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1. Introduction and statement of the result.

We consider a smooth affine curve $C’=\{f(x, y)=0\}\subset C^{2}$ of degree $n$ with
one place at infinity, say at $\rho=[1;0;O]\in P^{2}$ and let $g$ be the genus of the
smooth compactification of $C^{a}$ . By the assumption that $C^{a}$ has one place at
infinity, the Newton diagram of the polynomial $f(x, y)$ has only one outside
boundary and the corresponding face function has only one factor. As this
place is assumed to be at $\rho,$ $f(x, y)$ is written as

(1.1) $f(x, y)=(y^{a_{1}}+\xi_{1}x^{c_{1}})^{A_{2}}+$ ($1ower$ terms), $\xi_{1}\in C^{*},$ $c_{1}<a_{1},$ $n=a_{1}A_{2}$

where $a_{1},$ $c_{1},$
$A_{2}$ are integers and $gcd(a_{1}, c_{1})=1$ .

If $c_{1}=1$ , we can take the change of affine coordinates: $x’=y^{a_{1}}+\xi_{1}x,$ $y’=y$

so that the degree of $\deg f’(x’, y’):=f(\xi_{1}^{-1}(x’-y^{\prime a_{1}}), y’)$ is strictly less than $n$ .
We say $C^{a}$ is minimal if $c_{1}\geqq 2$ .

The purpose of this note is to classify the possible normal forms of $f(x, y)$

for a minimal smooth curve with one place at infinity of a given genus $g$ ,
which we call the generalized Abhyankar-Moh Problem or G. A. $M$-problem.
Abhyankar-Moh and Suzuki independently studied the case $g=0([3], [12])$ and
they showed that $C^{a}$ is isomorphic to a line. The case $g\leqq 3$ is studied by
A’Campo-Oka in [4] as an application of a Tschirnhausen resolution tower and
we essentially follow their treatment. There also exists a work of D. W.
Neumann ([9]) for $g\leqq 4$ from the viewpoint of the link at infinity.

Let $C$ be the closure of $C^{a}$ in $P^{2}$ . Recall that the homogeneous polynomial
$F(X, Y, Z):=f(X/Z, Y/Z)Z^{n}$ defines the projective curve $C$ in $P^{2}$ and $F(X, Y, Z)$

is written as
$F(X, Y, Z)=(Y^{a_{1}}+\xi_{1}X^{c_{1}}Z^{b_{1}})^{Ag}+$ ($1ower$ terms), $b_{1}=a_{1}-c_{1},$ $n=a_{1}A_{2}$

In the affine space $U_{0}$ $:=P^{2}-\{X=0\}$ with the affine coordinates $u=Z/X,$ $v=Y/X$,
$C\cap U_{0}$ is defined by $\{(u, v)\in C^{2} ; h(u, v)=0\}$ where
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$(\#)$ $h(u, v):=F(1, v, u)=u^{n}f(u^{-1}, vu^{-1})$ ,

$f(x, y)=F(x, y, 1)=x^{n}h(x^{-1}, yx^{-1})$

and $\rho$ corresponds to the origin in this coordinate chart $U_{0}$ . Note that

(1.1) $h(u, v)=(v^{a_{1}}+\xi_{1}u^{b_{1}})^{A_{2}}+$ ($higher$ terms).

Observe that $h(u, v)$ is a monic polynomial of degree $n$ in $v$ and the degree of
$h(u, v)$ is also $n$ . We call $h(u, v)$ the polynomial at infinity of $f(x, y)$ . The
determination of $f(x, y)$ is thus equivalent to that of $h(u, v)$ . For tbe deter-
mination of $h(u, v)$ , we use the method developed in [4] and [11].

(1.2) Tschirnhausen resolution tower. Let

$\sigma\tau=\{X_{k}arrow X_{k-1}p_{k}arrow\ldotsarrow x_{1^{-arrow X_{0}=C^{2}\}}}^{p_{1}}$

be a Tschirnhausen resolution tower of $(C\cap U_{0}, \rho)$ with the corresponding
weight vectors $P_{i}={}^{t}(a_{i}, b_{i})$ for $i=1,$ $\cdots$ , $k([4])$ . Starting with an admissible
toric modification $p_{1}$ : $X_{1}arrow X_{0}$ of $h(u, v)$ , the weight sequence $P_{J}$ , , $P_{\iota}$ are
uniquely determined as long as $a_{i}\geqq 2$ (see [4]). $P_{1}={}^{t}(a_{1}, b_{1})$ is already deter-
mined by the expression (1.1). Let $A_{i.i+j}=a_{i}a_{i+1}$ $a_{i+j}$ and let $h_{i}(u, v)$ (resp.
$F_{i}(X, Y, Z))$ be the $A_{i+1.\iota^{-}}th$ Tschirnhausen approximate polynomial of $h(u, v)$

as a polynomial of $v$ (resp. of $F(X,$ $Y,$ $Z)$ as a polynomial of $Y$ ) and let

$C_{i}=$ $\{(X ; Y ; Z)\in P^{2} ; F_{i}(X, Y, Z)=0\}\subset P^{2}$, $i=1,$ $\cdots$ , $k$ .
Recall that Tschirnhausen approximate polynomials $h_{l}(u, v)$ and $F_{i}(X, Y, Z)$ are
the unique monic polynomials of degree $A_{1.i}$ in $v$ and $Y$ respectively such that
$\deg_{v}(h(u, v)-h_{i}(u, v)^{A_{t+1.k}})<A_{1,k}-A_{1.i}$ and $\deg_{Y}(F(X, Y, Z)-F_{i}(X, Y, Z)^{A_{i+1.k}})$

$<A_{1.k}-A_{1}$ . $\cdot$ It is easy to observe that $F_{i}(1, v, u)=h_{i}(u, v),$ $\deg C_{i}=A_{1.i},$ $h_{k}=h$

and $C_{i}=C$ .
In a Tschirnhausen resolution tower, $(C_{i}, \rho)$ is resolved exactly at the i-th

stage $X_{\mathfrak{i}}$ of the tower $q$ . More explicitly, the pull backs of the Tschirnhausen
polynomial $h_{i},$ $i=0$, $\cdot$ , $k$ and $u$ to $X_{i}$ are written by [4] as

(a) $\Phi_{i}^{*}h_{\iota}(u_{i}, v_{i})=\{u_{i}^{m_{i(\hslash t)}}v_{i},i=lu_{\iota^{t(h\iota)}}^{m}(v_{i}^{a_{i+1}}.+\xi_{i+1}u_{i}^{b_{i+1}})^{A_{i+2_{\prime}l}}+(higheru_{i}^{m_{i1i)}}hU_{il},U_{i,l}\cdot aunit,i>l terms), i<l$

(b) $\Phi_{i}^{*}u(u_{i}, v_{i})=u_{i}^{m_{i^{(u)}}}U_{u.i}$ , $U_{u,i}$ : a unit

for some $\xi_{l+1}\in C^{*}$ . Here $(u_{i}, v_{i})$ are so called the Tschimhausen coordinates
centered at $E_{i}:=\{u_{i}=0\}\cap C^{(i)}$ , $C^{(i)}$ being the strict transform of $C$ to $X_{i}$ .
When an admissible toric modification $p_{i}$ : $X_{i}arrow X_{i-1}$ with center $S_{i-1}$ for
$\Phi_{l-1}^{*}h(u_{i-1}, v_{i-1})$ is given, the Tschirnhausen coordinates $(u_{i}, v_{t})$ on $X_{i}$ at $--i$ are
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uniquely determined by the following properties. (1) The divisor $\{u_{i}=0\}$ is the
unique irreducible component of the exceptional divisor of $p_{i}^{-1}(_{-i-1}^{-})$ which
intersects witb the strict transform $C^{(i)}$ of $C$ to $X_{i}$ and $S_{i}=(0,0)$ . This divisor
corresponds to the weight vector $P_{i}={}^{t}(a_{i}, b_{i})$ and this characterizes $u_{i}$ . (2) $v_{i}$

is characterized by the property $\Phi_{i}^{*}h_{i}(u_{i}, v_{i})=u_{i}^{m_{i(h_{i)}}}v_{i}$ .
(1.3) Multiplicity. The multiplicities $m_{i}(h_{\iota})$ and $m_{i}(u)$ along the divisor $\{u_{i}=0\}$

are very important in our argument and they are determined inductively by the
equalities:

(c) $m_{0}(h_{l})=0,$ $m_{i}(h_{\iota})=\{$

$a_{i}m_{i-1}(h_{\iota})+a_{t}b_{i}A_{i+1.\iota}$ , $i\leqq l$

$a_{l+1}m_{l}(h_{l})+b_{l+1}$ , $i=l+1$ ,
$a_{\ell}m_{i-1}(h_{\iota})$ , $i>l+1$

and $m_{0}(u)=1,$ $m_{i}(u)=a_{i}m_{i-1}(u)$ where $A_{l+1,l}=1$ by definition. In Particular, we
use

$(c)’$ $\{$

$m_{l}(h_{\iota})=a_{1}b_{1}A_{2,1}^{2}+\cdots+a_{\iota}b_{\iota}A_{l+1,\iota}^{2}$

$m_{l+1}(h_{l})=a_{l+1}m_{\iota}(h_{\iota})+b_{l+1}$ , $m_{1\neq j}=m_{l+1}(h_{\iota})A_{l+2.\iota+j}$ .
Define $m_{i}(\nu_{i}, \cdots, \nu_{0}, \mu)$ by

(d) $m_{i}( \nu_{i}, \cdots, \nu_{0}, \mu):=\mu m_{i}(u)+\sum_{j=0}^{i}\nu_{j}m_{i}(h_{j})$ .

This is the multiplicity of the Tschirnhausen monomial $M=h_{t^{i}}^{\nu}\cdots h_{0^{0}}^{\nu}u^{\mu}$ along
$\{u_{i}=0\}\subset X_{i}$ . Here a polynomial $h_{l-1}^{\nu_{l-1}}\cdots h_{0^{0}}^{\nu}u^{\mu}$ is called a Tschirnhausen monomial
if $\nu_{i}<a_{i+1}$ for any $i=0,$ $\cdots$ , 1–1.

(1.4) The Tschirnhausen expansion of a polynomial. Any polynomial $g(u, v)$

with $\deg_{v}g(u, v)<A_{1,i+1}$ for some $i\leqq k-1$ can be uniquely expanded as a linear
combination of the Tschirnhausen monomials in $h_{i},$ $\cdots$ , $h_{0},$ $u([2]$ , Proposition
(2.1), [4] $)$ :

$g= \sum_{\nu_{i},\cdots.\nu_{0},\mu}C_{\nu_{i}}h_{t^{i}}^{\nu}\cdots h_{0^{0}}^{\nu}u^{\mu}$ , $C_{\nu_{i},\ldots.\nu_{0},\mu}\in C$ , $\nu_{j}<a_{j+1}$ , $j=0,$ $\cdots$ $i$ .

In particular, by the definition of the Tschirnhausen polynomial, we have the
expression:

(e) $h_{i+1}=h_{i}^{\alpha_{i+1}}+R_{i+1}$ , $R_{i+1}= \sum C_{\nu_{i},\ldots.v_{0}.\mu}h_{\iota^{i}}^{\nu}\cdots h_{0}^{\nu_{0}}u^{\mu}$ , $C_{\nu_{i}\ldots.,\nu_{0}.\mu}\in C$

where the Tschirnhausen monomials $h_{i}^{v_{i}}\cdots h_{0}^{\nu_{0}}u^{\mu}$ satisfy $v_{i}<a_{i+1}-1$ and $\nu_{j}<a_{j+1}$

for $j=0,$ $\cdots$ , $i-1$ . The first inequality $\nu_{i}<a_{\ell+1}-1$ results from the definition of
the Tschirnhausen polynomial. In Lemma (2.7) of [11], it is proved that
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(f) $m_{i}(\nu_{i\prime}\ldots \nu_{0}, \mu)=m_{i}(\nu_{i}’, \cdots \nu_{0}’, \mu’)$ , $\nu_{i}=v_{i}’\Rightarrow v_{j}=\nu_{j}’$ ,

$j=0,$ $\cdots,$
$i$ , $\mu=\mu’$ .

This implies that in the pull-back of $h_{i+1}$ :

$\Phi\beta h_{i+1}(u_{i}, v_{e})=u_{i}^{a_{i+1^{m}i^{(h_{t)}}}}v_{i}^{a_{i+1}}+\Sigma C.i,\ldots,$ $\nu_{0}.\mu\Phi_{i}^{*}(h_{i^{i}}^{\nu}\cdots h_{0}^{v_{0}}u^{\mu})$

$=u_{i}^{a_{i+1}m_{it^{h_{i)}}}}v_{i}^{a_{i+1}}+\Sigma C_{\nu_{i}\ldots.,\nu_{0}.\mu}u_{i}^{m\ell(\nu_{i},\cdots,v_{0\mu)}}’ v_{\ell}^{\nu_{i}}U_{\nu_{i}\ldots..\nu_{0}.\mu}$

( $U_{\nu_{i},\cdots.\nu_{0}.\mu}$ is a unit), the leading terms of the second sum do not cancel each
other. In particular, comparing the expression of $\Phi_{i}^{*}h_{i+1}(u_{i}, v_{i})$ given by (a),
we have

(g) $a_{i+1}m_{i}(\nu_{i}, \cdots \nu_{0}, \mu)+b_{i+1}\nu_{i}\geqq a_{i+1}^{2}m_{i}(h_{i})+a_{i+1}b_{i+1}$

for any $M=h_{i^{i}}^{\nu}\cdots h_{0^{0}}^{\nu}u^{\mu}$ with $C_{M}\neq 0$ and there exist a unique Tschirnhausen
monomial $M=\mathscr{M}_{i+1}$ in the above sum with $C_{\mathscr{M}_{i+:}}\neq 0$ which gives the term
$\xi_{i+1}u_{i}^{m_{i(h_{i+1)}+b_{i+1}}}$ in (a) and satisfies the equality in (g). Note that $\nu_{i}=0$ for
such $\mathscr{M}_{i+1}$ . We consider a subset $\Re_{i}(\psi)$ by

$M=h_{i-1}^{\nu_{i-1-h_{0^{0}}^{\nu}u^{\mu}}}\in\Re_{i}(\varphi)\mapsto$

$a_{i}m_{i-1}(\nu_{\mathfrak{i}-1}, \cdots , v_{0}, \mu)+b_{i}\nu_{i-1}\geqq a_{i}^{2}m_{i-1}(h_{i-1})+a_{i}b_{i}$ ,

$v_{j}<a_{j+1}$ , $j=0,$ $\cdots$ $i-1$ .
Note that $\Re_{i}(\psi)$ depends only on $c_{W_{i}:=}\{P_{1}, \cdots, P_{i}\}([11])$ .
(1.5) Strategy of the classification. Now we explain our strategy to classify
smooth affine curves with one place at infinity.

(1) For a given $g$ , we first determine the possible weight sequence $c_{W=}$

$\{P_{1}, \cdots P_{k}\}$ . For this purpose, we use the following (\S 8, [4]):

(P-g) $\sum_{i=1}^{k}(A_{i.i}-1)b_{i}A_{i+1.\hslash}=(A_{1.k}-1)^{2}-2g$

(B) $\sum_{i=1}^{k}a_{i}b_{i}A_{i+1.k}^{2}\leqq A_{1.k}^{2}$

where (P-g) follows from the modified P\"ucker’s formula for the topological Euler
Poincar\’e characteristics and the assumption that the corresponding affine curve
is smooth of genus $g$ with one place at infinity. The second inequality (B) is
most essential and follows from a formula for the intersection multiplicity
$I(C, C_{k-1} ; \rho)$ of $C$ and $C_{k-1}$ at $\rho$ (Theorem (4.5) of [4]) and the Bezout Theo-
$re;n$ . A set of primitive integral vectors $W=\{P_{1}, \cdots , P_{k}\}$ with $a_{i}\geqq 2,$ $b_{i}\geqq 1$ and
$a_{1}-b_{1}\geqq 2$ which satisfies (P-g) and (B) is called a minimal numerical G. A. M-
solution. The minimal numerical G. A. $M$-solutions can be computed easily.
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(2) When we have a minimal numerical G. A. $M$-solution $w=\{P_{i}, \cdots , P_{k}\}$ ,

we have to check if there exists a minimal smooth curve with one place at
infinity whose sequence of the weight vectors at infinity is $c_{W}$ If there exists
such a curve, the corresponding polynomial $h(u, v)$ is called a geometric G. A. M-
solution corresponding to the numerical G. A. $M$-solution $c_{W}$

The following theorem guarantees the existence of a monic polynomial
having a given weight sequence. A similar assertion is proved by Jaworski [5]

but we need a more explicit formulation for our purpose.

THEOREM (1.6) (Theorem (3.1), [11]). Let $P_{i}={}^{t}(a_{i}, b_{i}),$ $i=1,$ $\cdots$ , $k$ be a given
sequence of weight vectors and $w=\{P_{1}, \cdots , P_{k}\}$ . There exists polynomial $h(u, v)$

which is a monic polynomial of degree $A_{1,k}$ in $v$ such that the curve $C:=$

$\{(u, v)\in C^{2} ; h(u, v)=0\}$ is locally irreducible at the origin and $c_{W:=}\{P_{1}, \cdots, P_{k}\}$

is the sequence of the weight vectors of the Tschimhausen resolution tower of $C$ at
the origin. Let $h_{j}(u, v)$ be the $A_{j+1.k^{-}}th$ Tschirnhausen aPProximate Polynomial of
$h(u, v)$ $forj=0,$ $\cdots$ , $k$ , with $h_{k}(u, v)=h(u, v)$ . There exists a unique Tschimhausen
monomial $\mathscr{M}_{j}(\wp\nearrow):=h_{j-}^{\nu_{j\frac{j}{2}2}^{()}}\cdots h_{0^{0}}^{\nu^{(j)}}u^{\mu^{(j}}$ ‘, $\nu_{i}^{(j)}<a_{i+1},$ $i=0,$ $\cdots$ , $j-2$ , such that $h_{j}$ is
written as:

(1.6.1) $h_{j}(u, v)=h_{j-1}^{a_{j}}+\lambda_{j}\mathscr{M}_{j}(\wp)+R_{j}’$ , $R_{j}’=$
$\sum_{c,M\in\Re_{j^{(t\nu)\cdot H\neq\ovalbox{\tt\small REJECT}_{jtnu)}}}}C_{M}M$

(1.6.2) $a_{j}m_{j-1}(\nu_{J-1}^{tf)}, \cdots v_{0^{j)}}^{(}, \mu^{(j)})+b_{j}\nu_{j-1}^{(j)}=a_{j}^{2}m_{j-1}(h_{j-1})+a_{j}b_{j}$

The integers $v_{f-2}^{(j)},$
$\cdots,$

$v_{0}^{(j)}$ and $\mu^{(j)}$ depend only on $c_{W_{j}:=}\{P_{1}, \cdots . P_{j}\}$ , where $\lambda_{j}\in C^{*}$ ,
$C_{\nu_{j-1}\ldots..\nu_{0}.\mu}\in C$ and $j=0,$ $\cdots$ , $k$ .

Here $\mathscr{M}_{j}(W):=h_{j-}^{\nu_{j\frac{j)}{2}2}^{(}}\cdots h_{0}^{\nu_{0}^{(j)}}u^{\mu^{(j)}}$ is unique as a monomial of variables $\{h_{j-1}$ ,
$\ldots$ $h_{0},$ $u\}$ but as a polynomial of variables $\{u, v\},$ $\mathscr{M}_{j}(\wp)$ depends on the choice
of $h_{j-1},$ $\cdots$ $h_{0}$ .

Here is another problem. Let $h(u, v)$ be as in Theorem (1.6). If
$\deg_{(u,v)}h(u, v)>A_{k}$ , the corresponding polynomial $f(x, y)$ defines an affine curve
with other intersection at infinity. For example, as a numerical G. A. M-solution
for $g=3$ , we have $\subseteq W=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,17)\}(=W(3,2;2)$ in \S 2) and this can
be given by $h(u, v)=(v^{3}+\xi_{1}u)^{3}+\xi_{2}v^{2}u^{8}+tu^{10},$ $\xi_{1},$ $\xi_{2}\neq 0$. The corresponding affine
curve is defined by $C^{a}=\{(x, y)\in C^{2} ; (y^{3}+\xi_{1}x^{2})^{3}x+\xi_{2}y^{2}+t=0\}$ and $C^{a}$ is smooth
for a generic $t\neq 0$ but $C\cap\{Z=0\}=\{[1;0;0], [0;1;0]\}$ . Thus there is no
geometric solution for $cW$ .
(1.7) Characteristic Tschirnhausen approximate polynomials. The character-
istic Tschirnhausen approximate polynomials $\overline{h}_{1}(u, v),$ $\cdots$ , $h_{k}(u, v)$ of $c_{W}$ are
defined by
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$h_{0}=v$ ,

$\overline{h}_{1}=\overline{h}_{0}^{\alpha_{1}}+\lambda_{1}u^{b_{1}}=v^{a_{1}}+\lambda_{1}u^{b_{1}}$ , $\lambda_{1}\in C^{*}$

$\overline{h}_{2}=\overline{h}_{1}^{a_{2}}+\lambda_{2}\mathscr{M}_{2}(q\mu)=\overline{h}_{1}^{a_{2}}+\lambda_{2}\overline{h}_{0}^{\nu_{0}^{(2)}}u^{\mu^{(2)}}$ , $\lambda_{2}\in C^{*}$

$\overline{h}_{k}=\overline{h}_{k-1}^{a_{k}}+\lambda_{k}\mathscr{M}_{k}(\wp)=\overline{h}_{k-1}^{a_{k}}+\lambda_{k}\overline{h}_{k-}^{\nu_{k\frac{k}{2}2}^{()}}$ ... $\overline{h}_{0}^{\nu_{0}^{(k)}}u^{\mu^{(k)}}$ , $\lambda_{k}\in C^{*}$

where $\mathscr{M}_{i}(\wp)$ is characterized in Theorem (1.6). The charactenstic Tschimhausen
approximate polynomials $\overline{h}_{1},$ $\overline{h}_{k}$ are inductively detemined while $\overline{h}_{1},$ $\cdots,\overline{h}_{k-1}$

are also characterzzed as the Tschimhausen polynomials of $\overline{h}_{k}$ .

Let $9_{k}^{)}(^{c}W)$ be the set of polynomials $h(u, v)$ satisfying the assertion of
Theorem (1.6) and let $f_{k}(\psi;A_{1.k})$ be the subset of $9_{k}^{)}(^{c}\psi)$ which is defined by

$9_{k}(\wp;A_{1.k}):=\{h(u, v)\in 9_{k}(\psi);\deg_{(u.v)}h(u, v)=A_{1,l}\}$ .
If $h(u, v)$ gives a geometric G. A. $M$-solution, we bave $h(u, v)\in 9_{k}(q\nu;A_{1.k})$ by
definition. We also observe that if $h(u, v)\in 9_{k}(q\nu;A_{1.k}),$ $h_{i}(u, v)\in B_{i}(\psi_{i} ; A_{1.i})$

where $c_{W_{i}=}\{P_{1}, \cdots , P_{i}\}$ .

Let $\Re_{i}(^{C}W;A_{1,i})$ be the subset of the Tschirnhausen monomial $M=h_{\iota-1}^{\nu_{i-1}}\cdots$

$h_{0^{0}}^{\nu}u^{\mu}$ in $\Re_{i}(W)$ such that $\deg_{(u.v)}M\leqq A_{1.i}$ . Put $X_{i}(W;A_{1.i})’=\Re_{i}(\psi;A_{1.i})-$

$\{\mathscr{M}_{i}(\wp)\}$ . The following property is satisfied ([11]).

(1) Assume that there exists such a polynomial $h(u, v)\in 9_{k}(q\mu;A_{1.k})$ and
let $h_{0},$ $\cdots$ , $h_{k-1}$ be the corresponding Tschirnhausen approximate polynomials.
Then $\deg_{(u.\emptyset)}h_{i}(u, v)=A_{1.i}i.e.,$ $h_{i}(u, v)\in 9_{t}(\%_{i}’ ; A_{1,i})$ for $i=1,$ $\cdots$ , $k-1$ .

(2) Assume that $h_{j}\in 9_{j}(\psi_{j} ; A_{1.j})$ for $j=0,$ $\cdots$ , $i-1$ and choose arbitrary
coefficients $\lambda_{i}’\neq 0$ and $C_{M}’\in C$ for $M\in\Re_{i}(\wp)$ . Consider the polynomial

$h_{i}(u, v)’:=h_{i-1}^{a_{t}}+ \lambda_{i}’\mathscr{M}_{i}(\wp)+\sum_{M\in T_{i(}W).M\neq \mathscr{M}_{i(}n’)}C_{M}’M$

Then $h_{i}(u, v)’\in 9_{i}(\%^{1}),$ $\deg_{(}u,v)(h_{i-1}^{\nu_{i-1}}\cdots h_{0}^{v_{0}}u^{u})=\mu+\Sigma_{j=1}^{i-1}\nu_{j}A_{1.j}$ and

$\deg_{(u.v)}h_{i}(u, v)’=\max\{A_{1}i, \deg_{(u,v)}\mathscr{M}_{i}(9\mathcal{V}),\max_{M_{i}C_{M}\neq 0}\deg_{(u,v^{)}}M\}$

This gives the following criterion:

$h_{i}(u, v)’\in\Xi_{i}^{\}}(^{c}W_{i} ; A_{1.i})\Leftrightarrow\deg_{(u.v)}\mathscr{M}_{i}(\wp)\leqq A_{1.i}$ ,

$\deg_{(u,v)}M\leqq A_{1,i}$ , $\forall M$, $C_{M}\neq 0’$ .

(3) In particular, assume that there exists such a polynomial $h(u, v)\in$

9\hslash $($%’ ; $A_{1.k})$ and let $h_{0},$ $\cdots$ , $h_{k-1}$ be the corresponding Tschirnhausen approximate
polynomials. Then $h_{i}$ is written as

(1.7.1) $h_{i}(u, v)=h_{i-1}^{a_{i}}+\lambda_{i}\mathscr{M}_{i}(\wp)+R_{i}’$ , $R_{i}’= \sum_{M\in^{y\iota_{i(}q\nu:A_{1.i})}}C_{M}M$
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for some $\lambda_{i}\in C^{*}$ and $C_{M}\in C$ , $M\in\Re_{t}(^{c}W;A_{1.i})’$ . Let $\pi_{i}$ : $9_{i}(^{c}T\nu_{i} ; A_{1.i})arrow$

$9_{i-1}(^{C}7f_{i-1}^{7} ; A_{1.i-1})$ be the canonical projection. Then the inverse image $\pi_{i}^{-1}(h_{i-1})$

is isomorphic to $c*\cross C^{|:\rho_{t(}q\nu_{i^{A}1.i)}}$
‘

$|$ The first factor $C^{*}$ corresponds to $\lambda_{i}\in C^{*}$ .
So the fiber is $|\Re_{i}(\psi;A_{1,i})|$ -dimensional. See [11] for further detail.

For the determination of the existence of the G. A. $M$-solution corresponding
to a numerical solution $cW$ , we need to $know_{R}if9_{k}(\wp;A_{1.k})\neq\emptyset$ . To see this,
we use the following which results from the above observation.

THEOREM (1.8) (Corollary (4.3), [11]). The following two conditions are
equivalent.

(i) There exists a monic Polynomial $h(u, v)\in q_{k}(W;A_{1.k})$ .
(ii) The charactenstic Tschimhansen approximate polynomials $\overline{h}_{1}(u, v),$ $\cdots$ ,

$\overline{h}_{k}(u, v)$ of $cW$ satisfy the equalities $\deg_{(u,v)}h_{t}(u, v)=A_{1,t}$ for $\text{\’{i}}=1,$
$\cdots,$

$k$ .

For any $h\in 9_{k}(\wp;A_{1.k})$ , the corresponding affine polynomial $f(x, y)$ defines
an affine curve $C$ which has one place at infinity with the corresponding weight
sequence $c_{W}$ . However $C$ may have some other singularity. Thus $9_{k}(\psi;A_{1,k})$

is not moduli space of geometric G. A. $M$-solutions but the moduli space of monic
polynomials with one place at infinity with $c_{W}$ as the weight sequence at infinity.

$N$ote that the monomial $u^{A_{1.k}}$ corresponds to the constant term of $f(x, y)$ by
$(\#)$ . Thus if $u^{A_{1.k}}\in\Re_{k}(^{c}u);A_{1.k}),$ $C$ is smooth in $C^{2}$ for a generic choice of the
coefficient of $u^{A_{1.k}}$ by Bertini’s theorem. Thus it gives a geometric G. A. M-
solution. In fact, we will show that $u^{A_{1,k}}\in\Re_{k}(^{c}W;A_{1.k})$ for any $cW$ such that
$9_{k}(\wp;A_{1.k})\neq\emptyset$ . See Appendix in \S 3. Thus the subset corresponding to
geometric G. A. $M$-solutions is a Zariski open dense set of $q_{k}(\wp;A_{1,k})$ . The
following is our main result. The classification for $g\geqq 8$ can be computed in a
similar way.

MAIN THEOREM (1.9). Let $C^{a}=\{f(x, y)=0\}$ be a minimal smooth curve with
one place at infinity, say $\rho=[1 ; 0;0]$ , of genus $g=3,4,5,6,7$ . Then the poly-
nomial at infinity $h(u, v)=h_{k}(u, v)$ of $f(x, y)$ takes one of the $f\rho llowing$ forms.
In the list, $\xi_{i}\in C^{*}$ and $h_{0}(u, v)=v+tu$ with $t\in C$ . The coefficimts in $R_{1},$ $R_{2},$ $R_{3}$

are generically chosen so that the corresponding affine cume is smooth.
$g=3$ (This case is done in [4] without proof.):

(1) $k=1,$ $P_{1}={}^{t}(4,1)$ . $h(u, v)=h_{1}(u, v)=h_{0}^{4}+\xi_{1}u+R_{1}’(u, v),$ $\dim R_{1}’=8$ and
$\Re_{1}(W;4)’=\{u^{2}, u^{3}, u^{4}, h_{0}u, h_{0}u^{2}, h_{0}u^{3}, h_{0}^{2}u, h_{0}^{2}u^{2}\}$

(2) $k=1,$ $P_{1}={}^{t}(7,5)$ . $h(u, v)=/\iota_{1}(u, v)=h_{0}^{7}+\xi_{2}u^{5}+R_{1}’(u, v),$ $\dim R_{1}’=10$ and
$\Re_{1}(^{c}W ; 7)’=\{u^{6}, u^{7}, h_{0}u^{5}, h_{0}u^{6}, h_{0}^{2}u^{4}, h_{0}^{2}u^{\overline{0}}, h_{0}^{3}u^{3}, h_{0}^{3}u^{4}, h_{0}^{4}u^{3}, h_{0}^{5}u^{2}\}$ .

(3) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,9)$ . $h_{1}(u, v)=h_{0}(u, v)^{3}+\xi_{1}u+R_{1}’(u, v)$ ,
$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{5}+R_{2}’(u, v),$ $\dim R_{1}’=4$ ,
$X_{1}(W;3)’=\{u^{2}, u^{3}, h_{0}u, h_{0}u^{2}\},$ $\dim R_{8}’=2$,‘ $\Re_{2}(\psi;6)’=\{u^{6}, h_{0}u^{5}\}$ .
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$g=4$ :
(1) $k=1,$ $P_{1}={}^{t}(5,2)$ . $h(u, v)=h_{1}(u, v)=h_{0}^{5}+\xi_{1}u^{2}+R_{1}’(u, v),$ $\dim R_{1}’=10$

and $\mathfrak{N}_{1}(\wp;5)’=\{u^{3}, u^{4}, u^{5}, h_{0}u^{2}, h_{0}u^{3}, h_{0}u^{4}, h_{0}^{l}u^{2}, h_{0}^{2}u^{3}, h_{0}^{3}u, h_{0}^{3}u^{2}\}$ .
(2) $k=1,$ $P_{1}={}^{t}(9,7)$ . $h(u, v)=h_{1}(u, v)=h_{0}(u, v)^{9}+\xi_{1}u^{7}+R_{1}’(u, v),$ $\dim R_{1}’=13$

and $\Re_{1}(^{c}W ; 9)’=\{h_{0}^{a}u^{b} ; a+b\leqq 9,9b+7a>63, a<8\}$ .
(3) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,7),$ $h_{1}(u, v)$ is as (3) of $g=3$ ,

$h(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{4}v+R_{2}’(u, v),$ $\dim R_{2}’=4$ and
$\Re_{2}(\psi;6)’=\{u^{5}, u^{6}, h_{0}u^{5}, h_{0}^{2}u^{4}\}$ .

(4) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(3,16),$ $h_{1}(u, v)$ is as (3) of $g=3$ ,
$h(u, v)=h_{1}(u, v)^{3}+\xi_{2}u^{8}v+R_{2}’(u, v),$ $\dim R_{2}’=2$ and
$\Re_{2}(^{c}W;9)’=\{u^{9}, h_{1}u^{6}\}$ .

$g=5$ :
(1) $k=1,$ $P_{1}={}^{t}(11,9)$ , $h(u, v)=h_{1}(u, v)=h_{0}^{11}+\xi_{1}u^{9}+R_{1}’(u, v),$ $\dim R_{1}’=16$

and $\Re_{1}(\wp;11)’=$ { $h_{0}^{a}u^{b}$ ; a+b$ll, $11b+9a>99,$ $a<10$}.
(2) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{\mathfrak{g}}={}^{t}(2,5),$ $h_{1}$ is as (3) of $g=3$ ,

$h(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{3}h_{0}^{2}+R_{z}’(u, v),$ $\dim R_{2}’=6$ and
$\Re_{f}(\wp;6)’=\{u^{4}, u^{\overline{o}}, u^{6}, h_{0}u^{4}, h_{0}u^{6}, h_{0}^{2}u^{4}\}$ .

$g=6$ :
(1) $k=1,$ $P_{1}={}^{t}(5,1)$ , $h(u, v)=h_{1}(u, v)=h_{0}^{5}+\xi_{1}v+R_{1}’(u, v),$ $\dim R_{1}’=13$

and $\Re_{1}(\wp;5)’=\{h_{0}^{a}u^{b} ; a+b\leqq 5,5b+a>5, a<4\}$ .
(2) $k=1,$ $P_{1}={}^{t}(7,4)$ , $h(u, v)=h_{1}(u, v)=h_{0}^{7}+\xi_{1}u^{4}+R_{1}’(u, v),$ $\dim R_{1}’=14$

and $\Re_{1}(\wp;7)’=\{h_{0}^{a}u^{b} ; a+b\leqq 7,7b+4a>28, a<6\}$ .
(3) $k=1,$ $P_{1}={}^{t}(13,11)$ , $h(u, v)=h_{1}(u, v)=h_{0}^{13}+\xi_{1}u"+R_{1}’(u, v),$ $\dim R_{1}’=19$

and $\Re_{1}(\psi;13)’=\{h_{0}^{a}u^{b} ; a+b\leqq 13,13b+11a>143, a<12\}$ .
(4) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,3),$ $h_{1}$ is as (3) of $g=3$ ,

$h(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{3}+R_{2}’(u, v),$ $\dim R_{2}’=8$ and
$\Re_{2}(\psi\cdot 6)’=\{u^{4}, u^{6}, u^{\epsilon}, h_{0}u^{3}, h_{0}u^{4}, h_{0}u^{6}, h_{0}^{2}u^{3}, h_{0}^{2}u^{4}\}$ .

(5) $k=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}={}^{t}(2,15)$ , $h_{1}(u, v)=h_{0}^{6}+\xi_{1}u^{3}+R_{1}’(u, v)$ ,
$\dim R_{1}’=7^{T}\Re_{1}(\wp ; 5)’=\{u^{4}, u^{6}, h_{0}u^{3}, h_{0}u^{4}, h_{0}^{2}u^{2}, h_{0}^{2}u^{3}, h_{0}^{3}u^{2}\}$ ,
$h(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{9}+R_{2}’(u, v),$ $\dim R_{2}’=3$ and
$\Re_{2}(\psi;10)’=\{u^{10}, h_{0}u^{9}, h_{0}^{2}u^{8}\}$ .

(6) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(3,14),$ $h_{1}(u, v)$ is as (3) of $g=3$ ,
$h(u, v)=h_{1}(u, v)^{3}+\xi_{2}h_{0}^{2}u^{7}+R_{2}’(u, v),$ $\dim R_{2}’=5$ and
$\Re_{2}(q\nu;9)’=\{u^{8}, u^{9}, h_{0}u^{8}, h_{1}u^{6}, h_{1}h_{0}u^{5}\}$ .

$g=7$ :
(1) $k=1,$ $P_{1}={}^{t}(15,13)$ , $h(u, v)=h_{0}^{15}+\xi_{1}u^{13}+R_{1}’(u, v),$ $\dim R_{1}’=22$

and $\Re_{1}(q\nu;15)’=\{h_{0}^{a}u^{b} ; a+b\leqq 15,15b+13a>195, a<14\}$ .
(2) $k=1,$ $P_{1}={}^{t}(8,5)$ , $h(u, v)=h_{1}(u, v)=h_{0}^{8}+\xi_{1}u^{5}+R_{1}’(u, v),$ $\dim R_{1}’=16$

and $\Re_{1}(q\nu;8)’=\{h_{0}^{a}u^{b} ; a+b\leqq 8,8b+5a>40, a<7\}$ .
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(3) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,1),$ $h_{1}$ is as (3) of $g=3$ ,
$h(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{2}v+R_{2}’(u, v),$ $\dim R_{2}’=10$ and
$\Re_{2}(\psi ; 6)’=\{u^{3}, u^{4}, u^{5}, u^{6}, h_{0}u^{3}, h_{0}u^{4}, h_{0}u^{\text{\’{o}}}, h_{0}^{2}u^{2}, h_{0}^{2}u^{3}, h_{0}^{2}u^{4}\}$ .

(4) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(3,13),$ $h_{1}(u, v)$ is as (3) of $g=3$ ,
$h(u, v)=h_{1}(u, v)^{3}+\xi_{2}u^{7}v+R_{2}’(u, v),$ $\dim R_{2}’=7$ and
$\Re_{z}(\wp;9)’=\{u^{8}, u^{9}, h_{0}u^{8}, h_{0}^{2}u^{7}, h_{1}u^{6}, h_{1}u^{6}, h_{1}h_{0}u^{5}\}$ .

(5) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(4,21),$ $h_{1}(u, v)$ is as (3) of $g=3$ ,
$h(u, v)=h_{1}(u, v)^{4}+\xi_{2}u"+R_{2}’(u, v),$ $\dim R_{2}’=5$ and
$\Re_{2}(^{c}W;12)’=\{u^{12}, h_{0}u", h_{1}u^{9}, h_{1}h_{0}u^{8}, h_{1}^{2}u^{6}\}$ .

(6) $k=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(5,28),$ $h_{1}(u, v)$ is as (3) of $g=3$ ,
$h(u, v)=h_{1}(u, v)^{6}+\xi_{2}u^{14}h_{0}+R_{2}’(u, v),$ $\dim R_{2}’=4$ and
$\Re_{2}(\psi;15)’=\{u^{16}, h_{1}u^{12}, h_{1}^{2}u^{9}, h_{1}^{3}u^{6}\}$ .

(7) $k=2,$ $P_{1}=^{t}(5,3),$ $P_{2}={}^{t}(2,13),$ $h_{1}(u, v)$ is as (5) of $g=6$ ,
$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{8}v+R_{2}’(u, v),$ $\dim R_{2}’=5$ and
$\Re_{2}(\psi;10)’=\{u^{9}, u", h_{0}u^{9}, h_{0}^{2}u^{8}, h_{0}^{s}u^{7}\}$ .

(8) $k=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}={}^{t}(3,28),$ $h_{1}(u, v)$ is as (5) of $g=6$ ,
$h(u, v)=h_{1}(u, v)^{s}+\xi_{2}u^{14}v+R_{2}’(u, v),$ $\dim R_{2}’=2$ and
$\Re_{2}(\psi;15)’=\{u, h_{1}u"\}$ .

(9) $k=2,$ $P_{1}={}^{t}(4,1),$ $P_{2}={}^{t}(2,21),$ $h_{1}(u, v)$ is as (1) of $g=3$ ,
$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{7}h_{0}+R_{2}’(u, v),$ $\dim R_{2}’=1$ and $\Re_{2}(q\nu;8)’=\{u^{8}\}$ .

(10) $k=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{\iota}(2,9),$ $P_{3}={}^{t}(2,9),$ $h_{1}$ is as (3) of $g=3$ ,
$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{6}+R_{2}’,$ $\dim R_{2}’=2,$ $\Re_{2}(9\nu;6)’=\{u^{6}, h_{0}u^{5}\}$ ,

$h(u, v)=h_{3}(u, v)=h_{2}(u, v)^{2}+\xi_{3}h_{1}(u, v)u^{9}+R_{3}’(u, v),$ $\dim R_{3}’=1$

and $\Re_{3}(\%^{z} ; 12)=\{u^{12}\}$ .

REMARK (1.9.1). For the case $g=1,2$ , the minimal models are unique and
they are given by [4] as

$g=1$ : $k=1,$ $P_{1}={}^{t}(3,1)$ , $h(u, v)=v^{3}+\lambda_{1}u+R_{1}’(u, v)$ , $\dim R_{1}’=4$

$g=2$ : $k=1,$ $P_{1}={}^{t}(5,3)$ , $h(u, v)=v^{5}+\lambda_{1}u^{3}+R_{1}’(u, v),$ $\dim R_{1}’=7$ .
M. Miyanishi recently obtained the classification for $g\leqq 4$ from a different view-
point ([7]).

\S 2. Minimal numerical G. A. M-solutions.

The classification of the case $g\leqq 3$ is done in [4]. We consider first the
numerical G. A. $M$-solutions of (P-g) and (B) for a given $g,$ $3\leqq g\leqq 7$ .

CASE (1) $k=1$ . Then by (P-g), we have $(a_{1}-1)(c_{1}-1)=2g$ . Using this
equality and the property $a_{1}>c_{1}>1,$ $b_{1}=a_{1}-c_{1}$ and $gcd(a_{1}, b_{1})=1$ , we get the
following numerical G. A. M-solutions:
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For $g=3,$ $P_{1}={}^{t}(a_{1}, b_{1})={}^{t}(7,5)$ or $P_{1}={}^{t}(4,1)$ . For $g=4,$ $P_{1}={}^{t}(9,7)$ or $P_{1}={}^{t}(5,2)$ .
For $g=5,$ $P_{1}={}^{t}(11,9)$ . For $g=6,$ $P_{1}={}^{t}(13,11)$ or $P_{1}={}^{t}(7,4)$ or $P_{1}={}^{t}(5,1)$ .
For $g=7,$ $P_{1}={}^{t}(15,13)$ or $P_{1}={}^{t}(8,5)$ .
We can easily see that each case corresponds to geometric G. A. M-solutions.

For example, for $g=3,$ $k=1$ and $P_{1}={}^{t}(7,5),$ $h_{1}$ can be written as $h_{1}(u, v)$

$=h_{0}^{7}+\xi_{1}u^{5}+R_{1}’(u, v)$ where $R_{1}’(u, v)$ is a linear combination of monomials in
$\Re_{1}(^{c}W;7)’$ , where $h_{0}(u, v)=v+tu,$ $t\in C,$ $u^{\alpha}h_{0}^{\beta}\in\Re_{1}(\wp;7)’$ if and only if $7\alpha+5\beta>35$

and $\alpha+\beta\leqq 7$ and $\beta<6$ . Therefore $R’$ is a linear combination of 10 monomials

$\Re_{1}(P_{1} ; 7)’=\{u^{2}h_{0}^{5}, u^{3}h_{0}^{4}, u^{3}h_{0}^{3}, u^{4}h_{0}^{3}, u^{4}h_{0}^{2}, u^{\overline{o}}h_{0}^{2}, u^{5}h_{0}, u^{6}h_{0}, u^{6}, u^{7}\},$ $\dim R_{1}’=10$

The corresponding affine curve is defined by $f(x, y)=y_{0}^{7}+\xi_{1}x^{2}+R_{1}’’(x, y)$ where
$y_{0}=y+t$ and $R_{1}’’(x, y)$ is a generic linear combination of 10 monomials
$\{y_{0}^{5}, y_{0}^{4}, xy_{0}^{3}, y_{0}^{3}, xy_{0}^{2}, y_{0}^{2}, xy_{0}, y_{0}, x, 1\}$ . Of course we have to choose the coef-
ficients so that $C$ has no other singularity than $\rho=[1;0;0]$ . The dimension
of such polynomials is $1+11=12$ . The first 1 is the dimension of $h_{0}$ and can
be ignored by a linear change of coordinates $(u, v)-(u, v+tv)$ which keeps
G. A. $M$-solutions stable. It is easy to observe that $(a_{1}, c_{1})=(2g+1,2)$ is always
numerical G. A. $M$-solution for any $g$ .

By a similar argument, the above numerical G. A. $M$-solutions correspond to
the following geometric G. A. M-solutions:

$g=3,$ $P_{1}={}^{t}(4,1)$ , $h_{1}(u, v)=h_{0}^{4}+\xi_{1}u+R_{1}’(u, v),$ $\dim R_{1}’=8$

$g=4,$ $P_{1}={}^{t}(9,7)$ , $h_{1}(u, v)=h_{0}^{9}+\xi_{1}u^{7}+R_{1}’(u, v),$ $\dim R_{1}’=13$

$g=4,$ $P_{1}={}^{t}(5,2)$ , $h_{1}(u, v)=h_{0}^{\overline{o}}+\xi_{1}u^{2}+R_{1}’(u, v),$ $\dim R_{1}’=10$

$g=5,$ $P_{1}={}^{t}(11,9)$ , $h_{1}(u, v)=h_{0}^{11}+\xi_{1}u^{9}+R_{1}’(u, v),$ $\dim R_{1}’=16$

$g=6,$ $P_{1}={}^{t}(13,11)$ , $h_{1}(u, v)=h_{0}^{13}+\xi_{1}u^{11}+R_{1}’(u, v),$ $\dim R_{1}’=19$

$g=6,$ $P_{1}={}^{t}(7,4)$ , $h_{1}(u, v)=h_{0}^{7}+\xi_{1}u^{4}+R_{1}’(u, v),$ $\dim R_{1}’=14$

$g=6,$ $P_{1}={}^{t}(5,1)$ , $h_{1}(u, v)=h_{0}^{5}+\xi_{1}u+R_{1}’(u, v),$ $\dim R_{1}’=13$

$g=7,$ $P_{1}={}^{t}(15,13)$ , $h_{1}(u, v)=h_{0}^{15}+\xi_{1}u^{13}+R_{1}’(u, v),$ $\dim R_{1}’=22$

$g=7,$ $P_{1}={}^{t}(8,5)$ , $h_{1}(u, v)=h_{0}^{8}+\xi_{1}u^{5}+R_{1}’(u, v),$ $\dim R_{1}’=16$ .
We omit the description of $\Re_{1}(P_{1} ; a_{1})’$ as it is easy to be computed.

(2) We consider the case $k>1$ .
First, taking $(1-A_{2.k})\cross(B)+A_{2,k}\cross(P- g)$ , we get the following inequality

$((\star),$ \S 8, [4] $)$ .

(2.1) $A_{2.k}\leqq\leqq 2g-1\underline{2}g\underline{-1}$

$(a_{1}-1)(c_{1}-1)-1$

This is useful for the computation of minimal numerical G. A. $M$-solutions. For
example, we consider the case $g=3$ and $k\geqq 2$ . By (2.1), we have the possibility:
$A_{2,k}=2,3,4,5$ . This implies that $k=2$ or $k=3,$ $a_{2}=a_{3}=2$ .
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(a) If $k=2,$ $A_{2,k}=a_{2}$ . If $a_{2}=3,4,5,$ $(a_{1}-1)(c_{1}-1)-1=1$ by (2.1). If $a_{2}=2$ ,
either $(a_{1}-1)(c_{1}-1)-1=1$ or 2 by (2.1). We consider the case $(a_{1}-1)(c_{1}-1)-1$

$=1$ first. Hence, $a_{1}=3,$ $c_{1}=2,$ $b_{\iota}=1$ . $b_{2}$ is determined by (P-g) so that $b_{2}=$

$9,17,71/3,30$ according to $a_{2}=2,3,4,5$ resPectively. The last two cases are
impossible as $b_{2}$ is an integer with $gcd(a_{2}, b_{2})=1$ . Assume that $a_{2}=2$ and
$(a_{1}-1)(c_{1}-1)-1=2$ . Then $a_{1}=4,$ $c_{1}=2,$ $b_{1}=2$ . This contradicts $gcd(a_{1}, b_{1})=1$ .

(b) Assume that $k=3,$ $a_{2}=a_{3}=2$ . Then by (2.1), $a_{1}=3,$ $b_{1}=1$ and by (P-g)

and (B) we need to have

$-71+6b_{2}+b_{3}=0$ , $96-8b_{2}-2b_{3}\geqq 0$ .
This has no positive integral solution. Thus the minimal numerical G. A. M-
solutions for $g=3$, $k\geqq 2$ are $cW(3,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,9)\},$ $\wp(3,2;2)=$

$\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,17)\}$ .
By a similar computation, the minimal numerical G. A. $M$-solutions for

$4\leqq g\leqq 7,$ $k\geqq 2$ are given as follows. In the notation $\wp(a, b;c),$ $g=a$ and $k=b$ .

CASE (2) $k=2$ . We know that $A_{2,k}=a_{2}\leqq 2g-1\leqq 13$ for $g\leqq 7$ . Using (P-g)

and (B), we get the following numerical G. A. M-solutions.
$q\mu(4,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,7)\}$ , $cw(4,2;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,16)\}$ ,
$\wp(4,2;3)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(4,23)\},$ $\wp(5,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,5)\}$ ,
$\wp(5,2;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(5,29)\},$ $\wp(6,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,3)\}$ ,
$\wp(6,2;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,14)\}$ , $\varphi(6,2;3)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(6,35)\}$ ,
$\wp(7,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,1)\}$ , $\wp(7,2;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,13)\}$ ,
$cW(7,2;3)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(4,21)\},$ $\wp(7,2;4)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(5,28)\}$ ,
$q\parallel(7,2;5)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(7,41)\},$ $\wp(4,2;4)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,19)\}$ ,
$\subseteq W(5,2;3)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,17)\},$ $\wp(6,2;4)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,15)\}$ ,
$\wp(6,2;5)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(3,29)\},$ $\varphi\nearrow(7,2;6)=\{P_{1}=^{t}(5,3), P_{2}=^{t}(2,13)\}$ ,
$\mathfrak{R}^{1}(7,2;7)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(3,28)\},$ $\wp(6,2;6)=\{P_{1}={}^{t}(7,5), P_{2}={}^{t}(2,27)\}$ ,
$\wp(7,2;8)=\{P_{1}={}^{t}(7,5), P_{2}={}^{t}(2,25)\},$ $\wp(6,2;7)=\{P_{1}={}^{t}(4,1), P_{2}={}^{t}(2,23)\}$ ,
$\wp(7,2;9)=\{P_{1}={}^{t}(4,1), P_{2}={}^{t}(2,21)\}$ .

CASE (3) $k\geqq 3$ . First we show that $k\geqq 4$ is imposslble. In fact, by (2.1)

if $k\geqq 4,$ $A_{2}k\geqq 2^{3}=8$ and therefore either $k=4$, and $A_{2.k}=8$ or $A_{2,k}=12$ . In both
cases, $(a_{1}-1)(c_{1}-1)-1=1$ , so $a_{1}=3$, $b_{1}=1$ . Thus (i) $(a_{2}, a_{3}, a_{4})=(2,2,2)$ , or
(ii) $(a_{2}, a_{3}, a_{4})=(3,2,2)$ or (iii) $(a_{2}, a_{3}, a_{4})=(2,3,2)$ or (iv) $(a_{2}, a_{3}, a_{4})=(2,2,3)$ .
For example, we consider the case (i). Solving (P-g) in $b_{4}$ , $b_{4}$ is a linear
function $\varphi(b_{2}, b_{3})$ of $b_{2}$ and $b_{3}$ . Then substituting $b_{4}=\varphi(b_{2}, b_{3})$ in (B), the posi-
tivity of $b_{4}$ and (B) says that $b_{2}=11,12$ is the only possibility. As $gcd(a_{2}, b_{2})=1$ ,
$b_{2}=11$ . Substituting this in $\varphi$ and (B) again, we see that there exists no positive
integer $b_{3}$ for 45g$7. The other cases $(ii)\sim(iv)$ are also impossible by a
similar argument.
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Therefore $k=3$ . By (2.1), $A_{2.k}\leqq 13$ . Thus $A_{2.i}=4,6,8,9,10,12$ and
$(a_{1}-1)(c_{1}-1)-1=1,2,3$ . This gives the possible values of $a_{1},$ $b_{1},$ $a_{2},$ $a_{s}$ . In
each case, we first solve (P-g) in $b_{3}$ to express $b_{3}$ as a linear function $\varphi(b_{2})$ and
the positivity of $\varphi(b_{2})$ and (B) determine the minimal numerical G. A. M-solutions
as follows.

$\mathfrak{N}’(4,3;1)=\{P_{1}={}^{t}(3,1), P_{2}=^{t}(2,11), P_{3}={}^{t}(2,3)\}$ ,
$\wp(5,3;1)=\{P_{1}=^{t}(3,1), P_{2}=^{t}(2,11), P_{3}={}^{t}(2,1)\}$ ,
$\wp(6,3;1)=\{P_{1}={}^{t}(3,1), P_{2}=^{t}(2,9), P_{3}=^{t}(2,11)\}$ ,
$\wp(7,3;1)=\{P_{1}=^{t}(3,1), P_{2}=^{t}(2,9), P_{3}={}^{t}(2,9)\}$ ,
$\wp(6,3;2)=\{P_{1}=^{t}(3,1), P_{2}=^{t}(2,11), P_{3}=^{t}(3,5)\}$ ,
$\wp(7,3;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,11), P_{3}=^{t}(3,4)\}$ ,
$\wp(6,3;3)=\{P_{1}={}^{t}(3,1), P_{2}=^{t}(3,17), P_{3}=^{t}(2,5)\}$ ,
$c_{W(7}3;3)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,17), P_{3}=^{t}(2,3)\}$ .

\S 3. Geometric existence and proof of Main Theorem.

TO prove the Main Theorem (1.9), we have to check the existence (or non-
existence) of geometric G. A. $M$-solutions corresponding to minimal numerical
G. A. $M$-solutions obtained in \S 2. For this purpose, we use the criterion given
by Theorem (1.8). The case $k=1$ is already seen in \S 2.

CASE I. $k=2$ . We compute the characteristic Tschirnhausen approximate
polynomials. By definition,

$\overline{h}_{0}=v$ , $h_{1}(u, v)=v^{a_{1}}+\xi_{1}u^{b_{1}}$ , $h_{2}=h_{1}^{a_{2}}+v^{\nu_{0}}u^{\mu}$

where Vo, $\mu$ are the integral solution of $m_{1}(0, V_{0}, \mu)=\nu_{0}m_{1}(h_{0})+\mu m_{1}(u)=a_{2}m_{1}(h_{1})$

$+b_{2}$ with $v_{0}<a_{1}$ . As $m_{1}(h_{0})=b_{1},$ $m_{1}(h_{1})=a_{1}b_{1},$ $m_{1}(u)=a_{1}$ , this reduces to

(3.1) $v_{0}b_{1}+\mu a_{1}=a_{2}a_{1}b_{1}+b_{2}$ , $v_{0}<a_{1}$ .
The moduli set $\Re_{2}(\wp;A_{1.2})’$ is the set of monomials $M=h_{1}^{\nu_{1}}h_{0^{0}}^{\nu}u^{\mu}$ which satisfy

(3.2) $a_{2}(\nu_{1}a_{1}b_{L}+\nu_{0}b_{1}+\mu a_{1})+v_{1}b_{2}>a_{2}^{2}a_{1}b_{1}+a_{2}b_{2}$ ,

$v_{1}<a_{2}-1,$ $v_{0}<a_{1},$ $a_{1}\nu_{1}+v_{0}+\mu\leqq a_{1}a_{2}$ .
In the following, $h_{0}(u, v)=v+t_{0,1}u,$ $t_{0,1}\in C$ . (We may assume that $h_{0}=v$ by a
linear change of coordinates.)

CASE II-1. $P_{1}={}^{t}(3,1)$ .
1. Consider the case $\mathfrak{N}’(3,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,9)\}$ . Then (3.1) gives

the equality: $\nu_{0}+3\mu=15$ and $\nu_{0}<3$ . Thus we get $(v_{0}, \mu)=(0,5)$ . Thus $h_{2}(u, v)$

$=h_{1}(u, v)^{2}+\xi_{2}u^{5}$ and $\deg h_{2}=6$ . Thus $\wp(3,2;1)$ has a geometric G. A. M-solution
$h_{2}(u, v)$ wbich is written as
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$h_{0}(u, v)=v+t_{0.1}u$ ,

$h_{1}(u, v)=h_{0}(u, v)^{a}+\xi_{1}u+R_{1}’$ , $\Re_{1}(\wp;3)’=\{u^{2}, u^{3}, h_{0}u, h_{0}u^{2}\}$

$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{5}+R_{2}’,$ $\Re_{2}(\wp;6)’=\{u^{6}, h_{0}u^{5}\}$ .
This corresponds to (3) of $g=3$ in Theorem (1.8). The corresponding polynomial
which defines the smooth affine curve of genus 3 is

$f_{1}(x, y)=(y+t_{0.1})^{3}+\xi_{1}x^{2}+t_{1.1}x+t_{1.2}+t_{1.3}(y+t_{0,1})x+t_{1.4}(y+t_{0.1})$

$f_{2}(x, y)=f_{1}(x, y)^{2}+\xi_{2}x+t_{2.1}+t_{2.2}(y+t_{0.1})$

and $\{f_{2}(x, y)=0\}\subset C^{2}$ is smooth as long as $t_{2,1}$ is generic after giving other
arbitrary coefficients. The dimension of such polynomials $h_{2}(u, v)$ or $f_{2}(x, y)$ is
$1+5+3=9$ . We omit this correspondence $/\iota(u, v)-,$ $f(x, y)$ hereafter. Until
NO. 17, $P_{1}={}^{t}(3,1)$ and $\overline{h}_{1},$ $h_{1}$ are the same as above.

2. Let $W=\%^{Z}(3,2;2)=\{P_{1}=^{\iota}(3,1), P_{2}=^{t}(3,17)\}$ . Then we have $\overline{h}_{2}(u, v)=$

$h_{1}(u, v)^{3}+e2v^{2}u^{8}$ . We see that $\deg\overline{h}_{2}(u, v)=10>9$ . Thus there is no geometric
G. A. $M$-solution in this case.

3. Let $\wp_{=}\wp(4,2;1)=\{P_{1}=^{t}(3,1), P_{2}={}^{t}(2,7)\}$ . Then $\overline{h}_{2}(u, v)=h_{1}^{2}+\xi_{2}vu^{4}$

and $\deg h_{2}(u, v)=6$ . Thus this case has a geometrical G. A. $M$-solution. A
general G. A. $M$-solution $h_{2}(u, v)$ is written as $h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}h_{0}(u, v)u^{4}+R_{2}’$

where $R_{2}’$ is a generic linear $co$ nbination of $\Re_{2}(\wp;6)’=\{u^{6}, u^{6}, h_{0}u^{5}, h_{0}^{2}u^{4}\}$ . This
corresponds to (3) of $g=4$ .

4. Let $\wp_{=}\wp(4,2;2)=\{P_{1}={}^{t}(3,1), P_{2}=^{t}(3,16)\}$ . Then $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{3}+$

$\xi_{2}vu^{8}$ and $\deg h_{2}(u, v)=9$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=$

$h_{1}(u, v)^{3}+\xi_{2}h_{0}u^{8}+R_{2}’$ and $\Re_{2}(\psi;9)’=\{u^{9}, h_{1}u^{6}\}$ . This corresponds to (4) of $g=4$ .
5. Let $\wp=\wp(4,2;3)=\{P_{1}={}^{t}(3,1), P_{f}={}^{t}(4,23)\}$ . $h_{2}(u, v)=h_{I}(u, v)^{4}+\xi_{2}v^{2}u^{11}$ .

AS $\deg\overline{h}_{2}(u, v)=13>12$ , this case has no geometric G. A. M-solution.
6. Let $c_{W=\wp(5}2;1$ ) $=\{P_{1}=^{t}(3,1), P_{2}={}^{t}(2,5)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{2}+\xi_{2}v^{2}u^{3}$

and $\deg h_{2}(u, v)=5$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{2}$

$+\xi_{2}h_{0}^{2}u^{3}+R_{2}’$ and $yl_{2}(^{c}W;6)’=\{u^{4}, u^{5}, u^{6}, h_{0}u^{4}, h_{0}u^{5}, h_{0}^{2}u^{4}\}$ . This corresponds to
(2) of $g=5$ .

7. Let $q\nu=^{c}W(5,2;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(5,29)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{5}+\xi_{2}v^{2}u^{14}$ .
AS $\deg h_{2}(u, v)=16>15$ , this case has no geometric G. A. M-solution.

8. Let $cW=\wp(6,2;1)=\{P_{1}={}^{t}(3,1), P_{2}=^{t}(2,3)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{2}+\xi_{2}u^{3}$ and
$\deg\overline{h}_{2}(u, v)=6$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{2}+$

$\xi_{2}h_{0}^{2}u^{3}+R_{2}’$ and $\Re_{2}(^{c}W;6)’=\{u^{4}, u^{5}, u^{6}, h_{0}u^{3}, h_{0}u^{4}, h_{0}u^{\overline{o}}, h_{0}^{2}u^{3}, h_{0}^{2}u^{4}\}$ . This corre-
sponds to (4) of $g=6$ .

9. Let $W=W(6,2;2)=\{P_{1}={}^{t}(3,1), P_{2}=^{t}(3,14)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{3}+\xi_{2}v^{2}u^{7}$

and $\deg h_{2}(u, v)=9$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{3}$

$+\xi_{2}h_{0}^{2}u^{7}+R_{2}’$ and $\Re_{2}(^{c}\nu;9)’=\{u^{8}, u^{9}, h_{\vec{0}}u^{7}, h_{1}u^{6}, /\tau_{1}h_{0}u^{5}\}$ . This corresponds to (6)

of $g=6$ .
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10. Let $\wp_{=}\wp(6,2;3)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(6,35)\}$ . $h_{2}(u, v)=h_{1}(u, v)^{6}+\xi_{2}v^{2}u^{17}$ .
AS $\deg h_{2}(u, v)=19>18$, this case has no geometric G. A. M-solution.

11. Let $\wp=\%’(7,2;1)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,1)\}$ . $h_{2}(u, v)=\overline{h}_{1}(u, v)^{2}+\xi_{2}vu^{2}$

and $\deg h_{2}(u, v)=3$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{2}$

$+\xi_{2}h_{0}u^{2}+R_{2}’$ and $\Re_{2}(w;6)’=\{u^{3}, u^{4}, u^{5}, u^{6}, h_{0}u^{3}, h_{0}u^{4}, h_{0}u^{5}, h_{0}^{2}u^{2}, h_{0}^{2}u^{3}, h_{0}^{2}u^{4}\}$ .
This corresponds to (3) of $g=7$ .

12. Let $(W=q\mu(7,2;2)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(3,13)\}.$ $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{3}+\xi_{2}vu^{7}$

and $\deg h_{2}(u, v)=9$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{3}$

$+\xi_{2}h_{0}u^{7}+R_{2}’$ and $\Re_{2}(q\nu;9)’=\{u^{8}, u^{9}, h_{0}u^{8}, h_{0}^{2}u^{7}, h_{1}u^{5}, h_{1}u^{6}, h_{1}h_{0}u^{5}\}$ . This corre-
sponds to (4) of $g=7$ .

13. Let $q\mu_{=}\wp(7,2;3)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(4,21)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{4}+\xi_{2}u^{11}$

and $\deg\overline{h}_{2}(u, v)=12$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{4}$

$+\xi_{2}u^{11}+R_{2}’$ and $\Re_{2}(\wp;12)’=\{u^{12}, h_{0}u^{11}, h_{1}u^{9}, h_{1}h_{0}u^{8}, h_{1}^{2}u^{6}\}$ and this corresponds
to (5) of $g=7$ .

14. Let $\tau\nu=\mathfrak{N}’(7,2;4)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(5,28)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{5}+\xi_{2}vu^{14}$

and $\deg h_{2}(u, v)=15$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{5}$

$+\xi_{2}h_{0}u^{14}+R_{2}’$ and $\Re_{2}(\wp;15)’=\{u^{15}, h_{1}u", h_{1}^{2}u^{9}, h_{1}^{3}u^{6}\}$ . This correspnds to (6) of
$g=7$ .

15. Let $c_{W=}\wp(7,2;5)=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(7,41)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{7}+\xi_{2}v^{2}u^{20}$

and as $\deg h_{2}(u, v)=22>21$ , this case has no geometric G. A. M-solution.
16. (a) Let $c_{W}=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,11)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{2}+\xi_{2}v^{2}u^{5}$ . As

$\deg h_{2}(u, v)=7>6$ , this case has no geometric G. A. $M$-solution. This proves
also the non-existence of geometric G. A. $M$-solution for $W(4,3;1),$ $\wp(5,3;1)$ ,
$cW(6,3;2),$ $\wp(7,3;2)$ .

CASE I-2. $P_{1}={}^{t}(5,3)$ . In No. 17\sim 22, $h_{1}(u, v),$ $h_{1}(u, v)$ are as in No. 17.
17. Let $W=W(4,2;4)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,19)\}$ . $h_{1}(u, v)=v^{5}+\xi_{1}u^{3},$ $h_{2}(u, v)$

$=\overline{h}_{1}(u, v)^{2}+\xi_{2}v^{3}u^{8}$ and $\deg h_{2}(u, v)=11>10$ . This there is no geometric G. A. M-
solution in this case.

18. Let $c_{W=\psi(5}2;3$) $=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,17)\}$ . $\overline{h}_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}v^{4}u^{7}$

and $\deg h_{2}(u, v)=11>10$ . Thus there is no geometric G. A. $M$-solution in this
case.

19. Let $cW=^{\wp(6},2;4$) $=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,15)\}$ . $\overline{h}_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{9}$

and $\deg h_{2}(u, v)=10$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{2}$

$+\xi_{2}u^{9}+R_{2}’$ and $\Re_{2}(q\nu;10)’=\{u^{10}, h_{\sigma}u^{9}, h_{0}^{2}u^{8}\}$ and this corresponds to (5) of $g=6$ .
20. Let $\wp_{=}\wp(6,2;5)=\{P_{1}=^{\iota}(5,3), P_{z}={}^{t}(3,29)\}$ . $\overline{h}_{2}(u, v)=\overline{h}_{1}(u, v)^{3}+\xi_{2}v^{3}u^{13}$

and $\deg h_{2}(u, v)=16>115$ . Thus there is no geometric G. A. $M$-solution in this
case.

21. Let $\wp_{=}\wp(7,2;6)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(2,13)\}$ . $\overline{[l}_{2}(\mathcal{U}, v)=\overline{h}_{1}(u, v)^{2}+\xi_{2}vu^{8}$

and $\deg h_{2}(u, v)=10$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{2}$

$+\xi_{2}h_{0}u^{8}+R_{2}’$ and $\Re_{2}(^{C}W;10)’=\{u^{9}, u", h_{0}u^{9}, h_{0}^{2}u^{8}, h_{0}^{3}u^{7}\}$ . This corresponds to (7)
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of $g=7$ .
22. Let $q\nu=9V(7,2;7)=\{P_{1}={}^{t}(5,3), P_{2}={}^{t}(3,28)\}$ . $h_{2}(u, v)=h_{1}(u, v)^{3}+\xi_{2}vu^{14}$

and $\deg h_{2}(u, v)=15$ . A generic geometric G. A. $M$-solution is $h_{2}(u, v)=h_{1}(u, v)^{3}$

$+\xi_{2}h_{0}u^{14}+R_{2}’$ and $\Re_{2}9V;15)’=\{u^{15}, h_{1}u^{10}\}$ , corresponding to (8) of $g=7$ .
CASE I-3. $P_{1}={}^{t}(7,5)$ .
23. Let $\wp=\wp(6,2;6)=\{P_{1}={}^{t}(7,5), P_{2}={}^{t}(2,27)\}$ . $h_{1}(u, v)=v^{7}+\xi_{1}u^{5}$ and

$h_{2}(u, v)=\overline{h}_{1}(u, v)^{2}+\xi_{2}v^{4}u^{11}$ and $\deg h_{2}(u, v)=15>14$ . Thus there is no geometric
G. A. $M$-solution in this case.

24. Let $\varphi\nearrow=\wp(7,2;8)=\{P_{1}={}^{t}(7,5), P_{2}={}^{t}(2,25)\}$ . $h_{1}$ is as above and $h_{2}(u, v)$

$=h_{1}(u, v)^{2}+\xi_{2}v^{5}u^{10}$ and $\deg\overline{h}_{2}(u, v)=15>14$ . Thus there is no geometric G. A. M-
solution in this case.

CASE I-4. $P_{1}={}^{t}(4,1)$ .
25. Let $c_{W}=\wp(6,2;7)=\{P_{1}={}^{t}(4,1), P_{2}={}^{t}(2,23)\}$ . $h_{1}(u, v)=v^{4}+\xi_{1}u$ and

$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}v^{3}u^{7}$ . AS $\deg h_{2}(u, v)=10>8$, there is no geometric G. A. M-
solution in this case.

26. Let $W=q\mu(7,2;9)=\{P_{1}={}^{t}(4,1), P_{2}=^{t}(2,21)\}$ . $h_{1}(u, v)$ is as above and
$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}h_{0}u^{7}+tu^{8}$ and $\Re_{2}(\wp;8)’=\{u^{8}\}$ , corresponding to (9) of
$g=7$ .

CASE II. $k=3$ . NOW we consider the existence of geometric G. A. M-solu-
tions for $k=3$ . We have shown in No. 16 that $\wp(4,3;1),$ $\wp(5,3;1),$ $\wp(6,3;2)$

and $q\mu(7,3;2)$ have no geometric G. A. $M$-solutions. By No. 2, $\wp(6,3;3)$ and
$\wp(7,3;3)$ do not have geometric G. A. $M$-solutions. So we have to consider
only the existence of $q\mu(6,3;1)$ and $W(7,3;1)$ . By Theorem (1.6), the third
characteristic Tschirnhausen polynomial $h_{3}(u, v)$ is determined as $h_{3}(u, v)=$

$h_{2}(u, v)^{a_{3}}+\xi_{3}h_{1}(u, v)^{\nu_{1}}v^{v_{0}}u^{\mu}$ where

(3.3) $v_{1}m_{2}(h_{1})+\nu_{0}m_{2}(h_{0})+\mu m_{2}(u)=a_{3}m_{2}(h_{2})+b_{3}$ , $v_{1}<a_{2},$ $v_{0}<a_{1}$

(3.4) $m_{2}(u)=a_{1}a_{2},$ $m_{2}(h_{0})=a_{2}b_{1},$ $m_{2}(h_{1})=a_{2}a_{1}b_{1}+b_{2},$ $m_{2}(h_{2})=a_{1}b_{1}a_{2}^{2}+a_{2}b_{2}$

When the characteristic Tschirnhausen polynomial satisfies $\deg\overline{h}_{3}(u, v)=a_{1}a_{2}a_{3}$ ,
the moduli space $\Re_{3}(q\nu)’$ is defined by $\Re_{3}(\wp;A_{3})’=\{h_{2}^{\nu_{2}}h_{1}^{\nu_{1}}h_{0}^{\nu_{0}}u^{\mu}$ ; $v_{2}<a_{3}-1,$ $v_{1}<a_{2}$ ,
$v_{0}<a_{1},$ $(\star)\}$ where

$(\star)a_{3}(\nu_{2}m_{2}(h_{2})+v_{1}m_{2}(h_{1})+v_{0}m_{2}(h_{0})+\mu m_{2}(u))+b_{3}v_{2}>a_{3}^{2}m_{2}(h_{2})+a_{s}b_{3}$

27. Let $\wp=\wp(6,3;1)=\{P_{1}=^{t}(3,1), P_{2}={}^{t}(2,9), P_{s}={}^{t}(2,11)\}$ . Then $h_{1}(u, v)$

$=v^{3}-\xi_{1}u$ and $h_{2}(u, v)=h_{1}^{2}+\xi_{2}u^{6}$ as we have seen in No. 1. (3.3) reduces to
$15v_{1}+2v_{0}+6\mu=71$ and thus we have

$h_{3}=h_{2}^{2}+\xi_{3}\overline{h}_{1}(u, v)vu^{9}$ , $\deg\overline{h}_{3}(u, v)=13>12$ .
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Tbus there is no geometric G. A. $M$-solution in this case.
28. Let $w=^{\wp(7},3;1$ ) $=\{P_{1}={}^{t}(3,1), P_{2}={}^{t}(2,9), P_{3}={}^{t}(2,9)\}$ . Then $\overline{h}_{1},\overline{h}_{2}$ are

as in No. 27 and (3.3) reduces to: $15v_{1}+2v_{0}+6\mu=69$ .
$h_{3}(u, v)=h_{2}(u, v)^{2}+\xi_{3}h_{1}(u, v)u^{9}$ , $\deg h_{3}(u, v)=12$ .

Thus $\Re_{3}(\wp)=\{h_{1}^{1}h_{0}^{\nu_{0}}u^{\mu} ; 15v_{1}+2v_{0}+6\mu\geqq 69, \nu_{1}<2, \nu_{0}<3\}$ . Therefore $\Re_{3}(\wp;12)’$

$=\{u$” $\}$ and a generic geometric G. A. $M$-solution is given by $h_{3}(u, v)=h_{2}(u, v)^{2}$

$+\xi_{3}h_{1}(u, v)u^{9}+tu^{12}$ where $h_{1}(u, v)$ and $h_{2}(u, v)$ are as in No. 1. This completes
the proof of the Main Theorem (1.9).

APPENDIX. Let $W=\{P_{1}, \cdots , P_{k}\},$ $P_{i}={}^{t}(a_{i}, b_{i})$ , be a given weight sequence and
assume that $g_{k}(\wp;A_{1,\iota})\neq\emptyset$ . Then $u^{A_{1.k}}\in\Re_{k}(9\nu ; A_{1,k})$ .

PROOF. Let $h(u, v)\in 9_{k}(\varphi\nearrow;A_{1,k})$ and let $h_{i}(u, v)$ be the respective Tschirn-
hausen approximate polynomials as before. Let $\mathscr{M}_{j}(9\nu)=h_{j-}^{\nu_{j\frac{j}{2}2}^{()}}\cdots h_{0}^{\nu_{0}^{(j)}}u^{\mu^{(j)}}$ be the
characteristic monomials. By the assumption, we have

(3.5) $\nu_{j-2}^{(f)}m_{j-1}(h_{f-2})+\cdots+v_{0}^{(j)}m_{j-1}(h_{0})+\mu^{(j)}m_{j-1}(u)=a_{j}m_{j-1}(h_{j-1})+b_{j}$

(3.6) $\deg_{(u.v)}\mathscr{M}_{j}(\wp)=v_{j-2}^{(j)}A_{1.j-2}+\cdots+\nu_{0}^{(j)}A_{1,0}+\mu^{(j)}\leqq A_{1,j}$

where $A_{1.0}=1$ . We will show that

(3.7) $m_{j-1}(h_{i})<A_{1.i}A_{1.j-1}$ , $J\geqq i+2$ .
Assuming this for a moment, we consider the monomial $M:=u^{\nu_{f-2^{A}1.j-2^{+\cdots+}}^{(j)}}$

$\nu_{0}^{(j)}A_{1.0}+\mu^{(j)}$ Then $\deg_{(u,v)}M=\Sigma_{l=0}^{j-2}v_{l}^{(j)}A_{1.l}+\mu^{(j)}=\deg_{tu.v)}\mathscr{M}_{j}(\wp)\leqq A_{1,j}$ and by (3.7)

we have

$(v_{j-2}^{(j)}A_{1.j-2}+ -- +v_{0}^{(j)}A_{1.0}+\mu^{(j)})m_{j-1}(u)$

$=(v_{j-2}^{(j)}A_{1.j-2}+\cdots+v_{0}^{(j)}A_{1.0}+\mu^{(j)})A_{1.j-1}$

$\geqq\sum_{i=0}^{j-2}v_{i}^{(j)}m_{j-1}(h_{i})+\mu^{(j)}A_{1.j-1}$

$=m_{j-1}(\mathscr{M}(W))=a_{j}m_{j-1}(h_{f-1})+b_{j}$ .
This implies that $M\in\Re_{j}(9\nu;A_{1.f})$ . Therefore $u^{A_{1.j}}\in\Re_{j(\wp}$ ; $A_{1.j}$) by (3.6).

PROOF OF (3.7). We now show (3.7) by the induction on $i$ . As $m_{1}(h_{0})=b_{1}<a_{1}$

and $m_{j-1}(h_{0})=A_{2,j-1}b_{1}<A_{1.f-1}$ , the assertion is true for $i=0$ . Assume (3.7) for
$i<\alpha$ . Then for any $j\geqq\alpha+2$ ,

$m_{j-1}(h_{\alpha})=A_{\alpha+2.j-1}(a_{\alpha+1}m_{a}(h_{a})+b_{a+1})$ by (c)

$=A_{a+2,j-1(\sum_{l=0}^{a-1}\nu_{l}^{(\alpha+1)}m_{\alpha}(h_{\iota})+\mu^{(\alpha+1)}m_{a}(u))}$ by (3.5)
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$\leqq A_{\alpha+2,j-1(\sum_{l=0}^{a-1}v_{l}^{(a+1)}A_{1.l}A_{1.\alpha}+\mu^{(a+1)}A_{1.\alpha)}}$ by induction’s assumption

$\leqq A_{a+2.j-1}A_{1.a}A_{1.a+1}=A_{1.f-1}A_{1.\alpha}$ .

Here $A_{\alpha+2,\alpha-1}=1$ by definition. This completes the proof.

Appendix by Yuji NAKAZAWA

In this appendix, we give the list of the classification for the cases 8$g$l6
and the examples of $f(x, y)$ . We omit the proof as the method is essentially
same as them of $3\leqq g\leqq 7$ . (The classification for $g\geqq 17$ can be computed in the
similar way.)

We consider a smooth affine curve $C^{a}=\{f(x, y)=0\}\subset C^{2}$ of degree $n$ with
one place at infinity, say at $\rho=(1 ; 0;0)$ and let $g$ be the genus of the smooth
compactification of $C^{a}$ . By the assumption, $f(x, y)$ is written as

(1.1) $f(x, y)=(y^{a_{1}}+\xi_{1}x^{c_{1}})^{A_{2}}+$ ($1ower$ terms), $\xi_{1}\in C^{*},$ $c_{1}<a_{1},$ $n=a_{1}A_{2}$

where $a_{1},$ $c_{1},$ $A_{2}$ are integers and $gcd(a_{1}, c_{1})=1$ . We say $C^{a}=\{f(x, y)=0\}$ is
minimal if $c_{1}\geqq 2$ . If $c_{1}=1$ , we can take the change of affine coordinates: $x’=$

$y^{a_{1}}+\xi_{1}x$ , $y’=y$ so that the degree of $\deg f’(x’, y’):=f(\xi_{1}^{-1}(x’-y^{\prime a_{1}}), y’)$ is
strictly less than $n$ .

The homogeneous polynomial $F(X, Y, Z):=f(X/Z, Y/Z)Z^{n}$ defines projec-
tive curve $C$ in $P^{2}$ and $F(X, Y, Z)$ is written as

$F(X, Y, Z)=(Y^{a_{1}}+\xi_{1}X^{c_{1}}Z^{b_{1}})^{A_{2}}+$ ($lower$ terms), $b_{1}=a_{1}-c_{1},$ $n=a_{1}A_{2}$

In the affine space $U_{0}$ $:=P^{2}-\{X=0\}$ with the affine coordinates $u=Z/X,$ $v=Y/X$,
$C\cap U_{0}$ is defined by $\{(u, v)\in C^{2} ; h(u, v)=0\}$ where

$h(u, v):=F(1, v, u)=u^{n}f(u^{-1}, vu^{-1})$

(1.2)
$f(x, y)=F(x, y, 1)=x^{n}h(x^{-1}, yx^{-1})$

and $\rho$ corresponds to the origin in this coordinates $U_{0}$ . Note that

(1.1) $h(u, v)=(v^{a_{1}}+\xi_{1}u^{b_{1}})^{A_{2}}+$ ($higher$ terms).

Observe that $h(u, v)$ is a monic polynomial of degree $n$ in $v$ and the degree of
$h(u, v)$ is also $n$ . We call $h(u, v)$ the polynomial at infinity of $f(x, y)$ . The
determination of $f(x, y)$ is thus equivalent to that of $h(u, v)$ .

THEOREM. Let $C^{\alpha}=\{f(x, y)=0\}$ be a minimal smooth affine curve with one
place at infinity, say $\rho=[1;0;0]$ , of genus $g=8,$ $\cdots$ , 16. Then the corresponding
weight sequence to the Polynomial at infinity $h(u, v)$ of $f(x, y)$ is one of the
following.
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We can calculate the polynomial $h(u, v)$ for the case $g\geqq 9$ as $g=8$ . In the list,
$\xi_{i}\in C^{*}$ and $h_{0}(u, v)=v+tu$ with $t\in C$ . The coefficients in $R_{1}’,$ $R_{2}’,$ $R_{3}’,$ $R_{4}’$ are
genencally chosen so that the corresponding affine curve is smooth.
$g=8$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(17,15)$ . $h(u, v)=h_{1}(u, v)=h_{0}^{17}+\xi_{1}u^{15}+R_{1}’(u, v),$ $\dim R_{1}’=$

$25$ and $\Re_{1}(\%^{J}$ ; 17$)’=$ { $h_{0}^{a}u^{b}$ ; a+b$ 17, $17b+15a>255,$ $a<16$}. An example of
$f(x, y)$ is given by $f(x, y)=y^{17}+\xi_{1}x^{2}+c$ . (The coefficient $c$ is genencally chosen
so that the affine curve $C^{a}=\{f(x, y)=0\}$ is smooth.)

(2) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}={}^{t}(2,11)$ . $h_{1}(u, v)=h_{0}(u, v)^{5}+\xi_{1}u^{3}+R_{1}’(u, v)$ ,
$h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{7}v^{2}+R_{2}’(u, v)$ , $\dim R_{1}’=7$ , $\Re_{1}(\wp;5)’=\{u^{4},$ $u^{5},$ $h_{0}u^{3},$ $h_{0}u^{4}$ ,
$h_{0}^{2}u^{2},$ $h_{0}^{2}u^{3},$ $h_{0}^{3}u^{2}\},$ $\dim R_{2}’=7$ and $X_{2}(\%^{f}$ ; 10$)’=\{u^{9}, u^{10}, h_{0}u^{8}, h_{0}u^{9}, h_{0}^{2}u^{8}, h_{0}^{3}u^{7}, h_{0}^{4}u^{6}\}$ .
An example is given by $f(x, y)=(y^{5}+\xi_{1}x^{2})^{2}+\xi_{2}xy^{2}+c$ .
$g=9$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(19,17)$ . An example is $f(x, y)=y^{19}+\xi_{1}x^{2}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(10,7)$ . An example is $f(x, y)=y^{10}+\xi_{1}x^{3}+c$ .
(3) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(7,3)$ . An example is $f(x, y)=y^{7}+\xi_{1}x^{4}+c$ .
(4) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(3,11)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{3}+$

$\xi_{2}xy^{2}+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(3,1),$ $P_{2}=^{\iota}(5,27)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{5}+$

$\xi_{2}x+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(5,3),$ $P_{2}={}^{t}(2,9)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{3}+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}={}^{t}(3,26)$ . An example is $f(x, y)=(y^{b}+\xi_{1}x^{2})^{3}+$

$\xi_{2}y^{2}+c$ .
(8) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(2,17)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{3})^{2}+$

$\xi_{2}xy+c$ .
(9) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}={}^{t}(2,21)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x+c$ .
(10) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,2),$ $P_{2}=^{t}(2,27)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{3})^{2}+$

$\xi_{2}y+c$ .
(11) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}={}^{t}(2,9),$ $P_{3}=^{t}(2,5),$ $h_{1}(u, v)=h_{0}(u, v)^{3}+\xi_{1}u+R_{1}’$ ,

$\dim R_{1}’=4,$ $\Re_{1}(\wp;3)’=\{u^{2}, u^{3}, h_{0}u, h_{0}u^{2}\},$ $h_{2}(u, v)=h_{1}(u, v)^{2}+\xi_{2}u^{6}+R_{2}’,$ $\dim R_{2}’=$

$2$ , $\Re_{2}(^{c}u\nearrow;6)’=\{u^{\epsilon}, h_{0}u^{5}\}$ , $h(u, v)=h_{3}(u, v)=h_{2}(u, v)^{2}+\xi_{s}h_{1}(u, v)h_{0}u^{8}+R_{3}’(u, v)$ ,
$\dim R_{3}’=4$ and $\Re_{3}(9\nu;12)=\{u", u^{12}, h_{0}u", h_{1}(u, v)u^{9}\}$ . An example of $f(x, y)$ is
given by $f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)^{2}+\xi_{3}f_{1}(x, y)y+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
$g=10$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(21,19)$ . An example is $f(x, y)=y^{21}+\xi_{1}x^{2}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(11,8)$ . An example is $f(x, y)=y^{11}+\xi_{1}x^{3}+c$ .
(3) $\rho_{\infty}(C)=1,$ $P_{1}=^{\iota}(6,1)$ . An example is $f(x, y)=y^{6}+\xi_{1}x^{5}+c$ .
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(4) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(3,10)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{3}+$

$\xi_{2}x^{2}y+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(4,19)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{4}+$

$\xi_{2}xy+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{t}(7,40)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{7}+$

$\xi_{2}y+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}={}^{t}(2,7)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{2})^{l}+$

$\xi_{2}xy^{4}+c$ .
(8) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}={}^{t}(3,25)$ . An example is $f(x, y)=(y^{6}+\xi_{1}x^{2})^{3}+$

$\xi_{2}x+c$ .
(9) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(2,15)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{S})^{2}+$

$\xi_{2}y^{3}+c$ .
(10) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}=^{t}(2,19)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy+c$ .
(11) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}={}^{t}(3,40)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{S}+$

$\xi_{2}y+c$ .
(12) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(5,2),$ $P_{2}=^{t}(2,25)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{3})^{2}+$

$\xi_{2}x+c$ .
(13) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,7),$ $P_{s}=^{t}(2,15)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{2}+\xi,f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(14) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,9),$ $P_{3}={}^{t}(2,3)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)^{2}+\xi_{s}f_{1}(x, y)x+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
$g=11$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(23,21)$ . An example is $f(x, y)=y^{23}+\xi_{1}x^{2}+c$ .
(2) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{l}(5,26)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{6}+$

$\xi_{2}y^{2}+c$ .
(3) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}=^{t}(2,5)$ . An example is $f(x, y)=(y^{6}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x^{3}+c$ .
(4) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(2,13)$ . An example is $f(x, y)=(y+\xi_{1}x^{3})^{2}+$

$e_{2}x^{2}y+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}=^{\iota}(2,17)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{2}+c$ .
(6) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{\iota}(2,9),$ $P_{s}=^{t}(2,1)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)^{2}+\xi_{3}f_{1}(x, y)y^{t}+c,$ $f_{1}(x, y)=y^{s}+\xi_{1}x^{2}$ .
$g=12$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(7,2)$ . An example is $f(x, y)=y^{7}+\xi_{1}x^{5}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(9,5)$ . An example is $f(x, y)=y^{9}+\xi_{1}x^{4}+c$ .
(3) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(13,10)$ . An example is $f(x, y)=y^{1S}+\xi_{1}x^{3}+c$ .
(4) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(25,23)$ . An example is $f(x, y)=y^{25}+\xi_{1}x^{2}+c$ .
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(5) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(3,8)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{3}+$

$\xi_{2}x^{2}y^{2}+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}=^{t}(2,3)$ . An example is $f(x, y)=(y^{\overline{0}}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x^{3}y+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(5,3),$ $P_{2}=^{t}(3,23)$ . An example is $f(x, y)=(y^{8}+\xi_{\iota}x^{g})^{3}+$

$\xi_{2}xy+c$ .
(8) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}=^{\iota}(5,48)$. An example is $f(x, y)=(y^{6}+\xi_{1}x^{2})^{6}+$

$\xi_{2}y+c$ .
(9) $\rho_{\infty}(C)=2,$ $P_{1}=^{c}(4,1),$ $P_{2}=^{t}(2,11)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{3})^{2}+$

$\xi_{2}xy^{\}+c$ .
(10) $p_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(3,32)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x’)’+$

$\xi_{2}x+c$ .
(11) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}=^{t}(2,15)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{g})^{2}+$

$\xi_{2}xy^{3}+c$ .
(12) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(7,5),$ $P_{2}=^{\iota}(3,38)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{3}+$

$\xi_{2}y^{2}+c$ .
(13) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(5,2),$ $P_{g}=\ell(2,21)$ . An example is $f(x, y)=(y^{6}+\xi_{1}x^{S})^{2}+$

$\xi_{\mathfrak{g}}y+c$ .
(14) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(9,7),$ $P_{2}=^{t}(2,27)$ . An example is $f(x, y)=(y^{9}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x+c$ .
(15) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,7),$ $P_{3}=^{t}(2,11)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{2}+\xi_{s}f_{1}(x, y)y+c,$ $f_{1}(x, y)=y^{s}+\xi_{1}x^{2}$ .
(16) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}=^{\iota}(3,16),$ $P_{3}=^{t}(2,3)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{3}+\xi_{2}y)^{2}+\xi_{3}x+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(17) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}={}^{t}(2,9),$ $P_{3}=^{\iota}(3,14)$ . An example is given by

$f(x, y)=(f_{\iota}(x, y)^{2}+\xi_{2}x)^{3}+\xi_{3}y+c,$ $f_{1}(x, y)=y^{3}+\xi_{\iota^{X^{2}}}$ .
$g=13$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(14,11)$ . An example is $f(x, y)=y^{14}+\xi_{1}x^{3}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}=^{\iota}(27,25)$ . An example is $f(x, y)=y^{27}+\xi_{1}x^{2}+c$ .
(3) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(3,7)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{s}+$

$\xi_{2}x^{3}y+c$ .
(4) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(4,17)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{4}+$

$\xi_{2}xy^{2}+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(7,39)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{l})^{7}+$

$\xi_{2}x+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{\iota}(9,52)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{9}+$

$\xi_{2}y+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}=^{\iota}(2,1)$ . An example is $f(x, y)=(y^{6}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x^{3}y^{2}+c$ .
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(8) $p_{\infty}(C)=2,$ $P_{1}=^{\iota}(5,3),$ $P_{2}=^{t}(3,22)$ . An examPle is $f(x, y)=(y^{\mathfrak{H}}+\xi_{1}x^{2})^{3}+$

$\xi_{2}y^{4}+c$ .
(9) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(4,1),$ $P_{2}=^{t}(2,9)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{3})^{2}+$

$\xi_{2}x^{3}y+c$ .
(10) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(7,5),$ $P_{2}={}^{t}(2,13)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{4}+c$ .
(11) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,2),$ $P_{2}={}^{t}(2,19)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{3})^{2}+$

$\xi_{2}xy^{2}+c$ .
(12) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(9,7),$ $P_{2}={}^{t}(2,25)$ . An example is $f(x, y)=(y^{9}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy+c$ .
(13) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(9,7),$ $P_{2}={}^{t}(3,52)$ . An example is $f(x, y)=(y^{9}+\xi_{1}x^{2})^{S}+$

$\xi_{2}y+c$ .
(14) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,4),$ $P_{2}={}^{t}(2,39)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{3})^{2}+$

$\xi_{2}y+c$ .
(15) $\rho_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,5),$ $P_{3}=^{t}(2,21)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy^{2})^{2}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(16) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{z^{-t}}(2,7),$ $P_{3}=^{t}(2,9)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{2}+\xi_{S}f_{1}(x, y)x+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(17) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}=^{c}(3,16),$ $P_{3}={}^{t}(2,1)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{3}+\xi_{2}y)^{2}+\xi_{3}f_{1}(x, y)x+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(18) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}=^{t}(3,16),$ $P_{3}=^{t}(3,16)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{3}+\xi_{2}y)^{3}+\xi_{s}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{\iota^{X^{2}}}$ .
$g=14$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}=^{\iota}(8,3)$ . An example is $f(x, y)=y^{8}+\xi_{1}x^{6}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}=^{\iota}(29,27)$ . An example is $f(x, y)=y^{29}+\xi_{1}x^{2}+c$ .
(3) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}=^{t}(4,35)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{2})^{4}+$

$\xi_{2}x+c$ .
(4) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(2,7)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{8})^{2}+$

$\xi_{2}x^{2}y^{s}+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(7,5),$ $P_{2}=^{t}(2,11)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{5}+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(5,2),$ $P_{2}=^{\iota}(2,17)$ . An example is $f(x, y)=(y^{\epsilon}+\xi_{1}x^{3})^{2}+$

$e_{2}x^{2}y+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(9,7),$ $P_{2}=^{t}(2,23)$ . An example is $f(x, y)=(y+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{2}+c$ .
(8) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,1),$ $P_{2}=^{t}(2,35)$ . An example is $f(x, y)=(y^{\epsilon}+\xi_{1}x^{4})^{2}+$

$\xi_{2}x+c$ .
(9) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,7),$ $P_{s}=^{\iota}(2,7)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{2}+\xi_{s}f_{1}(x, y)y^{2}+c,$ $\beta_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
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(10) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(5,3),$ $P_{2}=^{t}(2,15),$ $P_{3}=^{t}(2,15)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{g}+\xi_{2}x)^{2}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{6}+\xi_{1}x^{2}$ .
$g=15$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(7,1)$ . An example is $f(x, y)=y^{7}+\xi_{1}x^{6}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(11,7)$ . An example is $f(x, y)=y^{11}+\xi_{1}x^{4}+c$ .
(3) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(16,13)$ . An example is $f(x, y)=y^{16}+\xi_{1}x^{3}+c$ .
(4) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(31,29)$ . An example is $f(x, y)=y^{31}+\xi_{1}x^{2}+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(3,5)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{3}+$

$\xi_{2}x^{3}y^{2}+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(5,24)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{g})^{6}+$

$\xi_{2}x^{2}+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{t}(8,45)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{l})^{8}+$

$\xi_{2}x+c$ .
(8) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}=^{t}(3,20)$ . An example is $f(x, y)=(y^{6}+\xi_{1}x^{2})^{3}+$

$\xi_{2}x^{2}+c$ .
(9) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(2,5)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{S})^{2}+$

$e_{2}x^{4}y+c$ .
(10) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(4,1),$ $P_{2}=^{t}(3,29)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{S})^{s}+$

$\xi_{g}xy+c$ .
(11) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(4,45)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{3})^{4}+$

$\xi_{2}y+c$ .
(12) $\rho_{\infty}(C)=2,$ $P_{1}=(7,5),$ $P_{2}={}^{t}(2,9)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{6}+c$ .
(13) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}=^{\iota}(3,35)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{S}+$

$\xi_{2}x+c$ .
(14) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,2),$ $P_{2}=^{\iota}(2,15)$ . An example is $f(x, y)=(y^{6}+\xi_{1}x^{3})^{2}+$

$\xi_{2}x^{3}+c$ .
(15) $p_{\infty}(C)=2,$ $P_{1}=^{\iota}(9,7),$ $P_{2}=^{t}(2,21)$ . An example is $f(x, y)=(y^{9}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy^{3}+c$ .
(16) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(9,7),$ $P_{2}=^{t}(3,50)$ . An example is $f(x, y)=(y^{9}+\xi_{1}x^{2})^{S}+$

$\xi_{l}y^{2}+c$ .
(17) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(11,9),$ $P_{2}=^{t}(2,33)$ . An example is $f(x, y)=(y^{11}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x+c$ .
(18) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,4),$ $P_{2}=^{t}(2,35)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{S})^{g}+$

$e_{2}x+C$ .
(19) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(8,5),$ $P_{2}=^{t}(2,45)$ . An example is $f(x, y)=(y^{8}+\xi_{1}x^{3})^{2}+$

$\xi_{2}y+c$ .
(20) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}=^{t}(2,5),$ $P_{s}=^{\iota}(2,17)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy^{2})^{2}+\xi_{3}f_{1}(x, y)y+c,$ $f_{1}(x, y)=y^{s}+\xi_{1}x^{2}$ .
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(21) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}={}^{t}(2,7),$ $P_{3}=^{t}(2,5)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{2}+\xi_{3}f_{1}(x, y)xy+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .

(22) $\rho_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,7),$ $P_{3}=^{t}(3,26)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{3}+\xi_{3}y+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .

(23) $\rho_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{t}(2,9),$ $P_{3}=^{t}(3,11)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)^{3}+\xi_{3}f_{1}(x, y)y+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .

(24) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(4,21),$ $P_{3}={}^{t}(2,21)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{4}+\xi_{t}x)^{2}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .

(25) $p_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{t}(2,9),$ $P_{3}=^{\iota}(4,21)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)^{4}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .

(26) $p_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{t}(3,16),$ $P_{3}={}^{t}(3,14)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{3}+\xi_{2}y)^{3}+\xi_{3}f_{1}(x, y)^{2}+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .

(27) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{\iota}(2,21),$ $P_{3}={}^{t}(2,9)$ . An example is given by
$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}y)^{2}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{4}+\xi_{1}x^{3}$ .

(28) $\rho_{\infty}(C)=4,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,9),$ $P_{3}={}^{t}(2,9),$ $P_{4}=^{t}(2,9),$ $h_{1}$ and $h_{2}$ are as
(11) of $g=9,$ $h_{3}(u, v)=h_{2}(u, v)^{2}+\xi_{3}h_{1}(u, v)u^{9}+R_{3}’(u, v),$ $\dim R_{3}’=1$ and $\Re_{3}(9\nu;12)’$

$=\{u$” $\}$ , $h_{4}(u, v)=h_{3}(u, v)^{2}+\xi_{4}h_{2}(u, v)u^{18}+R_{4}’(u, v),$ $\dim R_{4}’=1$ and $\Re_{4}(\wp;24)’=$

$\{u^{24}\}$ . An example is given by $f(x, y)=f_{3}(x, y)^{2}+\xi_{4}f_{2}(x, y)+c,$ $f_{1}=y^{3}+\xi_{1}x^{g}$,
$f_{2}=f_{1}^{2}+\xi_{2}x,$ $f_{3}=f_{2}^{2}+\xi_{3}f_{1}$ .
$g=16$ :

(1) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(9,4)$ . An examPle is $f(x, y)=y^{9}+\xi_{1}x^{5}+c$ .
(2) $\rho_{\infty}(C)=1,$ $P_{1}={}^{t}(17,14)$ . An example is $f(x, y)=y^{17}+\xi_{1}x^{3}+c$ .
(3) $\rho_{\infty}(C)=1,$ $P_{1}=^{t}(33,31)$ . An example is $f(x, y)=y^{33}+\xi_{1}x^{2}+c$ .
(4) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(3,4)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{3}+$

$\xi_{2}x^{4}y+c$ .
(5) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(4,15)$ . An example is $f(x, y)=(y^{\theta}+\xi_{1}x^{2})^{4}+$

$\xi_{2}x^{3}+c$ .
(6) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(6,31)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{6}+$

$\xi_{2}xy+c$ .
(7) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(7,38)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{7}+$

$\xi_{2}y^{2}+c$ .
(8) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{t}(11,64)$ . An example is $f(x, y)=(y^{3}+\xi_{1}x^{2})^{11}+$

$\xi_{2}y+c$ .
(9) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(5,3),$ $P_{2}={}^{t}(3,19)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{2})^{S}+$

$\xi_{2}xy^{3}+c$ .
(10) $p_{\infty}(C)=2,$ $P_{1}=^{t}(5,3),$ $P_{2}=^{t}(5,46)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{2})^{5}+$

$\xi_{2}y^{2}+c$ .
(11) $\rho_{\infty}(C)=2,$ $P_{1}={}^{t}(4,1),$ $P_{2}=^{t}(2,3)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{3})^{2}+$

$\xi_{2}x^{3}y^{3}+c$ .
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(12) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(4,1),$ $P_{2}=^{t}(3,28)$ . An example is $f(x, y)=(y^{4}+\xi_{1}x^{3})^{3}+$

$\xi_{2}x^{2}+c$ .
(13) $\rho_{\infty}(C)=2,$ $P_{1}=^{\iota}(7,5),$ $P_{2}={}^{t}(2,7)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{2}+$

$\xi_{2}x^{3}+c$ .
(14) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,5),$ $P_{2}=^{t}(3,34)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{2})^{3}+$

$\xi_{2}y^{4}+c$ .
(15) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,2),$ $P_{2}=^{t}(2,13)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{3})^{2}+$

$\xi_{2}xy^{4}+c$ .
(16) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,2),$ $P_{2}=^{t}(3,40)$ . An example is $f(x, y)=(y^{\overline{o}}+\xi_{1}x^{3})^{3}+$

$\xi_{2}x+c$ .
(17) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(9,7),$ $P_{2}={}^{t}(2,19)$ . An example is $f(x, y)=(y^{9}+e2x^{2})^{2}+$

$\xi_{2}xy^{4}+c$ .
(18) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(11,9),$ $P_{2}=^{t}(2,31)$ . An example \’is $f(x, y)=(y^{11}+\xi_{1}x^{2})^{2}+$

$\xi_{2}xy+c$ .
(19) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(11,9),$ $P_{2}={}^{t}(3,64)$ . An example is $f(x, y)=(y^{11}+\xi_{1}x^{2})^{3}+$

$\xi_{2}y+c$ .
(20) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(5,1),$ $P_{2}=^{t}(2,31)$ . An example is $f(x, y)=(y^{5}+\xi_{1}x^{4})^{2}+$

$\xi_{1}xy+c$ .
(21) $\rho_{\infty}(C)=2,$ $P_{1}=^{t}(7,4),$ $P_{2}=^{t}(2,33)$ . An example is $f(x, y)=(y^{7}+\xi_{1}x^{3})^{2}+$

$\xi_{2}y^{3}+c$ .
(22) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,3),$ $P_{3}={}^{t}(2,27)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x^{3})^{2}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(23) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}={}^{t}(2,5),$ $P_{3}=^{\iota}(2,15)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{1}+\xi_{2}xy^{2})^{2}+\xi_{3}f_{1}(x, y)x+c,$ $f_{1}(x, y)=y^{9}+\xi_{1}x^{2}$ .
(24) $\rho_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}={}^{t}(2,7),$ $P_{3}={}^{t}(2,3)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}xy)^{2}+\xi_{3}f_{1}(x, y)x^{2}+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(25) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}={}^{t}(3,13),$ $P_{3}=^{\iota}(2,25)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{3}+\xi_{2}xy)^{2}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(26) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(3,1),$ $P_{2}=^{\iota}(3,14),$ $P_{3}={}^{t}(2,15)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{3}+\xi_{2}y^{2})^{2}+\xi_{3}x+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(27) $\rho_{\infty}(C)=3,$ $P_{1}={}^{t}(3,1),$ $P_{2}=^{\iota}(2,7),$ $P_{3}=^{\iota}(3,25)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{1}xy)^{3}+\xi_{3}f_{1}(x, y)+c,$ $f_{1}(x, y)=y^{s}+\xi_{1}x^{2}$ .
(28) $\rho_{\infty}(C)=3,$ $P_{1}=^{t}(3,1),$ $P_{2}=^{t}(2,9)^{\eta}P_{3}=^{t}(3,10)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)+\xi_{3}y^{2}+c,$ $f_{1}(x, y)=y^{3}+\xi_{1}x^{2}$ .
(29) $\rho_{\infty}(C)=3,$ $P_{1}=^{\iota}(5,3),$ $P_{2}=^{t}(2,15),$ $P_{3}=^{\iota}(2,11)$ . An example is given by

$f(x, y)=(f_{1}(x, y)^{2}+\xi_{2}x)^{2}+\xi_{3}f_{1}(x, y)y+c,$ $f_{1}(x, y)=y^{5}+\xi_{1}x^{2}$ .
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