})$

Then the following holds.

LEMMA 4.1. If $rk(G)=rk(K)$ , then

$\alpha\in\Delta_{f}$ or $\alpha e\Delta_{\mathfrak{p}}$

for each $\alpha\in\Delta$ .

PROOF. See Berger [1]. $\square$

Next, we consider the case $rk(G)>rk(K)$ . From the above assumption, we
get the orthogonal decomposition $\sqrt{}\overline{-1}=\tau\overline{-1}\mathfrak{h}_{1}\oplus\wedge-1\mathfrak{h}_{2}$ with $\sqrt{-1}\mathfrak{h}_{1}\subset f$ and
$\sqrt{-1}\mathfrak{h}_{2}\subset \mathfrak{p}$ .

Let $\overline{a}(\alpha e\Delta)$ be the restriction of $a$ to $\wedge-1\mathfrak{h}_{1}$ . For $X,$ $X’\in g.$ , we call that
the couple (X, $X’$) belongs to $\alpha$ (denoted by (X, $X’)\in\alpha$ ) if $[\sqrt{-1}H, X]=\alpha(H)X’$

and $[\sqrt{}\overline{-1}H, X’]=-\alpha(H)X$ for any $H\in \mathfrak{h}_{R}$ . Obviously, if (X, $X’$ ) $ea$, then
(X’, $X$) $\in-a$ . For (X, $X’$) $ea$ and $’-1H\in\wedge-1\mathfrak{h}_{1}$ , we have

$[\sqrt{-1}H, X]=[\sqrt{-1}H, X_{I}+X_{\mathfrak{p}}]$

$a(H)X’=a(H)X_{f}’+\alpha(H)X_{\mathfrak{p}}’$ .

Since [A$H,$ $X_{r}$] $\in f$ and $[\sqrt{-1}H, X_{\mathfrak{p}}]\in \mathfrak{p}$, it follows that

(4.3) $[\sqrt{-1}H, X_{f}]=\alpha(H)X_{t}’$

(4.4) $[\sqrt{}\overline{-1}H, X_{\mathfrak{p}}]=\alpha(H)X_{\mathfrak{p}}’$ .
Similarly we have

(4.5) $[\sqrt{}\overline{-1}H, X_{f}’]=-a(H)X_{f}$

(4.6) [V–1 $H,$ $X_{\mathfrak{p}}’$] $=-a(H)X_{\mathfrak{p}}$ .
Then the following lemma holds (cf. [1]).
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LEMMA 4.2. If (X, $X’$ ) $\in\alpha$ , then $X_{f}$ has the following form.
$X_{t}= \sum_{\lambda\in\Delta_{(\alpha)}}p_{\lambda}X_{\lambda}$ where:

(1) $\Delta(a)=\{\lambda\in\Delta:\overline{\lambda}=\overline{\alpha}\}$ ; (2) $p_{\lambda}\geqq 0$ ; (3) there exist $X_{\lambda}’$ such that $(X_{\lambda}, X_{\lambda}’)\in\lambda_{j}$ (4)
$\Sigma_{\lambda\in\Delta(\alpha)}p_{\lambda}^{2}\lambda(H)=0$ for all $H\in \mathfrak{h}_{2}$ .

From (4.3) and (4.5), we have the following.

LEMMA 4.3. If (X, $X’$ ) $\in\alpha$, then
$[X_{f}, X_{t}’]\in\sqrt{}\overline{-1}\mathfrak{h}_{1}$ .

Under the same notation as in Lemma 4.2, we define a subspace $g(a)$ of $\mathfrak{g}$

as follows:
$\mathfrak{g}(a)=\bigoplus_{\lambda\in A(\alpha)}\mathfrak{g}_{\lambda}$ .

Particularly, in the case $g(\alpha)=\mathfrak{g}_{\alpha}\oplus g_{\beta}$ for some $\beta\in\Delta’$ , the following holds.

LEMMA 4.4. If $\mathfrak{g}(a)=\mathfrak{g}_{\alpha}\oplus \mathfrak{g}_{\beta}$ , then

$a-\beta\not\in\Delta$

PROOF. Take $X=p_{\alpha}X_{\alpha}+p_{\beta}X_{\beta}$ and $X_{t}’=p_{a}X_{\alpha}’+p_{\beta}X_{\beta}’(p_{a}\cdot p_{\beta}\neq 0)$ with $X_{\alpha}=$

$A_{\alpha},$ $X_{a}’=B_{\alpha},$ $X_{\beta}=aA_{\beta}+bB_{\beta}$ and $X_{\beta}’=aB_{\beta}-bA_{\beta}(a^{2}+b^{2}=1)$ . Then

$[X_{f}, X_{f}’]=2\sqrt{1}(p_{a}^{2}H_{\alpha}+p_{\beta}^{2}H_{\beta})$

$+p_{a}p_{\beta}([A_{\alpha}, aB_{\beta}-bA_{\beta}]+[aA_{\beta}+bB_{\beta}, B_{\alpha}])$

$=2\sqrt{-1}(p_{\alpha}^{2}H_{\alpha}+P\S H_{\beta})+2p_{a}p_{\beta}N_{\alpha.-\beta}(aB_{\alpha-\beta}+bA_{a-\beta})$ .
It follows from Lemma 4.3 that $N_{\alpha,-\beta}=0$ . This completes the proof of the
lemma. $\square$

From Lemmas 3.2, 3.3 and 3.4, we can determine the form of $\mathfrak{g}(\alpha)$ in the
case $rk(G)=rk(K)+1$ .

PROPOSITION 4.5. Suppose $rk(G)=rk(K)+1$ and $\alpha\in\Delta’$ . Then
(1) If $\mathfrak{g}$ is of tyPe $I$, then $g(\alpha)=\mathfrak{g}_{\alpha}\oplus \mathfrak{g}_{\beta}$ for some $\beta\in\Delta’$ .
(2) If $g$ is of tyPe $II$, then $\mathfrak{g}(\alpha)$ has one of the following two forms.
(a) $\mathfrak{g}_{a}\oplus \mathfrak{g}_{\beta}$ for some $\beta\in\Delta’$ .
(b) $\mathfrak{g}_{a}\oplus \mathfrak{g}_{\beta}\oplus g_{\gamma}$, where $\{\alpha, \beta, \gamma\}$ coincides with $\{\alpha_{1}, \alpha_{2}, \alpha_{S}\}$ in Lemma 3.3.
(3) If $g$ is type $G_{2}$, then $g(\alpha)$ has one of the following four forms.
(a) $\mathfrak{g}_{\alpha}\oplus \mathfrak{g}_{\beta}$ for some $\beta\in\Delta’$ .
(b) $\mathfrak{g}_{a}\oplus \mathfrak{g}_{\beta_{1}}\oplus \mathfrak{g}_{\beta_{2}}$ , where $\{a, \beta_{1}, \beta_{2}\}$ coincides with (1) in Lemma 3.4.
(c) $\mathfrak{g}_{\alpha}\oplus \mathfrak{g}_{\gamma_{1}}\oplus g_{\gamma_{2}}$ , where $\{\alpha, \gamma_{1}, \gamma_{2}\}$ coincides with (2) in Lemma 3.4.
(d) $\mathfrak{g}_{a}\oplus g_{\delta_{1}}\oplus g_{\delta_{2}}\oplus g_{\delta_{3}}$ , where $\{a, \delta_{1}, \delta_{2}, \delta_{s}\}=\{a_{1}, \alpha_{2},2\alpha_{1}-a_{2},2\alpha_{2}-a_{1}\}$ with
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$a_{\alpha_{1}.\alpha_{2}}=a_{a_{2}.a_{1}}$
$=1$ .

Moreover, if $\mathfrak{g}_{\alpha_{1}}\oplus \mathfrak{g}_{\alpha_{2}}\subset \mathfrak{g}(\alpha)$ , then $\sqrt{-1}\mathfrak{h}_{2}=R\sqrt{-1}(H_{\alpha_{1}}-H_{\alpha_{2}})$ .

PROOF. If $\mathfrak{g}_{\alpha_{1}}\oplus \mathfrak{g}_{\alpha_{2}}\subset \mathfrak{g}(\alpha)$ , then $(a_{1}-\alpha_{2})(\mathfrak{h}_{1})=0$ . Therefore we have for any
$\sqrt{-1}H\in\sqrt{-1}\mathfrak{h}_{1}$ that

(4.7) $\langle\sqrt{}\overline{-1}(H_{\alpha_{1}}-H_{a_{2}}), \sqrt{-1}H\rangle=(\alpha_{1}-a_{2})(H)=0$ .

Since $\sqrt{-1}\mathfrak{h}_{1}\perp\sqrt{-1}\mathfrak{h}_{2}$ and $\dim\sqrt{-1}\mathfrak{h}_{2}=1,$ $(4.7)$ gives

$\sqrt{-1}\mathfrak{h}_{2}=R\sqrt{-1}(H_{\alpha_{1}}-H_{\alpha_{2}})$ .
Next, suppose $\mathfrak{g}(\alpha)=\mathfrak{g}_{a_{1}}\oplus\cdots\oplus g_{\alpha_{m}}$ . From the above argument, $(H.1-H.,)$

$(i\geqq 2)$ must be parallel to $(H_{\alpha_{1}}-- H_{\alpha_{2}})$ . Therefore by Lemma 3.2 and Lemma 3.3,
the statements (1) and (2) in the proposition are obvious.

Similarly, if $\mathfrak{g}$ is of type $G_{2}$ and $m\leqq 3$ , the $g(\alpha)$ has one of the three cases
(a), (b) and (c) in (3).

Finally, we check the case $m\geqq 4$ . As in section 3, we can set $a_{i}=\alpha_{i}(H_{\alpha_{i}})$

$=e$ or $3e$ for some $e>0$ (l$i\leqq m). If $\{\alpha_{1}, a_{2}, \alpha_{\theta}\}$ is of type (1) in Lemma 3.4
(set $\alpha_{3}=2a_{1}-a_{2}$), then we can easily see that $a_{1}=a_{2}=e$ and $a_{3}=3e$ . Similarly,
if $\{a_{1}, a_{2}, \alpha_{3}\}$ is of type (2) in Lemma 3.4, then we have $a_{1}=e$ and $a_{2}=a_{3}=3e$ .
Therefore by Lemma 3.4, we get for $i\geqq 4$

$a_{i}=\{$

$3e$ , if $\{a_{1}, \alpha_{2}, a_{3}\}$ is of type (1)

$e$ , if $\{\alpha_{1}, \alpha_{2}, a_{3}\}$ is of type (2).

NOW, we assume that $\{\alpha_{1}, \alpha_{2}, a_{3}\}$ is of type(1). Since $\{\alpha_{1}, \alpha_{2}, \alpha_{i}\}$ satisfies the
relation (3.2), we obtain $a_{i}=2\alpha_{1}-a_{2}$ or $2\alpha_{2}-\alpha_{1}$ by Lemma 3.4. Hence we have
$a_{i}=2a_{2}-a_{1}(\alpha_{i}\neq\alpha_{3})$ .

Next, we assume that $\{a_{1}, \alpha_{2}, a_{3}\}$ is type(2). Then by Lemma 3.4 we can
put $\alpha_{S}=3a_{1}-2a_{2}$ . Therefore $a_{1}=(2a_{2}+a_{3})/3$ . Since $\{a_{i}, a_{2}, \alpha_{3}\}$ satisfies (3.2),
Lemma 3.4 implies that $\alpha_{i}=(2\alpha_{3}+a_{2})/3(a_{i}\neq\alpha_{1})$ . Hence we have

$\alpha_{2}=2\alpha_{1}-\alpha_{i}$ , $\alpha_{3}=2\alpha_{i}-a_{1}$

with $a_{a_{1}.\alpha_{i}}=a_{\alpha_{i}.a_{1}}=1$ . We have thus proved the proposition. $\square$

5. $rk(G)=rk(K)$

We devote this section to prove Theorem B.
Let $G$ be a compact simple Lie group and $K$ a closed subgroup of $G$ . Then

the following lemma plays an important part to prove the theorem.

LEMMA 5.1. Let $G/K$ be a normal homogeneous space as in section 2. If
there exists a subspace $V$ of $\mathfrak{p}$ satisfying (1) $[V, \mathfrak{p}]_{\mathfrak{p}}\subset V$ and (2) $[f, V]\subset V$ , then
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$V=\{0\}$ or $V=p$ .
PROOF. Put $\mathfrak{n}=V\oplus[V, V]_{f}$ . We shall sbow that $\mathfrak{n}$ is an ideal of $\mathfrak{g}$ .
Let $u,$ $v,$ $weV$ and $x,$ $y,$

$z\in V^{\perp}$ . Then if follows from (2.7) and assump-
tion (1) that

$\langle[u, x]_{\mathfrak{p}}, v\rangle=-\langle[u, v]_{\mathfrak{p}}, x\rangle=0$ .
Therefore we get

(5.1) $[V, V^{\perp}]_{\mathfrak{p}}=\{0\}$ .

Since $\langle, \rangle$ is $Ad(K)$-invariant, we have

(5.2) $[f, V^{\perp}]\subset V^{\perp}$

from assumption (2). Therefore (5.1) and (5.2) give

$[x, [y, u]]$ , $[y, [u, x]]\in V^{\perp}$ .
Similarly, (5.1) and assumption (2) give

$[u, [x, y]]=[u, [x, y]_{\mathfrak{p}}]+[u, [x, y]_{f}]\in f\oplus V$ .
On the other hand, it follows from (5.1) and (5.2) that

$[u, [x, y]]=-[x, [y, u]]-[y, [u, x]]eV^{\perp}$ .
Hence

(5.3) [V, $[V^{\perp},$ $V^{\perp}]$ ] $=\{0\}$ .
Similarly we have

(5.4) $[V^{\perp}, [V, V]]=\{0\}$ .
For $A\in f$ , we get

$[A, [u, x]]=-[u, [x, A]]-[x, [A, u]]\in[V, V^{\perp}]$ ,
that is,

(5.5) $[f, [V, V^{\perp}]]\subset[V, V^{\perp}]$ .
From (5.4), we obtain

$\langle[[u, x], v], w\rangle=-\langle[[u, x], w], v\rangle$

$=\langle[[x, w], u], v\rangle$

$=-\langle[[x, w], v], u\rangle$

$=\langle[[v, x], w], u\rangle$

$=-\langle[[v, x], u], w\rangle$

$=-\langle[[u, x], v], w\rangle$ .
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Therefore we get

(5.6) $[[V, V^{\perp}],$ $V]=\{0\}$ .
Similarly

(5.7) $[[V, V^{\perp}],$ $V^{\perp}]=\{0\}$ .
It follows from (5.5), (5.6) and (5.7) that [V, $V^{\perp}$] is an ideal of $\mathfrak{g}$ contained in
$f$ . Since $\mathfrak{g}$ is simple, it follows that [V, $V^{\perp}$] $=\{0\}$ .

For $A\in f$, we have

$[A, [u, v]_{f}]=[A, [u, v]]-[A, [u, v]_{\mathfrak{p}}]$

$=-[u, [v, A]]-[v, [A, u]]-[A, [u, v]_{\mathfrak{p}}]$

$\in \mathfrak{n}$

from the assumptions. For this reason,
and $V=\{0\}$ or $\mathfrak{p}$ .

we conclude that $\mathfrak{n}$ is an ideal of $\mathfrak{g}$

$\square$

COROLLARY 5.2. If a subsPace $V=\{x\in p:[x, p]_{\mathfrak{p}}=\{0\}\}$ is not zero, then $V$

$=p$ and the Pair $(g, f)$ is symmetnc.

PROOF. For $A\in f,$ $x\in V$ and $u\in p$ , we have

$[[A, x],$ $u]_{\mathfrak{p}}=-[[x, u],$ $A]_{\mathfrak{p}}-[[u, A],$ $x]_{\mathfrak{p}}$

$=-[[x, u]_{\mathfrak{p}},$ $A]_{\mathfrak{p}}=0$ .

Hence $[f, V]\subset V$ . Then from Lemma 5.1, we see $V=p$ . Consequently $[p, p]\subset$

$f$ and $(\mathfrak{g}, f)$ is symmetric. $\square$

NOW, we prove the theorem.
Throughout the remaining part of this section, we suppose that a hyper-

plane $V$ of $\mathfrak{p}$ satisfies (2.10) and $\nu(\neq 0)$ is a vector of $\mathfrak{p}$ perpendicular to $V$ .
Then $R(x, \nu)x$ is parallel to $\nu$ for $x\in V$ . Note that $Ad(k)(V)(keK)$ satisfies
(2.10).

At first, we suppose $\nu\in \mathfrak{g}_{\alpha}$ for some $\alpha\in\Delta_{\mathfrak{p}}$ . Considering the isotropy re-
presentation $Ad(\exp\sqrt{-1}\mathfrak{h}_{R})$ , we may assume that $\nu$ is parallel to $B_{a}$ (tben $A_{a}$

$eV)$ .
For each $\beta\in\Delta_{\mathfrak{p}}(\beta\neq\pm a)$ , a vector $R(A_{\alpha}, B_{\alpha})A_{\beta}$ is parallel to $B_{\beta}$ from (2.10).

It follows from (2.8) and (4.2) that

(5.8) $R(B_{\alpha}, A_{\alpha})B_{a}=-[B_{\alpha}, [B_{\alpha}, A_{\alpha}]]$

$=2a(H_{a})A_{a}$ .
Then (5.8) gives

$\langle R(A_{a}, B_{a})A_{\beta}, B_{\alpha}\rangle=\langle R(B_{\alpha}, A_{\alpha})B_{a}, A_{\beta}\rangle=0$ .
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Hence we obtain $R(A_{a}, B_{a})A_{\beta}=0,$ $i.e$ .

(5.9) $[[A_{\alpha}, B_{\alpha}],$ $A_{\beta}]- \frac{1}{4}[A_{a}, [B_{\alpha}, A_{\beta}]_{\mathfrak{p}}]_{\mathfrak{p}}+\frac{1}{4}[B_{\alpha}, [A_{a}, A_{\beta}]_{\mathfrak{p}}]_{\mathfrak{p}}=0$ .

From Corollary 5.2, we consider the case $[\mathfrak{g}_{a}, \mathfrak{g}_{\beta}]_{\mathfrak{p}}\neq\{0\}$ . For this reason, we
check the following three cases:

(1) $a+\beta\in\Delta_{\mathfrak{p}}$, $a-\beta\not\in\Delta_{\mathfrak{p}}$

(2) $\alpha-\beta e\Delta_{\mathfrak{p}}$, $a+\beta\not\in\Delta_{\mathfrak{p}}$

(3) $\alpha\pm\beta\in\Delta_{\mathfrak{p}}$

(1) $a+\beta\in\Delta_{\mathfrak{p}},$ $\alpha-\beta\not\in\Delta_{\mathfrak{p}}$ .
By computing the coefficient of $B_{\beta}$ in (5.9), we have

$2 \beta(H_{\alpha})=\frac{1}{2}N_{\alpha.\beta}N_{\alpha.-(a+\beta)}$ .

Therefore by (2.3) and (2.4), we get

$2 \beta(H_{\alpha})=-\frac{1}{2}(N_{\alpha.\beta})^{2}=-\frac{q(1-p)}{4}\alpha(H_{a})$

where $\{\beta+n\alpha:p\leqq n\leqq q\}$ is the $\alpha$-series containing $\beta$ . Then it follows from
(2.5) that

(5.10) $p+q= \frac{q(1-p)}{4}$ .
Since $a+\beta\in\Delta_{\mathfrak{p}}$ , we get $q\geqq 1$ . Furthermore, by lemma 3.1, we obtain $1\leqq q\leqq 3$

$(p\leqq 0)$ . Hence the only pair $(p, q)$ satisfying the equation (5.10) is $(-1,2)$ .
(2) $\alpha-\beta\in\Delta_{\mathfrak{p}},$ $\alpha+\beta\not\in\Delta_{\mathfrak{p}}$ .
By the same computation as in (1), we get

$2 \beta(H_{a})=\frac{1}{2}(N_{\alpha.-\beta})^{2}$ .
Therefore

(5.11) $p+q= \frac{p(1+q)}{4}$ .

In this case we have $-3\leqq p\leqq-1$ . $Co$nsequently (5.11) implies

$(p, q)=(-2,1)$ .
(3) $a\pm\beta e\Delta_{\mathfrak{p}}$ .
Once more, by making use of the same method as in the above, we have

$p+q= \frac{1}{4}\{q(1-p)+p(1+q)\}$ ,

that is, $p+q=0$ . Therefore, by Lemma 3.1, we have $(p, q)=(-1,1)$ . Then
the $a$-series containing $a+\beta$ is
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$\{\beta-\alpha=(\alpha+\beta)-2a, \beta=(\alpha+\beta)-\beta, \beta+a\}$

However, from the above argument, this implies $R(A_{\alpha}, B_{\alpha})A_{\alpha+\beta}\neq 0(\alpha+\beta\in\Delta_{\mathfrak{p}})$ .
This contradicts (5.9).

We have thus the following lemma.

LEMMA 5.3. SuPPose that $\nu e\mathfrak{g}_{\alpha}(a\in\Delta_{\mathfrak{p}})$ and $\nu^{\perp}$ satisfies (2.10). Then each
$\beta e\Delta_{\mathfrak{p}}(\beta\neq\pm\alpha)$ satisfies one of the following conditions.

(1) $[\mathfrak{g}_{\alpha}, \mathfrak{g}_{\beta}]\subset f$ .
(2) The a-series containing $\beta$ is $\{\beta-\alpha, \beta, \beta+a, \beta+2a\}$ with $\alpha+\beta\in\Delta_{\mathfrak{p}}$ and

$\beta-a\in\Delta_{f}$ .
(3) The a-series containing $\beta$ is $t\beta-2\alpha,$ $\beta-a,$ $\beta,$ $\beta+\alpha$ } with $a+\beta\in\Delta_{f}$ and

$\beta-\alpha\in\Delta_{\mathfrak{p}}$ .
REMARK 5.4. Put $\gamma=-\beta$ in (3) of Lemma 5.3. Then, since $\mathfrak{g}_{\beta}=\mathfrak{g}_{\gamma}$ , (3) is

reduced to (2). Moreover, from Lemma 3.1, the Lie algebra $\mathfrak{g}$ is necessary of
type $G_{2}$ in case (2).

Next, we examine the case $\nu eg_{a_{1}}\oplus$ $\oplus \mathfrak{g}_{\alpha_{m}}(m\geqq 2)$ . Take $a,$ $\beta(a\neq\pm\beta)$ out
of $\{\alpha_{1}, \cdots , a_{m}\}$ and suppose $A_{a}$ is perpendicular to $\nu$ as in the case $m=1$ .
Moreover, using the isotropy representation $Ad(\exp t\sqrt{-1}H)(\sqrt{-1}H\perp\sqrt{-1}H_{\alpha}$ ,

He $\mathfrak{h}_{1}$ ), we assume $B_{\beta}\perp\nu$ . Since $R(A_{\alpha}, B_{\alpha})A_{a}=2\alpha(H_{\alpha})B_{\alpha}$ (as (5.8)), we have

(5.12) $R(A_{\alpha}, \nu)A_{\alpha}=2a(H_{\alpha})\nu$ .
Then the coefficient of $A_{\beta}$ in $R(A_{\alpha}, A_{\beta})A_{a}$ must be equal to $2a(H_{\alpha})$ . In fact,
if not, then

$2a+\beta$ or $2a-\beta\in\{\alpha_{1}, \cdots \alpha_{m}\}$

because $R(\mathfrak{g}_{\alpha}, \mathfrak{g}_{\beta})\mathfrak{g}_{\alpha}\subset \mathfrak{g}_{\beta}\oplus \mathfrak{g}_{2a\pm\beta}$ . However, it is obvious that $[\mathfrak{g}_{\beta}, g_{2\alpha\pm\beta}]=\{0\}$ .
Hence $R(B_{\beta}, \nu)B_{\beta}=0$ . This contradicts (5.12) (substitute $B_{\beta}$ for $A_{\alpha}$).

Let $t\beta+n\alpha:p\leqq n\leqq q$ } be the $\alpha$-series containing $\beta$ as before. Then $0$ $
$q-p\leqq 3(p\leqq 0, q\geqq 0)$ by Lemma 3.1. We shall compute the coefficient $c_{\beta}$ of $A_{\beta}$

in $R(A., A_{\beta})A.$ . Since

$R(A_{a}, A_{\beta})A_{\alpha}=-[A_{\alpha}, [A_{\alpha}, A_{\beta}]_{f}]- \frac{1}{4}[A_{\alpha}, [A_{\alpha}, A_{\beta}]_{\mathfrak{p}}]_{\mathfrak{p}}$ ,

it follows from (4.2) that

$c_{\beta}=(\begin{array}{l}(N_{\alpha.\beta})^{l}+(N_{\alpha.-\beta})^{2}, (a\pm\beta\not\in\Delta_{\mathfrak{p}})\frac{(N1}{4}(N_{\alpha.\beta})^{2}(N_{a.-\beta})^{2}a.\beta)^{l}+\frac{1}{+4}(N_{\alpha.-\beta})^{2},\frac{1}{4}\{(N_{\alpha.\beta})^{2}+(N_{\alpha.-\beta})^{\mathfrak{g}}\},\end{array}$

$(a+\beta\not\in\Delta_{\mathfrak{p}}, a-\beta\not\in\Delta_{t})$

$(\alpha+\beta\not\in\Delta_{t}, \alpha-\beta\not\in\Delta_{\mathfrak{p}})$

$(a\pm\beta\not\in\Delta_{t})$ .
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Hence, we can easily verify that the pair $(p, q)$ satisfying the equation $c_{\beta}=$

$2a(H.)$ is one of the following:
(i) $(p, q)=(-1,1)$ with $a\pm\beta\in\Delta_{f}$ .
(ii) $(p, q)=(-2,1)$ with $\alpha+\beta\in\Delta_{f},$ $\alpha-\beta\in\Delta_{\mathfrak{p}}$ .
(iii) $(p, q)=(-1,2)$ with $a+\beta\in\Delta_{\mathfrak{p}},$ $\alpha-\beta\in\Delta_{t}$ .
REMARK 5.5. We do not distinguish between (ii) and (iii) for the reason

mentioned in Remark 5.4. Moreover, the case (2) in Lemma 5.3 is reduced to
the case (ii) in the above. In fact, take $\nu\wedge=Ad(\exp \mathfrak{g}_{\alpha-\beta})(\nu)$ instead of $\nu$ in (2),

then
$\hat{\nu}X\mathfrak{g}_{\alpha}$ and $\nu\wedge X\mathfrak{g}_{\beta}$ .

LEMMA 5.6. In $ihe$ case (ii), a normal homogeneous sPace $G/K(G$ is neces-
sarily of type $G_{2}$) has constant sectional curvature.

PROOF. By a similar argument under (5.12), we see that $\beta-2a\in\Delta_{\mathfrak{k}}$ . Using
the same method as in the above, we see that the $\beta$-series containing $a$ is
$\{a-2\beta, a-\beta, \alpha, \alpha+\beta\}$ .

Let $\{\gamma_{1}, \gamma_{2}\}$ be the set of simple roots of type $G_{2}$ with the heighest root
$2\gamma_{1}+3\gamma_{2}$ . Then, by a straightforward computation, it can be checked that
$\{\alpha, \beta\}$ is one of the following:

$\pm\{\gamma_{2}, -(\gamma_{1}+\gamma_{2})\}$ , $\pm\{\gamma_{2}, \gamma_{1}+2\gamma_{2}\}$ , $\pm\{\gamma_{1}+\gamma_{2}, \gamma_{1}+2\gamma_{2}\}$ .

Therefore we have
$p=\mathfrak{g}_{\gamma_{2}}\oplus \mathfrak{g}_{\gamma_{1^{+}}\gamma_{2}}\oplus \mathfrak{g}_{\gamma_{1^{+}}\mathfrak{g}\gamma_{2}}$

for any $\{\alpha, \beta\}$ . Then, as is well-known, $G/K$ has constant sectional curvature
(cf. [1]). $\square$

From Lemma 5.6, we may assume that for any $\alpha,$ $\beta\in\{\alpha_{1}, \cdot , \alpha_{m}\}(\nu\in \mathfrak{g}_{a_{1}}\oplus$

. $\oplus \mathfrak{g}_{a_{m}}$ ) the $\alpha$-series containing $\beta$ is $\{\beta-\alpha, \beta, \beta+\alpha\}$ with $a\pm\beta\in\Delta_{\mathfrak{k}}$ . Then

LEMMA 5.7. For $\alpha,$ $\beta,$ $\gamma\in\{\alpha_{1}, , \alpha_{m}\}$ with $\alpha\neq\pm\beta,$ $\beta\neq\pm\gamma$ and $\gamma\neq\pm\alpha$ , the
following equations hold.

(5.13) $N_{\gamma.\alpha+\beta}=N_{\gamma.-(\alpha+\beta)}=N_{\gamma.\alpha-\beta}=N_{\gamma.-a+\beta}=0$

PROOF. AS before, we assume $A_{\alpha},$ $B_{\beta}\perp v$ . Set $\nu_{1\mathfrak{g}\gamma}=aA_{\gamma}+bB_{\gamma}(a, b\in R)$ .
Since

$\alpha_{i}\pm\alpha_{j}\in\Delta_{f}(i\neq j, i, j=1, \cdots m)$ ,
it follows that

(5.14) $R(A_{\alpha}, B_{\beta})(aA_{\gamma}+bB_{\gamma})=[[A_{a}, B_{\beta}],$ $aA_{\gamma}+bB_{\gamma}]$

$=[N_{a.\beta}B_{\alpha+\beta}+N_{\alpha,-\beta}B_{\alpha-\beta}, aA_{\gamma}+bB_{\gamma}]$

$=N_{\alpha.\beta}N_{\alpha+\beta.\gamma}(-bA_{\alpha+\beta+\gamma}+aB_{\alpha+\beta+r})$
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$-N_{\alpha.\beta}N_{\alpha+\beta.-\gamma}(bA_{\alpha+\beta-\gamma}+aB_{\alpha+\beta-\gamma})$

$+N_{a.-\beta}N_{\alpha-\beta.\gamma}(-bA_{a-\beta+\gamma}+aB_{\alpha-\beta+\gamma})$

$-N_{\alpha.-\beta}N_{\alpha-\beta.-\gamma(bA_{a-\beta-\gamma}+aB_{\alpha-\beta-\gamma})}$ .
In particular, we note that $R(A_{a}, B_{\beta})(aA_{\gamma}+bB_{\gamma})\in \mathfrak{g}_{\alpha+\beta\pm\gamma}\oplus g_{\alpha-\beta\pm\gamma}$ .

For $\delta\in\{\alpha_{1}, \cdots , \alpha_{m}\}(\delta\neq\pm\alpha, \pm\beta, \pm\gamma)$ , we see that

$R(A_{a}, B_{\beta})(aA_{\gamma}+bB_{\gamma})\perp R(A_{\alpha}, B_{\beta})\mathfrak{g}_{\delta}$ .
(For example, if $a+\beta+\gamma=a-\beta+\delta$ , then $\delta-\gamma=2\beta\not\in\Delta$ . This contradicts $\delta-\gamma\in$

$A_{t})$ . Hence $R(A_{a}, B_{\beta})(aA_{\gamma}+bB_{\gamma})=0$ by (2.10) or equivalently by $R(V, V)\nu=0$ .
Consequently, (5.13) is derived from (5.14). $\square$

Obviously, an equation $N_{a,\beta}=0$ is equivalent to a relation $\alpha+\beta\not\in\Delta$ . There-
fore (5.13) is equivalent to the following:

(5.15) $\alpha\pm\beta\pm\gamma\not\in\Delta$ .
Put $\nu=a_{\beta}A_{\beta}+a_{a}A_{\alpha}+\Sigma_{a_{i}\neq\alpha.\beta}X_{a_{i}},$ $(X_{\alpha_{i}}\in g_{\alpha_{i}})$ . Then it follows from (5.15) that
$[\mathfrak{g}_{\alpha\pm\beta}, \Sigma_{\alpha_{i}\neq\alpha.\beta}X_{\alpha_{i}}]=\{0\}$ . Therefore it is easy to see that

$\nu_{t}=Ad(\exp tB_{a+\beta})(\nu)$

$= \sum_{a\ell*\alpha}.X_{a_{i}}+\cos N_{\alpha.\beta}t\cdot(a_{\beta}A_{\beta}+a_{a}B_{a})\rho$

$-\sin N_{\alpha,\beta}t\cdot(a_{\alpha}A_{\beta}-a_{\beta}B_{a})$ .

Let $t_{0}$ be a real number such that $a_{\beta}\cos N_{\alpha.\beta}t_{0}=a_{\alpha}\sin N_{\alpha,\beta}t_{0}$ . Then $\nu_{\iota_{0}}$ is
perpendicular to $\mathfrak{g}_{\beta}$ . Thus, by induction, we can see that for some $\alpha\in\Delta_{\mathfrak{p}}$ there
exists a vector $S\in g$. such that $\nu\wedge\perp$ satisfies (2.10). Therefore, for each $\beta\in\Delta_{\mathfrak{p}}$,

one of (1), (2) and (3) of Lemma 5.3 holds.
If there is $\beta\in\Delta_{\mathfrak{p}}$ satisfying (2) (or (3)) in Lemma 5.3, then Remark 5.5 and

Lemma 5.6 imply that $G/K$ has constant sectional curvature. Thus we may
assume that (1) of Lemma 5.3 holds for any $\beta\in\Delta_{\mathfrak{p}}$ . Then, by Corollary 5.2,
the pair $(g, f)$ is symmetric and $G/K$ has constant sectional curvature.

We have thus proved Theorem B.

6. Some Lemmas.

In this section we give some lemmas which help us to prove the theorem.
From now on, we assume that $rk(G)>rk(K)$ , unless otherwise stated. Let

$\nu$ be a vector in $\mathfrak{p}$ such that it satifies condition (T-G).

If $\nu\perp\sqrt{-1}\mathfrak{h}_{2}$ and $\nu X\mathfrak{g}_{\alpha}(\alpha\in\Delta’)$ , then there exists $\sqrt{-1}H\in\sqrt{-1}\mathfrak{h}_{2}$ such that
$[\wedge-1H, \nu]\neq 0$ . Therefore by Lemma 2.2, there exists $\nu\wedge\in p$ such that $\hat{v}$ satisfies
condition (T-G) and fi $X\sqrt{-1}\mathfrak{h}_{2}$ . (Take Ad $(\exp t[X,$ $\nu]_{\mathfrak{k}})(\nu)$ or $e^{-\varphi\iota^{[X.\nu]\mathfrak{p}}}(\nu).$ )
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Similarly, if $\nu Xg_{\beta}$ for some $\beta\in\Delta_{\mathfrak{p}}$ with $\beta(\mathfrak{h}_{2})\neq 0$, then there exists $\hat{\nu}\in p$ such
that it satisfies condition (T-G) and $\hat{\nu}x\sqrt{-1}\mathfrak{h}_{2}$ . Hence we have the following.

LEMMA 6.1. If there is a vector $\nu$ in $\mathfrak{p}$ satisfying condition $(T-G)$ , then there
exists $\hat{v}\in p$ satisfying condition $(T-G)$ such that

S.I Ab2 or
$\hat{\nu}\in\alpha(\mathfrak{y}_{2})=0\bigoplus_{a\in\Delta \mathfrak{p}}\mathfrak{g}_{a}$

.

From the above lemma, we suppose $\nu X\sqrt{-1}\mathfrak{h}_{2}$ or $\nu\in\oplus_{a.\alpha(\mathfrak{h}_{2})=0\mathfrak{g}_{a}}$ . In the
case where $\nu X\sqrt{-1}\mathfrak{h}_{2}$ , we put $\nu_{1^{\sqrt{}}\overline{-1}\mathfrak{h}_{2}}=\sqrt{-1}H_{0}$ . Then the following holds.

LEMMA 6.2. If $\sqrt{-1}H_{\alpha}(\alpha\in\Delta_{\mathfrak{p}})$ is not $pe\gamma pendicular$ to $\sqrt{-1}H_{0}$ , then $\sqrt{-1}H_{\alpha}$

is parallel to $\sqrt{-1}H_{0}$ .
PROOF. Even if $\nu\perp \mathfrak{g}_{\alpha}$ , there is a number $t$ such that $e^{-\varphi\iota^{A_{a}}}(\nu)X\mathfrak{g}_{\alpha}$ . There-

fore we may assume $\nu$ A $\mathfrak{g}_{\alpha}$ and $\nu_{1\mathfrak{g}_{\alpha}}$ is parallel to $B_{a}$ .
For any $\sqrt{-1}H\in\sqrt{-1}\mathfrak{h}_{2}$ which is perpendicular to $\sqrt{-1}H_{0}$, we get

$\langle$ $R(\sqrt{-1}H,$ $\nu)\sqrt{-1}H$, A $H_{0}\rangle$ $=\langle$ $R(\sqrt{-1}H,$ $\sqrt{-1}H_{0})$A$H,$ $v\rangle$

$=0$ .
Hence $R(-1H, \nu)$A$H=0$ from (2.10). Therefore

$R(\sqrt{-1}H, B_{\alpha})\backslash /\overline{-1}H=0$ ,

i.e. $\alpha(H)=0$ . This implies that $(\sqrt{-1}H_{\alpha})_{\mathfrak{p}}$ is parallel to $\sqrt{-1}H_{0}$ . Put

$(\sqrt{-1}H_{a})_{\mathfrak{p}}=c\sqrt{-1}H_{0}$ .
Then

(6.1) $\langle\sqrt{-1}H_{\alpha}-c\sqrt{-1}H_{0}, \sqrt{-1}H_{0}\rangle=\alpha(H_{0})-c||\sqrt{-1}H_{0}||^{2}$

$=0$ .
Since

$R(A_{\alpha}, B_{\alpha})A_{\alpha}=-[A_{\alpha}, [A_{\alpha}, B_{\alpha}]_{f}]- \frac{1}{4}[A_{a}, [A_{a}, B_{\alpha}]_{\mathfrak{p}}]_{\mathfrak{p}}$

$=2 \sqrt{-1}[H_{\alpha}-cH_{0}, A_{a}]+\frac{c\sqrt{-1}}{2}[H_{0}, A_{\alpha}]$

$= \{2\alpha(H_{a})-\frac{3c\alpha(H_{0})}{2}\}B_{\alpha}$

and

$R(A_{a}, \sqrt{-}IH_{0})A_{\alpha}=-\frac{1}{4}[A_{\alpha}, [A_{\alpha}, \wedge-1H_{0}]]_{\mathfrak{p}}$

$= \frac{c\alpha(H_{0})}{2}\sqrt{-1}H_{0}$ ,
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it follows that

(6.2) $\alpha(H_{\alpha})=c\alpha(H_{0})$ .
From (6.1) and (6.2), we obtain $\alpha(H_{a})=c^{2}||\sqrt{-1}H_{0}||^{2}$, that is,

1 $\sqrt{-1}H_{a}||^{2}=||($

AS a result, a vector $\sqrt{-1}H_{\alpha}$ is parallel to $\sqrt{-1}H_{0}$ . $\square$

LEMMA 6.3. If $\nu$ is not perpendicular to $\mathfrak{g}_{\alpha}$ for some $aeA_{\mathfrak{p}}$ satisfying $\alpha(\mathfrak{h}_{2})$

$=0$, then for any $\beta\in\Delta’$ and for any $\gamma\in\Delta_{\mathfrak{p}}$ satisfying $\gamma(\mathfrak{h}_{2})\neq 0$, the following holds.

$[\mathfrak{g}_{\alpha}, g(\beta)]=\{0\}$ and $[g., g_{r}]=\{0\}$

PROOF. At first, we note that $\nu\in\oplus_{\lambda.\lambda(\mathfrak{y}_{2^{)=0}}\mathfrak{g}_{\lambda}}$ . Let $X$ be a vector in $\mathfrak{g}_{\alpha}$

such that it is perpendicular to $\nu$ . For some $Y\in \mathfrak{g}_{\gamma}$ , if $[Y, \nu]$ is not zero, then
by the same method as in the early part of this section, we see that there
exists $\nu\wedge$ satisfying condition (T-G) such that $CX$ Ab2 and $\nu\wedge A\mathfrak{g}_{\alpha}$ . Since
$[g_{a}, \sqrt{-1}\mathfrak{h}_{2}]=\{0\}$ , we get

$R(\hat{X}, \nu\wedge)\hat{X}=0(\hat{X}\in \mathfrak{g}_{\alpha},\hat{X}\perp\nu\wedge)$ .
However, this contradicts the equation

$R(\hat{X},\hat{\nu}_{\mathfrak{l}\mathfrak{g}_{\alpha}})\hat{X}=2\alpha(H_{a})C_{I\mathfrak{g}_{\alpha}}$ .
Therefore we obtain $[Y, \nu]=0$ for any $Y\in \mathfrak{g}_{\gamma}$ .

If $[\mathfrak{g}_{\alpha}, \mathfrak{g}_{\gamma}]\neq\{0\}$ , then there is a root $\delta(\delta\neq\pm a)$ in $A_{\mathfrak{p}}$ such that $\nu X\mathfrak{g}_{\delta}$ and
$[\mathfrak{g}_{\gamma}, g_{\alpha}]X[g_{\gamma}, \mathfrak{g}_{\delta}]$ . Therefore by (4.1), a root $\delta$ is one of $\{\pm 2\gamma\pm\alpha\}$ . Then for
any $\delta$ , we have $[\mathfrak{g}_{\delta}, \mathfrak{g}_{\alpha}]=\{0\}$ . However, by the argument under (5.12), we can
see that this contradicts the assumption $\nu X\mathfrak{g}_{\alpha}$ and $\nu X\mathfrak{g}_{\delta}$ .

Similarly we can get $[\mathfrak{g}_{\alpha}, \mathfrak{g}(\beta)]=\{0\}$ . We have thus proved the lemma. $\square$

In the following sections we shall prove Theorem A.

7. Type I, II.

In this section we suppose that $\mathfrak{g}$ is not of type $G_{2}$ and $rk(G)>rk(K)$ .
At first, we consider the case $\nu x\sqrt{-}1\mathfrak{h}_{2}$ . Let $\alpha$ be a root in $\Delta’$ such that

$g(a)_{I\mathfrak{p}}^{\underline{y}}\nu$ . Put $\mathfrak{g}(\alpha)=\mathfrak{g}_{a_{1}}\oplus\cdots\oplus \mathfrak{g}_{a_{m}}(m\geqq 2)$ and Vl $\sqrt{}=_{1\mathfrak{h}_{2}}=\sqrt{-1}H_{0}$ as in the previous
section. Then for any $\sqrt{-1}H\in\sqrt{-1}\mathfrak{h}_{2}$ with $\sqrt{-1}H\perp\sqrt{-1}H_{0}$ , we have
$R(\sqrt{-1}H, \nu)\sqrt{-1}H=0$, that is,

(7.1) $[\sqrt{-1}H, \nu]=0$ .
If $\nu X\mathfrak{g}_{a_{i}}$ and $\nu X\mathfrak{g}_{a_{j}}(1\leqq i\neq j\leqq m)$ , then (7.1) gives $\alpha_{i}(H)=a_{j}(H)=0$ . Hence
$\sqrt{-1}(H_{\alpha_{i}}-H_{\alpha_{j}})$ is parallel to $\sqrt{-1}H_{0}$ . Then if follows from Lemmas 3.2, 3.3
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that $\mathfrak{g}(\alpha)$ has one of the following two forms:
(1) $\mathfrak{g}_{\beta}\oplus \mathfrak{g}_{\gamma}\oplus \mathfrak{g}_{\delta_{1}}\oplus\cdots\oplus \mathfrak{g}_{\delta_{m-2}}$ with $\nu\perp \mathfrak{g}_{\delta_{i}}(i=1, \cdot.. , m-2)$ . Moreover $\sqrt{-1}H_{0}$

is parallel to $\sqrt{-1}(H_{\beta}-H_{\gamma})$ .
(2) $g_{\beta}\oplus \mathfrak{g}_{\gamma}\oplus \mathfrak{g}_{\delta}\oplus \mathfrak{g}_{\omega_{1}}\oplus\cdots\oplus \mathfrak{g}_{\omega_{m-3}}$ with $\nu\perp g_{\omega_{i}}(i=1, \cdots , m-3),$ $a_{\beta,\gamma}=l,$ $a_{r,p}=$

$2$ and $\delta=2\beta-\gamma$ . Moreover $\sqrt{-1}H_{0}$ is parallel to $\sqrt{-1}(H_{\beta}-H_{\gamma})$ .
We shall examine $\mathfrak{g}(a)$ , more precisely.
Throughout this section, we fix the notation as follows:

$\mathfrak{g}(\alpha)=\mathfrak{g}_{a_{1}}\oplus\cdots\oplus g_{\alpha_{m}}$

$\mathfrak{g}(\alpha)_{1\mathfrak{k}}=RX\oplus RX’$ with $X= \sum_{i=1}^{m}p_{a_{i}}X_{a_{i}}$ , $X’= \sum_{i=1}^{m}p_{\alpha_{i}}X_{a_{i}}’$

where $X_{a_{i}}=a_{a_{i}}A_{\alpha_{i}}+b_{a_{i}}B_{\alpha_{i}}$ and $X_{\alpha_{i}}’=a_{\alpha_{i}}B_{a_{i}}-b_{\alpha_{i}}A_{\alpha_{i}}(a_{a_{i}}^{2}+b_{\alpha_{i}}^{l}=1)$ .
THE CASE (1).

If $m=3$, then for $\sqrt{-1}H\in\sqrt{-1}\mathfrak{h}_{2}$ perpendicular to $\sqrt{-1}H_{0}$ , we have

$[AH, \mathfrak{g}(\alpha)_{\mathfrak{l}f}]\subset \mathfrak{g}_{\delta_{1}}$ .
However, this contradicts the assumption $\delta_{1}\in\Delta’$ .

Next, we suppose $m\geqq 4$ . For $U\in f$, we set $\nu_{t}=Ad(\exp tU)(\nu)$ . Then for any
small $t\in R$, we see that

$\nu_{t}X\mathfrak{g}_{\beta}$ and $\nu_{t}X\mathfrak{g}_{\gamma}$ .
Therefore, by the same argument as in the above, we see that $\nu\perp \mathfrak{g}_{\delta_{i}}(i=1,$ $\cdots$ ,
$m-2)$ and $(\nu_{t})_{I^{\sqrt{}}\overline{-1}\mathfrak{h}_{2}}$ is parallel to $\sqrt{-1}H_{0}$ . Hence we have

(7.2) $[f, \nu]\perp \mathfrak{g}_{\delta_{i}}(i=1, \cdots m-2)$ .

Since

$X’= \sum_{i=1}^{m}p_{a_{i}}X_{a_{i}}’\in f$ ,

a vector $Y=p_{\delta_{j}}X_{\delta_{i}}’-p_{\delta_{i}}X_{\delta_{j}}’$ is in $\mathfrak{p}$ . We assume that $\nu$ is perpendicular to $Y$ .
Take $H\in \mathfrak{h}_{2}$ so that $(\delta_{i} --\delta_{f})(H)\neq 0$ and $\sqrt{-1}H\perp\sqrt{-1}H_{0}$ . Then, since $[\nu$ ,
$\sqrt{-1}H]=0$ , we get

$0=R(\sqrt{-1}H, Y)\nu$

$=[[\sqrt{-1}H, Y]_{\mathfrak{k}},$ $\nu]+\frac{1}{2}[[\sqrt{-1}H, Y]_{\mathfrak{p}},$ $\nu]_{\mathfrak{p}}-\frac{1}{4}[\sqrt{-1}H, [Y, \nu]_{\mathfrak{p}}]_{\mathfrak{p}}$

$= \frac{1}{2}[[\sqrt{-1}H, Y]_{f},$ $\nu]+\frac{1}{2}[[\sqrt{-1}H, Y],$ $\nu]_{\mathfrak{p}}$

$+ \frac{1}{4}[\sqrt{-1}H, [Y, \nu]_{f}]-\frac{1}{4}[\nu, [Y, \sqrt{-1}H]]_{\mathfrak{p}}$
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$= \frac{1}{2}[[\sqrt{-1}H, Y]_{f},$ $\nu]+\frac{1}{4}[[\nu, Y],$ $\sqrt{-1}H]_{\mathfrak{p}}+\frac{1}{4}[\sqrt{-1}H, [Y, \nu]_{f}]$ .

Therefore, since $[\sqrt{-1}H, \sqrt{-1}H_{0}]=0$, it follows that

(7.3) $0=\langle R(’-1H, Y)\nu, \sqrt{-1}H_{0}\rangle$

$= \langle\frac{1}{2}[[\sqrt{-1}H, Y]_{f},$ $\nu],$ $\sqrt{-1}H_{0}\rangle$ .

On the other hand, we have

$[\sqrt{-1}H, Y]=p_{\delta_{i}}\delta_{j}(H)X_{\delta_{j}}-p_{\delta_{j}}\delta_{i}(H)X_{\delta_{i}}$

and
$\langle[’-1H, Y], X\rangle=2p_{\delta_{i}}p_{\delta_{j}}(\delta_{j}-\delta_{i})(H)\neq 0$ .

Therefore we get

$\langle\sqrt{-1}H_{0}, [[\sqrt{-1}H, Y]_{f}, \nu]\rangle$

$=c\langle’-1H_{0}, [X, (p_{\beta}X_{\alpha}’-p_{\alpha}X_{\beta}’)+\cdots]\rangle$

$=c\langle p_{\beta}X_{a}’-p_{a}X_{\beta}’, [\sqrt{-1}H_{0}, X]\rangle$

$=c\langle p_{\beta}X_{\alpha}’-p_{a}X_{\beta}’, p_{\alpha}\alpha(H_{0})X_{\alpha}’+p_{\beta}\beta(H_{0})X_{\beta}’\rangle$

$=2cp_{\alpha}p_{\beta}(\alpha-\beta)(H_{0})$ . ( $c$ is some non zero constant.)

Since $\sqrt{-1}H_{0}$ is parallel to $\sqrt{-1}(H_{\alpha}-H_{\beta})$ , we obtain
$\langle$A $H_{0},$ $[[\sqrt{-1}H,$ $Y]_{\{},$ $\nu]\rangle$ $\neq 0$ .

However, this contradicts (7.3) and implies $m=2$, i.e.

(7.4) $\mathfrak{g}(\alpha)=\mathfrak{g}_{a}\oplus \mathfrak{g}_{\beta}$ with some $\beta\in\Delta’$ .

NOW, we may assume
$g(\alpha)_{I}=RX\oplus RX’$

with $X=A.+pX_{p}$ for some $p(\neq 0)$ . Furthermore we suppose that $\nu_{Igt\alpha)}$ is
parallel to $pB_{\alpha}-X_{\beta}^{l}(\in p)$ . Then Lemma 4.3 implies that

(7.5) $[A_{\alpha}, X_{\beta}’]+[X_{\beta}, B_{\alpha}]=0$

(7.6) V–l $H_{\alpha}+p^{2}’-1H_{\beta}\in f$ .
Since $\sqrt{-1}$ $(H.-H_{\beta})\in p,$ $(7.6)$ gives

(7.7) $c_{\alpha}+p^{s}c_{\beta}=0$

where $c.=a(H.-H_{p})$ and $c_{\beta}=\beta(H_{\alpha}-H_{\beta})$ .
It follows from (7.5), (7.6) and (7.7) that
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$R(pA_{\alpha}-X_{\beta}, pB_{a}-X_{\beta}’)(pA_{\alpha}-X_{\beta})$

$=-[pA_{a}-X_{\beta}, 2’-1(p^{2}H_{\alpha}+H_{\beta})_{\mathfrak{k}}]- \frac{1}{4}[pA_{a}-X_{\beta}, 2\sqrt{-1}(p^{2}H_{a}+H_{\beta})_{\mathfrak{p}}]_{\mathfrak{p}}$

$=[2 \sqrt{}-1-(H_{\alpha}+p^{2}H_{\beta}), pA_{\alpha}-X_{\beta}]+\frac{1}{2}[(p^{2}-1)\sqrt{-1}(H_{\alpha}-H_{\beta}), pA_{\alpha}-X_{\beta}]_{\mathfrak{p}}$

$=2p\alpha(H_{\alpha}+p^{2}H_{\beta})B_{a}-2\beta(H_{a}+p^{2}H_{\beta})X_{\beta}’$

$+ \frac{p^{2}-1}{2}\{pc_{a}B_{\alpha}-c_{\beta}X_{\beta}’\}_{\mathfrak{p}}$ .
Hence (7.7) gives

(7.8) $R(pA_{\alpha}-X_{\beta}, pB_{a}-X_{\beta}’)(pA_{\alpha}-B_{\beta})$

$= \{2\alpha(H_{a}+p^{2}H_{\beta})+\frac{(p^{2}-1)(c_{a}+c_{\beta})}{2}\}(pB_{\alpha}-X_{\beta}’)$ .

Similarly we have

(7.9) $R(pA_{\alpha}-X_{\beta}, \sqrt{-1}(H_{\alpha}-H_{\beta}))(pA_{\alpha}-X_{\beta})$

$= \{2c_{\alpha}+\frac{(p^{2}-1)(c_{a}+c_{\beta})}{2}\}$ A $(H_{\alpha}-H_{\beta})$

$+ \frac{c_{a}}{p}(p^{2}[A_{\alpha}, X_{\beta}’]-[X_{\beta}, B_{\alpha}])$ .

Since $[f, p]\subset p$ , if $\alpha+\beta\in\Delta$, then $a+\beta e\Delta_{\mathfrak{p}}$ . Then by Lemma 6.2, a vector
$\sqrt{-1}H_{\alpha+\beta}$ is perpendicular to A $(H_{a}-H_{\beta})$ . This implies $\nu\perp \mathfrak{g}_{\alpha+\beta}$ . For this
reason, regardless of whether $\alpha+\beta\in\Delta$ or $\alpha+\beta\not\in\Delta$ , we have from (7.8) and
(7.9) that

$c_{a}=\alpha(H_{a}+p^{2}H_{\beta})$ ,
that is,

(7.10) $\alpha(H_{\beta})=0$ .
Therefore it follows from (7.7) and (7.10) that

(7.11) $p^{2}= \frac{\alpha(H_{\alpha})}{\beta(H_{\beta})}$ .

THE CASE (2).

In this case $\mathfrak{g}$ is necessarily of type II.
Let

$\mathfrak{g}(\alpha)=\mathfrak{g}_{\beta}\oplus \mathfrak{g}_{\gamma}\oplus \mathfrak{g}_{\delta}\oplus \mathfrak{g}_{\omega_{1}}\oplus\cdots\oplus \mathfrak{g}_{\omega_{m-3}}$

with $\delta=2\beta-\gamma,$ $a_{\beta,\gamma}=1$ and $a_{r.p}=2$ . As in case (1), for each $\omega_{i}$ there exists
$\sqrt{-}1H\in\sqrt{}\overline{-1}\mathfrak{h}_{2}(\sqrt{-}1H\perp\sqrt{}--1H_{0})$ such that $\omega_{i}(H)\neq 0$ . At first we prove the
following lemma.



802 K. $ToJO$

LEMMA 7.1. If $m\geqq 4$, then

$\omega_{i}(H_{0})=0$ for all $i(i=1, \cdots , m-3)$ .
PROOF. We note that $\beta(H_{\beta}-H_{\gamma})=0,$ $i.e$ . $\sqrt{-1}H_{\beta}\in f$ .
By making use of the description of the simple root systems in [4, p. 462-

p. 474], we prove the lemma.
If $\mathfrak{g}$ is of type $B_{f}(l\geqq 2)$ , then $\Delta$ can be identified with

(7.12) $\{\pm e_{i}(1\leqq i\leqq l);\pm e_{i}\pm e_{j}(1\leqq i\neq j\leqq l)\}$

where $\{e_{1}, \cdots , e_{l}\}$ is an orthonomal basis of $(R^{\iota}, \langle, \rangle_{0})$ . Moreover there exists
a constant $c(\neq 0)$ such that

(7.13) $c\langle\alpha, \beta\rangle_{0}=\alpha(H_{\beta})$

for all $\alpha,$ $\beta\in\Delta$ . Since $a_{\beta,\gamma}=1$ and $a_{\gamma.\beta}=2$, we have $2\beta(H_{\beta})=\gamma(H_{\gamma})$ . Hence, by
(7.12), we may assume $\beta=e_{i}$ for some $i(1\leqq i\leqq l)$ . Then $\{\gamma, \delta\}$ is necessarily
equal to $\{e_{i}-e_{j}, e_{i}+e_{j}\}$ for some $j$ .

Since $\sqrt{-1}H_{\beta}\in f$, we have

$\langle\beta, \beta\rangle_{0}=\langle\beta, \omega_{k}\rangle_{0}$

for each k(l$k$m--3). Therefore $\omega_{h}=e_{t}+e_{n}$ or $e_{t}-e_{n}$ for some $n(n\neq i, j, k)$ .
Then

$\omega_{k}(H_{\beta}-H_{\gamma})=c\langle\omega_{k}, \beta-\gamma\rangle_{0}$

$=0$ .
This proves the lemma in case where $\mathfrak{g}$ is of type $B_{l}$ .

By the same way as in the above, we can prove the lemma for the other
cases. $\square$

By a hypothesis that $\wedge-1\mathfrak{h}_{1}$ is a maximal abelian subalgebra of $f$, it is
easy to see that $\beta-r\in A_{\mathfrak{p}}$ . Then we assume $\nu_{\mathfrak{l}\mathfrak{g}_{\beta-\gamma}}\neq 0$ (if $\nu_{1\mathfrak{g}_{\beta-\gamma}}=0$, then take
$e^{-\varphi t^{A}\beta-\gamma}(\nu)$ instead of $\nu$ ) and $\nu_{\mathfrak{g}_{\beta-\gamma}}$ is parallel to $X_{\beta-\gamma}$ . Then (4) of Lemma 4.2
gives

$p_{\gamma^{2}}\gamma(H_{\beta}-H_{\gamma})+p_{\delta^{2}}\delta(H_{\beta}-H_{\gamma})=0$ .
Therefore, since $a_{\gamma.\beta}=2$ and $a_{\beta.\gamma}=1$ , we obtain $p_{\gamma^{2}}=p_{\delta^{2}}$ . Thus we may sup-
pose $p_{\gamma}=p_{\delta}=1$ . Then

$X_{\gamma}-X_{\delta}$ , $X_{\gamma}’-X_{\delta}’\in \mathfrak{p}$

$X_{\gamma}+X_{\delta}- \frac{2}{p_{\beta}}X_{\beta}$ , $X_{\gamma}’+X_{\delta}’- \frac{2}{p_{\beta}}X_{\beta}’e\mathfrak{p}$ .

Since $\nu\perp g_{\omega_{i}}$ $(i=1, \cdot. , m-3)$ , then $\nu\in \mathfrak{g}_{\beta}\oplus \mathfrak{g}_{\gamma}\oplus g_{\delta}$ . If $\nu\perp \mathfrak{g}_{\beta}$ , then considering
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$Ad(\exp t\sqrt{-1}H_{\beta})(\nu)$ , we can assume $\nu_{\mathfrak{g}(\alpha)}$ is parallel to $(X_{\gamma}-X_{\delta})$ . Then since
$R$ ( $X_{\beta-r}’$ , A $(H_{\beta}-H_{\gamma})$ ) $X_{\beta-\gamma}’$

$=- \frac{1}{4}[X_{\beta-\gamma}’, [X_{\beta-\gamma}’, \sqrt{}^{-}-\overline{1}(H_{\beta}-H_{\gamma})]]$

$= \frac{||\sqrt{-1}(H_{\beta}-H_{\gamma})||^{2}}{2}\sqrt{-1}(H_{\beta}-H_{\gamma})$

$\neq 0$ ,

we see that $[X_{\beta-r}’, X_{\gamma}-X_{\delta}](\in \mathfrak{g}_{\beta})$ is not zero. Hence we get

$e^{-\varphi_{l}x_{\beta-\gamma(\nu)Ag_{\beta}}’}$

for small $teR$ . ( $e^{-\varphi_{t}x_{\beta-\gamma(\nu)_{1^{\sqrt{}}\overline{-1}1_{2}}}^{l}}$ is parallel to $\sqrt{-1}(H_{\beta}-H_{\gamma})$ ). For this reason,
we suppose $\nu X\mathfrak{g}_{\beta}$ and $\nu_{\mathfrak{g}_{\beta}}$ is parallel to $X_{\beta}’$ . Set

$Y=p_{\beta}X_{\omega_{\ell}}-p_{\omega_{i}}X_{\beta}(\perp\nu)$ .

Then Lemma 7.1 implies that [ $Y$ , A $(H_{\beta}-H_{\gamma})$] $=0$ . Hence we get

$R(Y, \nu)Y=0$ ,

that is, $[Y, \nu]=0$ . On the other hand, we have

$\langle[Y, \nu], \sqrt{-1}H_{\beta}\rangle=\langle[\sqrt{-1}H_{\beta}, Y], \nu\rangle$

$=\langle\omega_{i}(H_{\beta})p_{\beta}X_{\omega\ell}’-\beta(H_{\beta})p_{\omega_{i}}X_{\beta}’, \nu\rangle$

$=-\beta(H_{\beta})p_{\omega_{i}}\langle X_{\beta}’, \nu\rangle\neq 0$ .

This contradicts the fact $[Y, \nu]=0$ , and we bave

(7.14) $\mathfrak{g}(a)=\mathfrak{g}_{\beta}\oplus \mathfrak{g}_{\gamma}\oplus g_{\delta}$

with $a_{\beta.\gamma}=1,$ $a_{\gamma.\Theta}=2$ and $\delta=2\beta-\gamma$ .
In the following, we shall investigate the case (1), (2) in an early part of

this section, more precisely.

THE CASE $\mathfrak{g}(\alpha)=g_{\beta}\oplus \mathfrak{g}_{\gamma}\oplus \mathfrak{g}_{\delta}$ .
From (4) of Lemma 4.2, we can set

$g(\alpha)=R(pA_{\beta}+X_{\gamma}+X_{\delta})\oplus R(pB_{\beta}+X_{\gamma}’+X_{\delta}’)$ $(p\neq 0)$

where $X_{\gamma}=aA_{\gamma}+bB_{\gamma}$ and $X_{\delta}=a_{\delta}A_{\delta}+b_{\delta}B_{\delta}$ (a $+b^{2}=a_{\delta}^{2}+b_{\delta}^{2}=1$ ). Then Lemma 4.3
and (7.14) give

$[pA_{\beta}+X_{r}+X_{\delta}, pB_{\beta}+X_{\gamma}’+X_{\delta}’]$

$=2\sqrt{}^{=}1(p^{2}H_{\beta}+H_{\gamma}+H_{\delta})$

$+p([A_{\beta}, X_{\gamma}’+X_{\delta}’]-[B_{\beta}, X_{\gamma}+X_{\delta}])$
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$\in\sqrt{-1}\mathfrak{h}_{t}$ .

Hence $[A_{\beta}, X_{\gamma}’+X_{\delta}’]=[B_{\beta}, X_{\gamma}+X_{\delta}]$ , that is

$(aN_{\beta.-\gamma}+a_{\delta}N_{\beta.-\delta})B_{\beta-\gamma}+(bN_{\beta.-\gamma}-b_{\delta}N_{\beta.-\delta})A_{\beta-\gamma}$

$=-(aN_{\beta.-\gamma}+a_{\delta}N_{\beta.-\delta})B_{\beta-\gamma}+(b_{\delta}N_{\beta.-\delta}-bN_{\beta.-\gamma})A_{\beta-\gamma}$ .
Hence we obtain

(7.15) $aN_{\beta.-\gamma}=-a_{\delta}N_{\beta.-\delta}$ , $bN_{\beta.-r}=b_{\delta}N_{\beta.-\delta}$ .

Then by (7.15), we can see that

(7.16) $[X_{\gamma}-X_{\delta},$ $X_{\gamma}+X_{\delta}- \frac{2}{p}A_{\beta}]=0$

(7.17) $[X_{\gamma}’-X_{\delta}’,$ $X_{\gamma}’+X_{\delta}’- \frac{2}{p}B_{\beta}]=0$ .

If $\nu\perp(X_{\gamma}-X_{\delta})$ and $\nu\perp(X_{\gamma}’-X_{\delta}’)$ , then (suppose $\nu_{\mathfrak{l}\mathfrak{g}(a}$ ) is parallel to $X_{\gamma}+X_{\delta}-$

$(2/p)A_{\beta})$ from (7.16) we get

$R(X_{r}-X_{\delta}, \nu)(X_{\gamma}-X_{\delta})=0$ ,

that is, $[X_{\gamma}-X_{\delta}, \nu]=0$ . However,

$\langle[X_{\gamma}-X_{\delta}, \nu], X_{\gamma}’+X_{\delta}’\rangle=-\langle[X_{r}-X_{\delta}, X_{\gamma}’+X_{\delta}’], \nu\rangle$

$=-\langle 2\sqrt{-1}(H_{\gamma}-H_{\delta}), \nu\rangle$

$\neq 0$ .
Next, if $\nu\perp(X_{\gamma}+X_{\delta}-(2/p)A_{\beta}),$ $(X_{\gamma}’+X_{\delta}’-(2/p)B_{\beta})$ , then, by using isotropy re-
presentation Ad $(\exp\sqrt{-1}\mathfrak{h}_{1})$ , we may assume $\nu X(X_{\gamma}-X_{\delta})$ and $\nu X(X_{\gamma}’-X_{\delta}’)$ .
Then, also by (7.16), we get

$[X_{\gamma}+X_{\delta}- \frac{2}{p}A_{\beta},$ $\nu]=0$ .

However, it follows that

$\langle[X_{\gamma}+X_{\delta}-\frac{2}{p}A_{\beta},$ $\nu]$ , A $(H_{\beta}-H_{\gamma})\rangle$

$=\langle[\sqrt{-1}(H_{\beta}-H_{\gamma}),$ $X_{\gamma}+X_{\delta}- \frac{r_{2}}{p}A_{\beta}],$
$\nu\rangle$

$=-\beta(H_{\beta})\langle X_{\gamma}’-X_{\delta}’, \nu\rangle$

$\neq 0$ .
Consequently, we have

$\nu XR(X_{\gamma}-X_{\delta})\oplus R(X_{\gamma}’-X_{\delta}’)$
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and

$\nu XR(X_{\gamma}+X_{\delta}-\frac{2}{p}A_{\beta})\oplus R(X_{\gamma}’+X_{\delta}’-\frac{2}{p}B_{\beta})$ .

Furthermore we assume $\nu\perp(X_{r}-X_{\delta})$ , as before.
In the following we compute

$R_{(X\gamma-x_{\delta})}(X_{r}’+X_{\delta}’- \frac{2}{p}B_{\beta})$ and $R_{(x_{\gamma-x_{\delta})(X_{\gamma}’-X_{\delta}’)}}$ ,

where $R_{X}(\cdot)=R(X, )X$ .
Since $\gamma(H_{\gamma})=\delta(H_{\delta})$ and $\sqrt{-1}(H_{\gamma}+H_{\delta})\in f$ , it follows that

(7.18) $R_{(x_{\gamma-x_{\delta})(X_{\gamma}’-X_{\delta}’)}}=-$ [$X_{\gamma}-X_{\delta},$ $2$ :I $(H_{\gamma}+H_{\delta})$]

$=2\gamma(H_{\gamma})(X_{\gamma}’-X_{\delta}’)$ .
From (7.15) we obtain

$[X_{r}-X_{\delta},$ $X_{\gamma}’+X_{\delta}’- \frac{2}{p}B_{\beta}]=2\sqrt{-1}(H_{\gamma}-H_{\delta})+\frac{2}{p}[B_{\beta}, X_{r}-X_{\delta}]$

$=2 \sqrt{-1}(H_{\gamma}-X_{\delta})-\frac{2}{p}(bN_{\beta.-\gamma}+b_{\delta}N_{\beta.-\delta})A_{\beta-\gamma}$

$- \frac{2}{p}(aN_{\beta.-\gamma}-a_{\delta}N_{\beta.-\delta})B_{\beta-\gamma}$

$=2 \sqrt{-1}(H_{\gamma}-H_{\delta})-\frac{4}{p}(bN_{\beta.-\gamma}A_{\beta-\gamma}+aN_{\beta.-\gamma}B_{\beta-\gamma})$ .

Hence (2.3) gives

$R_{(X\gamma-x_{\delta})(X_{\gamma}’+X_{\delta}’-\frac{2}{p}B_{\beta})}$

$=- \frac{1}{4}[X_{\gamma}-X_{\delta},$ $2 \wedge-1(H_{\gamma}-H_{\delta})-\frac{4N_{\beta.-r}}{p}(bA_{\beta-r}+aB_{\beta-\gamma})]_{\mathfrak{p}}$

$= \frac{\gamma(H_{\gamma})}{2}(X_{\gamma}’+X_{\delta}’)_{\mathfrak{p}}-\frac{N_{\beta.-\gamma}N_{\beta.-\delta}}{p}(ab_{\delta}+a_{\delta}b)(A_{\beta})_{\mathfrak{p}}$

$+ \frac{N_{\beta.-\gamma}}{p}(-N_{\beta.-r}+aa_{\delta}N_{\beta.-\delta}-bb_{\delta}N_{\beta.-\delta})(B_{\beta})_{\mathfrak{p}}$ .

Then it follows from (2.3), (2.4) and (7.15) that

(7.19) $R_{(x_{\gamma-x_{\delta})(X_{\gamma}’+X_{\delta}’-\frac{2}{p}B_{\beta})=\{\frac{\gamma(H_{\gamma})}{2}(X_{\gamma}’+X_{\delta}’)-\frac{2(N_{\beta.-\gamma})^{l}}{p}B_{\beta}\}_{\mathfrak{p}}}}$

$= \frac{\gamma(H_{\gamma})}{2}(X_{\gamma}’+X_{\delta}’-\frac{2}{p}B_{\beta})$ .

Considering (7.19) together with (7.18), a vector $R_{(X\gamma-x_{\delta})}(\nu)$ is not parallel to $\nu$ .
This contradicts (2.10). Consequently, $\nu$ must be normal to $g(a)$ .
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From (7.10) and the above argument we have the following.

LEMMA 7.2. Let $\alpha\in\Delta’$ . If there exists $\nu\in \mathfrak{p}$ satisfying condition (T-G) such

that $\nu X\sqrt{-1}\mathfrak{h}_{2}$ and $\nu\Delta:\mathfrak{g}(\alpha)$ , then $g(\alpha)$ has the following form.
$\mathfrak{g}(a)=\mathfrak{g}_{\alpha}\oplus g_{\beta}$

for some $\beta\in\Delta’$ satisfying the property $\alpha\pm\beta\not\in\Delta$ .
At first we assume that there are $\alpha,$ $\beta e\Delta’$ such that $\mathfrak{g}(\alpha)=\mathfrak{g}_{\alpha}\oplus \mathfrak{g}_{\beta},$ $\alpha(H_{\alpha})\neq$

$\beta(H_{\beta})$ and $\nu Xg(a)$ . Then $G$ is necessarily of type II. We determine the pair
$(g, f)$ by case by case check.

We call that for $\gamma,$

$\delta e\Delta$ the pair $(\gamma, \delta)$ satisfies condition $(*)$ if

$\gamma(H_{\gamma})\geqq\delta(H_{\delta})$ and $\gamma\pm\delta\not\in\Delta$ .
$C_{\iota}(l\geqq 3)$ .

In this case we can identify $\Delta$ with

$\{\pm 2e_{i}, \pm e_{t}\pm e_{j}\}$ .
(see [4]).

Without loss of generality, we suppose $a(H.)>\beta(H_{\beta})$ and put $\alpha=2e_{i}$ . Then
$\beta$ is one of $\{\pm e_{j}\pm e_{k}\}(i\neq], k)$ from Lemma 7.2. It is easy to see that $(\alpha, \beta)$

is the only pair (up to sign) which satisfies condition $(*)$ and the difference is
propotional to $\alpha-\beta$ . Then $\nu$ must be in $R\wedge-1(H_{\alpha}-H_{\beta})+\mathfrak{g}(\alpha)_{\mathfrak{p}}$ . In fact, if
there is $\gamma\in\Delta’$ such that $\nu Ag(\gamma)$ , then by Lemma 7.2 there is $\delta\in\Delta’$ such that
$\gamma\pm\delta\not\in\Delta$ and $\gamma-\delta$ is parallel to $\alpha-\beta$ . For example, set $\beta=e_{j}+e_{k}$ . $lt$ can be
easily seen that $\{\gamma, \delta\}$ is equal to $\{e_{i}-e_{j}, e_{k}-e_{i}\}$ or to $\{e_{j}-e_{i}, e_{i}-e_{k}\}$ . How-
ever, this contradicts the condition $\gamma+\delta\not\in\Delta$ .

Since $2e_{j}$ (and $2e_{k}$ ) is not normal to $\alpha-\beta$ , the root $2e_{j}$ must be in $\Delta’$ (see

Lemma 6.2). Thus, since [Fl $(H_{\alpha}-H_{\beta}),$ $\mathfrak{g}_{2e_{j}})$] $\neq 0$, there exists $X\in g(2e_{j})$ such
that [X, $\nu$] $\neq 0$ . Therefore the same argument as in the early part of section
6 implies that there is $\hat{\nu}\in p$ such that $CX\mathfrak{g}(\alpha)$ and $\nu_{\angle}\wedge tg(2e_{j})$ . However, there is
no $\gamma\in\Delta$ such that $2e_{\mapsto\gamma}$ is proportional to $\alpha-\beta$ .

Consequently, this case is not possible.

$F_{4}$ .

$\Delta=\{\pm e_{i},$ $\pm e_{i}\pm e_{j},$ $\frac{1}{2}(\pm e_{1}\pm e_{2}\pm e_{3}\pm e_{4})\}$ .

Let $(\alpha, \beta)$ be a pair satisfying condition $(*)$ . Then we may suppose $\alpha$ is one
of $\{e_{i^{\underline{-\ulcorner}}}e_{j}\}$ . Moreover $\beta$ is one of the following.

$\pm e_{k}(k\neq i, ])$ , $\pm\frac{1}{2}(e_{1}\pm e_{2}\pm e_{3}\pm e_{4})$ .

In the following we show that there is no vector satisfying condition (T-G) in
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the case where $\alpha=e_{i}+e_{j}$ . (Similarly we can prove it when $a=e_{i}-e_{j}$).
(1) The case where $\beta=e_{k}$ or $-e_{k}$ .
Set $(a, \beta)=(e_{i}+e_{j}, e_{k})$ . Then the pair satisfying condition $(*)$ , whose dif-

ference is propotional to $a-\beta$ , is one of the following.

(7.20) $\pm(e_{i}+e_{j}, e_{k})$ , $\pm(e_{k}-e_{i}, e_{f})$ , $\pm(e_{k}-e_{j}, e_{i})$ .
Suppose $\nu$ A $R(H_{\alpha}-H_{\beta})$ and $\nu$ A $\mathfrak{g}(\alpha)(\mathfrak{g}(\alpha)=\mathfrak{g}_{e_{k}}\oplus g_{e_{i}+e_{j}})$ . Then by Lemma 7.2

(7.21) $\nu\in \mathfrak{g}(\alpha)_{\mathfrak{p}}\oplus \mathfrak{g}_{e_{j}}\oplus \mathfrak{g}_{e_{k}-e_{i}}\oplus \mathfrak{g}_{e_{i}}\oplus \mathfrak{g}_{e_{k}-e_{f}}\oplus R\sqrt{-1}(H_{\alpha}-H_{\beta})$ .

If $e_{l}\in\Delta_{\mathfrak{p}}(\{i, j, k, 1\}=\{1,2,3,4\})$ , then since
$\langle R(A_{e_{1}}, \nu)A_{e_{l}}, \sqrt{-1}(H_{\alpha}-H_{\beta})\rangle=\langle$ $R(A_{e_{l}}$ , A $(H_{\alpha}-H_{\beta}))A_{e_{l}},$ $\nu\rangle$

$=0$ ,

it follows that $[A_{e_{l}}, \nu]=0$ . On the other hand, by (7.21)

$[A_{\iota}, \nu]X\mathfrak{g}_{e_{l^{\pm e_{k}}}}$ .
We have thus $e_{l}\not\in\Delta_{\mathfrak{p}}$ .

Next, suppose $e_{l}\in\Delta_{\mathfrak{k}}$ . Set

$g(\alpha)_{\mathfrak{k}}=R(A_{e_{k}}+pX_{e_{i}+e_{j}})\oplus R(B_{e_{k}}+pX_{e_{i^{+e_{j}}}}’)$ .

Then $[A_{e_{l}}, A_{e_{k}}+pX_{e_{t^{+e_{j}}}}]=[A_{e_{l}}, A_{e_{k}}]$ is in $f$ . However, since $[f, p]\subset p$ ,

$[A_{e_{l}}, A_{e_{k}}]=[A_{e_{l}},$ $A_{e_{k}}- \frac{1}{p}X_{e_{i^{+e_{j}}}}]\in \mathfrak{p}$ .

Consequently $e_{\iota}\not\in\Delta_{\mathfrak{k}}$ .
Assume that $e_{l}\in\Delta’$ . If $[\mathfrak{g}(e_{l})_{\mathfrak{p}}, \nu]\neq 0$, then there exists $\nu\in p\wedge$ satisfying con-

dition (T-G) such that $\hat{\nu}Xg(\alpha),$ $\nu\wedge A\mathfrak{g}(e_{l})$ and $\hat{\nu}_{1^{\sqrt{}}\overline{-1}\mathfrak{h}_{2}}$ is parallel to $\sqrt{-1}(H_{\alpha}-H_{\beta})$ .
However, this contradicts (7.20). Therefore $[\nu, g(e_{l})_{\mathfrak{p}}]=0$ . Since

$[\mathfrak{g}_{e_{l}}, \nu]\subset g_{e_{l}\pm e_{i}}\oplus g_{e_{l}\pm e_{j}}\oplus \mathfrak{g}_{e_{l}\pm e_{k}}$

and
$\langle[\mathfrak{g}_{e_{l}}, \nu], \mathfrak{g}_{e_{t^{\pm e_{k}}}}\rangle\neq 0$ ,

there is $\gamma\in\Delta$ such that $g_{\gamma}\subset \mathfrak{g}(e_{l})$ and

(7.22) $\langle[\mathfrak{g}_{\gamma}, \nu], \mathfrak{g}_{e}\iota^{\pm e_{k}}\rangle\neq 0$ .
Since $\mathfrak{g}_{\gamma}\subset \mathfrak{g}(e_{\iota})$ and $\sqrt{-1}(H_{a}+2H_{\beta})\in f$ (by (7.11)) it follows that

$\langle\gamma, e_{i}+e_{j}+2e_{k}\rangle=\langle e_{l}, e_{i}+e_{j}+2e_{k}\rangle=0$ .
Therefore $\gamma$ is one of

$\{\pm(e_{i}-e_{j});\pm\frac{1}{2}(e_{k}-e_{i}-e_{f}\pm e_{l})\}$ .
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Therefore by (7.21) it is easy to check that there is no $\gamma$ satisfying (7.22).

Thus, this case is not possible.
(2) The case where $\beta\in\{\pm 1/2(e_{i}-e_{j}\pm e_{k}\pm e_{t})\}$ .
For example, set $\beta=1/2(e_{i}-e_{j}+e_{i}+e_{\iota})$ . Then the pair satisfying condition

$(*)$ , whose difference is propotional to $\alpha-\beta$ , is one of the following.

$\pm(e_{i}+e_{f},$ $\frac{1}{2}(e_{i}-e_{j}+e_{k}+e_{l}))$ ,

$\pm(e_{j}-e_{l},$ $\frac{1}{2}(e_{k}-e_{j}-e_{i}-e_{l}))$ .

$\pm(e_{f}-e_{k},$ $\frac{1}{2}(e_{l}-e_{j}-e_{k}-e_{i}))$

Then $\sqrt{-1}H_{\epsilon_{i}}$ isLnot normal to $\sqrt{-1}(H_{a}-H_{\beta})$ . Therefore by Lemma 6.2 the
root $e_{i}$ is not in $\Delta_{\mathfrak{p}}$ . Moreover $e_{i}\not\in\Delta_{f}$ since [ $f,$ $p1\subset \mathfrak{p}$ . Thus we have $e_{i}\in\Delta’$ .
Let $\gamma\in\Delta$ such that $\mathfrak{g}_{\gamma}\subset g(e_{i})$ . Since A $(H_{\alpha}+2H_{\beta})$ is in $f$ , we have

$\langle r\alpha+2\beta\rangle=\langle e_{i}, \alpha+2\beta\rangle$

$=\langle e_{i}, 2e_{i}+e_{k}+e_{t}\rangle=2$ .
Therefore $\gamma$ is one of

$\{e_{k}+e_{l},$ $\frac{1}{2}(e_{i}+e_{k}+e_{l}+e_{j}),$ $\beta\}$ .

By the same method as in (1) we get

(7.23) $[g(e_{i})_{\mathfrak{p}}, \nu]=0$ .

Since
$\nu\in R(H_{a}-H_{\beta})\oplus g(\alpha)_{\mathfrak{p}}\oplus \mathfrak{g}_{e_{j^{-\epsilon_{k}}}}\oplus \mathfrak{g}_{e_{j^{-e_{l}}}}$

$\oplus g_{1/2(e_{l}-e_{j^{-e_{k}-e_{i})}}}\oplus \mathfrak{g}_{1/2(e_{k}-\epsilon_{j}-e_{i}-e_{l})}$ ,

$[\mathfrak{g}_{\epsilon_{i}}, \nu]$ A $\mathfrak{g}_{e_{i}}$ .

However, regardless of whether $\gamma=e_{k}+e_{t}$ or 1/2 $(e_{i}+e_{j}+e_{k}+e_{l})$ , we can see
$[\gamma, \nu]\perp \mathfrak{g}_{e_{i}}$ .

This contradicts (7.23).

$B_{l}(l\geqq 3)$ .
$\Delta=\{\pm e_{i}\pm e_{j} ; \pm e_{k}\}$ .

In this case $\alpha$ is one of $\{\pm e_{i}\pm e_{j}\}$ and $\beta=e_{k}$ or $-e_{k}(k\neq i, j)$ . For example
set $(\alpha, \beta)=(e,+e_{j}, e_{k})$ . Then the pair satisfying condition $(*)$ , whose difference
is propotional to $a-\beta$ , is one of the following.

$(e_{i}+e_{j}, e_{k})$ , $(e_{k}-e_{j}, e_{i})$ , $(e_{k}-e_{i}, e_{j})$ .

Then since $\nu X\mathfrak{g}(\alpha)_{\mathfrak{p}}$ and $\nu XR(H_{a}-H_{\beta})$ , Lemma 7.2 implies
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(7.24) $\nu\in R\sqrt{-1}(H_{a}-H_{\beta})\oplus \mathfrak{g}(\alpha)_{\mathfrak{p}}\oplus \mathfrak{g}_{e_{i}}$

$\oplus \mathfrak{g}_{\epsilon_{f}}\oplus \mathfrak{g}_{\epsilon_{i}-\epsilon_{j}}\oplus \mathfrak{g}_{e_{k}-e_{i}}$ .
At first we suppose $1\geqq 4$ .

If $e_{n}\in A_{\mathfrak{p}}$, then since [ $\mathfrak{g}_{e_{n}}$ , A $(H_{a}-H_{\beta})$] $=0$ we have

$[\mathfrak{g}_{e_{n}}, \nu]=0$ .
However, we see that $[\mathfrak{g}_{\epsilon_{\hslash}}, \nu]X\mathfrak{g}_{e_{n^{\pm e_{k}}}}$ . Thus $e_{n}\not\in\Delta_{\mathfrak{p}}$ .

Suppose $e_{n}\in\Delta_{f}$ . Put $\nu_{t}=Ad(\exp tA_{e})(\nu)$ . Since

$[A_{\epsilon_{n}}, \sqrt{-1}\mathfrak{h}_{g}]=0$ and $[A_{e_{n}}, \mathfrak{g}(a)_{\mathfrak{p}}]=\mathfrak{g}_{e_{n^{\pm e_{k}}}}$ ,

there is $t\in R$ such that $\nu X\mathfrak{g}(\alpha)_{\mathfrak{p}},$ $\nu_{t}X\mathfrak{g}_{e_{n}\pm e_{k}}$ and $\sqrt{-1}\mathfrak{h}_{8}$-component of $\nu_{t}$ is
parallel to $\sqrt{-1}(H_{\alpha}-H_{\beta})$ . This contradicts (7.24). Therefore $e_{n}\not\in\Delta_{f}$ .

Take $\gamma\in A$ so that $\mathfrak{g}_{\gamma}\subset \mathfrak{g}(e_{n})$ . Since $\sqrt{-1}(H_{e_{i^{+e_{f}}}}+2H_{e_{k}})$ is in $f$ , we obtain

$\langle\gamma, e_{i}+e_{j}+2e_{k}\rangle=\langle e_{n}, e_{i}+e_{j}+2e_{k}\rangle=0$ .
Therefore $\gamma$ is one of

(7.25) $\{\pm e_{p}\pm e_{q} ; \pm(e_{i}-e_{j});\pm e_{r}\}$ $(p, q, r\not\in\{i, j, k\})$ .
AS before, since

$[\mathfrak{g}(e_{n})_{\mathfrak{p}}, \nu]=0$ and $[\mathfrak{g}_{e_{n}}, \nu]X\mathfrak{g}n^{fe}k$

it follows that

(7.26) $[\mathfrak{g}_{\gamma}, \nu]$ A $\mathfrak{g}_{\epsilon_{n^{\pm e_{k}}}}$ .
However, by (7.24) we can easily check that there is no root in (7.25) satisfying
(7.26).

Finally we investigate the case where $\mathfrak{g}$ is of type $B_{3}$ . Since $e_{i},$ $e_{j\angle}L\alpha-\beta$ ,
we get $e_{i},$ $e_{j}\in A’$ . Moreover, by similar argument as above, we obtain $[\mathfrak{g}(e_{i})_{\mathfrak{p}}$ ,
$\nu]\neq 0$ and $[\mathfrak{g}(e_{j})_{\mathfrak{p}}, \nu]\neq 0$ . Therefore, it follows from Lemma 7.2 that

$\mathfrak{g}(e_{i})=\mathfrak{g}_{e_{i}}\oplus \mathfrak{g}_{e_{k}-e_{j}}$ and $g(e_{j})=\mathfrak{g}_{e_{j}}\oplus \mathfrak{g}_{e_{k}-e_{i}}$ .
Then by (7.11) we get

$\sqrt{-1}(H_{e_{i}+e_{f}}+2H_{\epsilon_{k}})$ , $\sqrt{-1}(H_{e_{k^{-}}e_{i}}+2H_{e_{j}})$ , $\sqrt{-1}(H_{e_{k}-e_{j}}+2H_{e_{i}})\in f$ .
(Then $\sqrt{-1}H_{e’-e_{j}},$ $\sqrt{-1}H_{e_{k}+e_{i}},$ $\sqrt{-1}H_{e_{k}+e_{f}}\in f$). Therefore $e_{i}-e_{j},$ $e_{k}+e_{i},$ $e_{k}+e_{j}$

$\not\in\Delta’$ , since
$\langle e_{i}-e_{j}, e_{i}-e_{j}\rangle=2$

$\langle e_{i}-e_{j}, e_{k}+e_{i}\rangle=1$

$\langle e_{i}-e_{j}, e_{k}+e_{j}\rangle=-1$ .
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Finally we prove $e_{i}-e_{j},$ $e_{k}+e_{i},$ $e_{k}+e_{j}\in\Delta_{\mathfrak{k}}$ . We assume that

$\nu X\mathfrak{g}(\alpha)$ and $\nu X\mathfrak{g}(e_{i})\oplus \mathfrak{g}(e_{j})$ .

If $e_{i}-e_{j}\in A_{f}$ , then $[\mathfrak{g}_{e_{i^{-}}e_{j}}, \nu]=0$ since $\langle e_{i}-e_{j}, \alpha-\beta\rangle=0$ . However, since

$[\mathfrak{g}_{e_{i^{-e}j}}, \mathfrak{g}(e_{i})]=\mathfrak{g}(e_{j})$ , $[\mathfrak{g}_{e_{t^{-e_{j}}}}, \mathfrak{g}(e_{f})]=\mathfrak{g}(e_{i})$

$[\mathfrak{g}_{e_{i^{-e_{j}}}}, \mathfrak{g}(\alpha)]=\{0\}$ ,

we can see $[\mathfrak{g}_{e_{i}-e_{j}}, \nu]\neq 0$ . Thus $e_{i}-e_{j},$ $e_{k}+e_{i},$ $e_{i}+e_{j}\in\Delta_{f}$ and

$f=R\sqrt{-1}H_{e_{i^{-e_{j}}}}+R\sqrt{-1}H_{e_{h}+e_{i}}+\mathfrak{g}_{e_{i}-e_{j}}+\mathfrak{g}_{e_{k}+e_{i}}$

$+\mathfrak{g}_{e_{k}+e_{j}}+\mathfrak{g}(e_{i})_{f}+\mathfrak{g}(e_{j})_{f}+\mathfrak{g}(e_{k})_{f}$ .
Then $(G/K, \langle, \rangle)$ has constant sectional curvature. (The pair $(g, f)$ coincides
with $(B_{3}, G_{2})$ in [1, p. 220] $)$ .

Consequently, if there is $\alpha\in\Delta’$ such that $\nu X\mathfrak{g}(\alpha)$ with $\alpha(H_{\alpha})\neq\beta(H_{\beta})(\mathfrak{g}(\alpha)=$

$\mathfrak{g}_{a}+g_{\beta})$ , then $G/K$ is a space with constant sectional curvature.
Next we assume that $\alpha(H_{\alpha})=\beta(H_{\beta})$ . Then by (7.11) and Lemma 4.2 we

may put
$\mathfrak{g}(a)=R(A_{\alpha}+X_{\beta})\oplus R(B_{a}+X_{\beta}’)$ .

(Then $A_{a}-X_{\beta},$ $B_{\alpha}-X_{\beta}’\in \mathfrak{p}$).

AS before, suppose $\nu_{lg(a)}$ is parallel to $(B_{a}-X_{\beta}’)$ .
If there is a number $d$ such that $d(\alpha-\beta)e\Delta$ (then necessarily $d(a+\beta)\in\Delta$

from (7.10) $)$, then from (7.13) we get

1 $\sqrt{-1}H_{a(\alpha-\beta)}||^{2}=d^{2}(\alpha(H_{a})+\beta(H_{\beta}))$

$=2d^{2}e$ $(\alpha(H_{\alpha})=\beta(H_{\beta})=e)$ .
Since $\mathfrak{g}$ is either of type I or type II, then $2d^{2}=1,2$ or 1/2, that is, $d=\pm(f2/2)$ ,
$\pm 1$ or $\pm(1/2)$ . However $\pm(\alpha-\beta)$ and $\pm(\sqrt{2}/2)(a-\beta)$ are not roots. Thus we
have $d=\pm(1/2)$ . As mentioned under the proof of Lemma 7.1, a root $(a-\beta)/2$

is in $A_{\mathfrak{p}}$ and we assume $\nu_{I\mathfrak{g}(a-\beta)/2^{=X_{(\alpha-\beta)/2}’}}$ . Moreover, since $[A_{a}+X_{\beta}, g_{(a-p)/2}]$

is contained in $\alpha_{(a+\beta)/2}$ , a root $(\alpha+\beta)/2$ is necessarily in $\Delta_{\mathfrak{p}}$ . Hence we get

$[\mathfrak{g}_{(\alpha+\beta)/2}, \nu]=\{0\}$ and $\nu\perp g_{(a+\beta)/2}$

because $[\mathfrak{g}_{(\alpha+\beta)/z}, \sqrt{-1} (H.-H_{p})]=\{0\}$ . Furthermore Lemma 2.2 implies

(7.27) $[X_{(\alpha-\beta)/a}, B_{\alpha}-X_{\beta}’]=0$ .
(If not, then $e^{-\varphi_{t}x_{(\alpha-\beta)\prime 2(\nu)}}$ is not perpendicular to $\mathfrak{g}_{(a+\beta)/\epsilon}$ and its $\sqrt{-1}\mathfrak{h}_{2^{-}}com-$

ponent is parallel to $\sqrt{-1}(H_{\alpha}-H_{\beta})$ . This contradicts Lemma 6.3). Therefore

(7.28) $R(X_{(\alpha-\beta)/z}, \nu)X_{(\alpha-\beta)/2}=0$ .



Normal homogeneous spaces 811

On the other hand, we can see that $R(X_{(\alpha-\beta)/2}, \sqrt{-1}(H_{a}-H_{\beta}))X_{(\alpha-\beta)/2}$ is parallel
to $\sqrt{-1}(H_{\alpha}-H_{\beta})$ and not zero. This contradicts (7.28). Hence we conclude

(7.29) $d(a\pm\beta)\not\in\Delta$ for all $d\in R$ .
NOW, suppose $\alpha,$ $\beta(\alpha, \beta eA’)$ satisfy (7.29) and $\nu Xg(a)=\mathfrak{g}_{a}\oplus \mathfrak{g}_{\beta}$ . Then since

$\alpha\pm\beta\not\in\Delta$ and $\alpha(H_{\alpha})=\beta(H_{\beta})$ , it is easy to check that

$[\sqrt{-1}(H_{a}-H_{\beta}), \mathfrak{g}(\alpha)_{\mathfrak{p}}]\subset f$ .
Then we shall prove [V‘ $\overline{-1}$

$(H.-H_{\beta}$ ), $p$] $\subset f$ in the following.
If $[\mathfrak{g}(\delta)_{\mathfrak{p}}, \nu]\neq\{0\}$ for $\delta\in A’$ , then, as before, we may assume $\nu X\mathfrak{g}(\delta)_{\mathfrak{p}}$ . (Since

$\nu X\mathfrak{g}(a)_{\mathfrak{p}}$ , then $\nu_{1^{\sqrt{}}\overline{-1}\mathfrak{h}_{2}}$ must be parallel to $\sqrt{-1}(H_{\alpha}-H_{\beta}))$ . Therefore, in this
case, we have

$[\sqrt{-1}(H_{a}-H_{\beta}), \mathfrak{g}(\delta)_{\mathfrak{p}}]\subset f$

as above.
Suppose $[\nu, \mathfrak{g}(\delta)_{\mathfrak{p}}]=\{0\}(\mathfrak{g}(\delta)=\mathfrak{g}_{\delta_{1}}\oplus\cdots\oplus g_{\delta_{m}})$ . If there exist $\delta_{i}$ and $\delta_{j}$ such that

$\delta_{i}(H_{\alpha}-H_{\beta})\neq 0$ and $\delta_{j}(H_{\alpha}-H_{\beta})\neq 0$ ,
then

(7.30) $[p_{\delta_{j}}X_{\delta_{i}}-p_{\delta_{i}}X_{\delta_{j}}, \sqrt{-1}(H_{\alpha}-H_{\beta})]$

$=p_{\delta_{i}}\delta_{j}(H_{\alpha}-H_{\beta})X_{\delta_{j}}’-p_{\delta_{j}}\delta_{i}(H_{\alpha}-H_{\beta})X_{\delta_{i}}’$

$\neq 0$ .
Therefore, since $[p_{\delta_{j}}X_{\delta_{i}}-p_{\delta_{i}}X_{\delta_{j}}, \nu]=0$, there exists a unique (up to sign) root
$\omega$ such that $\nu X\mathfrak{g}_{\omega}$ and $[\mathfrak{g}_{\omega}, \mathfrak{g}_{\delta_{i}}]X\mathfrak{g}_{\delta_{j}}$ . In fact, if there exists another root $\omega’$

such that $\nu X\mathfrak{g}_{\omega’}$ and $[\mathfrak{g}_{\omega’}, g_{\delta_{i}}]X\mathfrak{g}_{\delta_{j}}$ , then $\omega(and\omega’)$ is one of $\{\pm\delta_{i}\pm\delta_{j}\}$ . On the
other hand, since $[\nu, \sqrt{-1}H]=0$ for $H\in \mathfrak{h}_{2}$ with $\sqrt{-1}H\perp\sqrt{-1}(H_{\alpha}-H_{\beta})$ , we
get $\omega(H)=\omega’(H)=0$ . This implies that $\delta_{i}(H)=\delta_{j}(H)=0,$ $i.e$ . $\sqrt{-1}(H_{\delta_{i}}-H_{\delta_{j}})$

is parallel to $\sqrt{-1}(H_{\alpha}-H_{\beta})$ . Howe,ver since $\delta_{i}-\delta_{j}$ is a root (it is one of
$\{+\omega, \pm\omega’\})$ , this contradicts Lemma 7.2.

NOW we write
$\nu=\sqrt{-1}$ $(H.-H_{p})+aB.+\cdots$ , $(a\neq 0)$ .

Then from the above argument and the assumption $[\nu, \mathfrak{g}(\delta)_{\mathfrak{p}}]=\{0\}$ , it follows
that

$[\sqrt{-1}(H_{\alpha}-H_{\beta})+\alpha B_{\omega}, p_{\delta_{i}}X_{\delta_{j}}-p_{\delta_{j}}X_{\delta_{i}}]\perp \mathfrak{g}_{\delta_{i}}\oplus \mathfrak{g}_{\delta_{j}}$

and, by considering isotropy representation Ad $(\exp\sqrt{-1}\mathfrak{h}_{1})$ , we also get

$[\sqrt{-1}(H_{\alpha}-H_{\beta})+aA_{\omega}, p_{\delta_{i}}x_{\delta_{f}}-p_{\delta_{j}}x_{\delta_{i}}]\perp \mathfrak{g}_{\delta_{i}}\oplus \mathfrak{g}_{\delta_{j}}$ .
Therefore we get

(7.31) $[A_{\omega}-B_{\omega}, p_{\delta_{i}}X_{\delta_{j}}-p_{\delta_{f}}X_{\delta_{i}}]\perp \mathfrak{g}_{\delta_{i}}\oplus g_{\delta_{j}}$ .
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However, by a straightforward computation, we can see that (7.31) implies
$p_{\delta_{i}}=p_{\delta_{f}}=0$ ($\omega$ is one of $\{\pm\delta_{i}\pm\delta_{j}\}$ ). This is a contradiction. As a result, we

obtain

[V–l $(H_{a}-H_{\beta}),$ $\mathfrak{g}(\delta)_{\mathfrak{p}}$] $=\{0\}$ .
Consequently, in this case, we have

$[\sqrt{-1}(H_{a}-H_{\beta}), \mathfrak{p}]\subset f$

and hence $(\mathfrak{g}, f)$ is symmetric by Corollary 5.2. Therefore $G/K$ is a space of
constant sectional curvature.

Finally, in the case where $\nu X\sqrt{-1}\mathfrak{h}_{\mathfrak{g}}$ , we suppose that $\nu Xg_{\gamma}$ for some $\gamma\in$

$\Delta_{\mathfrak{p}}$ . Then $\nu_{1^{\sqrt{}}\overline{-1}\mathfrak{h}_{2}}$ must be parallel to $\sqrt{-1}H_{\gamma}$ by Lemma 6.2. Furthermore $\nu$ is
contained in $R\sqrt{-1}H_{\gamma}\oplus \mathfrak{g}_{\gamma}$ from Lemma 6.2, (7.29) and the argument below
Lemma 7.2. Set

$\nu=a\sqrt{-1}H_{\gamma}+bA_{\gamma}+cB_{\gamma}$ , $X=bB_{\gamma}-cA_{r}$

$(a\neq 0, b^{2}+c^{2}=1)$ . Then we have by a straightforward computation that

(7.32) $e^{-\varphi tX}(\nu)=\cos\sqrt{\frac{\gamma(H_{\gamma})}{2}}t\cdot\nu$

$- \frac{1}{\sqrt 2\gamma(H_{\gamma})}\sin\sqrt{\frac{\gamma(H_{\gamma})}{2}}t\cdot\{a\gamma(H_{\gamma})(bA_{\gamma}+cB_{\gamma})-2\sqrt{-1}H_{\gamma}\}$ .

AS before, for all $Y(\in p)$ perpendicular to $R\sqrt{-1}H_{\gamma}\oplus \mathfrak{g}_{\gamma}$ , we get $[Y, v]=0$, and
also we have

(7.33) $[Y, e^{-\varphi tX}(\nu)]=0$ for all $t\in R$ .
Then (7.32) and (7.33) give

(7.34) $[R\sqrt{-1}H_{\gamma}\oplus \mathfrak{g}_{\gamma}, Y]=\{0\}$ .

Since $\langle, \rangle$ is biinvariant, (7.34) gives

$[f, R\sqrt{-1}H_{\gamma}\oplus \mathfrak{g}_{\gamma}]\subset R\sqrt{-1}H_{\gamma}\oplus g_{\gamma}$ .
Therefore Lemma 5.1 implies that

$\mathfrak{p}=R\sqrt{-1}H_{\gamma}\oplus \mathfrak{g}_{\gamma}$ .
Since $\mathfrak{g}$ is simple, we find that

$\mathfrak{g}=R\sqrt{-1}H_{\gamma}\oplus \mathfrak{g}_{\gamma}(\cong\S u(2))$ ,

and $(G, \langle , \rangle)$ has constant sectional curvature.
This completes the proof of the case $\nu x\sqrt{-1}\mathfrak{h}_{2}$ .
Next, we suppose that $\nu\perp\sqrt{-1}\mathfrak{h}_{2}$ . Then from Lemma 6.1, we may assume



Normal homogeneous spaces 813

$v\in \mathfrak{g}_{\tau_{1}}\oplus\cdots\oplus g_{\tau_{l}}$

with $\tau_{i}\in A_{\mathfrak{p}}$ and $\tau_{i}(\mathfrak{h}_{2})=0(i=1, \cdots , l)$ . Furthermore we assume $\nu X\mathfrak{g}_{\tau_{i}}(i=1, \cdots , 1)$ .
If there exist $i$, j(l$i $\neq i\leqq l$) such that $\tau_{i}+\tau_{j}\in\Delta’$ , then there exist $Y\in \mathfrak{g}_{\tau_{i^{+\tau_{j}}}}$

such that

$\langle[X, \nu], Y\rangle=-\langle[X, Y], \nu\rangle\neq 0(X\in \mathfrak{g}_{\tau_{i}}, X\perp\nu)$

because [X, $Y$] $\in g_{y}$ and $g_{2\tau_{i^{+\tau_{j}}}}\perp\nu$ . (If $\mathfrak{g}_{2\tau_{i^{+f}j}}X\nu$ , then from Lemma 6.3, we
have $2\tau_{i}+\tau_{j}\in\Delta_{\mathfrak{p}}$ . On the other hand, $[\mathfrak{g}_{\tau_{j}}, \mathfrak{g}_{2\tau_{i^{+\tau}j}}]=\{0\}$ . This contradicts the
assumption $\nu X\mathfrak{g}_{\tau_{j}}$). However, this contradicts Lemma 6.3. Hence for any $i,$ $j$ ,
we have $\tau_{i}\pm\tau_{j}\not\in\Delta’$ . For this reason, we may assume $\nu\in g_{\tau}$ for some $\tau e\Delta_{\mathfrak{p}}$

with $\tau(\mathfrak{h}_{2})=0$ . (cf. the proof of Theorem B). Moreover, by the proof of Theorem
$B$ and the above argument, we have for any $\lambda\in\Delta_{\mathfrak{p}}$ and for any $\alpha\in\Delta’$ that

$[\nu, \mathfrak{g}_{\lambda}]_{\mathfrak{p}}=\{0\}$ , $[\nu, \mathfrak{g}(\alpha)_{\mathfrak{p}}]=\{0\}$ .
Thus, by Corollary 5.2 and Fact 1.1, we have proved Theorem A in the case
where $\nu\perp\sqrt{-1}\mathfrak{h}_{2}$ .

Consequently, if $\mathfrak{g}$ is of type I or of type II, then $G/K$ has constant sectional
curvature.

8. Type $G_{2}$ .
In this section we shall prove the following lemma which completes the

proof of Theorem A.

LEMMA 8.1. Let $g$ be of tyPe $G_{2}$ and $\mathfrak{k}$ a Lie subalgebra of $\mathfrak{g}$ such that rk(g)
$>rk(f)$ (then necessarily rk(f) $=1$ ). Then there is no vector satisfying condition
(T-G).

PROOF. Since rk(f) $=1,$ $\mathfrak{k}$ is isomorphic either to $R$ or to Bu(2). Then there
exist at most one root space $g_{a}$ such that

$[\sqrt{-1}\mathfrak{h}_{2}, \mathfrak{g}_{\alpha}]=\{0\}$

because $rk(G)=2$ . Therefore, if $\alpha\in\Delta_{\mathfrak{p}}(\alpha(\mathfrak{h}_{2})=0)$ and $\nu X\mathfrak{g}_{a}$ , then Lemma 6.3
implies that $[\mathfrak{g}_{a}, \mathfrak{p}]\subset \mathfrak{k}$ .

Next, we assume $\nu X$ Ab2.
If $f\cong R$, then $\alpha\in\Delta_{\mathfrak{p}}$ for all $\alpha\in\Delta$ . However, this contradicts Lemma 6.2.

Hence there is no vector in $P$ satisfying condition (T-G).
If f\cong @n(2), then from Proposition 4.5 we see that $f$ has one of the following

forms:
(1) $R\sqrt{-1}H_{\lambda}\oplus \mathfrak{g}_{\lambda}$ for some $\lambda\in\Delta$ .
(2) $\sqrt{-1}\mathfrak{h}_{1}\oplus \mathfrak{g}(\alpha)_{I}$ is one of (a), (b), (c), (d) of (3) in Proposition 4.5. Then
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the above argument and Lemma 6.2 imply that the number of positive roots in
$\Delta_{\mathfrak{p}}$ are at most two. Therefore in the case (a), (b), (c) and $f=R\sqrt{-1}H_{\lambda}\oplus \mathfrak{g}_{\lambda}$ ,
there are no vectors in $\mathfrak{p}$ satisfying condition (T-G).

Finally we examine the case (d) in the above. In this case it is easy to
see that

$\Delta=\{\pm\alpha_{1}, \pm\alpha_{2}, \pm\alpha_{1}\pm\alpha_{2}, \pm(2\alpha_{1}-\alpha_{f}), \pm(2\alpha_{2}-\alpha_{1})\}$

$g(\alpha)=\mathfrak{g}_{\alpha_{1}}\oplus \mathfrak{g}_{\alpha g}\oplus \mathfrak{g}_{2\alpha_{1}-\alpha_{2}}\oplus \mathfrak{g}_{2a_{2}-\alpha_{1}}$

$\sqrt{-1}\mathfrak{h}_{2}=R\sqrt{-1}(H_{\alpha_{1}}-H_{a_{2}})$ .
Then we note that

$[g_{a_{1}+\alpha_{2}}, \mathfrak{g}_{\alpha_{1}}]=g_{\alpha_{2}}$ , $[\mathfrak{g}_{\alpha_{1}+\alpha_{2}}, \mathfrak{g}_{\alpha_{2}}]=\mathfrak{g}_{a_{1}}$

$[\mathfrak{g}_{a_{1}+\alpha_{2}}, \mathfrak{g}_{2\alpha_{1}-\alpha_{2}}]=g_{2\alpha_{2}-\alpha_{1}}$ , $[\mathfrak{g}_{\alpha_{1}+\alpha_{2}}, g_{2a_{2^{-a_{1}}}}]=g_{t\alpha_{1}-a_{2}}$

$[g_{\alpha_{1}+\alpha_{2}}, \sqrt{-1}\mathfrak{h}_{2}\oplus \mathfrak{g}_{\alpha_{1}-\alpha_{2}}]=\{0\}$ .
Hence, for any $Xeg(a)_{\mathfrak{p}}$ , we obtain

(8.1) [X, $\mathfrak{g}_{a_{1}+\alpha_{2}}$] $\neq\{0\}$ .
However, as before, (8.1) implies that there exists a vector $\hat{\nu}\in \mathfrak{p}$ satisfying con-
dition (T-G) such that

$\nu\wedge$ th $\sqrt{-1}\mathfrak{h}_{1}\oplus \mathfrak{g}_{a_{1}-a_{2}}\oplus \mathfrak{g}(\alpha)_{\mathfrak{p}}$ .
This contradicts Lemma 6.3. Consequently, for any $f$ , there is no vector satisfy-
ing condition (T-G). $\square$

9. Some Remarks.

By the Proofs of Theorems $A,$ $B$ we can see the following.

REMARK 9.1. Let $G$ be a compact simple Lie group and $K$ a closed sub-
group of $G$ . Assume that the pair $(G, K)$ is not symmetric and a normal
homogeneous space $G/K$ has constant sectional curvature. Then the pair $(g, f)$

is one of the following (cf. [1]).

$(6u(2), \{0\})$ , $(G_{2}, A_{2})$ , $(B_{3}, G_{2})$ .
Next, we shall show that if $rk(G)>rk(K)$ , then Theorem $B$ is not true.
Let $(\mathfrak{g}, f)$ be a Hermitian symmetric pair of compact type, where $g$ is a

simple Lie algebra ( $\mathfrak{g}$ is not isomorphic to @lt(2)). $\mathfrak{p}$ denotes the orthogonal com-
plement of $f$ with respect to the Killing form. As is well-known, there exists
1-dimensional center of $f$ (denoted by $RZ$ ). Then set
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$\mathfrak{p}’=RZ\oplus p$ .
Let $f’$ be the orthogonal complement of $p’$ . Then the hyperplane $\mathfrak{p}$ of $p’$ is
curvature invariant. In fact, let $X,$ $Y$ be in $\mathfrak{p}$ . Since $[x, y]\in f$ and $[Z, f’]=0$ ,

we have

$R(X, Y)Z=[[X, Y]_{\mathfrak{k}’},$ $Z]+ \frac{1}{2}[[X, Y]_{\mathfrak{p}’},$
$Z]_{\mathfrak{p}^{\ell}}$

$- \frac{1}{4}[X, [Y, Z]_{\mathfrak{p}’}]_{\mathfrak{p}’}+\frac{1}{4}[Y, [X, Z]_{\mathfrak{p}^{l}}]_{\mathfrak{p}’}$

$=- \frac{1}{4}[X, [Y, Z]_{\mathfrak{p}’}]_{\mathfrak{p}’}+\frac{1}{4}[Y, [X, Z]_{\mathfrak{p}’}]_{\mathfrak{p}’}$ .

Moreover, since $[p, Z]\subset g$ , we see that $[\mathfrak{g}, [\mathfrak{g}, Z]_{\mathfrak{p}’}]_{\mathfrak{p}’}$ are parallel to $Z$ . On
the other hand $R(X, Y)Z$ is perpendicular to $Z$ . Thus $\mathfrak{p}$ is curvature invariant
hyperplane of $\mathfrak{g}’$ . Let $G$ be a compact, connected simple Lie group with Lie
algebra $g$ and $K’$ be the connected Lie subgroup of $G$ with Lie algebra $f’$ .
Then by Remark 9.1, we can see that a normal homogeneous space $G/K’$ is not
a real space form.
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