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1. Introduction.

Let £ be an infinite cardinal. The sequential fan S, with k-many spines is
the quotient space obtained from the disjoint union of x-many convergent se-
quences by identifying all the limit points to a single point denoted by co. To
be precise, S,= {oo} Uk Xw) as a set, every point of £Xw is isolated, and a
basic neighborhood of oo is of the form

U, = {0} U{a, ny: n =z p(a)}
where pEw”.

For a topological space X, the tighiness of X, t(X), is the smallest cardinal
A such that for every point x&X and AZSX, if x=clA then there exists BE A
with |B|<2 and x<clB.

It follows immediately from the definition that #(X)<|X| and it is easily
seen that #(S,)=w for each x. But the tightness of the product space of two
sequential fans is more complicated.

Gruenhage [4] proved that #(S,, XS, )=w,, but it is an open question whe-
ther #(S,,XSe,) =, holds in ZFC. Moreover, such a question whether #(S, X S,)
=K or not, is equivalent to another question related to the collectionwise Haus-
dorff property. (See [3, 8] for details.)

In this paper we shall give a combinatorial characterization of the tightness
of S, XS, for an infinite cardinal x. Especially the tightness of S,XS:» has a
natural combinatorial characterization.

To begin with, let us review the definitions of two familiar cardinals with
combinatorial characterizations, b and b.

DEFINITION 1.1. For f, gew®, f<*g if for all but finitely many new we
have f(n)<g(n). A family 9Sw0? is unbounded (respectively dominating) if for
every fcw® there exists g such that g#*f (respectively f<*g). The un-
bounding number b is the smallest size of the unbounded family of ©®, and the
dominating number b is the smallest size of the dominating family of w®.
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Now we introduce a new cardinal invariant 5%, which is defined with the
notion of the unbounded family but differs from b.

DEFINITION 1.2. 5* is the smallest cardinal A such that, for every un-
bounded family 9 Sw?, there exists a subfamily ¢ 9 such that |¢|{<4 and @
is still unbounded.

Using this notion we can state our main results:

THEOREM 1.3. (1) For w<k<b, H(S,XS,)=w holds.
(2) (S, XSp=D.
(3) For £=9*, t(S,XS,)=b* holds.

THEOREM 1.4. (1) bBHZb*<Lb.
(2) Both 5<b* and b*<d are consistent with ZFC.

What happens about #(S,XS,) for b<g<b*? In fact it is undecidable under
ZFC, that is, both #(S,XS,)=k and #(S,XS,)<k are consistent with ZFC. To
prove this, we study Hechler’s result about dominating families of w® in Section 4.

Our notation is standard and we refer the reader to for undefined
notions.

For f€w” and ¢Ew* we shall use the notation Uy , rather than U, XU,
for the neighborhood of (e, o} determined by f and ¢. We shall also use
{k, m, a, n) instead of Kk, m), {a, n)) to denote points of S,XxS,.

ACKNOWLEDGEMENT. We thank S. Taniyama for giving helpful advice and
suggesting the idea of the notion of b*. We also thank J. Brendle for some
comments and information, mentioned in the context.

2. Characterization of the tightness of S,XS,

In this section, we shall give a combinatorial characterization of the tight-
ness of S,xS,'. To state the combinatorial characterization, a part of which

is due to [T], we generalize a notion in Definition 1.2

DEFINITION 2.1. Let b(x) be the smallest infinite cardinal A satisfying the
following: For every unbounded family 9Zw® with |9 |<k there exists a
subfamily ¢S g such that |¢]<A and ¢ is still unbounded.

Using this notion b* is defined as b(2%).

D After the submission of the first version of this paper, we have had a chance to
see a preprint of Brendle and LaBerge [1]. It deals with a closely related topic and
gives a nice idea to simplify the proof of Our previous combinatorial
characterization was more complicated.
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THEOREM 2.2. For any infinite cardinal k, t(S,XS,) is equal to b(k).
According to this theorem, it is easy to see

LEMMA 2.3. Let £ and A be infinite cardinals. Then, t(Sy,XS;)=4 if there
exists an unbounded family T={f,: a<x} such that any subfamily G= I with
[G@| <A is bounded.

PROOF. Let A={k, f.(k), a, k>: k<wNa<k}. We show A witnesses
t(SuXSg)=A. Let hew”, p=k®. Since I is unbounded, there exists a<x such
that f,Z*h. We can find £ >¢(a) such that f,(R)>h(k) and so <k, f.(k), a, k>
eANUy, ,, which implies (oo, co)&clA.

Let XS A with |X|<A. There exists [ S« such that |/|<A and X< {<&,
falk), a, k): k<wANasl}. By the assumption, there exists ~A€w® such that
fo<*h for all acl. For acl, we can put ¢(a)<w so that f,(k)<h(k) for
any k=¢(a). Then, Uy ,NX=@, where h'(k)=h(k)+1. This completes the
proof. [J

LEMMA 2.4. Suppose that ASS, XS, satisfies that {co, code&clA and {0, =)
&clC for any countable CS A. Then, there exists BE A such that (o, co)&clB
and for any k<w and a<k

(1) {n:<k,m, a nyeB for some m<w} and

(2) {m: <k, m, a nysB for some n<w}
are both finite.

Proor. First we prove that for any k<w there exists M<w such that
n<w: <k, m, a, ny=A for some m>M} is finite for all a<x. Suppose not,
then we can take k<<w and ay<«k for each M <w so that {n<w: <k, m, ay, n)
= A for some m>M} is infinite. Now we claim that {co, codecl({{k, m, ay, n)
€A: k, m, M, n<e}), which contradicts the assumption. Fix h<w” and ¢<o*
arbitrarily and let M=h(k). Then, by the choice of ay, we can find m>M so
that there exists n=d(ay) with <k, m, a,, n)€A.

Let f(k) be greater than M, then {n: <k, m, @, n)=A for some m=f(k)}
is finite. Symmetrically, we get ¢(a) so that {m: {k, m, @, n> A for some
nze(a)} is finite. Then, B=ANUy,,, is the desired one. O

PROOF OF THEOREM 2.2. By it suffices to show #S,XS)<
b(k). Gruenhage [4, Lemma 1] proved #(S,XS,)=w in case £<b, which implies
1S, XS,)=b(k). So, we assume £=b.

Let ASS,XS, be so that (oo, code=clA and assume that {oo, co)>&clC for
any countable CSA. Then, by we get BEA with the properties
in the lemma. Take an unbounded family ¢ of strictly increasing functions
with |¢|=6. We defins f&(k)=max({0}\U{m: Ank, m, a, nD>=BARZgn))}).
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First, we show {f4: a<kAgeg} is unbounded.

Suppose fi<*f for all a<k and g=g. Since (oo, o)e&clB, there exists
a<k such that the set {n: Ik, m(f(k)<mA{k, m, a, n)=B)} is infinite. For
n<® choose k, so that f(k,)<m and <{k,, m, a, n’>EB for some m<w, n’'=n.
Since ¢ is unbounded, there is g&g such that k,=<g(n) for infinitely many n.
By the first property of the correspondence from n to k, is finite-
to-one, so we can find n<w such that f&(k,)<f(k,) and also k,<g(n). By
the choice of k,, there are n’=zn and m> f(k,) such that <k,, m, a, n'>=B.
Since g(n)< g(n’) and by the definition of f4(k,), this implies f&(k.)=m> f(k,),
which contradicts f4(k,)< f(ka).

We have shown that {f§: a<kAgeg} is unbounded. There exists J E &
such that |J|<b(k) and {f¢:a=JAgeEg} is unbounded. Let D= {(k, m, a, n)
eB: acsJN\k, m, n<w}. We claim that (oo, cod>&clD, which shows #(S,XS,)
<b(k). Take arbitrary hew® and p<o®. Then we can find a=/ and geg
so that f&Z£*h. By the definition of f4(k), f&(k)>0 implies <k, f&(k), a, n)>c<
D for some n with 2=g(n). Since f4L*h, there are infinitely many n such
that <k, f4(k), @, ny)ED and h(k)<f&k) for some k2. So we can find n=¢(a)
and k<o with h(R)<f4(k) so that <k, f&(k), a, ny)€D, ie., Up ,ND+@. [

3. Relations between 5, b and b*.

In this section we shall show that b* is located between b and D but con-
sistently different from both of them.

THEOREM 3.1. 5Zb*<h.

PROOF. b<b* follows immediately from the definition of b*. To show
b*<bd, let I be any unbounded family and 9= {gg: B<d} a dominating family.
For each S<b, we can find fged so that fa£L*gs. Let ¢={fg: f<b} & g.
Then, |2|<b and & is still unbounded. O

Now we turn to the consistency proofs. Both of the models satisfying p*
<b and b<b* are obtained by the Cohen extensions.

Before proving them, we observe a basic fact on the Cohen forcing. Let
C;=Fn(l, 2, w) be the canonical Cohen forcing notion for an infinite set / (see
[7, Chapter 7]).

LEMMA 3.2 ([2, Corollary 3.5]). For any infinite set I, if 9Sw® is an
unbounded family, then |-¢, “9 is unbounded.”

DEFINITION 3.3. For a forcing notion P, a standard P-name / for a real
is a name uniquely determined by a system {A,,: m, n<w} with the following :
(1) Ann, <SP is an antichain of P and n=n’ implies ApnN\Apnr =0,
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(2) Unp<oAmnr is a maximal antichain of P, and
(3) For each pEAna,, pl-pf(m)=n.

THEOREM 3.4. Let 2°=A4. Then, in the Cohen extension by C. for an in-
finite &, any unbounded family T of w® has an unbounded subfamily of size less
than or equal to A.

ProoOF. For an infinite ISk, let X(I) be the collection of all standard C,-
names of reals and let =X (). It suffices to deal with the case x>>4. Suppose
that there are p,=C, and a collection g of standard C,-names for reals such
that

Dol-“g is unbounded AVZS I(|4|<1— ¢ is bounded).”

Let S={X{): Ie[k]* Asupp(po)S1}, then SS[X]*. S is stationary, since
it is unbounded and closed under unions of increasing w,-sequences. By assump-
tion and using Lemma 3.2, for each X=X(I)S we get a standard C;-name gy
for a real so that p, forces f<*gy for all fegnX. By Fodor’s lemma for
[%£]* (see [6, Theorem 3.2]) there is a stationary set S'SS such that gxy=4g
for all X&S’. Since S’ is unbounded in [¥]?, we have py-“f<*g” for all
fe4g, which is a contradiction. [

COROLLARY 3.5, Assume CH. For a cardinal k& of uncountable cojinality,
b=b*=w, and d=«k hold in the forcing model by C*

Using [Lemma 3.2 and [Theorem 3.4, we can easily prove both the consistency
of b<b*<b and that of bH<<b*=D.

PROPOSITION 3.6. Assume MA+w,<<2°=AZ«k and k has uncountable cofinality.
Then, b=w,, 0*=A1 and d=« hold in the forcing model by C..

PrROOF. Since MA and 2°=24 hold in the ground model, we can take an
unbounded family & of order type A with respect to =*. Then, in the forcing
model ¢ is still unbounded by and every subfamily of g of size
<A must be bounded, since A is regular. This implies A<bH*. On the other
hand, $*<1 by [Theorem 3.4 As is well-known, b=, and b=« hold in the
forcing model by C.. O

4. More on 5* and the tightness of S,XS,.

In this section we study Hechler’s result about dominating families of @
and show that #(S,XS,) for b<k<b* may or may not be equal to .

» J. Brendle informed us that LaBerge and Landver [8] proved this same result by
another method independently. The paper was published after the submission of the
present paper.
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To investigate structures of dominating subfamilies of w®, Hechler
introduced the so-called Hechler Forcing. However, his paper had been written
before the simplified forcing method appeared and consequently it involves some
complicated presentation. Here, we introduce a simplified notion in the current
presentation. Since our final purpose is to investigate the notions around the
cardinals b, b* and b, we confine ourseives only to a well-founded partially
ordered set K.

DEFINITION 4.1. Let R be a well-founded partially ordered set. We define
forcing notions inductively.

A member of a partially ordered set H, for a=R is of the form {{sy, Tp):
beF} with the following:

(1) F is a finite subset of {beR: b=a} ;

(2) syew<® for beF;

(3) For beF, g, is a finite subset of standard names for reals such that if
fed,, fis an H,name for some ¢<b.

{te, Gc>: c=G} extends {<s; Tpp: beF} if the following hold:

(a) FESG, and 9,26, and s,St, for b=F;
(b) For each beF, c<b, an H-name fET, and k=dom(t,)\dom(s,), we have

{te, 80> dEGCND=ZcHu f(R) < ty(k).

Finally, Hy is the set \Uq.epH, with the ordering \U,er<,, where =, is
the ordering of H,. ,
Let G be the canonical name for an Hp-generic filter, i.e., plpeG for

peHy and let d, be the name for \U{sq: (¢, I>Ep=G for some p, I} for
each aeR.

Note that if a<b we can put d, in T,

LEMMA 4.2. (1) Hj satisfies c.c.c.

(2) For a<b, the inclusion from H, to H, is a complete embedding and so
is the inclusion from H, to Hp.

3) For a, beR, a<b implies l-do<*dy and a£b implies |-doL*dy.
(4) If any countable subset of R has a strict upper bound in R, |- “{d,:
ac=R} is a dominating family.”

Now it is easy to see the following:

PROPOSITION 4.3, Let R=w,Xw,Xws with the product ordering. Then b=
oy, b*=bd=w,, and t(S,XS.,)=w, hold in the forcing model by Hp.

PROPOSITION 4.4. Let ‘R:a)IXco3 with the product ordering. Then b=w,,
b*=bd=w,, and #(SoXSa,)=w; hold in the forcing model by Hg.
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PROOF. By there exists a dominating family {d,: a€R} such

that d,<*d, iff a<b in the product ordering. Now, the first two statements
are clear. To show the last one, let I be an unbounded family of size w,.
For fed and a<w, let B(f, a)<w, such that f=<*d¢ g, 0y if such B(f, a)
exists and B(f, a)=0 otherwise. Let B,=sup{B(f, a): fE€ETNa<w} <w, and
take ¢S 9 so that |G|=w; and dc, 3, does not bound ¢ for any a<w,. Then,
G is unbounded. [
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