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Introduction.

Let $W$ be the space of continuous functions $W$ defined in $R$ and vanishing
at the origin. Let $P$ be the Wiener measure on $W$ namely, the probability
measure on $W$ such that $\{W(t), t\geqq 0, P\}$ and $\{W(-t), t\geqq 0, P\}$ are independent
one-dimensional Brownian motions. Let $\Omega=C[0, \infty)$ and denote by $\omega(i)$ the
value of a function $\omega(\in\Omega)$ at time $t$ . Given a sample function $W(\in W)$ and
a nonnegative constant $\kappa$ we consider a probability measure $P_{W}^{x}$ on $\Omega$ such that
{ $\omega(t)$ , tlllO, $P_{W}^{x}$ } is a diffusion process with generator

(1) $\mathcal{L}_{W}=\frac{1}{2}e^{W_{K}(x)}\frac{d}{dx}(e^{-W_{\kappa^{(x)_{\frac{d}{dx})=\frac{dx}{m_{W}(dx)}\cdot\frac{dx}{dS_{W}(x)}}}}}$

starting from $x$ , where

(2) $W_{\kappa}(x)=W(x)- \frac{1}{2}\kappa x$ ,

(3) $S_{W}(x)= \int_{0}^{x}e^{W_{\kappa}(y)}dy$ , $m_{W}(dx)=2e^{-W_{K}(x)}dx$ .

It is well-known that a version of $\{\omega(t), t_{=}O, P_{W}^{x}\}$ can be constructed from a
Brownian motion by a scale-change and a time-change. When $W$ is considered
random, $\{\omega(t), t\geqq 0\}$ is regarded as a process defined on the probability space
$(W\cross\Omega, 9^{x})$ where $9^{x}(dWd\omega)_{-}P(dW)P_{W}^{x}(d\omega)$ . We thus have a process $X^{x}=$

$\{\omega(t), t\geqq 0, \Xi^{)}x\}$ which, in this paper, is called a diffusion process in a Brownian
environment with drift. The following intuitive description may suggest the
name. The process $X^{x}$ is obtained as a formal solution of the symbolic
equation

(4) $dX(t)=dB(t)- \frac{1}{2}W_{\kappa}’(X(t))dt$ ,
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where $B(t)$ is a Brownian motion independent of $W(\cdot)$ (however, note that (4)

has no rigorous meaning).

When $\kappa>0X^{0}$ may be regarded as a diffusion model of a random walk in
a random environment discussed by Kozlov [14], Solomon [18] and Kesten-
Kozlov-Spitzer [10]. When $\kappa=0X^{0}$ is a diffusion model of Sinai’s random
walk in a random environment ([17]). The asymptotic behavior of $\{\omega(t), 9^{0}\}$

as $tarrow\infty$ when $\kappa=0$ was discussed by Schumacher [16] and Brox [1]. They
showed that $\{\omega(t), B^{0}\}$ exhibits the same asymptotic behavior as Sinai’s random
walk, namely, that the limiting distribution of $(\log t)^{-2}\omega(t)$ as $tarrow\infty$ exists (see

also [2], [3], [8], [11], [19] for related works). When $\kappa>0$ (in particular when
$0<\kappa<1)$ it was an open problem to obtain results for $X^{0}$ which are (or at least
expected to be) similar to those of Kesten-Kozlov-Spitzer [10]. The purpose of
the present paPer is to give some answer to this problem.

Let $T_{x}= \inf\{t>0:\omega(t)=x\},\overline{\omega}(t)=\max\{\omega(s):0\leqq s\leqq t\}$ and $\underline{\omega}(t)=\inf\{\omega(s):s\geqq t\}$ .
Then our result in the case $\kappa>0$ is the following.

THEOREM 1. (i) If $0<\kappa<1$ , then

(5) $\lim_{xarrow\infty}9)0\{x^{-1/\kappa}T_{x}\leqq t\}=F_{\kappa}(t)$ , $t>0$ ,

(6) $\lim_{tarrow\infty}9^{0}\{t^{-\kappa}\overline{\omega}(t)_{-}x\}=\lim_{tarrow\infty}9^{0}\{t^{-\kappa}\omega(t)\leqq x\}$

$= \lim_{tarrow\infty}B^{0}\{t^{-\kappa}\underline{\omega}(t)\leqq x\}=1-F_{\kappa}(x^{-1/\kappa})$ , $x>0$,

where F. is the distribution function of $a$ one-sided stable distribution with Laplace

transform $\exp(-c\lambda")$ ; the constant $c$ is given by

$c= \{2^{1-\kappa}\Gamma(\kappa)\int_{0}^{\infty}\frac{dx}{u(x)^{2}}\}^{-1}$

where $u(x)$ is the solution of

$\frac{d}{dM(x)}\frac{d}{dx}u=2u$ , $u(O)=1$ , $u’(O)=0$ ,

the function $M(x)$ being given in Lemma 1.
(ii) If $\kappa=1$ , then

(7) $(x\log x)^{-1}T_{x}$ converges to 4 in Probalrility with respect to $9^{0}$ as $xarrow\infty$ ;

(8) each of $t^{-1}(\log t)\overline{\omega}(t),$ $t^{-1}(\log t)\omega(t)$ and $t^{-1}(\log t)\underline{\omega}(t)$ converges to 1/4

in probability with respect to $9^{0}$ as $tarrow$ oo.

(iii) If $\kappa>1$ , then

(9) $\lim_{x-\cdot\infty}T_{x}/x=\frac{4}{\kappa-1}$ , $g^{0_{-}}a.s.$ ,
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(10) $\lim_{tarrow\infty}\omega(t)/t=\frac{\kappa-1}{4}$ , $9^{1}0- a.s.$ .

The assertion (i) can be slightly strengtbened as follows.

THEOREM 2. Let $0<\kappa<1$ .
(i) The process{$\lambda^{-1/\kappa}T_{\lambda x}$ , xlllO, $9^{0}$ } converges to $\{L(x), x\geqq 0\}$ as $\lambdaarrow\infty$ in

the sense of convergence of finite dimensional distributions, where $\{L(x), x\geqq 0\}$

is an increasing stable process with Laplace transform
$E\{\exp(-\xi L(1))\}=\exp(-c\xi^{\kappa})$ , $\xi\geqq 0$ .

(ii) The process $\{\lambda^{-\iota}\omega(\lambda t), r\geqq 0,9^{0}\}$ converges to $\{L^{-1}(t), t\geqq 0\}$ as $\lambdaarrow\infty$ in
the sense of convergence of finite dimensional distributions, where

$L^{-1}(t)= \inf\{x>0:L(x)>t\}$ .

In the case of random walks, results similar to (5) and (6) were obtained by
Kesten-Kozlov-Spitzer [10] and results similar to (7), (8), (9) and (10) by Solomon
[18]. Our method of proving (9) and (10) is similar to that of [18] but as for
(5), (6), (7) and (8) our method is different from either of [10] and [18] ; it is
based on Kotani’s formula (see \S 1) which reduces our problem to the study of
limiting behavior of another diffusion process described by a certain stochastic
differential equation with non-random coefficients. In proving (5) and (6) we
must also use Kasahara’s continuity theorem ([7]) concerning Krein’s corre-
spondence ([6]) between the $m$-measure and the spectral measure (or more
precisely the $h$ -function) of a one-dimensional diffusion operator.

ACKNOWLEDGMENT. The authors wish to thank S. Kotani for valuable
discussions on the subject and for permitting us to contain his formula (1.1)

here.

\S 1. Kotani’s formula.

The following formula was obtained by S. Kotani in 1988 in his study of
the limiting distribution of $(\log t)^{-2}\overline{\omega}(t)$ in the case $\kappa=0$ (unpublished).

KOTANI’s FORMULA. Let $\lambda>0$ . Then for $t\geqq 0$

(1.1) $E_{W}^{0} \{e^{-\lambda T_{t}}\}=\exp\{-\int_{0}^{t}U_{\lambda}(s)ds\}$ , P-a.s.,

where $U_{\lambda}(t)$ is the unique stationary positive solution of

(1.2) $dU_{\lambda}(t)=U_{\lambda}(t)dW(t)+ \{2\lambda+\frac{1-\kappa}{2}U_{\lambda}(t)-U_{\lambda}(t)^{2}\}dt$ .
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PROOF. Taking an arbitrary but fixed $a>0$ we put for $0<t<a$

$u(t)=1/E_{W}^{0}\{e^{-\lambda T_{t}}\}$ , $v(t)=E_{W}^{t}\{e^{-\lambda T_{a}}\}$ .
Then

$E_{W}^{0}\{e^{-\lambda T_{a}}\}=E_{W}^{0}\{e^{-\lambda T_{i}}\}E_{W}^{t}\{e^{-\lambda T_{a}}\}$

$=v(t)/u(t)$ , Pa.s..

Since $X_{W}v(t)=\lambda v(t),$ $t<a,$ $u(t)$ also satisfies $\mathcal{L}_{W}u(t)=\lambda u(t),$ $t>0$ , or equivalently

(1.3) $d\{e^{-W_{\kappa}(t)}u’(t)\}=2\lambda e^{-W_{\kappa}(t)}u(t)dt$ , $t>0$ .
If we put $U_{\lambda}(t)=\{\log u(t)\}’=u’(t)/u(t)$ , then $U_{\lambda}(t)>0,$ P-a. $s.$ . Since $u(t)$ and $U_{\lambda}(t)$

are adapted to the filtration generated by $\{W(t)\}$ , we can apply It\^o’s formula to
compute the stochastic differential $dU_{\lambda}(t)$ . Using (1.3) we have

$dU_{\lambda}(t)=d(u’(t)u(t)^{-1})$

$=d(e^{-W_{\kappa^{(t)}}}u’(t)e^{W_{\kappa^{(t)}}}u(t)^{-1})$

$=e^{W_{K}(t)}u(t)^{-1}d(e^{-W_{\kappa}(t)}u’(t))$

$+e^{-W_{K}(t)}u’(t)u(t)^{-1}de^{W_{\kappa^{(t)}-e^{-W_{\kappa^{(t)}}}u’(t)e^{W_{\kappa^{(t)}}}u(t)^{-2}du(t)}}$

$=2\lambda dt+u’(t)u(t)^{-1}dW_{K}(t)+2^{-1}u’(t)u(t)^{-1}dt-\{u’(t)u(t)^{-1}\}^{2}dt$

$=U_{\lambda}(t)dW(t)+ \{2\lambda+\frac{1-\kappa}{2}U_{\lambda}(t)-U_{\lambda}(t)^{2}\}dt$ .

For $h>0$ we can write $u(t+h)=u(t)\tilde{u}(h)$ where

$\tilde{u}(h)=1/E_{W}^{t}\{e^{-\lambda T_{t+h}}\}=\dot{a}u(h)$ ;

in the above $"=a$ “ means the equality in distribution. Therefore

$U_{\lambda}(t)=u’(t)u(t)^{-1}= \lim_{h\downarrow 0}\frac{\tilde{u}(h)-1}{h}$

$=^{i}( \lim_{h\downarrow 0}\frac{u(h)-1}{h}=u’(0)$

$=u’(0)u(0)^{-1}=U_{\lambda}(0)$ .
This implies that $U_{\lambda}(t)$ is a stationary solution of (1.2). The uniqueness of such
a solution follows from Theorem 18 of It\^o-Nisio [5].

\S 2. Kasahara’s continuity theorem for Krein’s correspondence.

Krein’s theory of strings ([6]) has many applications to diffusion processes
($e.g.$ , see [12], [13], [20]). In this section we do not give the general theory
but list some of the results of Kasahara [7] on Krein’s correspondence that
will be useful for our later discussions. For a general statement of Krein’s
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correspondence theory it is convenient to consider inextensible measures (e.g.,

see [20] $)$ . From the view point of its application to the present paper, however,
it is enough to consider simply Radon measures in $[0, \infty)$ . Thus suppose we
are given a Radon measure $m(dx)$ in $[0, \infty)$ . We exclude the trivial case where
$m(dx)=0$ . The associated function $M(x)$ is defined by $M(x)=m([0, x))$ for $x>0$

and $M(O)=0$ . Consider the generalized differential operator $\mathcal{L}=d/m(dx)\cdot d/dx$

and let $\varphi(x, a)$ and $\psi(x, \alpha)$ be the solutions of $Xu=\alpha u$ with the initial condi-
tions

(2.1) $u(O)=1$ , $u’(O)=0$ ,

(2.2) $u(O)=0$ , $u’(O)=1$ ,

respectively. For $x>0\varphi(x, a)$ and $\psi(x, \alpha)$ satisfy

(2.3) $\varphi(x, \alpha)=1+\alpha\int\int_{0\leqq z<y<}x\varphi(z, \alpha)m(dz)dy$ ,

(2.4) $\psi_{(x},$ $\alpha)=x+\alpha\int\int_{0\leqq z<y<}x\psi(z, \alpha)m(dz)dy$ .

The pair $\{\varphi(\chi\alpha), \psi(x, \alpha)\}$ is called the system of fundamental solutions asso-
ciated with $m(dx)$ . It is known that for $\alpha>0$

(2.5) $h( \alpha)=\lim_{xarrow\infty}\psi(x, \alpha)/\varphi(x, \alpha)=\int_{0}^{\infty}\frac{dx}{\varphi(x,\alpha)^{2}}<\infty$

exists. The function $h(\alpha)$ is called the characteristic function of $m(dx)$ or of
$M(x)$ . The following (2.6), (2.7) and (2.8) are also known.

(2.6) The correspondence between $m(dx)$ and $h(\alpha)$ is one to one
([6], see also [13]).

(2.7) $a^{-1}h(c\alpha)$ is the characteristic function of $acM(ax)$ for arbitrary
positive constants $a$ and $c([7])$ .

We now state
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KASAHARA’s CONTINUITY THEOREM ([7]). Let $m_{n}(dx),$ $n=0,1$ , , be Radon
measures in $[0, \infty)$ with associated functions $M.(x)$ , characteristic functions $h_{n}(a)$

and systems of fundamental solutions $\{\varphi_{n}(x, a), \psi_{n}(x, \alpha)\}$ . Then the following
statements are equivalent to each other.

(i) $M_{n}(x)arrow M_{0}(x)$ as $narrow\infty$ at each continuity point $x$ of $M_{0}(\cdot)$ .
(i1) For $x\geqq 0$ and $\alpha>0\varphi_{n}(x, \alpha)arrow\varphi_{0}(x, a)$ as $narrow\infty$ .
(iii) For $a>0h_{n}(\alpha)arrow h(a)$ as $narrow\infty$ .

\S 3. Proof of Theorem 1 in the case $0<\kappa<1$ .
Let $U_{\lambda}(t)$ be the diffusion process appearing in Kotani’s formula and put

$V_{\lambda}(t)= \frac{1}{2\lambda}U_{\lambda}(t)$ .

Since $V_{\lambda}(t)$ satisfies the stochastic differential equation

$dV_{\lambda}(t)=V_{\lambda}(t)dW(t)+(1+ \frac{1-\kappa}{2}V_{\lambda}(t)-2\lambda V_{\lambda}(t)^{2})dt$ ,

the generator of the diffusion process $V_{\lambda}(t)$ is $C_{\lambda}=d/m_{\lambda}(dx)\cdot d/dS_{\lambda}(x)$ where

(3.1) Sz $(x)= \int_{1}^{x}y^{\kappa-1}\exp(\frac{2}{y}+4\lambda y)dy$ ,

(3.2) $m_{\lambda}(dx)=2x^{-\kappa^{-1}} \exp(-\frac{2}{x}-4\lambda x)dx$ .

We also put

$\tilde{V}_{\lambda}(t)=V_{\lambda}(A_{\overline{\lambda}^{1}}(t))$ , $Y_{\lambda}(t)=S_{\lambda}(\tilde{V}_{\lambda}(t))$ ,

where $A_{\overline{\lambda}^{1}}(t)$ is the inverse function of $A_{\lambda}(s)= \int_{0}^{l}V_{\lambda}(u)du$ . The generators of
$V_{\lambda}(t)$ and $Y_{\lambda}(t)$ are denoted by $\overline{\mathcal{L}}_{\lambda}$ and $X_{\lambda}^{0}$ respectively. $X_{\lambda}^{0}$ is then given by
$X_{\lambda}^{0}=d/m_{\lambda}^{0}(dx)\cdot d/dx$ with

(3.3) $m \#(dx)=2\theta_{\lambda}(x)^{-2\kappa+1}\exp\{-\frac{4}{\theta_{\lambda}(x)}8\lambda\theta_{\lambda}(x)\}dx$ ,

where $\theta_{\lambda}(x)$ is the inverse function of $S_{\lambda}(\cdot)$ . The path space representations
of the diffusion processes with generators $X_{\lambda},$ $f_{\lambda}$ and $I_{\lambda}^{0}$ are denoted by
$\{\omega(t), t\geqq 0, P_{\lambda}^{x}\},$

$\{\omega(t), t\geqq 0,\tilde{P}_{\lambda}^{x}\}$ and $\{\omega(t), t\geqq 0, P_{\lambda}^{0.x}\}$ , respectively. The expecta-

tions with respect to $P_{\lambda}^{x},\tilde{P}_{\lambda}^{x}$ and $P_{\lambda}^{0.ae}$ will be denoted by $E_{\lambda}^{x},\tilde{E}_{\lambda}^{x}$ and $E_{\lambda}^{0.x}$ ,

respectively. We begin by proving the following lemma.

LEMMA 1. For any $x>0$
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(3.4) $\lim_{\lambda\downarrow 0}\lambda^{1-\kappa}M_{\lambda}(\lambda^{-\kappa}x)=M(x)$ ,

where $M_{\lambda}(x)$ is the associated function of $m_{\lambda}^{0}(dx)$ and

$M(x)=2\gamma(\rho^{-1}(x))$ ,

$\gamma(x)=\int_{0}^{x}y^{-\kappa}e^{-4y}dy$ ,

$\rho^{-1}(x)$ is the inverse function of $\rho(x)=\int_{0}^{x}y^{\kappa-1}e^{4y}dy$ .

PROOF. By an easy computation we have for $x>\lambda$

$S_{\lambda}(\lambda^{-1}x)=\lambda^{-\kappa}\rho_{\lambda}(x)$ ,
where

$\rho_{\lambda}(x)=\int_{\lambda}^{x}y^{\kappa-1}\exp(\frac{2\lambda}{y}+4y)dy$ .

It is also easy to see that $\rho_{\lambda}(x)arrow\rho(x)$ as $\lambda\downarrow 0$ and hence $S_{\lambda}(\lambda^{-1}x)\sim\lambda^{-\kappa}\rho(x)$ as
$\lambda\downarrow 0$ . Therefore for any $\epsilon\in(0, x)S_{\lambda}(\lambda^{-1}(x-\epsilon))<\lambda^{-\kappa}\rho(x)$ holds for all sufficiently
small $\lambda>0$ . In other words

(3.5) $\lambda^{-1}(x-\epsilon)<\theta_{\lambda}(\lambda^{-\kappa}\rho(x))$ for all sufficiently small $\lambda>0$ .
Similarly

(3.6) $\lambda^{-1}(x+\epsilon)>\theta_{\lambda}(\lambda^{-\kappa}\rho(x))$ for all sufficiently small $\lambda>0$ .

Next we note that

$M_{\lambda}(x)=2 \int_{1}^{\theta_{\lambda^{(x)}}}z^{-2\kappa+1}\exp(-\frac{4}{z}-8\lambda z)S_{\lambda}’(z)dz$ ,

and hence

$M_{\lambda}( \lambda^{-\kappa}\rho(x))=2\int_{1}^{\theta_{\lambda^{(\lambda}}}-\kappa_{\rho^{(x))}}z^{-\kappa}\exp(-\frac{2}{z}-4\lambda z)dz$ .

This combined with (3.5) and (3.6) yields

(3.7) $2 \int_{1^{-1}}^{\lambda(x-\epsilon)}z^{-\kappa}\exp(-\frac{2}{z}-4\lambda z)dz<M_{\lambda}(\lambda^{-\kappa}\rho(x))$

$<2 \int_{1}^{\lambda^{-1}(x+\text{\’{e}})}z^{-\kappa}\exp(-\frac{2}{z}-4\lambda z)dz$

for all sufficiently small $\lambda>0$ . Since

$2 \int_{1^{-1}}^{\lambda x}z^{-\kappa}\exp(-\frac{2}{z}-4\lambda z)dz=2\lambda^{\kappa^{-1}}\gamma_{\lambda}(x)$

where

$\gamma_{\lambda}(x)=\int_{\lambda}^{x}y^{-\kappa}\exp(-\frac{2\lambda}{y}4y)dy$ ,
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(3.7) yields
$\gamma_{\lambda}(x-\epsilon)<M_{\lambda}(\lambda^{-\kappa}\rho(x))/(2\lambda^{\kappa^{-1}})<\gamma_{\lambda}(x+\epsilon)$ ,

which again yields
$\lim_{\lambda\downarrow 0}M_{\lambda}(\lambda^{-\kappa}\rho(x))/(2\lambda^{\kappa-1})=\gamma(x)$ ,

because $\gamma_{\lambda}(x)arrow\gamma(x)$ as $\lambda\downarrow 0$ . Taking $\rho^{-1}(x)$ instead of $x$ we obtain

$\lim_{\lambda\downarrow 0}M_{\lambda}(\lambda^{-\kappa}x)/(2\lambda^{\kappa^{-}1})=\gamma(\rho^{-1}(x))$ ,

which proves Lemma 1.
By virtue of Kasahara’s continuity theorem and (2.7) Lemma 1 yields the

following lemma concerning the characteristic functions $h_{\lambda}(\alpha)$ and $h(a)$ of $M_{\lambda}(x)$

and $M(x)$ respectively.

LEMMA 2. $\lim_{\lambda\downarrow 0}\lambda^{\kappa}h_{\lambda}(\lambda a)=h(a),$ $a>0$ .

Let $\tau=\inf\{t>0:\omega(t)=1\}$ . Then for $x>0$ and $\alpha\geqq 0$

(3.8) $E_{\lambda}^{x} \{\exp(-\alpha\lambda\int_{0}^{r}\omega(s)ds)\}=\tilde{E}_{\lambda}^{x}\{e^{-a\lambda\tau}\}=E_{\lambda}^{0,s_{\lambda(x)}}\{e^{-\alpha\lambda\sigma}\}$ ,

where $\sigma=\inf\{t>0:\omega(t)=0\}$ . For a given $a>0$ determine $a_{\lambda}(>1)$ by $S_{\lambda}(a_{\lambda})=a$ .
Also let

$S(x)= \int_{1}^{x}y^{\kappa-1}\exp(\frac{2}{y})dy$ ,

and determine $a_{0}(>1)$ by $S(a_{0})=a$ . Then $a_{\lambda}\uparrow a_{0}$ as $\lambda\downarrow 0$ .
LEMMA 3. If $0<\kappa<1$ , then for $\alpha>0$

(3.9) $1-E_{\lambda}^{a_{\lambda}} \{\exp(-a\lambda\int_{0}^{r}\omega(s)ds)\}\sim c(a, \alpha)\lambda^{\kappa}$ as $\lambda\downarrow 0$ ,

where

(3.10) $c(a, \alpha)=a/h(a)$ .

PROOF. Since $\infty$ is not regular for $X_{\lambda}^{0},$ $(2.8)$ implies that for each $\alpha>0$ a
positive decreasing solution $u_{\lambda}(\cdot, a)$ of $\mathcal{L}_{\lambda}^{0}u=au$ with $u(O)=1$ is unique and
expressed as

(3.11) $u_{\lambda}(x, \alpha)=\varphi_{\lambda}(x, a)-\psi_{\lambda}(x, \alpha)/h_{\lambda}(\alpha)$ ,

where the pair $\{\varphi_{\lambda}(\chi a), \psi_{\lambda}(x, \alpha)\}$ is the system of fundamental solutions asso-
ciated with $m_{\lambda}^{0}(dx)$ . By (3.8) we have

(3.12) $E_{\lambda}^{a_{\lambda}} \{\exp(-a\lambda\int_{0}^{\tau}\omega(s)ds)\}=u_{\lambda}(a, \alpha\lambda)$ .
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By making use of (2.3) and (2.4) with $m(dz)$ replaced by $m_{\lambda}^{0}(dz)$ we can easily
prove that

(3.13) $\varphi_{\lambda}(a, a\lambda)-1=2\alpha\lambda\int_{0}^{a}dx\int_{1}^{\theta_{\lambda^{(x)}}}y^{-\kappa}\exp(-\frac{2}{y}-4\lambda y)dy+o(\lambda)$ ,

(3.14) $\psi_{\lambda}(a, a\lambda)=a+O(\lambda)$ ,

as $\lambda\downarrow 0$ . Denoting by $\theta(x)$ the inverse function of $S(\cdot)$ , we have

(3.15) $\lim_{\lambda\downarrow 0}\frac{\varphi_{\lambda}(a,a\lambda)-1}{a\lambda}=2\int_{0}^{a}dx\int_{1}^{\theta(x)}y^{-\kappa}\exp(-\frac{2}{y})dy=const$ . .

From (3.12) and (3.11) we have

$1-E_{\lambda}^{a_{\lambda}} \{\exp(-\alpha\lambda\int_{0}^{\tau}\omega(s)ds)\}=1-\varphi_{\lambda}(a, a\lambda)+\psi_{\lambda}(a, a\lambda)/h_{\lambda}(a\lambda)$ ,

which combined with (3.15), $\langle$3.14) and Lemma 2 finally imPlies (3.9).

The idea of the proof of (5) of Theorem 1 is as follows. We want to
compute

$\lim_{\lambda\downarrow 0}\mathcal{E}^{0}\{\exp(-\lambda T_{\lambda^{-\kappa_{t}}})\}$

which, by virtue of Kotani’s formula, equals

(3.16) $\lim_{\lambda\downarrow 0}E\{\exp(-\int_{0^{-\kappa_{t}}}^{\lambda}U_{\lambda}(s)ds)\}$

$= \lim_{\lambda\downarrow 0}E\{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{t}}}V_{\lambda}(s)ds)\}$

$= \lim_{\lambda\downarrow 0}E_{\lambda^{\lambda\{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{t}}}\omega(s)ds)\}}}^{\mu}$ ,

where $E_{\lambda}^{\mu_{\lambda}}$ denotes the expectation with respect to $P_{\lambda}^{\mu_{\lambda}}= \int\mu_{\lambda}(dx)P_{\lambda}^{x},$
$\mu_{\lambda}$ being

the invariant probability measure of the diffusion process with generator $X_{\lambda}$ .
We first compute

$\lim_{\lambda\downarrow 0}E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\int_{0^{-\kappa_{t}}}^{\lambda}\omega(s)ds)\}$ ,

with the starting point $a_{\lambda}$ defined by $S_{\lambda}(a_{\lambda})=a$ , by showing that $\int_{0}^{\lambda-\kappa_{t}}\omega(s)ds$

can be approximated by $\sum\int_{\sigma_{k-1}}^{\tau_{k}}\omega(s)ds$ where $\sigma_{k}$ and $\tau_{i}$ are defined as follows:

$\sigma_{0}=0$ , $\tau_{i}=\inf\{t>\sigma_{k-1}:\omega(t)=1\}$ , $k\geqq 1$ ,

$\sigma_{i}=\inf\{t>\tau_{k}:\omega(t)=a_{\lambda}\}$ , $k\geqq 1$ .

Note that $\sigma_{k}-\sigma_{k-1},$ $k\geqq 1$ , are i.i. $d$ . random variables.
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LEMMA 4. (i) $m_{\lambda}=E_{\lambda}^{a_{\lambda}}\{\sigma_{1}\}=am_{\lambda}(R^{+})<\infty,$ $\lambda\geqq 0$ , where $R^{+}=(0, \infty)$ .
(ii) For any $\epsilon>0$ and $\lambda\geqq 0$

(3.17) $P_{\lambda}^{a_{\lambda}} \{|\frac{\sigma_{n}}{n}-m_{\lambda}|>\epsilon\}arrow 0$ as $narrow\infty$ ,

and the convergence is uniform in $\lambda\in[0,1]$ .
PROOF. For $b>0$ and $x>0$ let $I=(x, b)$ and $J=(O, y)$ or $I=(b, x)$ and $J=$

$(y, \infty)$ according as $0<x<b$ or $0<b<x$ . Let $\sigma=\inf\{t>0:\omega(t)=b\}$ . Then it is
well-known that

(3.18) $E_{\lambda}^{x} \{\sigma\}=\int_{I}dS_{\lambda}(y)\int_{J}m_{\lambda}(dz)$

holds (note that $-S_{\lambda}(O)=S_{\lambda}(\infty)=\infty$ is also taken into account in derlving the
above formula). By virtue of (3.18) we can easily compute $m_{\lambda}=E_{\lambda}^{a_{\lambda}}\{\tau_{1}\}+$

$E_{\lambda}^{a_{\lambda}}\{\sigma_{1}-\tau_{1}\}$ , obtaining (i). The assertion (3.17) is nothing but the law of
large numbers for $i$ .i.d. random variables. Only the uniform convergence
needs proof for which it is enough to verify the uniform integrability of
{ $\sigma_{1},$

$P_{\lambda}^{a_{\lambda}}$, OS $\lambda\leqq 1$ } , namely,

(3.19) $\lim_{Narrow\infty}\sup_{0\xi\lambda\leq 1}\int_{\{\sigma_{1}>N\}}\sigma_{1}dP_{\lambda}^{a_{\lambda}}=0$ .

We use the fact that the diffusion process $\{\omega(t), t\geqq 0, P_{\lambda}^{a_{\lambda}}\}$ can also be realized
as a solution of the stochastic differential equation

(3.20) $dV(t)=V(t)dW(t)+ \{1+\frac{1-\kappa}{2}V(t)-2\lambda V(t)^{2}\}dt$

with $V(O)=a_{\lambda}$ . Then a comparison theorem in stochastic differential equations
implies that the solution of (3.20) lies below the solution of (3.20) with $\lambda=0$ .
From this observation we see that

(3.21) $P_{\lambda}^{a_{\lambda}}\{\tau_{1}>N\}\leqq P_{0}^{a_{0}}\{\tau_{1}>N\}$ ,

and by $a$ similar argument

(3.22) $P_{\lambda}^{a_{\lambda}}\{\sigma_{1}-\tau_{1}>N\}\leqq P_{1}^{1}\{\sigma>N\}$ ,

where $\sigma=\inf\{t>0:\omega(t)=a_{0}\}$ . Thus (3.19) follows from (3.21) and (3.22). The
proof of the lemma is finished.

We are now in the final stage of the proof of Theorem 1 in the case $0<\kappa<1$ .
For fixed $t>0$ and small $\epsilon>0$ we put

$n_{1}(\lambda)=[\lambda^{-\kappa}t(1-\epsilon)/m_{0}]$ , $n_{2}(\lambda)=[\lambda^{-\kappa}t(1+\epsilon)/m_{0}]$ .

Then the uniform convergence of (3.17) implies



A diffusion process in a Brownian environment 199

$\lim_{\lambda\downarrow 0}P_{\lambda}^{a_{\lambda}}\{|\frac{\sigma_{n_{t^{(\lambda)}}}}{n_{i}(\lambda)}m_{a}|>m_{0}\epsilon\}=0$ , $i=1,2$ .

Since $m_{\lambda}arrow m_{0}$ as $\lambda\downarrow 0$ we have

(3.23) $\lim_{\lambda\downarrow 0}P_{\lambda}^{a_{\lambda}}\{|\frac{\sigma_{n_{i^{(\lambda)}}}}{n_{i}(\lambda)}m_{0}|>m_{0}\epsilon\}=0$ , $i=1,2$ ,

and in particular

$\lim_{\lambda\downarrow 0}P_{\lambda}^{a_{\lambda}}\{\sigma_{n_{1}(\lambda)}<n_{1}(\lambda)m_{0}(1+\epsilon)\}=1$ .

But $n_{1}(\lambda)m_{0}(1+\epsilon)<\lambda^{-\kappa}t$ for all sufficiently small $\lambda>0$ and hence

(3.24) $\lim_{\lambda 0}P_{\lambda}^{a_{\lambda}}\{\sigma_{n_{1}(\lambda)}<\lambda^{-\kappa}t\}=1$ .
Similarly we have

(3.25) $\lim_{\lambda 0}P_{\lambda}^{a_{1}}\{\sigma_{n_{2}(\lambda)}>\lambda^{-\kappa}t\}=1$ .
Next we put

$Y_{k}= \int_{\sigma_{k-1}}^{r_{k}}\omega(s)ds$ , $Z_{k}= \int_{r_{k}}^{\sigma_{k}}\omega(s)ds$ , $k\geqq 1$ .

Then on the event $A_{\lambda}=\{\sigma_{n_{1^{(\lambda)}}}<\lambda^{-\kappa}t<\sigma_{n_{l}(\lambda)}\}$

$\sum_{i=I}^{n_{1}ta)}(Y_{k}+Z_{i})<\int_{0}^{\lambda^{-\kappa_{i}}}\omega(s)ds<\sum_{i=1}^{n_{l(\lambda)}}(Y_{i}+Z_{i})$

holds and hence

$E_{\lambda}^{a_{\lambda}} \{\exp(-2\lambda\sum_{k=1}^{n_{2}(\lambda)}(Y_{\iota}+Z_{k}));A_{\lambda}\}$

$\leqq E_{a}^{a_{\lambda}}\{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{t}}}\omega(s)ds);A_{\lambda}\}$

$ $E_{\lambda}^{a_{\lambda}} \{\exp(-2\lambda\sum_{k=1}^{n_{1}(\lambda)}(Y_{k}+Z_{k}));A_{\lambda}\}$ ,

where the notation $E_{\lambda}^{a_{\lambda}}\{X;A\}$ stands for the integral of $X$ over $A$ with respect

to $P_{\lambda}^{a_{\lambda}}$ . Since $P_{\lambda}^{a_{\lambda}}\{A_{\lambda}\}arrow 1$ by (3.24) and (3.25),

(3.26) $E_{\lambda}^{a_{\lambda}} \{\exp(-2\lambda\sum_{k=1}^{n_{2}(\lambda)}(Y_{k}+Z_{k}))\}$

$\leqq E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\int_{0^{-\kappa_{t}}}^{\lambda}\omega(s)ds)\}+o(1)$

$\leqq E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\sum_{k=1}^{n_{1}(\lambda)}(Y_{i}+Z_{k}))\}+o(1)$ ,

where 0(1) indicates a term which tends to $0$ as $\lambda\downarrow 0$ . We now compute
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$\lim_{\lambda\downarrow 0}E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\sum_{k=1}^{n_{i}(\lambda)}(Y_{k}+Z_{k}))\}$

$= \lim_{\lambda\downarrow 0}E_{a^{a}}^{a}\{\exp(-2\lambda Y_{1})\}^{n_{i^{(}}}\lambda).E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda Z_{1})\}^{n_{i^{(}}}\lambda)$

By Lemma 3 we have

(3.27) $\lim_{\lambda\downarrow 0}[E_{\lambda}^{a}a\{\exp(-2\lambda Y_{1})\}]^{n_{1}(\lambda)}=\lim_{\lambda\downarrow 0}\{1-c(a, 2)\lambda"\}$

$n_{1}(\lambda)$

$=\exp\{-c(a, 2)t(1-\epsilon)/m_{0}\}$ .
Similarly we have

(3.28) $\lim_{\lambda\downarrow 0}E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\sum_{k=1}^{n_{2}(\lambda)}Y_{k})\}=\exp\{-c(a, 2)t(1+\epsilon)/m_{0}\}$ .

On the other hand, we have

$2 \lambda\sum_{k\Rightarrow 1}^{n_{t^{(\lambda)}}}Z_{i}<2\lambda a_{\lambda}\sigma_{n_{t^{(\lambda)}}}<2a_{\lambda}\lambda^{1-\kappa}t(1+\epsilon)m_{0}^{-1}\sigma_{n_{i}(a)}/n_{i}(\lambda)$

which tends to $0$ in probability as $\lambda\downarrow 0$ by virtue of $0<\kappa<1$ and (3.23). Therefore

(3.29) $\lim_{\lambda\downarrow 0}E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\sum_{k=1}^{n_{i}(\lambda)}Z_{k})\}=1$ .

From (3.26), (3.27), (3.28) and (3.29) we have for any $\epsilon>0$

$\exp\{-c(a, 2)t(1+\epsilon)/m_{0}\}\leqq\lim_{\lambda\downarrow}\inf_{0}E_{\text{\‘{A}}^{a}}^{a}\{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{t}}}\omega(s)ds)\}$

$\leqq\lim_{\lambda\downarrow}\sup_{0}E_{a}^{a_{\lambda}}\{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{i}}}\omega(s)ds)\}$

$\leqq\exp\{-c(a, 2)t(1-\epsilon)/m_{0}\}$ ,

which implies

(3.30) $\lim_{\lambda\downarrow 0}E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{t}}}\omega(s)ds)\}=\exp\{-c(a, 2)t/m_{0}\}$ .

LEMMA 5. For any $t>0$

(3.31) $\lim_{\lambda\downarrow 0}E\{\exp(-\int_{0^{-\kappa_{t}}}^{\lambda}U_{\lambda}(s)ds)\}=\exp\{-c(a, 2)t/m_{0}\}$ .

PROOF. Note that by (3.16) the left hand side of (3.31) equals

$\lim_{\lambda\downarrow 0}E_{\lambda}^{\mu_{\lambda}}\{\exp(-2\lambda\int_{0^{-\kappa_{t}}}^{\lambda}\omega(s)ds)\}$ .

Let $\sigma_{0}=\inf\{t>0:\omega(t)=a_{\lambda}\}$ and put $\Gamma_{u}=\{\sigma_{0}<u\}$ . Then using the strong Markov
property we see that
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$E_{\lambda}^{\mu_{\lambda}} \{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa_{t}}}\omega(s)ds);\Gamma_{u\}}$

is bounded from below by

$E_{\lambda}^{\mu_{\lambda}} \{\exp(-2\lambda\int_{0}^{\sigma_{0}}\omega(s)ds)$ ; $\Gamma_{u}\}\cdot E_{\lambda}^{a_{\lambda}}\{\exp(-2\lambda\int_{0^{-\kappa_{t}}}^{\lambda}\omega(s)ds)\}$

and is bounded from above by

$E_{a}^{a_{\lambda}} \{\exp(-2\lambda\int_{0}^{\lambda^{-\kappa}(t-\lambda^{\kappa}u)}\omega(s)ds)\}$ .

Taking into account of the fact that $P_{\lambda}^{\mu_{\lambda}}\{\Gamma_{u}\}arrow 1$ as $uarrow\infty$ uniformly in $\lambda\in(0,1)$

and also of (3.30), we first left $\lambda\downarrow 0$ and then $u\uparrow\infty$ . As a result we obtain (3.31).

The proof of (5) in Tbeorem 1 is now completed as follows. By Kotani’s
formula we have for $\xi>0$

$\mathcal{E}^{0}\{\exp(-\xi T_{x}/x^{1/K})\}=E\{\exp(-\int_{0}^{x}U_{\xi x}-1/\kappa(s)ds)\}$

$=E \{\exp(-\int_{0^{-\kappa_{t}}}^{\lambda}U_{\lambda}(s)ds)\}$ ,

where we put $t=\xi^{\kappa}$ and $\lambda=\xi x^{-1/\kappa}$ . Letting $xarrow\infty$ (so $\lambda\downarrow 0$) we obtain

$\lim_{xarrow\infty}\mathcal{E}^{0}\{\exp(-\xi T_{x}/x^{1/\kappa})\}=\exp\{-c(a, 2)t/m_{0}\}=e^{-ct}=e^{-c\xi^{\kappa}}$ ,

wbere $c=\{2^{1-\kappa}\Gamma(\kappa)h(2)\}^{-1}$ , because $c(a, 2)=a/h(2)$ and

$m_{0}=am_{0}(R^{+})=2a \int_{0}^{\infty}x^{-\kappa-1}e^{-2/x}dx=2^{1-\kappa}\Gamma(\kappa)a$

by (3.10) and (i) of Lemma 4.
Finally we prove(6). Clearly we see that for any $u>0,$ $y>0$ and $t>0$

{ $T_{u}$ Ili $t$ } $\subset\{\overline{\omega}(t)\leqq u\}\subset\{\omega(t)\leqq u\}\subset\{\underline{\omega}(t)\leqq u\}$

$\subset\{T_{u+y}\geqq t\}\cup\{_{s\geqq}\inf_{\tau_{u+y}}\omega(s)-(u+y)\leqq-y\}$ .
We notice that

(3.32) $\lim_{yarrow\infty}9^{0}\{\inf_{geq\tau_{u+y}}\omega(s)-(u+y)\leqq-y\}=\lim_{yarrow\infty}9^{0}\{\inf_{s\geqq 0}\omega(s)\leqq-y\}=0$

since $\omega(s)arrow\infty$ as $s\uparrow\infty,$ $Q^{)}0- a.s.$ . Therefore we have for all $x>0$

(3.33) $9^{0}\{T_{t^{\kappa}x}\geqq t\}\leqq 9^{0}\{\overline{\omega}(t)\leqq t^{\kappa}x\}\leqq 9^{0}\{\omega(t)\leqq\Gamma x\}$

$\leqq 9^{0}\{\underline{\omega}(t)\leqq t^{\kappa}u\}\leqq 9^{0}\{T_{t^{\kappa}x+y}\geqq t\}+9^{0}\{\inf_{s\geq 0}\omega(s)\leqq-y\}$ .
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For any sufficiently large fixed $y$ , the result (5) ensures

$\lim_{tarrow\infty}9^{0}\{T_{t^{\kappa}x}\geqq t\}=\lim_{tarrow\infty}9^{0}\{T_{t^{\kappa}x+y}\geqq t\}$

$= \lim_{varrow\infty}9^{0}\{v"/\mathcal{K}T_{v}\geqq x^{-1/\kappa}\}=1-F_{\kappa}(x^{-1/\kappa})$ ,

which combined with (3.32) and (3.33) proves (6).

\S 4. Proof of Theorem 2.

For the proof of (i) it is enough to show that

(4.1) $\lim_{aarrow\infty}9^{0}\{\exp(-\sum_{k\approx 1}^{n}\xi_{k}\lambda^{-1/\kappa}(T_{ax_{k}}-T_{\lambda x_{k-1}}))\}=\exp\{-c\sum_{k=1}^{n}(x_{k}-x_{k-1})\xi_{k}^{\iota}\}$

for any $\xi_{1},$ $\xi_{2}$ , $\cdot$ . , $\xi_{n}\geqq 0$ and $0=x_{0}<x_{1}<$ $<x_{n}$ . Take an $\epsilon$ such that $0<\epsilon<$

$\min\{x_{k}-x_{i-1} : 1\leqq k n\}$ and let us prove first that

(4.2) $\lim_{\lambdaarrow\infty}\mathcal{E}^{0}\{\exp(-\sum_{k=1}^{n}\xi_{i}\lambda^{-1/\kappa}(T_{\lambda(x_{k}-\epsilon)}-T_{\lambda x_{k-1}}))\}=\exp\{-c\sum_{k=1}^{n}(x_{k}-x_{k-1}-\epsilon)\xi_{k}^{\kappa}\}$ .

In what follows $T_{x}=T_{x}(\omega)$ denotes the first passage time $\inf\{t>0:\omega(t)=x\}$

where $x$ may lie either to the right or to the left of $\omega(0)$ . If we put

$F_{\lambda.k}=E_{W}^{\lambda x_{k-1}}\{\exp(-\xi_{i}\lambda^{-1/\kappa}T_{\lambda(x_{k}-\epsilon)});T_{\lambda(x_{k^{-\epsilon)}}}<T_{a(x_{k-1}-\epsilon)}\}$ ,

$G_{\lambda,k}=E_{W}^{\lambda x_{k-1}}\{\exp(-\xi_{k}\lambda^{-1/\kappa}T_{a(x_{k}-\epsilon)});T_{\lambda(x_{k}-\epsilon)}>T_{\lambda(x_{k-1}-*)}\}$ ,

then

(4.3) $E_{W}^{0} \{\exp(-\sum_{k=1}^{n}\xi_{i}\lambda^{-1/\kappa}(T_{\lambda(x_{k}-\epsilon)}-T_{\lambda x_{i-1}}))\}$

$= \prod_{k=1}^{n}E_{W}^{a_{x_{k-1}}}\{\exp(-\xi_{i}\lambda^{-1/\kappa}T_{\lambda tx_{k}-\epsilon)})\}$

$= \prod_{k=1}^{n}(F_{\lambda.k}+G_{a.k})$ .

Making use of a trivial inequality OE $\Pi_{k=1}^{n}(a_{i}+b_{k})-\Pi_{k=1}^{n}a_{k}\leqq\Sigma_{k=1}^{n}b_{i}$ which holds
under the assumption that $a_{k},$ $b_{k}\geqq 0$ and $a_{i}+b_{l}\leqq 1(1\leqq k\leqq n)$ , we have

(4.4) $0 \leqq E\{\prod_{k=1}^{n}(F_{\lambda,k}+G_{\lambda.k})\}-E\{\prod_{k=1}^{n}F_{\lambda,k}\}$

$\leqq\sum_{\hslash=1}^{n}E\{G_{\lambda.k}\}\leqq\sum_{k=1}^{n}9^{\lambda x_{k-1}}\{T_{\lambda(x_{k}-\epsilon)}>T_{\lambda(x_{k}-\iota^{-\text{\’{e}})}}\}$

$= \sum_{k\Leftarrow 1}^{n}E\{\int_{\lambda x_{k-1}}^{\lambda(x_{k}-e)}e^{W_{t}(x)}dx/\int_{\lambda(x_{k-1^{-\epsilon)}}}^{\lambda tx_{k}-\epsilon)}e^{W_{\kappa^{(x)}}}dx\}$



A diffusion process in a Brownian environment 203

$= \sum_{k=1}^{n}E\{\int_{0}^{\lambda(x_{k^{-x_{k-1^{-\epsilon)}}}}}e^{W_{\kappa}(y+\lambda x_{k-1)}}dy/\int_{-\lambda\epsilon}^{\lambda(x_{i^{-x_{i-1^{-\epsilon)}}}}}e^{W_{\kappa^{(y+\lambda x_{k-1)}}}}dy\}$

$= \sum_{k=1}^{n}E\{\int_{0}^{\lambda(x_{k^{-x_{k-1^{-\epsilon)}}}}}e^{W_{\kappa}ty^{)}}dy/\int_{-\lambda\iota}^{\lambda(x_{k}-x_{h-1}-\epsilon)}e^{W_{\kappa^{(y)}}}dy\}$

(since W. has stationary increments)

$\leqq nE\{\int_{0}^{\infty}e^{W_{\kappa^{(_{y})}}}dy/\int_{-\lambda\text{\’{e}}}^{\infty}e^{W_{\kappa}(y)}dy\}arrow 0$ , $\lambdaarrow\infty$ .

On the other hand it is easy to see that

(4.5) $E \{\prod_{k=1}^{n}F_{\lambda,k}\}=\prod_{k=1}^{n}E\{F_{\lambda,i}\}$ ,

(4.6) $\lim_{\lambdaarrow\infty}E\{F_{i}$ . , $\}$

$= \lim_{\lambdaarrow\infty}E\{F_{\lambda,k}+G_{\lambda.k}\}$

$= \lim_{\lambdaarrow\infty}\mathcal{E}^{0}\{\exp(-\xi_{k}\lambda^{-1/\kappa}T_{\lambda(x_{k}-x_{k-1}-e)})\}$

$=\exp\{-c(x_{k}-x_{k-1}-\epsilon)\xi_{k}^{\iota}\}$ ,

the last equality being a consequence of (5). From $(4.3)\sim(4.6)$ we obtain (4.2).

TO derive (4.1) from (4.2) it is enough to notice that

$0 \leqq \mathcal{E}^{0}\{\exp(-\sum_{k=1}^{n}\xi_{i}\lambda^{-\iota/\kappa}(T_{\lambda(x_{k}-\epsilon)}-T_{ax_{k-1}}))\}$

$- \mathcal{E}^{0}\{\exp(-\sum_{k=1}^{n}\xi_{k}\lambda^{-1/\kappa}(T_{\lambda x_{k}}-T_{\lambda x_{k-1}}))\}$

$\leqq \mathcal{E}^{0}\{1-\exp(-\sum_{k=1}^{n}\xi_{k}\lambda^{-\iota/\kappa}(T_{\lambda x_{k}}-T_{\lambda(x_{k}-\epsilon)}))\}$

$\leqq\sum_{i=1}^{n}\mathcal{E}^{0}\{1-\exp(-\xi_{i}\lambda^{-1/\kappa}(T_{\lambda x_{k}}-T_{\lambda(x_{k}-\epsilon)}))\}$

$= \sum_{i=1}^{n}\mathcal{E}^{0}\{1-\exp(-\xi_{k}\lambda^{-1/\kappa}T_{\lambda\epsilon})\}$

$arrow\sum_{k=1}^{n}\{1-\exp(-c\epsilon\xi_{k}^{\iota})\}$ as $\lambdaarrow\infty$

$arrow 0$ as $\epsilon\downarrow 0$ .

The proof of (ii) can be done in a way similar to (6). In fact, as in (3.33)

we have for any $t_{i}>0,$ $x_{i}>0(1\leqq k\leqq n)$ and $y>0$

$9^{0}\{T_{\lambda^{C}x_{k}}\geqq\lambda t_{k}, 1\leqq k\leqq n\}$

$\leqq\varphi\{\lambda^{-\kappa}\omega(\lambda t_{b})\leqq x_{i}, 1\leqq k\leqq n\}$

$\leqq 9^{0}\{T_{\lambda^{\iota}x_{i}+y}\geqq\lambda t_{k}, 1\leqq k\leqq n\}+n9^{0}\{\inf_{geq 0}\omega(s)\leqq-y\}$ .
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Letting $\lambda\uparrow\infty$ in the above we obtain

$\lim_{\lambdaarrow\infty}B^{0}\{\lambda^{-\kappa}\omega(\lambda t_{k})\leqq x_{k}, 1\leqq k\leqq n\}$

$=P\{L(x_{k})\geqq t_{k}, 1\leqq k\leqq n\}=P\{L^{-1}(t_{k})\leqq x_{k}, 1\leqq k\leqq n\}$ .

\S 5. Proof of Theorem 1 in the case $\kappa=1$ .
Assume $\kappa=1$ and recall

(5.1) $E_{W}^{0} \{e^{-\lambda T_{t}}\}=\exp\{-2\lambda\int_{0}^{t}V_{\lambda}(s)ds\}$ ,

where $V_{\lambda}(t)=(2\lambda)^{-1}U_{\lambda}(t)$ is a stationary diffusion process with generator

$x_{\lambda}= \frac{d}{m_{\lambda}(dx)}dS_{\lambda}(\overline{x)}d$

wherein

$S_{\lambda}(x)= \int_{0}^{x}\exp(\frac{2}{y}+4\lambda y)dy$ , $m_{a}(dx)=2x^{-2} \exp(-\frac{2}{x}-4\lambda x)dx$ .

Once the following proposition is proved, (7) of Theorem 1 follows immediately
from (5.1).

PROPOSITION 1. For any $\lambda>0$

(5.2) $(X \log x)^{-1}\int_{0}^{x_{V_{\lambda(x\log x)}}}-1(t)dtarrow 2$ in probability as $xarrow\infty$ .

Before proving this proposition we prepare three lemmas. We put for $\xi>0$

$a_{\xi}=m_{\xi}(R^{+})^{-1} \int_{0}^{\infty}xm_{\xi}(dx)$ ,

$u_{\xi}(x)= \int_{0}^{x}dS_{\xi}(y)\int_{0}^{y}(z-a_{e})m_{e}(dz)$ .

LEMMA 6. $a_{\xi}\sim-2\log\xi$ as $\xi\downarrow 0$ .

PROOF. $a_{\xi}$ can be expressed as $a_{\xi}=2m_{\xi}(R^{+})^{-1}(I_{\xi}+II_{\xi})$ where

$I_{\xi}= \int_{0}^{N}x^{-1}\exp\{-2x^{-1}-4\xi x\}dx$ , $II_{\xi}= \int_{N}^{\infty}x^{-}$ $\exp\{-2x^{-1}-4\xi x\}dx$ .

For fixed $N>0I_{\xi}$ remains bounded as $\xi\downarrow 0$ and $e^{-2/N}II_{\xi}’\leqq II_{\xi}\leqq II_{\xi}’$ where

$II_{\xi}’= \int_{N}^{\infty}x^{-\iota}e^{-4\xi x}dx=\int_{4\xi N}^{\infty}y^{-1}e^{-y}dy\sim-\log\xi$
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as $\xi\downarrow 0$ . Thus the lemma is proved since $m_{\xi}(R^{+})^{-1}arrow 1$ as $6\downarrow 0$ .

LEMMA 7. $\xi^{2}\int_{0}^{\infty}u_{\xi}(x)^{2}m_{\xi}(dx)arrow 0$ as $\xi\downarrow 0$ .
PROOF. In what follows const. means a constant which ls independent of

$\xi$ but may vary from place to place. First we prove

(5.3) $0<-u_{\xi}(x)_{-}$ const. $x\log\xi 1$ for $0<x\leqq a_{\xi}$ .

The restriction O<x$a\mbox{\boldmath $\xi$} implies

$0<-u_{\xi}(x)=2 \int_{0}^{x}\exp\{2y^{-1}+4\xi y\}dy\int_{0}^{y}(a_{\xi}-z)z^{-2}\exp$ {--2z $-4\xi z$ } $dz$

$\leqq 2a_{\xi}\int_{0}^{x}\exp\{2y^{-1}+4\xi y\}dy\int_{0}^{y}z^{-2}\exp$ {--2z $-4\xi z$ } $dz$ .
Since $0<y<x<a_{\xi}\sim-2\log\xi$ as $\xi\downarrow 0$ , we have $0<\xi y<\xi a_{\xi}arrow 0$ as $\xi\downarrow 0$ . There-
fore

- $u_{\xi}(x)$ $ const. $\log\frac{1}{\xi}\int_{0}^{x}\exp\{2y^{-1}\}dy\int_{0}^{y}z^{-2}\exp$ {--2z } $dz\leqq const$ . $x \log\frac{1}{\xi}$

as was to be proved. Next we prove

(5.4) $0<-u_{\xi}(x)\leqq$ const. $x \log\frac{1}{\xi}+const.\frac{1}{\xi}\log\frac{x}{a_{\text{\’{e}}}}$ for $x>a_{\xi}$ .

Since

$- \int_{0}^{y}(z-a_{\xi})m_{\xi}(dz)=\int_{y}^{\infty}(z-a_{\xi})m_{\text{\’{e}}}(dz)$ ,

- $u_{\xi}(x)$ can be expressed as $-u_{\xi}(x)=2(I+II)$ , where

$0<I=2 \int_{0}^{a_{\xi}}\exp\{2y^{-1}+4\xi y\}dy\int_{0}^{y}(a_{\xi}-z)z^{-2}\exp$ {--2z $-4\xi z$ } $dz$

5 const. $x \log\frac{1}{\xi}$ (by (5.3)),

$0<II=2\int_{a_{\xi}}^{x}\exp\{2y^{-1}+4\xi y\}dy\int_{y}^{\infty}(z-a_{\xi})z^{-2}\exp$ {--2z $-4\xi z$ } $dz$

$\leqq 2\int_{a_{\xi}}^{x}\exp\{2y^{-1}+4\xi y\}dy\int_{y}^{\infty}z^{-1}\exp\{-4\xi z\}dz$ .

If we put $g(y)= \int_{y}^{\infty}z^{-1}e^{-4\xi z}dz$, then



206 K. KAWAZU and H. TANAKA

$g(y)= \int_{4\xi y}^{\infty}u^{-1}e^{-u}du\leqq(4\xi y)^{-1}e^{-4\xi y}$ ,

and hence

$II \leqq 2\int_{a_{\xi}}^{x}\exp$ {2y $+4\xi y$ } $\cdot(4\xi y)^{-1}e^{-4\xi y}dy$

$\leqq$ const. $\frac{1}{\xi}\int_{a_{\xi}}^{x}\frac{dy}{y}=const.\frac{1}{\xi}\log\frac{x}{a_{\xi}}$ .

This proves (5.4). We can now complete the proof of Lemma 7 as follows.
From (5.3) and (5.4) we have

$\xi^{2}\int_{0}^{\infty}u_{\xi}(x)^{2}m_{\xi}(dx)$ $ const. $( \xi\log\frac{1}{\xi})^{2}\int_{0}^{a_{\xi}}\exp\{-2x^{-\iota}-4\xi x\}dx$

$+const.( \xi\log\frac{1}{\xi})^{2}\int_{a_{\xi}}^{\infty}\exp\{-2x^{-1}-\not\in x\}dx$

$+const. \int_{\alpha_{\xi}}^{\infty}(\log\frac{x}{a_{\xi}})^{2}x^{-2}\exp\{-2x^{-2}-4\xi x\}dx$

$\leqq$ const. $( \xi\log\frac{1}{\xi})^{2}\int_{0}^{\infty}e^{-4\xi x}dx$

$+const. \int_{a_{\xi}}^{\infty}(\log\frac{x}{a_{\xi}})^{2}x^{-2}dx$

$=cmst. \xi(\log\frac{1}{\xi})^{2}+\frac{const}{a_{\xi}}\int_{1}^{\infty}(\log y)^{2}y^{-2}dy$

$arrow 0$ as $\xi\downarrow 0$ .

LEMMA 8. $( \log\frac{1}{\xi})^{-1}\xi\int_{0}^{\infty}|u_{\xi}’(x)|^{2}x^{2}m_{\xi}(dx)arrow 0$ as $\xi\downarrow 0$ .

PROOF. First we prove

(5.5) $0<-u_{\xi}’(x)\leqq$ const. $\log\frac{1}{\xi}$ for $0<x\leqq a_{\xi}$ .

Under the restriction $0<x\leqq a_{\xi}$ we have

$0<-u_{\xi}’(x)=2 \exp\{2x^{-1}+\not\in x\}\int_{0}^{x}(a_{\xi}-y)y^{-z}\exp\{-2y^{-1}-4\xi y\}dy$

$<2a_{\xi} \exp\{2x^{-}+4\xi x\}\int_{0}^{x}y^{-2}\exp\{-2y^{-1}-4\xi y\}dy$

$ const. $\log\frac{1}{\xi}e^{2/x}\int_{0}^{x}y^{-2}e^{-2/y}dy=const$ . $\log\frac{1}{\xi}$ .

Next we prove
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(5.6) $0<-u_{\xi}’(x)\leqq const$ . $e^{4\xi x}\varphi(4\xi x)$ for $x>a_{\xi}$ ,

where

$\varphi(x)=\int_{x}^{\infty}y^{-1}e^{-y}dy*$

In fact, if $x>a_{\xi}$ then

$0<-u_{\xi}’(x)=2 \exp\{2x^{-\iota}+4\xi x\}\int_{x}^{\infty}(y-a_{\xi})y^{-2}\exp\{-2y^{-1}-4\xi y\}dy$

$\leqq const$ . $e^{4\xi x} \int_{x}^{\infty}y^{-1}e^{-4\xi y}dy$

$=const$ . $e^{4\xi x}\varphi(4\xi x)$ .

NOW the proof of Lemma 8 is completed as follows.

$( \log\frac{1}{\xi})^{-1}\xi\int_{0}^{a_{\xi}}|u_{\xi}’(x)|^{2}x^{2}m_{\xi}(dx)$

$\leqq const.\xi\log\frac{1}{\xi}\int_{0}^{a_{\xi}}\exp\{-2x^{-1}-\not\in x\}dx$ (by (5.5))

$\leqq const.\xi\log\frac{1}{\xi}\cdot a_{\xi}arrow 0$ as $\xi\downarrow 0$.
TO estimate the integral over $(a_{\xi}, \infty)$ we notice that

$\varphi(x)\sim\{$

$e^{-x}/x$ as $xarrow\infty$ ,

$\log\frac{1}{x}$ as $x\downarrow 0$ ,

and hence $e^{x}\varphi(x)^{2}\in L^{1}(O, \infty)$ . Therefore

$( \log\frac{1}{\xi})^{-1}\xi\int_{a_{\xi}}^{\infty}|u_{\xi}’(x)|^{2}x^{2}m_{\xi}(dx)$

$\leqq const.\xi(\log\frac{1}{\xi})^{-1}\int_{a_{\xi}}^{\infty}e^{4\xi x}\varphi(\not\in x)^{2}dx$ (by (5.6))

$=const.( \log\frac{1}{\xi})^{-1}\int_{4\xi a_{\xi}}^{\infty}e^{x}\varphi(x)^{2}dx$

$arrow 0$ as $\xi\downarrow 0$.

We now proceed to the proof of Proposition 1. Since $\mathcal{L}_{\xi}u_{\xi}=x-a_{\xi}$ , an
application of It\^o’s formula yields

$u_{\xi}(V_{\xi}(t))-u_{\xi}(V_{\xi}( O))=\int_{0}^{t}u_{\xi}’(V_{\xi}(s))V_{\xi}(s)dW(s)+\int_{0}^{t}(V_{\xi}(s)-a_{\xi})ds$ .
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Putting $t=x,$ $\xi=\lambda(x\log x)^{-1}$ and multiplying the both sides of the above by
$(x\log x)^{-1}$ we have

(5.7) $(x \log x)^{-1}\int_{0}^{x}(V_{\xi}(s)-a_{\xi})ds$

$=(x \log x)^{-\iota}\{u_{\xi}(V_{\xi}(x))-u_{\text{\’{e}}}(V_{\xi}(O))\}-(x\log x)^{-l}\int_{0}^{x}u_{\xi}’(V_{\xi}(s))V_{\xi}(s)dW(s)$ .

The distribution of $V_{\xi}(s)$ is $c_{\text{\’{e}}}m_{\text{\’{e}}}(dx)$ where $c_{\xi}$ is the normalizing constant which
tends to a finite value as $\xi\downarrow 0$ . Therefore the second moment of the left hand
side of (5.7) is dominated by

const. $(x \log x)^{-2}\int_{0}^{\infty}u_{\xi}(y)^{2}m_{\xi}(dy)+const.(x\log x)^{-2}x\int_{0}^{\infty}|u_{\xi}’(y)|^{2}y^{2}m_{\xi}(dy)$ ,

which tends to $0$ as $xarrow\infty$ by virtue of Lemma 7 and Lemma 8 because

$(x \log x)^{-2}x\sim\frac{1}{\lambda}(\log\frac{1}{\xi})^{-1}\xi$ as $xarrow\infty$ .

This combined with

$(x \log x)^{-1}\int_{0}^{x}a_{\xi}dsarrow 2$ as $xarrow\infty$

proves Proposition 1.
The assertion of (7) of Theorem 1 follows immediately from Proposition 1.

The assertion (8) can be derived from (7) by a method similar to that used for
deriving (6) in \S 3.

\S 6. Proof of Theorem 1 in the case $\kappa>1$ .
For any integer $k\geqq 1$ we put $\tau_{i}=T_{\iota}-T_{i-1}$ . Then for any $\lambda_{1},$ $\lambda_{2},$ $\cdots$ $\lambda_{n}\geqq 0$

we have

(6.1) $E_{W}^{0} \{\exp(-\sum_{i=1}^{n}\lambda_{i}\tau_{i})\}=\prod_{k=1}^{n}E_{W}^{k-1}\{\exp(-\lambda_{i}\tau_{i})\}$

$= \prod_{k=1}^{n}f(\Gamma_{i-1}W, \lambda_{i})$ ,

where $f(W, \lambda)=E_{W}^{0}\{\exp(-\lambda T_{1})\}$ and $\Gamma_{x}$ : $Warrow W$ (for fixed $x$ ) is defined by
$(\Gamma_{x}W)(y)=W(x+y)-W(x)$ for any $y\in R$. From (6.1) and the ergodicity of $\{\Gamma_{x}\}$

it follows that $\{\tau_{k}, k\geqq 1,9^{0}\}$ is stationary and ergodic. Therefore

(6.2) $\lim_{narrow\infty}\frac{T_{n}}{n}=\lim_{narrow\infty}\frac{\tau_{1}+\cdots+\tau_{n}}{n}=8^{0}\{\tau_{1}\}$ , $9^{0}- a.s.$ .
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The condition $\kappa>1$ is equivalent to the finiteness of $\mathcal{E}^{0}\{\tau_{1}\}$ as will be seen
below. First we compute $E_{W}^{0}\{T_{1}\}$ ; the result is

$E_{W}^{0} \{T_{1}\}=\int_{0}^{1}dS_{W}(x)\int_{-\infty}^{x}m_{W}(dy)$ .
Therefore

$\mathcal{E}^{0}\{\tau_{1}\}=E\{W_{W}^{0}(T_{1})\}$

$=2 J_{0}^{1}dx\int_{-\infty}^{x}E\{\exp\{W_{\kappa}(x)-W_{\kappa}(y)\}\}dy=\frac{4}{\kappa-1}$ .

Thus (9) follows from (6.2). Next we prove (10). Clearly $\overline{\omega}(t)arrow\infty$ as $t\uparrow\infty$

$(9^{0}- a.s.)$ and for any $\epsilon>0$

$\frac{T_{\varpi(t)}}{\overline{\omega}(t)}\leqq\frac{t}{\overline{\omega}(t)}<\frac{\tau_{\varpi(t)\epsilon}+}{\overline{\omega}(t)}$ .

Lettlng $t\uparrow\infty$ in the above we obtain

$\lim_{tarrow\infty}\frac{t}{\overline{\omega}(t)}=\frac{4}{\kappa-1}$ , $9^{0}- a.s.$ ,

which means that the left hand side of (10) equals $(\kappa-1)/4,$ $a.s.$ . To prove that
the second and the third terms of (10) equal $(\kappa-1)/4$ , a.s., we put $\theta(n)=(1-\epsilon)$

$(\kappa-1)n/4$ for an integer $n\geqq 1$ and for $0<\epsilon<1$ . Then

$\varphi^{0}\{\inf_{s\geq r_{\theta tn)}}\omega(s)-\theta(n)<-\sqrt{n}\}$

$=E \{P_{W}^{\theta(n)}(\inf_{s\geq 0}\omega(s)-\theta(n)<-\sqrt{n})\}$

$= \varphi^{0}\{\inf_{s\geqq 0}\omega(s)<-\sqrt{n}\}$ .

The last term in the above is a general term of a convergent series by the
result of [9]. Therefore an application of Borel-Cantelli’s lemma yields

(6.3) $\inf\omega(s)-\theta(n)\geqq-\sqrt{n}$

$s\geq T_{\theta tn)}$

for all sufficiently large $n,$ $g^{0_{-}}a.s.$ . Since $T_{\theta(n)}/narrow 1-\epsilon$ as $narrow\infty(\varphi^{0_{-}}a.s.)$ ,
(6.3) implies

(6.4) $\inf_{s\geq n}\omega(s)-\theta(n)\geqq-\sqrt{n}$

for all sufficiently large $n,$ $9^{0}- a.s.$ . For $t>0$ we now take $n=n(t)$ such that
$n\leqq t<n+1$ . Then (6.4) implies
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(6.5) $\theta(n)-\sqrt{n}\leqq\underline{\omega}(n)\leqq\underline{\omega}(t)\leqq\omega(t)\leqq\overline{\omega}(t)$

for all sufficiently large $t,$ $q$)$0_{-a.s}$ Dividing (6.5) by $t$ and then letting $t\uparrow\infty$

we finally see that the second and the third terms of (10) equal $(\kappa-1)/4,9^{)}0- a.s.$ .

\S 7. Remark to the case $\kappa=0$ .
A limit theorem concerning $\overline{\omega}(t)=\max$ { $\omega(s)$ : OS $s\leqq t$ } was obtained by Kotani

(1988), Ogura (1989) and Kawazu-Tanaka (1989) independently and by different
methods (proofs were unpublished). The result is as follows. Let $t>0$ and put

$W^{\#}(x)=W(x)- \min_{[x\wedge 0.x0]}W$, $x\in R$ ,

$d_{t}^{+}= \min\{x>0:W\#(x)=t\}$ , $V_{t}^{+}= \min W$ ,
$[0.a_{t}^{+}]$

$d_{t}^{-}= \max\{x<0:W^{*}(x)=t\}$ , $V_{t}^{-}= \min W$ ,
$[a_{t}^{-}.0]$

and define $b_{t}^{+}$ and $b_{t}^{-}$ by $W(b_{t}^{\pm})=V_{\iota}^{\pm}$ (such $b_{t}^{\pm}$ are uniquely determined P-a. $s$ . for
each fixed $t>0$). Let

$M_{t}^{+}= \max W$ , $J_{t}^{+}=M_{t}^{+}(V_{t}^{+}+t)$ ,
$[0.b_{t}^{+}]$

$M_{t}^{-}= \max W$ , $J_{t}^{-}=M_{t}^{-}\vee(V_{t}^{-}+t)$ ,
$[b_{t}^{-}.0]$

and finally define $b_{t}^{*}$ by

$bf=\{$
$\min\{x>0:W^{*}(x)=t\}$ if $J_{t}^{+}<J_{t}^{-}$ ,

$\min\{x>0:W(x)=J_{t}^{-}\}$ if $J_{t}^{+}>J_{t}^{-}$ .
Then the process $\{\lambda^{-2}\overline{\omega}(e^{\lambda\iota}), t>0,9^{0}\}$ converges to $\{b_{\iota}^{\#}, t>0, P\}$ as $\lambdaarrow\infty$ in the
sense of convergence of finite dimensional distributions. In particular, $(\log t)^{-2}\overline{\omega}(t)$

converges in law to $b_{1}^{\#}$ as $tarrow\infty$ and

$E \{e^{-\xi b_{1}^{\#}}\}=\int_{0}^{1}E_{+}^{x}\{e^{-\xi T_{1}}\}dx$ , $\xi\geqq 0$ ,

where $E_{+}^{x}$ and $T_{1}$ denote the expectation and the first hitting time to 1, respec-
tively, for the reflecting Brownian motion on $[0, \infty)$ starting at $x$ .

The corresponding result in the case of random walks on $\{0,1,2, \cdots\}$ with
reflecting barrier at $0$ was obtained by Golosov [2].
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