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\S 0. Introduction.

We consider the characteristic Cauchy problems for some non-Fuchsian
partial differential operators with real-analytic coefficients. We give some theo-
rems that are similar to the Cauchy-Kovalevskaya theorem and the Holmgren
theorem. As a corollary, we obtain some results on the non-existence of null-
solutions.

First, we give the definition of (essentially) Fuchsian operators and null-solu-
tions. Consider a partial differential operator

$P=t^{k} \partial_{t}^{m}+\sum_{mj+|a|\lessgtr m.j<}a_{j.\alpha}(t, x)\partial_{t}^{j}\partial_{x}^{a}$ ,

where $k$ is a non-negative integer and $a_{j},$ . are smooth (that is, $C^{\infty}$ or holo-
morphic etc.) in a neighborhood of $(0,0)\in R_{t}\chi R_{x}^{n}$ .

DEFINITION 0.1. (1) A partial differential operator $P$ is called Fuchsian
(with respect to the hypersurface $\Sigma:=\{(t,$ $x);t=0\}$ ), if $P$ is written in the form

$P=t^{k}\partial_{t}^{m}+a_{m-1}(x)t^{k-1}\partial_{t}^{m-1}+\cdots+0_{m-k(x)\partial_{t}^{m-k}}$

$+ \sum_{mp<}\sum_{\rceil\beta_{1\leqq m-p}}t^{a(p.\beta)}\partial_{t}^{p}$ a $p.\beta(t, x)\partial_{x}^{\beta}$

with $\alpha(p, \beta)=\max(0, k+p-m+1)$ , where $0\leqq k\leqq m$ and $a_{j},$ $a_{p,\beta}$ are smooth
([1]). If $P$ can be written as $P=t^{\hslash}Q$ , where $Q$ is Fuchsian and $h$ is an integer,
then $P$ is called essentially Fuchsian ([8]). Also, an operator $P$ is called non-
Fuchsian (resp. essentially non-Fuchsian), if $P$ is not Fuchsian (resp. not essentially
Fuchsian).

(2) A distribution $u$ in a neighborhood of $(0,0)$ is called a null-solution for
$P$ at $(0,0)$ with respect to $\Sigma$ (or rather $\Sigma_{+}=\{t>0\}$ ), if $Pu=0$ in a neighborhood
of $(0,0)$ and $(0, O)\in suppu\subset\{t\geqq 0\}$ .

After a pioneering study by Y. Hasegawa ([4]), M. S. Baouendi and C.
Goulaouic ([1]) defined Fuchsian partial differential operators, and proved some
generalizations of the classical Cauchy-Kovalevskaya theorem and the Holmgren
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uniqueness theorem for Fuchsian operators. Especially, they proved that if $P$

is a Fuchsian operator with real-analytic coefficients, then there exist no suffici-
ently smooth null-solutions. On the other hand, for operators whose principal
parts are essentially non-Fuchsian, there are many results on the existence of
$C^{\infty}$ null-solutions. (We refer only [12] and [9]. See the references of these
papers.)

In [8], the author considered essentially non-Fuchsian operators whose
principal parts are essentially Fuchsian under the assumption that the coeffici-
ents depend only on $t$ . According to this result, there are some essentially

non-Fuchsian operators that have no sufficiently smooth null-solutions. This
suggests that there may exist a class of non-Fuchsian operators that have similar
properties to Fuchsian operators.

In this article, we consider the characteristic Cauchy problems for some
essentially non-Fuchsian operators whose principal parts are essentially Fuchsian.
Considering functions that are of $C^{\infty}$ class with respect to the variable $t$ and
holomorphic with respect to $x$ , we give some theorems that are similar to the
Cauchy-Kovalevskaya theorem and the Holmgren uniqueness theorem (Theorems

1.5 and 1.6). We also get some results on the non-existence of null-solutions
(Theorems 1.7 and 1.8).

NOTATION.
(i) The set of all integers (resp. nonnegative integers) is denoted by $Z$

(resp. $N$). For a real number $a$ , put $[a]:= \max\{n\in Z;n\leqq a\}$ (Gauss’s symbol).

(ii) Put $\theta:=t\partial_{t}$ and $\tilde{\theta}$

$:=\partial_{t}t=S+1$ .
(iii) For a bounded domain $\Omega$ in $C^{n}$ , we denote by $o(\Omega)$ the set of all

holomorphic functions on $\Omega$ . This is a Fr\’echet space with the topology of
uniform convergence on the compact sets. Put $E(\Omega):=\{\varphi\in C^{0}(\overline{\Omega});\varphi$ is holo-
morphic in $\Omega$ }. This is a Banach space with the supremum norm. Tbe closure
of the entire functions in $E(\Omega)$ is denoted by $F(\Omega)$ . The dual space of $E(\Omega)$

(resp. $F(\Omega)$ ) is denoted by $E’(\Omega)$ (resp. $F’(\Omega)$).

(iv) For two locally convex topoIogical vector spaces $X$ and $Y$, we denote
by $\mathcal{L}(X, Y)$ the space of all continuous linear operators from $X$ to $Y$ , endowed
with the topology of uniform convergence on the bounded sets. Put $\mathcal{L}(X):=$

$\mathcal{L}(X, X)$ .

\S 1. Statements of the main results.

Let $\Omega$ be a bounded domain in $C^{n}$ that contains the origin $0$ , and. let $T$ be
a positive real number. Consider a linear partial differential operator
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$P= \sum_{j+1\alpha_{1}\leqq m}a_{j,\alpha}(t, x)\partial_{t}^{f}\partial_{x}^{\alpha}$ ,
(1.1)

where $a_{j,\alpha}\in C^{\infty}([-T, T];\mathcal{O}(\Omega))$ and $a_{m,0}(t, x)\equiv t^{\kappa}(\kappa\in N)$ .

Let $r(j, a)$ be the vanishing order of $a_{j},$ . on $\Sigma$ , that is

(1.2) $r(j, \alpha)$ $:= \sup\{r\in N;t^{-r}a_{j,\alpha}\in C^{\infty}([-T, T] ; O(\Omega))\}$ ,

and put

(1.3) a $j,$
$\alpha(t, x):=t^{-r(j.\alpha)}$ a $j,$ $.(t, x)$ .

(If $r(j,$ $\alpha)=\infty$ , then put $\tilde{a}_{j.\alpha}(t,$ $x)\equiv 0.$ ) Note that $\tilde{a}_{j.\alpha}\in C^{\infty}([-T, T];\mathcal{O}(\Omega))$ .
Associating a weight $\omega(], \alpha):=r(j, \alpha)-j$ to each differential monomial

$a_{j.\alpha}(t, x)\partial_{t}^{j}\partial_{x}^{a}$ , we draw a Newton polygon $\Delta(P)$ using tbe points $(]+|\alpha|, \omega(], \alpha))$

$(J+|\alpha|\leqq m)$ in $(u, v)$ -plane as follows.

DEFINITION 1.1. (1) Put

$\Delta(P):=ch(U\{(u, v)\in R^{2} ; u\leqq j+|\alpha|, v\geqq\omega(J, \alpha)\})$ ,

where $ch(A)$ denotes the convex hull of $A$ . This is called the Newton polygon
of $P([6], [13], [11])$ . (Cf. Definition 2.1.) This is different from the Newton
polygon used in [8].

Figure 1. $\Delta(P)$ .
(2) Put

$\hat{V}:=$ { $(j,$ $\alpha)\in N\cross N^{n}$ ; $(J+|\alpha|,$ $\omega(j,$ $\alpha))$ is a vertex of $\Delta(P)$ }.

(3) Put
$h(P)$ $:= \min\{\omega(], \alpha)\in R ; j+|\alpha|\leqq m\}$

$= \min$ { $v\in R;(u,$ $v)\in\Delta(P)$ for some $u\in N$}.
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This is the lowest weight of $P$ and called the height of $\Delta(P)$ .
(4) Tbe boundary of $\Delta(P)\cap([0, \infty)\cross R)$ is the union of two vertical half-

lines and a finite number of compact line segments with distinct sloPes. Each
of these compact line segments is called a lower side of $\Delta(P)$ . The set of the
slopes of the lower sides of $\Delta(P)$ is denoted by $S$ . For $\mu\in S$ , the lower side
of $\Delta(P)$ with slope $\mu$ is denoted by $L_{\mu}$ . Put

$I_{\mu}$ $:=\{(j, \alpha)\in N\cross N^{n} ; (_{J}+|\alpha|, \omega(], \alpha))\in L_{\mu}\}$ .

(5) For $\mu\in S,$ $\mu>0$ , we put

$C_{\mu}(\lambda;x)$ $:=$ $\Sigma$ a $j,$
$0(0, x)\lambda^{j}$ .

$(j, 0)\in I_{\mu}$

If $O\in S$ , then we put

$C_{0}(\lambda;x)$
$:= \sum_{(j,0)\in I_{0}}$ a $j.0(0, x)\lambda(\lambda-1)\cdots(\lambda-J+1)$ .

If $O\not\in S$ , then we put $C_{0}(\lambda;x)=\tilde{a}_{0.0}(0, x)$ . The polynomial $C_{0}$ is called the
indicial polynomial of P. (M. S. Baouendi and C. Goulaouic ([1]) called this poly-
nomial “the cbaracteristic polynomial associated with $P’$ , in the case of
Fuchsian operators.)

(6) If $O\in S$ , then we put

$\Lambda(P):=\sup$ { ${\rm Re}\lambda\in R;C_{0}(\lambda;x)=0$ for some $x\in\Omega$ }.

If $O\not\in S$ , then we put $\Lambda(P)=-\infty$ .

By the use of these notions, Fuchsian operators are characterized as follows.

PROPOSITION 1.2. The oPerator $P$ is Fuchsian if and only if $h(P)\leqq 0,$ $S=\{0\}$ ,

and there exist no $(], \alpha)\in I_{0}$ such that $\alpha\neq 0$ .

NOW, we assume the following conditions.
(A-1) For all $\mu\in S$ , there exist no $(j, \alpha)\in I_{\mu}$ such that $\alpha\neq 0$ .
(A-2) If $(j, 0)\in\hat{V}$ , then $a_{j,0}(0,0)\neq 0$ .
(A-3) If $\mu\in S$ and $\mu>0$ , then all non-zero roots $\lambda$ of $C_{\mu}(\lambda_{j}0)=0$ satisfy

${\rm Re}\lambda<0$ .
(A-4) $h(P)\leqq 0$ .
(A-5) $C_{0}(\lambda;0)\neq 0$ for $\lambda=|h(P)|,$ $|h(P)|+1,$ $|h(P)|+2,$ $\cdots$

REMARK 1.3. (1) The assumption (A-1) implies that the principal part $P_{m}$

of $P$ is essentially Fuchsian.
(2) Note that if $(J, 0)\in\hat{V}$ , then $aj.0(0, x)\not\equiv O$ under the assumption (A-1).

Thus, the condition (A-2) is a $k\cdot nd$ of non-degeneracy at $x=0$ . For an arbi-
trarily fixed $y\in\Omega$ , put
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$P_{y}$
$:= \sum_{J+|\alpha_{|\leqq m}}a_{j,\alpha}(t, y)\partial_{t}^{f}\partial_{x}^{a}$ ,

which is a differential operator with coefficients depending only on $t$ . Then,
the condition (A-2) is equivalent to that $\Delta(P_{y})=\Delta(P)$ for any $y$ in a neighbor-
hood of $(0,0)$ .

(3) The condition (A-4) implies that $C_{0}(\lambda;x)\equiv 0$ for $\lambda=0,1$ , $\cdot$ .. , $|h(P)|-1$ .
In fact, if $j<|h(P)|$ , then $\omega(], O)=r(j, 0)-]>-|h(P)|=h(P)$ and hence $(J0)$

$\not\in I_{0}$ . Further, if $|h(P)|\geqq 1$ then $\Lambda(P)\geqq|h(P)|-1$ .
(4) If $O\not\in S$ , tben $h(P)\geqq 0$ and hence (A-4) means that $h(P)=0$ . Further,

(A-5) follows from (A-2).
(5) We do not exclude Fuchsian operators. Fuchsian operators always

satisfy the conditions $(A-1)-(A-4)$ .

EXAMPLE 1.4. Consider an operator

$P=t^{\kappa}\partial_{t}^{2}-t^{\nu}\partial_{x}^{2}+at^{p}\partial_{t}+b$ ,

on $R^{2}$ , where $\kappa,$ $\nu,$ $p\in N,$ $a,$ $b\in C$ . We assume that $\kappa>2p,$ $p\geqq 1$ , and $b\neq 0$ . We
have

(A-1) $\Leftrightarrow\nu>\kappa-2$ .

Under this condition (A-1), there holds that $S=\{\kappa-p-1, p-1\}$ . The con-
ditions (A-2) and (A-4) are always satisfied. (Note that $h(P)=0.$ ) Further, we
have

$(A-3)\Leftarrow\ni{\rm Re} a>0$ and if $p>1$ then ${\rm Re}(b/a)>0$ ,

(A-5) $\epsilonarrow Ifp=1$ then $b/a\not\in\{0, -1, -2, \cdots\}$ .

Under the above assumptions, we have the $follow_{1}ng$ two theorems, which
are the main results of this article.

THEOREM 1.5. Assume the conditions $(A-1)-(A-5)$ . Then, there exist a posi-
tive $T_{0}$ and a neighborhood $\Omega_{0}$ of $0$ in $C^{n}$ for which the following holds:

For any $f\in C^{\infty}([0, T] ; O(\Omega))$ and any $g_{j}\in O(\Omega)(0\leqq_{J}\leqq|h(P)|-1)$ , there exists
a unique $u\in C^{\infty}([0, T_{0}];o(\Omega_{0}))$ satisfying

(CP) $\{$

$Pu=f(t, x)$ in $[0, T_{0}]\cross\Omega_{0}$ ,

$\partial_{t}^{f}u|_{t=0}=g_{f}(x)$ on $\Omega_{0}(0\leqq j\leqq|h(P)|-1)$ .

THEOREM 1.6. Assume the conditions $(A-1)-(A-5)$ . Let $L\in NandL>\Lambda(P)$ .
If $u\in C^{L}([0, T];9’(\Omega\cap R^{n}))$ , $Pu=0$ for $t>0$ in a neighborhood of $(0,0)$ , and
$\partial_{t}^{j}u|_{t=0}=0(0\leqq_{J}\leqq|h(P)|-1)$ in a neighborhood of $0$ , then $u=0$ for $t>0$ in a
neighborhood of $(0,0)$ .

Immediately from Theorem 1.6, we have the non-existence of sufficiently
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smooth null-solutions. We also have the following stronger results on the non-
existence of null-solutions, assuming only the conditions $(A-1)-(A-3)$ .

THEOREM 1.7. Assume the conditions $(A-1)-(A-3)$ . If $N\in N$ and $N>\Lambda(P)$ ,

then there exist no $C^{N}$ null-solutions for $P$ at $(0,0)$ .
THEOREM 1.8. Assume the conditions $(A-1)-(A-3)$ . If $O\not\in S$ , then any 9’

null-solution for $P$ at $(0,0)$ has a support included in the initial surface $\Sigma=\{t=0\}$

in a neighborhood of $(0,0)$ . Further, if $h(P)=0$ in addition, then there exist no
9’ null-solutions for $P$ at $(0,0)$ .

REMARK 1.9. (1) AS is well-known, if $P$ is non-Fuchsian, then the solution
$u$ in Theorem 1.5 is not necessarily holomorphic in $(t, x)$ even if $f,$ $gj$ and the
coefficients of $P$ are all holomorphic in $(t, x)$ . Also, we cannot replace $[0, T]$

and $[0, T_{0}]$ with $[-T, T]$ and $[-T_{0}, T_{0}]$ .
(2) Consider the following condition, which is “opposite” to (A-3):

(A-3) There exist $\mu\in S$ and $\lambda\in C$ such that $\mu>0,$ ${\rm Re}\lambda>0$ , and $C_{\mu}(\lambda;0)=0$ .

The author believes that the following holds:

CONJECTURE. If $P$ satisfies the conditions (A-1), (A-2), and $(A- 3)^{\#}$ , then
there exists a $C^{\infty}$ null-solution for $P$ at $(0,0)$ .

If the coefficients $a_{j}$ , . of $P$ are independent of $x$ , then this conjecture fol-
lows from Theorem A (1) in [8].

The assumptions (A-4) and (A-5) have a different nature from $(A-1)-(A-3)$ .
In Theorem 1.5, the assumptions (A-4) and (A-5) are used only to show that
the formal Taylor expansion of the solution $u$ with respect to $t$ is uniquely
determined from $f$ and $g_{j}$ , as we shall see in Section 4. In other words, the
Cauchy problem (CP) is reduced to the flat Cauchy problem by the use of (A-4)

and (A-5), and the flat Cauchy problem is uniquely solvable under the assump-
tions $(A-1)-(A-3)$ . As for Theorem 1.6, the situation is similar.

In Section 4, we shall give some extended results to the reduced problems
under the assumptions $(A-1)-(A-3)$ (Theorems 4.3, 4.4, 4.6). From these extended
results, the four theorems above easily follow.

In order to give these extended results, we need to consider generalized
Newton polygons and some function spaces associated with generalized Newton
polygons. These are given in Sections 2 and 3. Our assumptions make it pos-
sible to treat the operator $P$ as a kind of perturbation of an ordinary differential
operator. In Sections 5 and 6, we investigate ordinary differential operators.

Using the results in Section 6, we prove Theorem 4.4 in Section 7. Theorems
4.3 and 4.6 are proved by the use of scales of Banach spaces. In Section 8,
we give the unique solvability of abstract equations in scales of Banach spaces.
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Finally, we prove Theorems 4.3 and 4.6 in Section 9.

\S 2. Additive group of generalized Newton polygons.

In this section, we define an additive group extended from the Newton
polygons and show some basic properties of this group. We begin with a de-
finition of Newton polygons.

DEFINITION 2.1. (1) For a point $(a, b)\in N\cross R$ , put $\Delta(a, b):=(-\infty, a]\cross$

$[b, \infty)\subset R^{2}$ .
(2) A subset $\Delta$ of $R^{2}$ is called a Newton polygon, if $\Delta=ch(U_{j=1}^{M}\Delta(a_{j}, b_{j}))$

for a finite number of points $(a_{j)}b_{j})\in N\cross R(]^{=1}, , M)$ . Note that $\Delta(a, b)$ is
also a Newton polygon.

(3) For a Newton polygon $\Delta$ , put $s=s( \Delta):=\max\{u\in N;(u, v)\in\Delta$ for some
$v\in R\}$ and $h=h( \Delta):=\min$ {$v\in R;(u,$ $v)\in\Delta$ for some $u\in N$}. We call $s(\Delta)$ the
size of $\Delta$ and $h(\Delta)$ the height of $\Delta$ . Further, put $L(j)=L_{\Delta}(j):= \min\{v\in R;(j, v)$

$\in\Delta\}$ for $j=0,1$ , , $s(\Delta)$ . This is called the side function of $\Delta$ . A Newton
polygon $\Delta$ is uniquely determined by its size $s(\Delta)$ and side function $L_{\Delta}$ . Note
that $\Delta=ch(\bigcup_{j=0}^{S(\Delta)}\Delta(j, L_{\Delta}(j)))$ and that $h(\Delta)=L_{\Delta}(O)$ .

Figure 2. Newton polygon.

REMARK 2.2. Let $L$ be the side function of a Newton polygon $\Delta$ with size
$s$ . Put $\kappa_{j}:=L(j)-L(j-1)(j=1, , s)$ . Then, there hold

(2.1) $0\leqq\kappa_{1}\leqq\ldots\leqq\kappa_{s}$ ,

(2.2) $L(])=h+ \sum_{t=1}^{j}\kappa_{l}C=0,1,$ $\cdots$ , $s$), where $h=h(\Delta)=L(O)$ .

Conversely, let $h\in R,$ $s\in Nand$ let $\kappa_{1}$ , , $\kappa_{s}$ satisfy (2.1). If we define a func-
tion $L$ on $\{0,1, \cdot. , s\}$ by (2.2), then there exists a Newton polygon $\Delta$ with
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size $s$ and side function $L$ .
Next, we define an addition of Newton polygons.

DEFINITION 2.3. For two subsets $D_{1}$ and $D_{2}$ of $R^{2}$ , put

(2.3) $D_{1}+D_{2}$ $:=\{(u_{1}+u_{2}, v_{1}+v_{2})\in R^{2} ; (u_{\iota}, v_{i})\in D_{t}(i=1,2)\}$ .

PROPOSITION 2.4. (Cf. [10, Definition 3.1].) For $i=1,2$ , let $\Delta_{\ell}$ be a Newton
polygon with size $s_{i}$ and side function $L_{i}$ . Put $L_{i}C^{\cdot}$) $=\infty$ for $j>s_{i}(i=1,2)$ . Then,
the sum $\Delta_{1}+\Delta_{2}$ is a Newton Polygon with size $s_{1}+s_{2}$ and side function $L_{1}\oplus L_{2}$ ,

where

(2.4) $(L_{1}\oplus L_{2})(j)$ $:= \min\{L_{1}(k)+L_{2}(]-k) ; k\in N0\leqq k\leqq j\}$

for $j\in N,$ $0\leqq j\leqq s_{1}+s_{2}$ .
The unit element of $th2s$ addition for Newton polygons is $\Delta(0,0)=(-\infty, 0]\cross$

$[0, \infty)$ .

PROOF. Put $\kappa_{j}^{(l)}:=L_{i}(j)-L_{i}(j-1)(1\leqq j\leqq s_{\iota} ; i=1,2)$ . Reorder $\kappa_{1}^{(1)},$ $\cdots$ , $\kappa_{s_{1}}^{(1)}$ ,
$\kappa_{1}^{(2)},$ $\cdots$ , $\kappa_{s_{2}}^{(2)}$ as $0\leqq\kappa_{1}\leqq\cdots\leqq\kappa_{s_{1}+s_{2}}$ . It is easy to show that

(2.5) $(L_{1} \oplus L_{2})(])=L_{1}(0)+L_{2}(0)+\sum_{l=1}^{j}\kappa_{l}$ $(0\leqq_{J}\leqq s_{1}+s_{2})$ .

Thus, there exists a Newton polygon $\Delta$ with size $s_{1}+s_{2}$ and side function
$L_{1}\oplus L_{2}$ , by Remark 2.2.

First, we show $\Delta\subset\Delta_{1}+\Delta_{2}$ . Take an arbitrary $(u, v)\in\Delta$ . If $u\leqq 0$ , then
there holds trivially that $(u, v)\in\Delta_{1}+\Delta_{2}$ . Assume that $u\geqq 0$ . Since $\Delta=ch(\Delta\cap$

$(Z\cross R))$ and since $\Delta_{1}+\Delta_{2}$ is convex, we may assume that $u\in N$. We have
$0\leqq u\leqq s_{1}+s_{2},$ $v\geqq(L_{1}\oplus L_{2})(u)=L_{1}(k)+L_{2}(u-k)$ for some $k$ by (2.4). Put $v_{1}=$

$L_{1}(k),$ $v_{2}=v-v_{1}\geqq L_{2}(u-k)$ . We have $(k, v_{1})\in\Delta_{1}$ , $(u-k, v_{2})\in\Delta_{2}$ . Hence, we
have $(u, v)\in\Delta_{1}+\Delta_{2}$ .

Next, we show $\Delta_{1}+\Delta_{2}\subset\Delta$ . Take an arbitrary $(u, v)\in\Delta_{1}+\Delta_{2}$ . If $u\leqq 0$ , then
there holds trivially that $(u, v)\in\Delta$ . Assume that $u\geqq 0$ . We can write as $(u, v)$

$=(u_{1}+u_{2}, v_{1}+v_{2})$ , where $\pi_{\iota}:=(u_{i}, v_{t})\in\Delta_{\iota}(i=1,2)$ . Since $\Delta_{i}$ is a Newton poly-
gon, there exist $\pi_{i}^{(\pm)}\in\Delta_{i}\cap(N\cross R)$ such that the point $\pi_{i}$ belongs to the compact
line segment connecting $\pi_{i}^{(+)}$ and $\pi_{i}^{(-)}$ . The point $\pi_{1}+\pi_{2}$ belongs to the closed
parallelogram with the vertices $\pi_{i}^{(\pm)}(i=1,2)$ . Since $\Delta$ is convex, if these four
vertices belong to $\Delta$ , then $\pi_{1}+\pi_{2}$ also belongs to $\Delta$ . Thus, we have only to
show that $(u, v)\in\Delta$ under the assumption that $u_{x}\in N(i=1,2)$ . In this case,
since $0\leqq u_{i}\leqq s_{i}$ and $v_{i}\geqq L_{i}(u_{i})(i=1,2)$ , we have $v=v_{1}+v_{2}\geqq L_{1}(u_{1})+L_{2}(u_{2})\geqq$

$(L_{1}\oplus L_{2})(u_{1}+u_{2})=(L_{1}\oplus L_{2})(u)$ . Thus, $(u, v)\in\Delta$ . $\blacksquare$

The following two propositions give basic meanings of this addition.
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PROPOSITION 2.5. Let $\Delta$ be a Newton polygon with size $s$ and side function
L. Put $k_{j}:=L(])-LC-1)$ for $1\leqq j\leqq s$ . For a non-negative real number $k$ , let
$\Delta[k]$ be a Newton polygon with size 1 and stde function $L[k]$ , where $L[k](0)=0$

and $L[k](1)=k$ . Then, there holds $\Delta=\Delta(0, h)+\Delta[k_{1}]+\cdots+\Delta[k_{s}]$ , where $h$ is
the height of $\Delta$ .

PROOF. It is trivial that if $s=0$ then $\Delta=\Delta(0, h)$ for some $h\in R$ . Let $s\geqq 1$ .
Put $L’(j):=L(j)(0\leqq j\leqq s-1)$ and let $\Delta’$ be the Newton polygon with size $s-1$

and side function $L’$ . We have $(L’\oplus L[k_{s}])(O)=L’(0)=L(0)$ . For $1\leqq j\leqq s-1$ ,
we bave $(L’ \oplus L[k_{s}])(])=\min\{L’(]), L’(]-1)+k_{s}\}=\min\{L(j), L(j-1)+k_{s}\}=$

$L(j)$ , since $L(j)-L(j-l)$ $ $L(s)$– $L(s-- l)=k_{s}$ . We also have $(L’\oplus L[k_{s}])(s)=$

$L’(s-1)+k_{s}=L(s-1)+k_{s}=L(s)$ . Thus, we obtain $L=L’\oplus L[k_{s}]$ , and hence
$\Delta=\Delta’+\Delta[k_{s}]$ . By iterating this argument, we get the desired result. $\blacksquare$

PROPOSITION 2.6. (Cf. [7].) If $P_{1}$ and $P_{2}$ are differential $oPerators$ of the
form (1.1), then there holds $\Delta(P_{1}P_{2})=\Delta(P_{1})+\Delta(P_{2})$ .

PROOF. Let $D$ be a subset of $R^{2}$ satisfying that if $(u, v)\in D$ and $?)’\geqq v$ ,

then $(u, v’)\in D$ . For a partial differential operator $R$ , we say $R=O(D)$ if $R$

can be written in the form:

(2.6) $R= \sum_{j+|a_{I}\leqq m}t$
“ $\zeta i,$ $a$ )

$a_{j.\alpha}(t, x)t^{j}\partial_{t}^{j}\partial_{x}^{a}$ ,

$(]+|\alpha|, v(j, \alpha))\in D,\overline{a}_{f,a}\in C^{\infty}([-T, T];O(\Omega))$ ($j+|\alpha|$ SS $m$).

It is easy to show that

(2.7) $(t^{v_{1}}a_{1}(t, x)t^{j_{1}}\partial_{t}^{j_{1}}\partial_{x^{1}}^{a})(t^{v_{2}}a_{2}(t, x)t^{j_{2}}\partial_{t}^{j_{2}}\partial_{x^{2}}^{\alpha})$

$=t^{v_{1}+v_{2}}a_{1}(t, x)a_{2}(t, x)t^{j_{1}+j_{2}}\partial_{t}^{J_{1}+J_{2}}\partial_{x}^{\alpha_{1}+\alpha_{2}}$

$+O(\Delta_{\backslash }’j_{1}+j_{2}+|\alpha_{1}+\alpha_{2}|, v_{1}+v_{2})\backslash \{(]_{1}+J_{2}+|\alpha_{1}+\alpha_{2}|, v_{1}+v_{2})\})$

$=O(\Delta(_{J_{1}^{\backslash }}+j_{2}+|\alpha_{1}+\alpha_{2}|, v_{1}+v_{2}))$ .
Thus, it is almost trivial that $\Delta(P_{1}P_{2})\subset\Delta(P_{1})+\Delta(P_{2})$ .

In order to show $\supset$ part, we have only to show that all the vertices of
$\Delta(P_{1})+\Delta(P_{2})$ belong to $\Delta(P_{1}P_{2})$ .

LEMMA 2.7. If $(u, v)$ is a vertex of $\Delta(P_{1})+\Delta(P_{2})$ , then there exist unique
$(u_{i}, v_{i})\in\Delta(P_{i})(i=1,2)$ such that $(u, v)=(u_{1}, v_{1})+(u_{2}, v_{2})$ . Further, $(u_{i}, v_{i})$ is a
vertex of $\Delta(P_{i})(i=1,2)$ .

PROOF. Assume that $(u_{i}, v_{i}),$ $(u_{i}’, v_{i}’)\in\Delta(P_{\mathfrak{i}})(i=1,2)$ and $(u, v)=(u_{1}, v_{1})+$

$(u_{2}, v_{2})=(u_{1}’, v_{1}’)+(u_{2}’, v_{2}’)$ . We can represent $u_{1}’=u_{1}+\rho$ , $u_{2}^{l}=u_{2}-\rho,$ $v_{1}’=v_{1}+\sigma$ ,
$v_{2}’=v_{2}-\sigma$ . Hence, there holds $(u\pm\rho, v\pm\sigma)\in\Delta(P_{1})+\Delta(P_{2})$ . Since $(u, v)$ is a
vertex of $\Delta(P_{1})+\Delta(P_{2})$ , this implies $\rho=\sigma=0$ . Thus, $(u_{t}, v_{i})$ are unique.
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Assume that $(u_{1}, v_{1})$ is not a vertex of $\Delta(P_{1})$ . There exist $\rho\neq 0$ and $\sigma$ such
that $(u_{1}\pm\rho, v_{1}\pm\sigma)\in\Delta(P_{1})$ . Since $(u_{2}, v_{2})\in\Delta(P_{2})$ , we have $(u\pm\rho, v\pm\sigma)\in\Delta(P_{1})+$

$\Delta(P_{2})$ . This contradicts the assumption that $(u, v)$ is a vertex of $\Delta(P_{1})+\Delta(P_{2})$ .
Thus, $(u_{1}, v_{1})$ is a vertex of $\Delta(P_{1})$ .

Just the same way, we can show tbat $(u_{2}, v_{2})$ is a vertex of $a(P_{2})$ . $\blacksquare$

NOW, we return to the proof of Proposition 2.6. Assume that $(u, v)$ is a
vertex of $\Delta(P_{1})+\Delta(P_{2})$ and take $(u_{i}, v_{i})$ in the lemma above. We decompose

the operator $P_{\dot{t}}$ as

(2.8) $P_{i}= \sum_{|j+\alpha|=u_{i}}t^{v_{i}}aj_{a}^{i)}(t, x)t^{j}\partial_{t}^{j}\partial_{x}^{a}+\sum_{j+t^{\alpha}I\neq u_{i}}a_{j.\alpha}^{(i)}(t, x)t^{j}\partial_{t}^{j}\partial_{x}^{a}=P_{i}’+P_{i}’’$ .

By (2.7), we have

(2.9) $P_{1}’P_{2}’= r^{v}\sum_{J+|\alpha|=u}(\sum_{J_{1}+1\alpha_{1}|=u_{1}}a4_{1^{\alpha_{1}}}^{1)}(t, x)aj_{-j_{1}.\alpha-\alpha_{1}}^{2)}(t, x))t^{j}\partial_{t}^{j}\partial_{x}^{\alpha}$

+0 $(\Delta(u, v)\backslash \{(u, v)\})$ .

On the other hand, from $P_{i}’’\in O(\Delta(P_{i})\backslash \{(u_{i}, v_{i})\})$ , we have

(2.10) $P_{1}’P_{2}’’+P_{1}’’P_{2}’+P_{1}’’P_{2}’’\in O((\Delta(P_{1})+\Delta(P_{2}))\backslash \{(u, v)\})$ .

Since $(u_{i}, v_{i})$ is a vertex of $\Delta(P_{i})$ , there exists $(j_{i}, \alpha_{i})$ such that $j_{i}+|\alpha_{i}|$

$=u_{i}$ and $\tilde{a}_{j_{i^{a}i}}^{(i)}(0, x)\not\cong O(i=1,2)$ . Hence, we have

(2.11) $\sum_{j+|\alpha|=u}(\sum_{j_{1}+|\alpha_{1}|=u_{1}}a_{j_{1},\alpha_{1}}^{(1)}(0, x)aj_{-j_{1}.\alpha-\alpha_{1}}^{2)}(0, x))\lambda^{j}\xi^{\alpha}$

$=(_{j_{1}+|\alpha_{1}} \sum_{|=u_{1}}aj_{1}^{1)}\alpha_{1}(0, X)\lambda^{j_{1}}\xi^{a_{1}})t_{2^{+|\alpha}2|\Rightarrow u_{2}}^{a_{j_{2}.\alpha_{2}}^{(2)}(0},$ $x)\lambda^{j_{2}}\xi^{\alpha_{2}})$

$\not\equiv 0$ .

This implies that there exists $(J, \alpha)$ such that $j+|\alpha|=u$ and

$\sum_{j_{1}+|\alpha_{1}|=u_{1}}a_{j_{1}.a_{1}}^{(1}(o, x)a_{f-j_{1}.\alpha-\alpha_{1}}^{(2)}(0, x)\not\equiv 0$ .

Thus, from $P_{1}P_{2}=P_{1}’P_{2}’+P_{1}’P_{2}’’+P_{1}’’P_{2}’+P_{1}’’P_{2}’’$ , we have $(u, v)\in\Delta(P_{1}P_{2})$ . $\blacksquare$

REMARK 2.8. For a complete locally convex topological vector space $X$ ,
put

(2.12) $\mathscr{F}([0, T];X):=\{v\in C^{0}([0, T];X);v(s^{q})\in C^{\infty}([O, T^{1/q}];X)$

for some $q\in N\backslash \{0\}\}$ .

We can extend Definition 1.1 for the operators whose coefficients belong to
$\mathscr{F}([0, T];\mathcal{O}(\Omega))$ . For such operators, the proposition above is also valid.
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Let 92 be the set of all Newton polygons, which is a commutative semigroup
with the addition above. By the following proposition, we can embed this
additive semigroup su in an additive group.

PROPOSITION 2.9. Let $\Delta,$ $\Delta_{1},$ $\Delta_{2}$ be three Newton polygons. If $\Delta_{1}+\Delta\subset\Delta_{2}+\Delta$ ,
then $\Delta_{1}\subset\Delta_{2}$ . (The converse is trivially valid.) EsPecially, if $a_{1}+\Delta=\Delta_{2}+\Delta$ , then
$\Delta_{1}=\Delta_{2}$ . (This is called the cancellation law.)

PROOF. By Proposition 2.5, we have only to give a proof in the case of
$\Delta=\Delta(0, h)$ or $\Delta=\Delta[k]$ . In the case of $\Delta(0, h)$ , it is trivial.

Assume that $\Delta_{1}+\Delta[k]c\Delta_{2}+\Delta[k]$ , where $k$ is a nonnegative real number.
Let $s_{i}$ (resp. $L_{i}$ ) be the size (resp. side function) of $\Delta_{i}(i=1,2)$ . By $\Delta_{1}+\Delta[k]$

$\subset\Delta_{2}+\Delta[k]$ , we have $s_{1}+1\leqq s_{2}+1$ , hence $s_{1}\leqq s_{2}$ . Further, we have

(2.13) $(L_{1}\oplus L[k])(])\geqq(L_{2}\oplus L[k])(j)$ $(0\leqq_{J}\leqq s_{1}+1)$ .

From this inequality for $j=0$ , we have $L_{1}(0)\geqq L_{2}(0)$ . Now, assume tbat $L_{1}(])$

$\geqq L_{2}(j)$ holds for $0\leqq j\leqq d(0\leqq d\leqq s_{1}-1)$ . From (2.13) for $j=d+1$ , we have
$L_{1}(d+1) \geqq\min\{L_{2}(d+1), L_{2}(d)+k\}$ . If $L_{2}(d+1)\leqq L_{2}(d)+k$ , then we have
$L_{1}(d+1)\geqq L_{2}(d+1)$ . If $L_{2}(d+1)>L_{2}(d)+k$ , then we obtain $L_{2}(d+2)>L_{2}(d+1)$

$+k$ using (2.1). Hence, from (2.13) for $j=d+2$ , we have $L_{1}(d+1)+k\geqq L_{2}(d+1)$

$+k$ . Thus, we have $L_{1}(d+1)\geqq L_{2}(d+1)$ . By the induction, we get $L_{1}(j)\geqq L_{2}(])$

for $0\leqq j\leqq s_{1}$ . $\blacksquare$

DEFINITION 2.10. (1) By the cancellation law, the additive semigroup $\Re$

can be embedded in an additive group St so that the addition in su is preserved
in $5i$ and any $\overline{\Delta}\in\pi$ is a difference of two elements of $\Re:\overline{\Delta}=\Delta-\Delta’(\Delta, \Delta’\in\Re)$ .
This group Si is uniquely determined by $yj$ up to isomorphism. An element of
St is called a generalized Newton Polygon. For $\Delta_{1},$ $\Delta_{1}’,$ $\Delta_{2},$ $\Delta_{2}’\in\Re$ , there holds
$\Delta_{1}-\Delta_{1}’=\Delta_{2}-\Delta_{2}’$ if and only if $\Delta_{1}+\Delta_{2}’=\Delta_{2}+\Delta_{1}’$ .

(2) For $\overline{\Delta}=\Delta-\Delta’\in\pi(\Delta, \Delta’\in\Re)$ , the integer $s(\overline{\Delta})=s(\Delta)-s(\Delta’)$ is called the
size of $\overline{\Delta}$ and the real number $h(\overline{\Delta})=h(\Delta)-h(\Delta’)$ is called the height of $\overline{\Delta}$ . It is
almost trivial that these are well-defined.

(3) For two elements $a_{1},\overline{\Delta}_{2}$ in S72, we say $\overline{\Delta}_{1}\subset\overline{\Delta}_{2}$ , if $\overline{\Delta}_{i}=\Delta_{i}-\Delta_{i}’(i=1,2)$

and $\Delta_{1}+\Delta_{2}’\subset\Delta_{2}+\Delta_{1}’$ , where $\Delta_{i},$ $\Delta_{i}’\in\Re(i=1,2)$ . It follows from Proposition 2.9
that this is a well-defined order relation in Si.

\S 3. Function spaces associated with generalized Newton polygons.

In this section, we define some function spaces associated with generalized
Newton polygons and study some basic properties of these spaces. Let $T$ be a
positive number and $X$ be a complete locally convex topological vector space.

All the spaces in this section are considered as subspaces of $9’((0, T);X)$ .
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Thus, for example, $u\in C^{0}([O, T] ; X)$ means that $u\in C^{0}((0, T)$ ; $X$) and $u$ is
continuously extendable onto $[0, T]$ .

DEFINITION 3.1. (1) Let $\Delta$ be a Newton polygon with size $s$ and side
function $L$ . Put

(3.1) $F_{T}[\Delta:X]$ $:=\{u\in C^{S}((0, T] ; X) ; t^{L(j)}\theta^{f}(u)\in C^{0}([0, T] ; X)(0\leqq j\leqq s)\}$ .

We can endow this space with a natural topology. Especially, if $X$ is a Banach
space, then this space is also a Banach space with the norm

(3.2) $||u||_{\tau.\Delta.X}:= \sum_{J=0}^{s}\sup_{0\leqq t\leq T}||t^{L(j)}\theta^{j}(u)(t)||_{X}$ .

(2) Let $\Delta’$ be another Newton polygon with size $s’$ and side function $L’$ .
Put

(3.3) $F_{T}[ \Delta, \Delta’ : X]:=\{u\in 9’((0, T);X);u=\sum_{j=0}^{\iota’}t^{L’(f)}\theta^{j}(v_{j})$

for some $v_{j}\in F_{T}[\Delta:X]$ $(0\leqq]: s’)\}$ .

Obviously, we have $F_{T}[\Delta, \Delta(0,0) : X]=F_{T}[\Delta:X]$ . When $X$ is a Banach space,
we define a norm $||\cdot||_{\tau.\Delta.\Delta’.X}$ by

$||u||_{\tau.\Delta.\Delta’.X}$ $:= \inf\{\sum_{j=0}^{s’}||v_{j}||_{T.\Delta.X}$ ; $v_{j}\in F_{T}[\Delta:X](0\leqq];s’),$ $u= \sum_{j=0}^{s’}t^{L(j)}\theta^{j}(v_{j})\}$ .

(When $X$ is not a Banach space, we do not consider any topology for sim-
plicity, though we can.)

LEMMA 3.2. Assume that $\Delta_{1},$ $\Delta_{1}’,$ $\Delta_{2},$ $\Delta_{2}’\in\Re$ and $\overline{\Delta}:=\Delta_{1}-\Delta_{1}’=\Delta_{2}-\Delta_{2}’$ .
(1) There holds that $F_{T}[\Delta_{1}, \Delta_{1}’ : X]=F_{T}[\Delta_{2}, \Delta_{2}’ : X]$ . Thus, we can define

(3.4) $F_{T}[\overline{\Delta}:X]$ $:=F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ .

(2) If $X$ is a Banach space, then the norms $||u||_{\tau.\Delta_{1}.\Delta_{1}’.X}$ and $||u||_{\tau.\Delta_{2},\Delta_{2}’,X}$ in
the space $F_{T}[\overline{\Delta}:X]$ are equivalent to each other. Further, the space $F_{T}[\overline{\Delta} : X]$ is
a Banach space with these equivalent norms.

TO prove this lemma, we use a result on ordinary differential operators.
Hence, the proof is delayed until Section 5.

EXAMPLE 3.3. (1) There holds $C^{0}([0, T];X)=F_{T}[\Delta(0,0):X]$ . Moreover,
if we put

(3.5) $C_{flat}^{N}([0, T];X):=\{u\in C^{N}([0, T];X);\partial_{t}^{j}u|_{t=0}=0(0\leqq j\leqq N-1)\}$ ,

then there holds

(3.6) $C_{flat}^{N}([0, T] ; X)=F_{T}[\Delta(N, -N) : X]$ .
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(2) The space $F_{T}[\Delta(l, 0):X]$ is equal to the space $C_{\iota}^{0}([0, T], X)$ in [1].
The space $F_{T}[-\Delta(1,0):X]$ is equal to the space $C_{-l}^{0}([0, T], X)$ in [2].

REMARK 3.4. We can also define some function spaces similar to $F_{T}[\overline{\Delta}:X]$ ,
based on other various spaces such as $L_{p}$ spaces instead of $C^{0}([0, T];X)$ . In
fact, J. Elschner ([3]) used weighted Sobolev spaces $X_{p}^{\rho}$ similar to $F_{T}[\Delta:C]$

$(\Delta\in\Re)$ , without referring to Newton polygons.

We give some properties of the spaces $F_{T}[\Delta:X]$ and $F_{T}[\overline{\Delta}:X]$ . The first
two lemmas are almost trivial and those proofs are omitted.

LEMMA 3.5. Let $\Delta$ be a Newton Polygon with size $s$ and side function $L$ .
For $u\in 9’((0, T);X)$ , the following nine conditions are equivalent to each other.

(1) $u\in F_{T}[\Delta:X]$ .
(2) $t^{L(j)}\theta^{\tilde{j}}(u)\in C^{0}([0, T] ; X)(0\leqq j\leqq s)$ .
(3) $t^{L(j)+j}\partial\{(u)\in C^{0}([O, T] ; X)(0\leqq j\leqq s)$ .
(4) $S^{j}(t^{L(j)}u)\in C^{0}([0, T];X)(0\leqq j\leqq s)$ .
(5) $\tilde{\theta}^{j}(t^{L(j)}u)\in C^{0}([0, T] ; X)$ ($0\leqq]$ ;Ill $s$).

(6) $\partial_{t}^{j}(t^{L(j)+j}u)\in C^{0}([0, T] ; X)(0\leqq j\leqq s)$ .
(7) For any posrtive integer $r$ , if $j_{i}\geqq 0(0\leqq i\leqq r),$ $j_{1}+$ $+]_{r}\leqq s$ and $\rho_{1}+$ $\cdot$ ..

$+\rho_{r}\geqq L(j_{1}+\cdots+]_{r})$ , then $t^{\rho_{1}}\theta^{j_{1}}\cdots t^{\rho_{r}}S^{j_{\gamma}}(u)\in C^{0}([0, T];X)$ .
(8) For any Posrtive integer $r$ , if $j_{i}\geqq 0(0\leqq i\leqq r),$ $j_{1}+$ $+]_{r}\leqq s$ and $\rho_{1}+\cdot$ ..

$+\rho_{r}\geqq L(j_{1}+\cdots+j_{r})$ , then $t^{\rho_{1}}\theta^{\tilde{i}_{1}}\cdots t^{\rho_{r}}\theta^{\tilde{J}_{r}}(u)\in C^{0}([0, T];X)$ .
(9) For any Positive integer $r$ , if $j_{t}\geqq 0(0\leqq i\leqq r),$ $j_{1}+\cdots+_{J_{r}}\leqq s$ and $\rho_{1}+\cdots$

$+\rho_{r}\geqq L(]_{1}+\cdots+j_{r})+_{J_{1}}+\cdots+_{j_{r}}$ , then $t^{\rho_{1}}\partial_{t}^{j_{1}}\cdots t^{\rho_{r}}\partial_{t}^{J_{r}}(u)\in C^{0}([0, T];X)$ .

Also for $F_{T}[\Delta, \Delta’ : X](\Delta, \Delta’\in\Re)$ , we have a similar lemma, which we omit
to state.

LEMMA 3.6. If $\overline{\Delta}_{1},\overline{\Delta}_{2}\in ffi$ and $\overline{\Delta}_{1}\subset\overline{\Delta}_{g}$ , then $F_{T}[\overline{\Delta}_{1} : X]\supset F_{T}[\overline{\Delta}_{2} : X]$ .

LEMMA 3.7. If $\varphi\in \mathscr{F}([0, T];X(X, Y))$ and $u\in F_{T}[\overline{\Delta}:X]$ , then $\varphi u\in F_{T}[\overline{\Delta}:Y]$ .
Especially, if $h(\overline{\Delta})\geqq 0$ then $\mathscr{F}([0, T];X)\subset F_{T}[\overline{\Delta}:X]$ .

PROOF. First, note that $\theta^{j}(\varphi)\in \mathscr{F}([0, T] ; X(X, Y))$ for any $j$ . Hence, if
$\overline{\Delta}=\Delta\in\Re$ , then the lemma is almost trivial. Let $\overline{\Delta}=\Delta-\Delta’$ , where $\Delta,$ $\Delta’\in\Re$ .
Let $s’$ (resp. $L’$ ) be the size (resp. side function) of $\Delta’$ . Since $u\in F_{T}[\overline{\Delta}:X]=$

$F_{T}[\Delta, \Delta’ : X]$ , we have $u=\Sigma_{j’=0}^{s}t^{L(j)}\theta^{j}(v_{j})$ for some $v_{j}\in F_{T}[\Delta:X]$ . We prove
that $\varphi u\in F_{T}[\Delta, \Delta’ : Y]$ by the induction on $s’$ .

If $s’=0$ , then $\Delta’=\Delta(0, h)$ for some $h\in R$ . Hence, $\Delta-\Delta’=\{(u, v-h);(u, v)$

$\in\Delta\}\in\Re$ and $T[\Delta, \Delta’ : X]=F_{T}[\Delta-\Delta’ : X]$ . Thus, it is already proved.
Assume that we have proved for $s’-1$ . Put $u’=\Sigma_{f=0}^{S’-1}t^{L’(j)}\theta^{j}(v_{f})$ . Then,

by the induction hypothesis, we have $\varphi u’\in F_{T}[\Delta, \Delta’ : Y]$ . Now, we have
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(3.7) $t^{L’(S’)} \theta^{s^{r}}(\varphi v_{s’})=t^{L’(S’)}\sum_{\iota=0}^{s’}(\begin{array}{l}s’l\end{array})\theta^{S’-l}(\varphi)\theta^{l}(v_{s’})$

$= \varphi t^{L’(S’)}\theta^{S’}(v_{S’})+\sum_{l=0}^{s’-1}(\begin{array}{l}s’l\end{array})\tau$ .

Since $\varphi v_{s’}\in F_{T}[\Delta:Y]$ , we have $t^{L’(S’)}\theta^{S’}(\varphi v_{S’})\in F_{T}[\Delta, \Delta’ : Y]$ . On the other hand,
by the induction hypothesis, we have $"’-\iota(\varphi)t^{L’(s’)}\theta^{l}(v_{s’})\in F_{T}[\Delta, \Delta’ : Y](0\leqq l\leqq$

$s’-1)$ . Hence, by (3.7), we have $\varphi t^{L’(S’)}\theta^{\theta’}(v_{s’})\in F_{T}[\Delta, \Delta’ : Y]$ . Thus, we have
$\varphi u\in F_{T}[\Delta, \Delta’ : Y]$ . $\blacksquare$

LEMMA 3.8. For JESt and $a\in R$ , there holds $t^{a}\in F_{T}[\overline{\Delta} : X]$ if and only if
$a\geqq-h(\overline{\Delta})$ .

PROOF. The if part is easy. We prove the only-if part. Suppose $t^{a}\in$

$F_{T}[\Delta, \Delta’ : X]$ . Put $h=h(\Delta),$ $h’=h(\Delta’)$ , and $s’=s(\Delta’)$ . We may assume that $a\neq$

$h’-h-1$ without loss of generality. Since $\Delta\supset\Delta(0, h)$ and $\Delta’\subset\Delta(s’, h’)$ , we
have $F_{T}[\Delta, \Delta’ : X]\subset F_{T}[\Delta(0, h), \Delta(s’, h’):X]$ . Hence, we can write $t^{a}=$

$t^{h’}\Sigma_{j=0}^{S’}\theta^{j}(t^{-h}u_{j})$ , where $u_{j}\in C^{0}([0, T] ; X)$ . Using $\theta^{j}\cdot t^{b}=t^{b}(\tilde{\theta}-1+b)^{j}$ , we get
$t^{a-h’+h}=\Sigma_{j=0}^{S’}\tilde{\theta}^{j}(v_{j})$ , where $v_{j}\in C^{0}([O, T];X)$ . For any $v\in C^{0}([0, T] ; X)$ , there
exists $w\in C^{0}([0, T];X)$ such that $\tilde{\theta}(w)=v$ . Hence, we get the equation $t^{a-\hslash’+h}$

$=\tilde{\theta}^{S’}(v)$ for some $v\in C^{0}([0, T];X)$ . Solving this equation, we have $v=$

$(a-h’+h+1)^{-S}$
‘
$t^{a-h’+h}+\Sigma_{j=0}^{S’-1}C_{j}t^{-1}(\log t)^{j}$ for some constants

$C_{j}(0\leqq_{J}\leqq s’-1)-\cdot$

Since $v\in C^{0}([0, T] ; X)$ , we have $a-h’+h\geqq 0$ , that is $a\geqq-h(\overline{\Delta})$ .
Last, we define another function space.

DEFINITION 3.9. We put

$\mathcal{G}_{\Lambda.T}(X)$

$:= \bigcup_{\Lambda a>,N\in N}F_{T}[-\Delta(N, a) : X]$ .

REMARK 3.10. For $\overline{\Delta}\in ffi$ and $a\in R$ , there holds the following:
(1) $t^{a}\in \mathcal{G}_{\Lambda.T}(X)$ if and only if $a>\Lambda$ ,
(2) $F_{T}[\overline{\Delta}:X]\subset \mathcal{G}_{\Lambda.T}(X)$ if and only if $h(\overline{\Delta})<-\Lambda$ .

\S 4. Reduction of the problem and extended results.

In this section, we reduce the Cauchy problem considered in the main theo-
rems to the flat Cauchy problem or a similar problem using the assumptions
(A-1), (A-4) and (A-5). Further, we give some extended results to such prob-

lems under the assumptions $(A-1)-(A-3)$ .
Consider a partial differential operator $P$ of the form (1.1) and assume the

condition (A-1). The operator $P$ can be written as
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(4.1) $P=t^{h(P)}\tilde{P}=l^{h(P)}\{C_{0}(\theta;x)+tq(t, x;\theta, \partial_{x})\}$ ,

where $q(t, x ; \lambda, \xi)$ is a polynomial of $(\lambda, \xi)$ with $C^{\infty}([-T, T] ; o(\Omega))$ coefficients.
Let $u=\Sigma_{j=0}^{\infty}u_{j}(x)t^{j},$ $f=\Sigma_{j=0}^{\infty}f_{j}(x)t^{j}$ be the formal Taylor expansions with

respect to $t$ . In the space of formal power series with respect to $t$ , the equa-
tion $Pu=f$ is equivalent to the equation $P(\Sigma_{J\geqq Ih(P)1}u_{j}t^{j})=f-P(\Sigma_{j=0}^{|h(P)|-1}u_{f}t^{f})$ ,

and hence to the following infinite number of equations under the assumption
(A-4). (See Remark 1.3 (3). Also note that $\theta(t^{j})=jt^{j}.$ )

(4.2) $C_{0}(j;x)u_{j}=f_{j- Ih(P)}+ \sum_{l=0}^{j- 1}R_{j.l}(x;\partial_{x})u_{l}$

$(]^{=}|h(P)|, |h(P)|+1,$ $|h(P)|+2,$ $)$ ,

where $R_{j,l}$ are some partial differential operators with respect to $x$ with $\mathcal{O}(\Omega)$

coefficients. Now, we assume the condition (A-5). By reducing $\Omega$ if necessary,
we may assume

(A-5) $C_{0}(\lambda;x)\neq 0$ on $\Omega$ , for $\lambda=|h(P)|,$ $|h(P)|+1,$ $|/\iota(P)|+2,$ $\cdots$

Then, $u_{j}(]\geqq|h(P)|)$ are uniquely determined by $u_{0},$ $u_{1}$ , , $u_{1h(P)I-1}$ , and $f_{j}$

$(_{J}=0,1,2, \cdots)$ .
Take $v\in C^{\infty}([-T, T];\mathcal{O}(\Omega))$ that has tbe formal Taylor expansion $\Sigma_{j=0}^{\infty}u_{j}(x)t^{j}$ .

If we set $u=v+\tilde{u}$ and $f=Pv+f$ , then $\tilde{u}$ and $\tilde{f}$ are flat on $\{t=0\}$ , that is all
the derivatives vanish on $\{t=0\}$ . Thus, Theorem 1.5 has been reduced to the
following proposition.

PROPOSITION 4.1. Assume the conditions $(A-1)-(A-3)$ . Then, there exist a
positive $T_{0}$ and a neighborhood $\Omega_{0}$ of $0$ in $C^{n}$ for which the following holds:

For any $f\in C^{\infty}([0, T] ; O(\Omega))$ that is flat on $\{t=0\}$ , there exists a unique $u\in$

$C^{\infty}([0, T_{0}] ; \mathcal{O}(\Omega_{0}))$ that is flat on $\{t=0\}$ and satisfies
(4.3) $Pu=f(t, x)$ in $[0. T_{0}]\cross\Omega_{0}$ .

By a similar argument, Theorem 1.6 is reduced to tbe following:

PROPOSITION 4.2. Assume the conditions $(A-1)-(A-3)$ . Let $L>\Lambda(P)$ . If
$u\in t^{L}\cross C^{0}([0, T] ; 9’(\Omega\cap R^{n}))$ and $Pu=0$ for $t>0$ in a neighborhood of $(0,0)$ ,

then $u=0$ for $t>0$ in a neighborhood of $(0,0)$ .

NOW, we give some extensions of these propositions in the form of the
following three theorems. By the reduction argument made above, Theorems
1.5 and 1.6 follow from these three theorems.

In the following, we assume that the coefficients of $P$ belong to $\mathscr{F}([0, T]$ ;
$o(\Omega))$ . (See Remark 2.8.) We also assume the conditions (A-1), (A-2), and (A-3).

The first theorem is the unique solvability in the class $\mathcal{G}_{\Lambda.T}(O(\Omega))$ .
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THEOREM 4.3. There exist a positive $T_{0}$ and a neighborhood $\Omega_{0}$ of $0$ in $C^{n}$

for which the following holds:
For any $f\in \mathcal{G}_{\Lambda(P)+h(P).T}(\mathcal{O}(\Omega))$ , there exists a unique $u\in \mathcal{G}_{\Lambda(P),T_{0}}(O(\Omega_{0}))$ satisfy-

ing $Pu=f$ on $(0, T_{0})\cross\Omega_{0}$ .

The second theorem is the regularity of solutions with respect to $t$ .

THEOREM 4.4. There exists a neighborhood $\Omega_{0}$ of $0$ in $C^{n}$ such that, for any
$T’\in(O_{y}T$ ] and any subdomain $\Omega’$ of $\Omega_{0}$ , the follouing holds:

Assume that $u\in \mathcal{G}_{\Lambda(P).T’}(O(\Omega’))$ . If $\overline{\Delta}\in\Re-,$ $h(\overline{\Delta})<-(\Lambda(P)+h(P))$ , and $Pu\in$

$F_{T’}[\lrcorner^{-} : o(\Omega’)]$ , then $u\in F_{T’}[\overline{\Delta}+\Delta(P):O(\Omega’)]$ .
Especially, if $N\in N,$ $N>\Lambda(P)+h(P)$ , and $Pu\in C_{flat}^{N}([0, T’];\mathcal{O}(\Omega’))$ , then

$u\in C_{flat}^{N’}([0, T’];\mathcal{O}(\Omega’))$ , where $N’= \min\{N, [N-h(P)]\}$ .

REMARK 4.5. Note that the condition $h(\overline{\Delta})<-(\Lambda(P)+h(P))$ means that
$F_{T’}[\overline{\Delta}+\Delta(P):\mathcal{O}(\Omega’)]\subset \mathcal{G}_{\Lambda(P),T’}(\mathcal{O}(\Omega’))$ .

The last theorem is the uniqueness in a wider space.

THEOREM 4.6. If $u\in \mathcal{G}_{\Lambda(P).T}(9’(\Omega\cap R^{n}))$ and $Pu=0$ for $t>0$ in a neighbor-
hood of $(0,0)$ , then $u=0$ for $t>0\iota n$ a neighborhood of $(0,0)$ .

Theorem 1.7 easily follows from Theorem 4.6. We now prove Theorem
1.8 from Theorem 4.6.

PROOF OF THEOREM 1.8. Assume that $O\not\in S$ . Also assume that $u\in$

$9’((-T, T)\cross(\Omega\cap R^{n}))$ satisfies $P_{\mathcal{U}}=0$ in a neighborhood of $(0,0)$ and $suppu\subset$

$\{t\geqq 0\}$ . Since $u$ is a distribution of finite order in a smaller neighborhood of
$(0,0)$ , we may assume that $u_{It>0}\in \mathcal{G}_{-\infty.T}(9’(\Omega\cap R^{n}))$ . Since $O\not\in S$ , we have
$\Lambda(P)=-\infty$ and hence Theorem 4.6 implies that $u=0$ in $(0, T_{1})xU_{1}$ for some
$T_{1}>0$ and an open neighborhood $U_{1}$ of $0\in R^{n}$ . Thus, $suppu\cap((-T_{1}, T_{1})\cross U_{1})$

$\subset\{t=0\}$ .
NOW, assume $h(P)=0$ in addition. Since $suppu\cap((-T_{1}, T_{1})\cross U_{1})\subset\{t=0\}$ ,

the distribution $u|_{(-T_{1},T_{1})\cross U_{1}}$ can be written as $u=\Sigma_{\dot{j}=0}^{1f}a_{j}(x)\delta^{(j)}(t)$ for some
$M\in N$ and $a_{j}\in 9’(U_{1})(j=0,1, \cdots , M)$ . From (4.1), the operator $P$ can be
written as $P=C_{0}(S;x)+tq(t, x;S, \partial_{x})$ . Since $O\not\in S$ , the indicial polynomial
$C_{0}(\lambda;x)=\alpha(x)$ is independent of $\lambda$ and does not vanish in a neighborhood of
$x=0$ by the assumption (A-2). Thus, there holds

(4.4) $\{\alpha(x)+tq(t, x;9, \partial_{x})\}\{\sum_{j=0}^{M}a_{j}(x)\delta^{(j)}(t)\}=0$ on $(-T_{1}, T_{1})\cross U_{1}$ .

By this equation and tbe facts that

(4.5) $\theta^{l}(\delta^{\langle f)}(t))=(-]-1)^{l}\delta^{(j)}(t)$ ,
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(4.6) $t^{f}\delta^{(j)}(t)=\{$

$(-])(-]+1\cdot\cdot-]$ $(_{J}\geqq l)$ ,

$0$ $(_{j}<l)$ ,

we can easily show that $a_{J}(x)\equiv 0$ in a neighborhood of $x=0(J^{=0}1, , M)$ . $\blacksquare$

In Sections 7 and 9, we shall prove the extended results given above.

\S 5. Ordinary differential operators 1.

In this section, we consider ordinary differential operators on function spaces
defined in Section 3 and prove Lemma 3.2.

We consider an ordinary differential operator

(5.1) $Q^{)}= \sum_{j=0}^{m}a_{j}(t)\partial_{t}^{j}$ ,

where $a_{j}\in 9([0, T] ; C)(0\leqq j\leqq m)$ and $a_{m}(t)\equiv t^{\kappa}(\kappa\in Q, \kappa\geqq 0)$ .
AS is stated in Remark 2.8, we can define $\Delta(q),\hat{V},$ $h(9),$ $S,$ $I_{\mu},$ $C_{\mu},$ $\Lambda(9)$ for SZP
by Definition 1.1. The conditions (A-1) and (A-2) are automatically satisfied.

The following is well-known. (Cf. [5], [3, Chapter2].)

PROPOSITION 5.1. (1) The operator9 can be decomposed as follows:
(5.2) $9=t^{h}(t^{k_{1}}\theta-\lambda_{1}(t))\cdots(t^{k_{m}}\theta-\lambda_{m}(t))$ .
Here, $h,$ $k_{1},$

$\cdots,$ $k_{m}\in Q$ , $k_{j}\geqq 0,$ $\lambda_{j}\in \mathscr{F}([0, T];C)$ , and if $k_{j}>0$ then $\lambda_{j}(0)\neq 0$

$(1\leqq j\leqq m)$ .
(2) The numbers $h,$ $k_{1}$ , $\cdot$ .. , $k_{m},$ $\lambda_{1}(0)$ , $\cdot$ .. , $\lambda_{m}(0)$ are determined as follows:
Let $\Gamma$ be the side function of $\Delta(9)$ . Renumber $k’ s$ and $\lambda’ s$ as $k_{1}\leqq k_{2}\leqq\ldots\leqq k_{m}$ .

Then, there holds

$h=h(9)_{y}$ $k_{j}=\Gamma(j)-\Gamma(j-1)$ $(1Sj\leqq m)$ .
Especially, $S=\{k_{1}, \cdots , k_{m}\}$ . Further, if $\mu\in S$ and $\mu>0$ , then the nonzero roots
of $C_{\mu}(\lambda)=0$ are $\lambda_{j}(0)$ for 7‘ such that $k_{f}=\mu$ , with repetitions according to multi-
Plicity. If $O\in S$ , then the roots of $C_{0}(\lambda)=0$ are $\lambda_{j}(0)$ for $j$ such that $k_{j}=0$ , with
repetitions according to multiplicity.

By this proposition, the condition (A-3) means that “if $k_{j}>0$ , then ${\rm Re}\lambda_{j}(0)$

$<0$ ’ in (5.2). Further, by the definition of $\Lambda(\Xi^{)})$ , we have “if $k_{j}=0$ , then
${\rm Re}\lambda_{j}(0)\leqq\Lambda$ (SP)”.

REMARK 5.2. Even if $a_{J}\in C^{\infty}([0, T];C)$ , the functions $\lambda_{j}$ do not necessarily
belong to $C^{\infty}([0, T];C)$ . This is the reason why we consider $\mathscr{F}([0, T];C)$

from the beginning.
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NOW, we can prove the following proposition.

PROPOSITION 5.3. Assume the condition (A-3). Let $T’\in(0, T]$ and let $X$ be
a complete locally convex topological vector space.

(1) The operator 9 is a bijection from $\mathcal{G}_{\Lambda(9^{)}).T’}(X)$ to $\mathcal{G}_{\Lambda(\xi p)+h(9).T’}(X)$ .
(2) Let $\overline{\Delta}\in\pi$ and $h(\overline{\Delta})<-(\Lambda(9)+h(9))$ . Then, the operator SP is a $bi_{f}ection$

from $F_{T’}[\overline{\Delta}+\Delta(9^{)}):X]$ to $F_{T’}[\overline{\Delta}:X]$ .
(3) If $X$ is a Banach space, then the operator $g$) in (2) is an isomorphism

and the operator norm of $9^{-1}$ can be estimated by a constant that is independent

of $T’$ and X. (This constant may depend on $\overline{\Delta}$ . In order to consider the operator
norm, we fix a decomposition $\overline{\Delta}=\Delta-\Delta’(\Delta, \Delta’\in\Re)$ and take the norms
1 . $||_{T’.\Delta+\Delta(\xi p),\Delta’.X}$ and 1 $\cdot||_{\tau’.\Delta.\Delta’.X}.$ )

Note that we have not yet proved Lemma 3.2. Hence, we prove this pro-
position for $F_{T}[\Delta, \Delta’ : X]$ instead of $F_{T}[\overline{\Delta}:X]$ . We prove Lemma 3.2 after the
proof of this proposition. First, we consider a factor with $k_{f}>0$ .

LEMMA 5.4. Let $k\in Q$ , $k>0,$ $\lambda\in \mathscr{F}([0, T];C)$ , and ${\rm Re}\lambda(0)<0$ . Consider
$R=t^{k}\theta-\lambda(t)$ . For any $T’\in(0, T]$ and any complete locally convex topological
vector space $X$, there holds the following:

(i) If $u\in \mathcal{G}_{-\infty,T’}(X)$ satisfies that $Ru=0$ on $(0, T’)$ , then $u=0$ on $(0, T’)$ .
(ii) For any $a\in R$ and $f\in t^{a}\cross C^{0}([O, T’] ; X)$ , there exists a unique $u\in t^{a}\cross$

$C^{0}([0, T’];X)$ satisfying $Ru=f$ on $(0, T’)$ . Further, for any seminorm $||\cdot||$ of
$X$, there holds the estimate .

$\frac{1}{t^{a}}||u(t)||$ $ $C \sup_{0<^{s\leqq t}}\frac{1}{s^{a}}||f(s)||$ $(0<t\leqq T’)$

with a constant $C$ that is independent of $T’,$ $X$, and $||\cdot||$ .

PROOF. We can take $\Lambda\in \mathscr{F}([0, T];C)$ and $b\in C$ as

(5.3) $( \frac{\Lambda(t)}{t^{k}}+b\log t)’=\frac{\lambda(t)}{t^{k+1}}$ .

Since $\Lambda(0)=-\lambda(0)/k$ , there holds ${\rm Re}\Lambda(0)>0$ .

PROOF OF (i). Let $u\in \mathcal{G}_{-\infty.T’}(X)$ and $Ru=0$ on $(0, T’)$ . It is easy to see
that $u(t)=t^{b}e^{\Lambda(t)/\iota^{k}}u_{0}$ for some $u_{0}\in X$ . Since ${\rm Re}\Lambda(O)>0$ , the function $t^{b}e^{A_{(t)/t^{k}}}$

is not extendable to $t=0$ as a distribution. Hence, we have $u=0$ .

PROOF OF (ii). For $f\in t^{a}\cross C^{0}([O, T’];X)$ , put

(5.4) $S[f](t)=t^{b}e^{\Lambda(t)/t^{k}} \int_{0}^{t}e^{-\Lambda_{(}s)/s^{k}}s^{-b}\frac{1}{s^{k+1}}f(s)ds$ .

Since ${\rm Re}\Lambda(0)>0$ , this is well-defined and $S[f]\in C^{0}((0, T’]$ ; $X$ ). Further, it is
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easy to see that $RS[f](t)=f(t)$ on $(0, T’)$ . Put $\Phi(t)=Re\Lambda(t)/t^{k}$ . We want to
use the following estimate:

SUBLEMMA 5.5. For any $p\in R$ , there exists a constant $C_{p}$ for which the
following estimate holds:

(5.5) $e^{\Phi(t)} \int_{0}^{t}e^{-\Phi_{(S)}}s^{p-1}ds\leqq C_{p}t^{p+k}$ $(t\in(O, T])$ .

POOF. Since $\Phi’(t)=\frac{{\rm Re}\tilde{\lambda}(t)}{t^{k+1}}$ where $\overline{\lambda}(t)=\lambda(t)-bt^{k}$ , we have

(5.6) $e^{\Phi_{(t)}} \int_{0}^{t}e^{-\Phi_{(S)}}s^{p-1}ds=e^{\Phi_{(t)}}\int_{0}^{t}e^{-\Phi_{(S)}}(-\Phi’(s))\frac{-1}{{\rm Re}\tilde{\lambda}(s)}s^{p+k}ds$

$=e^{\Phi(t)}([e^{-\Phi_{(S)}} \frac{-1}{{\rm Re}\tilde{J}(s)}s^{p+k}]_{0}^{t}+\int_{0}^{t}e^{-\Phi(s)}(\frac{1}{{\rm Re}\tilde{\lambda}(s)}s^{p+k})’ds)$

$\leqq\frac{t^{p+}}{|{\rm Re}}+Ce^{\Phi_{(t)}}\tilde{\lambda}\overline{(t)|}k\int_{0}^{t}e^{-\Phi_{(S)}}s^{p+k-1}ds$

in a neighborhood of $t=0$ for some constant $C$ . Because

$e^{\Phi(t)}e^{-\Phi(S)}\leqq C’$ $(0<s\leqq t\leqq T)$

for some constant $C’$ , we can get the desired estimate. $\blacksquare$

NOW, we return to the proof of Lemma 5.4. Let $||\cdot||$ be an arbitrary semi-
norm of $X$ . By (5.4) and the sublemma above, we have

(5.7) $||S[f](t)|| \leqq t^{{\rm Re} b}e^{\Phi_{(t)}}\int_{0}^{t}e^{-\Phi(s)}s^{-{\rm Re} b}\frac{1}{s^{k+1}}||f(s)||ds$

$\leqq t^{{\rm Re} b}e^{\Phi_{(t)}}\int_{0}^{t}e^{-\Phi_{(S)}}s^{-{\rm Re} b}\frac{1}{s^{k+1}}s^{a}ds\sup_{0<S\leq t}\frac{1}{s^{a}}||f(s)||$

$\leqq Ct^{a}\sup_{<0leq\ell}\frac{1}{s^{a}}||f(s)||$ $(0<t\leqq T’)$

for some constant $C$ that is independent of $T’,$ $X$, and $||\cdot||$ . Thus, if we
prove that $Iim_{tarrow+0}t^{-a}S[f](t)$ exists in $X$, then the proof of (ii) is completed.

Since $f\in t^{a}\cross C^{0}([0, T’] ; X)$ , we can write $f(t)=t^{a}(g_{0}+g(t))$ , where $g_{0}\in X$ ,
$g\in C^{0}([0, T’];X)$ , and $g(O)=0$ . As for $g$ , by the estimate (5.7), we have
$t^{-a}S[t^{a}g](t)arrow 0(tarrow+O)$ . On the other hand, by an integration by parts using
(5.3), we can easily prove that

(5.8) $S[t^{a}g_{0}](t)=- \frac{t^{a}}{\lambda(t)}g_{0}+S[t^{k+1}(\frac{t^{a}}{\lambda(t)})’g_{0}](t)$ .

By the estimate (5.7), $t^{-a}\cross S[t^{k+1}(t^{a}/\lambda(t))’g_{0}](t)$ converges to $0$ as $tarrow+O$ , and
hence we have $t^{-a}S[t^{a}g_{0}](t)arrow-g_{0}/\lambda(0)$ as $tarrow+O$ . $\blacksquare$
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COROLLARY 5.6. Let $\Delta\in\Re$ . For any $T’\in(0, T]$ and any complete locally
convex toPological vector $sPaceX$, the oPerator Sl in Lemma 5.4 is an isomorPhism
from $F_{T’}[\Delta+\Delta(R):X]$ to $F_{T’}[\Delta:X]$ . Further, if $X$ is a Banach space, then the
oPerator norm of $R^{-1}$ can be estimated by a constant that is indePendent of $T’$

and $X$ .

PROOF. Note that $\Delta(\Re)=\Delta[k]$ , which is defined in Proposition 2.5. It is
almost trivial that $R$ is a continuous injective operator from $F_{T’}[\Delta+\Delta[k]:X]$

to $F_{T’}[\Delta:X]$ . Let $s$ (resp. $L$ ) be the size (resp. side function) of $\Delta$ . We
prove the surjectivity by the induction on $s$ .

If $s=0$ , then $\Delta=\Delta(0, h)$ for some $h\in R$ . Hence, $F_{T’}[\Delta:X]=t^{-h}\cross$

$C^{0}([0, T’] ; X)$ . By Lemma 5.4, for any $f\in t^{-h}\cross C^{0}([0, T’] ; X)$ , there exists
$u\in t^{-h}\cross C^{0}([0, T’];X)$ such that $Ru=f$ . By this equation and Lemma 3.7, we
have $t^{k}\theta(u)\in t^{-h}\cross C^{0}([0, T’];X)$ . This implies $u\in F_{T’}[\Delta(0, h)+\Delta[k]:X]$ , which
proves the case $s=0$ .

We assume that the corollary holds for $s-1$ $(s\geqq 1)$ . Let $f\in F_{T’}[\Delta:X]$ ,

that is $t^{L(j)}\theta^{j}(f)\in C^{0}([0_{y}T’];X)$ for $0\leqq j\leqq s$ . The condition $u\in F_{T’}[\Delta+\Delta[k]:X]$

means that

(5.9) $t^{L(j)}S^{j}(u),$ $t^{L(j)+k}\theta^{j+1}(u)\in C^{0}([0, T’];X)$ for 0:;11 $j\leqq s$ .

By the induction hypothesis, we have

(5.10) $t^{L(j)}\theta^{j}(u),$ $t^{L(j)+k}\theta^{j+1}(u)\in C^{0}([0, T’];X)$ for $0\leqq-\uparrow\leqq\vee\sigma-1$ .
NOW, put $S(u)=v$ . From the equation $Ru=f$ , we have

(5.11) $Rv=f:=\theta(f)+S(\lambda)u-kt^{k}\theta(u)$ .

It is easy to see that

(5.12) $t^{L(j+1)}\theta^{j}(;)\in C^{0}([0_{y}T’];X)$ $(0\leqq j\leqq’-1)$ .

Put $\tilde{L}(j):=L(j+1)$ (O:Eli;$s--l). Let a be the Newton polygon with size $s-1$

and side function $\tilde{L}$ . The condition (5.12) means that $7\in F_{T}[\Delta : X]$ . From
Equation (5.11), we have $v\in F_{T}[\tilde{\Delta}+\Delta[k]:X]$ by the induction hypothesis. This
implies that

(5.13) $t^{Z_{(S-1)}}\theta^{S-1}(v)$ , $t^{Z_{(S-1)+k}}\theta^{s}(v)\in C^{0}([0, T’];X)$ ,

and hence

$\langle$5.14) $t^{L(S)}S^{s}(u)$ , $t^{L(S)+k}\theta^{s+1}(u)\in C^{0}([0, T’];X)$ .

The conditions (5.10) and (5.14) imply (5.9), that is $u\in F_{T’}[\Delta+\Delta[k]:X]$ .
The continuity of $R^{-1}$ and the latter part of the corollary are clear from

the argument above. $\blacksquare$
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Next, we consider a factor with $k_{j}=0$ .

LEMMA 5.7. Let $\lambda\in \mathscr{F}([0, T];C)$ . Consider $R=\theta-\lambda(t)$ . For any $T’\in(0, T]$

and any complete locally convex topological vector space $X$ , there holds the fol-
lowing:

(i) If $u\in \mathcal{G}_{{\rm Re}\lambda(0).T’}(X)$ satisfies that $\Re u=0$ on $(0, T’)$ , then $u=0$ on $(0, T’)$ .
(ii) For any $a>{\rm Re}\lambda(0)$ and $f\in t^{a}\cross C^{0}([0, T’];X)$ , there exists a unique $u\in$

$t^{a}\cross C^{0}([0, T’];X)$ satisfying $\Re u=f$ on $(0, T’)$ . Further, for any seminorm $||\cdot||$

of $X$, there holds the estimate .

$\frac{1}{t^{a}}||u(t)||\leqq C\sup_{0<S\leqq l}\frac{1}{s^{a}}||f(s)||$ $(0<t\leqq T’)$

with a constant $C$ that is independent of $T’,$ $X$, and $||\cdot||$ .

PROOF. Put $\tilde{\lambda}(t):=\lambda(t)-\lambda(O)$ and take $\Lambda\in \mathscr{F}([0_{y}T];C)$ as $\Lambda(0)=0$ and $\Lambda’(t)$

$=\overline{\lambda}(t)/t$ .
PROOF OF (i). Let $u\in \mathcal{G}_{{\rm Re}\lambda(0),T’}(X)$ and $Ru=0$ on $(0, T’)$ . It is easy to

see that $u(t)=t^{\lambda(0)}e^{\Lambda_{(\zeta)}}u_{0}$ for some $u_{0}\in X$ . Since $t^{\lambda(0)}e^{1_{(t)}}\not\in \mathcal{G}_{{\rm Re}\lambda(0).T’}(C)$ , we
have $u=0$ .

PROOF OF (ii). For $f\in t^{a}\cross C^{0}([0, T’];X)(a>{\rm Re}\lambda(0))$ , put

(5.15) $s[f](t)=t^{\lambda(0)}e^{1_{(t)}} \int_{0}^{t}e^{-\Lambda_{(S)}}s^{-\lambda(0)-1}f(s)ds$ .

This is well-defined and $s[f]\in C^{0}(_{\backslash }IO, T’]$ ; $X$ ). Further, it is easy to see that
$RS[f](t)=f(t)$ on $(0, T’)$ . Put $\Psi(t)={\rm Re}\Lambda(t)$ .

Let $||\cdot||$ be an arbitrary seminorm of $X$ . By (5.15), we have

$||S[f](t)|| \leqq t^{{\rm Re}\lambda(0)}C’\int_{0}^{t}s^{-I?e\lambda(0)-1\vdash a}ds\sup_{<0S\leqq t}\frac{1}{s^{\alpha}}||f(s)||$

$\leqq Ct^{a}\sup_{0<S\leqq t}\frac{1}{s^{\alpha}}||f(s)||$ $(0<t\leqq T’)$

for some constants $C’$ and $C$ that are independent of $T’,$ $X$ , and $||\cdot||$ . By a
similar argument to that in the proof of Lemma 5.4, we can prove that
$\lim_{tarrow+0}t^{-a}S[f](t)$ exists in $X$ , and hence the proof of (ii) is completed. $\blacksquare$

COROLLARY 5.8. Let $\Delta\in\Re$ and $h(\Delta)<-{\rm Re}\lambda(O)$ . For any $T’\in(O, T]$ and
any comPlete locally convex toPological vector sPace $X$, the $oPerafor\Re$ in Lemma
5.7 is an isomorphism from $F_{T’}[\Delta+\Delta(R):X]$ to $F_{T’}[\Delta:X]$ . Further, if $X$ is a
Banach sPace, then the $oPerator$ norm of $R^{-1}$ can be estimated by a constant that
is independenf of $T’$ and $X$ .

PROOF. Note that $\Delta(\Re)=\Delta(1,0)$ . It is almost trivial that $R$ is a continuous
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injective operator from $F_{T’}[\Delta+\Delta(1,0):X]$ to $F_{T’}[\Delta:X]$ . Let $s$ (resp. $L$ ) be
the size (resp. side function) of $\Delta$ . We prove the surjectivity by the induction
on $s$ .

If $s=0$ , then $\Delta=\Delta(0, h)$ for some $h<-{\rm Re}\lambda(O)$ . Hence, $F_{T’}[\Delta:X]=t^{-h}\cross$

$C^{0}([0, T’] ; X)$ . By Lemma 5.7, for any $f\in t^{-h}xC^{0}([0, T’] ; X)$ , there exists
$u\in t^{-h}\cross C^{0}([0, T’];X)$ such that $Ru=f$ . By this equation and Lemma 3.7, we
have $\theta(u)\in t^{-h}\cross C^{0}([0_{3}T’];X)$ . This implies $u\in F_{T’}[\Delta(0, h)+\Delta(1,0):X]$ , which
proves the case $s=0$ .

We assume that the corollary holds for $s-1(s\geqq 1)$ . Let $f\in F_{T’}[\Delta:X]$ , that
is, $t^{L(j)}\theta^{j}(f)\in C^{0}([0, T’] ; X)$ for $0$ Sj;$ $s$ . The condition $u\in F_{T’}[\Delta+\Delta(1,0):X]$

means that

(5.16) $t^{L(0)}u\in C^{0}([0, T’];X)$ and

$t^{L(j-1)}\theta^{f}(u)\in C^{0}([0, T’];X)$ for $1\leqq_{J}\leqq s+1$ .

By the induction hypothesis, we have

(5.17) $t^{L(0)}u\in C^{0}([0, T’];X)$ and

$t^{L(j-1)}\theta^{j}(u)\in C^{0}([O, T’];X)$ for $1\leqq j\leqq s$ .

NOW, from the equation $\theta(u)=f+\lambda(t)u$ , we have

$\theta^{s+1}(u)=\theta^{s}(f)+\sum_{t=0}^{s}(\begin{array}{l}sl\end{array})\theta^{s-\iota}(\lambda)S^{\iota}(u)$ ,

and hence by (5.17) we have

(5.18) $t^{L(s)}\theta^{s+1}(u)\in C^{0}([0, T’];X)$ .

The conditions (5.17) and (5.18) imply (5.16), that is $u\in F_{T’}[\Delta+\Delta(1,0):X]$ .
The continuity of $R^{-1}$ and the latter part of the corollary are clear from

the argument above. $\blacksquare$

At this stage, by Proposition 5.1, we have proved Proposition 5.3 (2), (3)

in the case of $\overline{\Delta}=\Delta\in\Re$ . In order to prove the general case, we give the fol-
lowing lemma:

LEMMA 5.9. Let $R=t^{k}\theta-\lambda(t)$ be the oPerator given in Lemma 5.4 (the case
of $k>0$) or Lemma 5.7 (the case of $k=0$). Let $\Delta,$ $\Delta’\in\Re$ . In the case of $k=0$ ,
assume $h(\Delta)-h(\Delta’)<-{\rm Re}\lambda(0)$ . For any $T’\in(0, T]$ and any comPlete locally
convex toPological vector sPace $X$, the oPerator Yl is a bijection from
$F_{T’}[\Delta+\Delta(R), \Delta’ : X]$ to $F_{T’}[\Delta, \Delta’ : X]$ . Further, if $X$ is a Banach sPace, then
the oPerator $R$ is an isomorphism and the oPerator norm of $R^{-1}$ can be estimated
by a constant that is indePendent of $T’$ and $X$ .
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PROOF. It is easy to see that $R$ is an injective operator from $F_{T’}[\Delta+$

$\Delta(R),$ $\Delta’$ : $X$ ] to $F_{T’}[\Delta, \Delta’ : X]$ . In order to prove the surjectivity, we use the
following sublemma:

SUBLEMMA 5.10. Let $p\in R$ and $j\in N$. If $A\in R$ is taken sufficiently large,
then there exist $a_{0}$, , $a_{f},$ $\mu\in \mathscr{F}([O, T] ; C)$ such that

$\ovalbox{\tt\small REJECT} t^{p}Q=t^{p}(\theta-A)^{j}(\Re+\mu(i))$ , where $Q= \sum_{l=0}^{j}a_{l}(t)\theta^{l}$

Further, $\mu(0)=0$ in the case of $k>0$ and $\mu(0)=p$ in the case of $k=0$ .

PROOF. Since $\Re t^{p}=t^{p}(\Re+pt^{k})$ , we may assume that $p=0$ . If $j=0$ , then
this sublemma is trivial.

Let $j=1$ and put $Q=\theta+\nu$ . The relation $RQ=(\theta-A)(R+\mu)$ means

(5.19) $\{$

$t^{k}\nu=(k-A)t^{k}+\mu$ ,

$t^{k}\theta(\nu)-\lambda\nu=-\theta(\lambda)+\theta(\mu)-A(\mu-\lambda)$ .
These are equivalent to

(5.20) $\{$

$\mu=t^{k}(\nu-k+A)$ ,

$((k-A)t^{k}+\lambda)\nu=\theta(\lambda)+(k-A)^{2}t^{k}-A\lambda$ .
It is easy to see that, if $A$ is sufficiently large, then $(k-A)t^{k}+\lambda(t)\neq 0$ on $[0, T]$ .
Thus, we can take $\mu$ and $\nu$ satisfying these conditions and there holds $\mu(0)=0$ .

Let $j\geqq 2$ . For $\mu\in \mathscr{F}([0, T];C)$ such that $\mu(0)=0$ , the operator $R+\mu$ also
satisfies the condition for $R$ . Hence, using the result for $j=1$ , we $get$ a series
of $\mu’ s$ and $Q’ s$ as follows:

$\int$ $(R+\mu_{1})Q_{2}=(\theta-A)(R+\mu_{2})RQ_{1}=(\theta-A)(\ovalbox{\tt\small REJECT}+\mu_{1})$

(5.21)

$|_{(R+\mu_{j-1})Q_{j}=(\theta-A)(R+\mu_{j})}$

.

From these, we get ER $Q_{1}\cdots Q_{j}=(\theta-A)^{j}(R+\mu_{j})$ . $\blacksquare$

NOW, we return to the proof of Lemma 5.9. Let $f\in F_{T’}[\Delta, \Delta’ : X]$ . Let $s’$

be the size and $L’$ be the side function of $\Delta’$ . Take a sufficiently large $A\in R$ .
We can write as

$f= \sum_{j=0}^{s’}t^{L’(f)}(\theta-A)^{j}(g_{j})$ , $g_{j}\in F_{T’}[\Delta:X](0\leqq_{J}\leqq s’)$ .
Consider $\Re u_{j}=t^{L’(j)}(\theta-A)^{j}(g_{j})$ . Take $Q$ and $\mu$ in the sublemma above for
$p=L’(j)$ . Putting $u_{j}=t^{L^{l}(j)}Q(v_{j})$ , we have only to solve $(R+\mu)(v_{j})=g_{j}$ . By
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Corollary 5.6 or 5.8, there exists a solution $v_{j}\in F_{T’}[\Delta+\Delta(R):X]$ . Since $u_{j}=$

$t^{L}$
‘
$(j)Q(v_{j})\in F_{T’}[\Delta+\Delta(\Re), \Delta’ : X]$ , we have $u=\Sigma_{j=0}^{S’}u_{j}\in F_{T’}[\Delta+\Delta(\ovalbox{\tt\small REJECT}), \Delta’ : X]$ .

Thus, we get the surjectivity. We can also show the latter part of the lemma
by tracing the argument above with the consideration of norms. $\blacksquare$

From Proposition 5.1 and Lemma 5.9, Proposition 5.3 (2) follows in the
sense that the operator 9 is a bijection from $F_{T’}[\Delta+\Delta(g), \Delta’ : X]$ to
$F_{T’}[\Delta, \Delta’ : X]$ . Proposition 5.3 (3) also follows. Proposition 5.3 (1) follows from
Proposition 5.3 (2) and Definition 3.9.

Last, we prove Lemma 3.2.

PROOF OF LEMMA 3.2. (1) Let $\Delta_{1},$ $\Delta_{1}’,$ $\Delta_{2},$ $\Delta_{2}’\in x$ and $\overline{\Delta}=\Delta_{1}-\Delta_{1}’=\Delta_{2}-\Delta_{2}’$ .
Let $s_{i}$ (resp. $s_{i}’$ ) be the size and $L_{i}$ (resp. $L_{i}’$ ) be the side function of $\Delta_{i}$ (resp.
$\Delta_{i}’)(i=1,2)$ . Put $h:=h(\Delta_{2}),$ $k_{j}:=L_{2}(])-L_{2}(]-1)$ , and

(5.22) $9_{2}:=t^{h}\prod_{j=1}^{s_{2}}(t^{k_{f}}\theta+A)$ ,

where $A$ is a sufficiently large real constant. As already proved, $\varphi_{2}$ is a bijec-
tion from $F_{T}[\Delta_{1}+\Delta_{2} : X]$ to $F_{T}[\Delta_{1} : X]$ and satisfies $\Delta(g_{2})=\Delta_{2}$ . Now, if $u\in$

$F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ , then $u=\Sigma_{j=0}^{s_{1}^{l}}t^{L_{1}’(j)}\theta^{j}(v_{j})$ for some $v_{j}\in F_{T}[\Delta_{1} : X]$ . We can write
as $v_{j}=B_{2}(w_{j})$ for some $w_{j}\in F_{T}[\Delta_{1}+\Delta_{2} : X]$ . Since $\Delta(\varphi_{2})=\Delta_{2}$ , it is easy to see
that we can write as

(5.23) $u= \sum_{j=0}^{s_{1}’+s_{2}}1$ $h_{j}\in F_{T}[\Delta_{1}+\Delta_{2} : X]$ $(0\leqq j\leqq s_{1}’+s_{2})$ .

Tbis means that $u\in F_{T}[\Delta_{1}+\Delta_{2}, \Delta_{1}’+\Delta_{2} : X]$ .
Conversely, if $u\in F_{T}[\Delta_{1}+\Delta_{2y}\Delta_{1}’+\Delta_{2} : X]$ , then $u$ can be written as (5.23).

For any $j$ , there exists $l=l(])$ such that $(L_{1}’\oplus L_{2})(])=L_{1}’(]-l)+L_{2}(l)$ . Hence,

$t^{(L_{1}’\oplus L_{2})(j)}\theta^{j}(h_{j})=t^{L_{1}’(f- l)}t^{L_{2}(l)}\theta^{j-l}\theta^{l}(h_{j})$

$=t^{L_{1}^{J}(j- l)}(\theta-L_{2}(l))^{j- l}t^{L_{2}(l)}\theta^{\iota}(h_{j})$ .

Since $t^{L_{2}(l)}\theta^{l}(h_{j})\in F_{T}[\Delta_{1} : X]$ , we have $t^{(L_{1}’\oplus L_{2})(j)}\theta^{j}(h_{j})\in F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ .
Thus, we have proved that $F_{T}[\Delta_{1}, \Delta_{1}’ : X]=F_{T}[\Delta_{1}+\Delta_{2}, \Delta_{1}’+\Delta_{2} : X]$ . By the

same way, we have $F_{T}[\Delta_{2}, \Delta_{2}’ : X]=F_{T}[\Delta_{2}+\Delta_{1}, \Delta_{2}’+\Delta_{1} : X]$ . Since $\Delta_{1}’+\Delta_{2}=\Delta_{2}’+\Delta_{1}$ ,

there holds $F_{T}[\Delta_{1}, \Delta_{1}’ : X]=F_{T}[\Delta_{2}, \Delta_{2}’ : X]$ as a set.
(2) Assume that $X$ is a Banach space. As in (1), there exists an ordinary

differential operator $9_{1}’$ that is a bijection from $F_{T}[\Delta_{1}+\Delta_{1}’, \Delta_{1}’ : X]$ to $F_{T}[\Delta_{1}, \Delta_{1}’ : X]$

and satisfies $\Delta(\varphi_{1}’)=\Delta_{1}’$ . Since $F_{T}[\Delta_{1}+\Delta_{1}’, \Delta_{1}’ : X]=F_{T}[\Delta_{1} : X]$ as a set by (1),

we can define another norm $||u||_{*}:=||\Phi_{1^{-1}}’u||_{\tau.\Delta_{1},X}$ of $F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ . Obviously,
the space $F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ is a Banach space with this norm.

First, we prove that the norm $||\cdot||_{*}$ is equivalent to the norm $||\cdot||_{T.\Delta_{1},\Delta_{1}’.X}$ .
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Let $u\in F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ and put $w=9_{1^{-1}}’u\in F_{T}[\Delta_{1} : X]$ . Since we can write as
$9_{1}’=\Sigma_{J=0}^{s_{1}’}t^{L_{1^{(f)}}’}\theta^{j}\alpha_{j}$ for some $\alpha_{f}\in \mathscr{F}([0, T] ; C)$ , we have $u=\Sigma_{j=0}^{s_{1}’}t^{L_{\dot{A}}’(j)}\theta^{j}(\alpha_{j}w)$ .
Hence,

$||u||_{\tau.\Delta_{1}.\Delta’.X}1 \leqq\sum_{j=0}^{s_{1}’}||\alpha_{f}w||_{\tau.\Delta_{1},X}\leqq C||w||_{\tau.\Delta_{1}.X}=C||u||_{*}$

for some constant $C$ .
On the other hand, assume that $u=\Sigma_{j=0}^{s_{1}^{l}}t^{L_{1^{(j)}}’}\theta^{j}(v_{j})$ where $v_{j}\in F_{T}[\Delta_{1} : X]$ .

Since the operator $\varphi_{1}^{l-1}t^{L_{\dot{A}}^{t}(j)}\theta^{j}$ is a closed transform in the Banach space
$F_{T}[\Delta_{1} : X]$ , this operator is bounded by the closed graph theorem, and hence
there exist $w_{j}\in F_{T}[\Delta_{1} : X]$ such that

$t^{L_{1}^{l}(j)}\theta^{j}(v_{j})=\varphi_{1}’(w_{j})$ and $||w_{j}||_{\tau.\Delta_{1}.X}\leqq C||v_{j}||_{\tau.\Delta_{1}.X}$

for some constant $C$ . From $u=\varphi_{1}’(\Sigma_{j=0}^{s_{1}’}w_{j})$ , we have

$||u||_{*}=|| \sum_{j=0}^{1}w_{f}||_{T,\Delta_{1}.X}|’\leqq\sum_{j=0}^{\iota_{1}’}||w_{j}||_{\tau,\Delta_{1}.X}$ $ $C \sum_{j=0}^{\acute{1}}||v_{j}||_{\tau,\Delta_{1}.X}$ .

By the definition of $||\cdot||_{\tau,\Delta_{1},\Delta_{1}’.x}$ , we have

$||u||_{*}\leqq C||u||_{\tau.\Delta_{1}.\Delta_{1}’.X}$ .

Thus, the norm $||\cdot||_{*}$ is equivalent to the norm $||\cdot||_{T.\Delta_{1}.\Delta_{1}.x}$ , and hence the
space $F_{T}[\overline{\Delta} : X]=F_{T}[\Delta_{1}, \Delta_{1}’ : X]$ is a Banach space with the norm $||\cdot||_{T.\Delta_{1}.\Delta_{1}^{l}.x}$ .
By just the same way, the space $F_{T}[\overline{\Delta} : X]$ is also a Banach space with the
norm $||\cdot||_{\tau.\Delta_{2}.\Delta_{2}’,X}$ . Because these two norms define toPologies finer than the
induced topology from $9’((0, T);X)$ , these two norms are equivalent to each
other, by the closed graph theorem.

\S 6. Ordinary differential operators 2.

In this section, we consider ordinary differential operators with the param-
eter $x$ .

AS in Section 1, let $\Omega$ be a bounded domain in $C^{n}$ containing the origin $0$ .
We consider an ordinary differential operator

(6.1) $\varphi=\sum_{j=0}^{m}$ a $j(t, x)\partial_{t}^{j}$ ,

where $a_{j}\in \mathscr{F}([O, T];o(\Omega))(0\leqq j\leqq m)$ and $a_{\tau n}(t, x)\equiv t^{\kappa}(\kappa\in Q, \kappa\geqq 0)$ .
AS is stated in Remark 2.8, we can define $\Delta(\varphi),\hat{V},$ $h(\varphi),$ $S,$ $I_{\mu},$ $C_{\mu},$ $\Lambda(\varphi)$ for
$q$ by Definition 1.1. The condition (A-1) is automatically satisfied.

Let $H(\Omega)$ denote one of the two Banach spaces $E(\Omega)$ and $F(\Omega)$ .
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THEOREM 6.1. Assume the conditions (A-2) and (A-3).
(1) There exists an $oPen$ neighborhood $\Omega_{0}$ of $0\in C^{n}$ such that, for any sub-

domain $\Omega’$ of $\Omega_{0}$ and for any $T’\in(0, T]$ , the following holds:
1. The $oPerator\varphi$ is a bijection from $\mathcal{G}_{\Lambda(9).T’}(H(\Omega’))$ to $\mathcal{G}_{\Lambda(9)+h(q).T’}(H(\Omega’))$ .
2. Let $\overline{\Delta}\in\pi$ and $h(\overline{\Delta})<-(\Lambda(9)+h(9))$ . Then, the $oPerator$ EP is an iso-

morphism from $F_{T’}[\overline{\Delta}+\Delta(9):H(\Omega’)]$ to $F_{T’}[\overline{\Delta}:H(\Omega’)]$ .
3. The $oPerator$ norm of $9^{-1}$ in 2 can be estimated by a constant that is

independent of $T’$ and $\Omega’$ . (As in Proposition5.3, we fix a decomPosition of $\overline{\Delta}$ to
consider the $oPerator$ norm. This constant may also depend on $\overline{\Delta}.$ )

(2) For any aest satisfying $h(\overline{\Delta})<-(\Lambda(9)+h(B))$ , there exists an oPen
neighborhood $\Omega_{0}$ of $0\in C^{n}$ such that, for any subdomain $\Omega’$ of $\Omega_{0}$ and for any
$T’\in(0, T]$ , the following holds:

The operator9 is an isomorPfusm from $F_{T’}[\overline{\Delta}+\Delta(\varphi):H’(\Omega’)]$ to $F_{T’}[\overline{\Delta}:H’(\Omega’)]$ .
Further, the $oPerator$ norm of $\varphi^{-1}$ can be estimated by a constant that is inde-
pendent of $T’$ and $\Omega’$ . (We also fix a decomPosition of a to constder the $oPerator$

norm.)

REMARK 6.2. Note that the domain $\Omega_{0}$ can be taken independently of $\overline{\Delta}$ in
(1). AS for $H’$ , the author could not prove the independence of $\Omega_{0}$ on a. Thus,
(2) is rather weak compared with (1). It is, however, sufficient for our purpose,
that is the proof of Th$e$orem 4.6. The results (1) shall be used in the proof
of Theorem 4.3 and Theorem 4.4.

PROOF OF THEOREM 6.1. First note that, if $\Omega$ is convex, then $O(\Omega)\subset F(\Omega’)$

for any $\Omega’$ such that $\overline{\Omega}’\subset\Omega$ . Henc $e$ , by reducing $\Omega$ if necessary, we may
assume that the coefficients $a_{j}$ belong to $\mathscr{F}([0, T];F(\Omega))$ (O$j\leqq m).

Put

$\varphi_{0}:=\sum_{j=0}^{m}a_{j}(t, O)\partial_{t}^{j}$ and $\tilde{9}:=g-\varphi_{0}$ .

The operator $\varphi_{0}$ satisfies the condition (A-3) and there holds $\Delta(9_{0})=\Delta(9)$ .
Assume that $\overline{\Delta}\in 5i,$ $h(\overline{\Delta})<-(\Lambda(9)+h(\varphi)),$ $T’\in(O, T]$ and that $\Omega’$ is a sub-

domain of $\Omega$ . Let $X$ denote one of the spaces $H(\Omega’)$ and $H’(\Omega’)$ . By Proposi-
tion 5.3, the operator $9_{0}$ is an isomorphism from $F_{T’}[\overline{\Delta}+\Delta(9):X]$ to $F_{T’}[\overline{\Delta}:X]$ .
Since the coefficients of di vanish at $x=0$ , there exists an open neighborhood
$\Omega_{0}$ of $x=0$ such that, if $\Omega’\subset\Omega_{0}$ , then the operator norm of $\tilde{\varphi}q_{0}^{-1}$ as a trans-
form in $F_{T’}[\overline{\Delta}:X]$ is less than 1. Since $B=(Id+\tilde{\varphi}\varphi_{0}^{-1})\varphi_{0}$ the operator $B$ is
an isomorphism from $F_{T’}[\overline{\Delta}+\Delta(9):X]$ to $F_{T’}[\overline{\Delta}:X]$ . It also follows from
Proposition 5.3 that the operator norm of $g)^{-1}$ can be estimated by a constant
that is independent of $T’$ and $\Omega’$ . Thus, (2) has been proved and (1) $-2$ and 3
has also been proved $e$xcept that $\Omega_{0}$ can be taken independently of $\overline{\Delta}$ .

NOW, take a fixed open neighborhood $\Omega_{0}$ of $0$ in $C^{n}$ such that $\overline{\Omega}_{0}\subset\Omega$ and
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the following holds:
(A-2) If $(j, O)\in\hat{V}$ , then $a_{j,0}(O, x)\neq 0$ on $\overline{\Omega}_{0}$ .
(A-3) If $\mu\in S$ and $\mu>0$ , then all non-zero roots $\lambda$ of $C_{\mu}(\lambda;x)=0(x\in\overline{\Omega}_{0})$

satisfy ${\rm Re}\lambda<0$ .
Assume that $\overline{\Delta}\in\overline{\mathfrak{N}},$ $h(\overline{\Delta})<-(\Lambda(9^{1})+h(9)),$ $T’\in(0, T]$ and that $\Omega’$ is a sub-

domain of $\Omega_{0}$ . We can prove the following:

CLAIM. The operator9 is an isomorPhism from $F_{T’}[\overline{\Delta}+\Delta(g):H(\Omega’)]$ to
$F_{T’}$ $[^{-}:H(\Omega’)]$ .

We have only to prove the surjectivity. Let $f\in F_{T’}[\overline{\Delta} : H(\Omega’)]$ . For any
fixed $x_{0}\in\overline{\Omega}’$ , put

$9_{x_{0}}=\sum_{j=0}^{m}a_{j}(t, x_{0})\partial^{j}$ .

Note that $\Delta(q_{x_{0}})=\Delta(\varphi)$ and $\varphi_{x_{0}}$ satisfies the conditions (A-2) and (A-3). By
Proposition 5.3, there exists a unique $u_{x_{0}}\in F_{T’}[\overline{\Delta}+\Delta(9):C]$ such that $9_{x_{0}}^{)}u_{x_{0}}=$

$f(t, x_{0})$ . Put $u_{0}(t, x):=u_{x}(t)(x\in\overline{\Omega}’)$ .

LEMMA 6.3. There exists a finite number of $p\alpha ntsx_{i}\in\overline{\Omega}_{0}(i=1, 2, \cdot , M)$

and oPen neighborhoods $\Omega_{i}$ of $x_{i}$ such that

(i) $\bigcup_{i=1}^{M}\Omega_{t}\supset\overline{\Omega}_{0}$ ,

(ii) the operator9 is an isomorphism from $F_{T’}[\overline{\Delta}+\Delta(9):H(\Omega^{\chi})]$ to $F_{T’}[\overline{\Delta}$ :
$H(\Omega’’)]$ for any $T’\in(0, T]$ and any subdomain $\Omega’’$ of $\Omega_{i}(i=1, \cdots M)$ .

PROOF. For any $x_{0}\in\overline{\Omega}_{0}$ , consider $x_{0}$ as the origin. By the same argument
as above, there exists an open neighborhood $\Omega_{x_{0}}$ of $x_{0}$ such that the operator 9 is
an isomorphism from $F_{T’}[\overline{\Delta}+\Delta(9^{)}):H(\Omega^{r})]$ to $F_{T’}[\overline{\Delta}:H(\Omega’’)]$ for any $T’\in(0, T]$

and any subdomain $\Omega’’$ of $\Omega_{x_{0}}$ . Since $\bigcup_{x_{0}}\Omega_{x_{0}}\supset\overline{\Omega}_{0}$ , we have the lemma
$bythe-$

compactness of $\overline{\Omega}_{0}$ .
By this lemma, the equation $\varphi u=f|_{\overline{\Omega_{i}\cap\Omega’}}$ has a unique solution $u=u_{i}\in$

$F_{T’}[\overline{\Delta}+\Delta(9):H(\Omega_{i}\cap\Omega’)]$ . Since $u=u_{i}(t, x_{0})$ is also a solution of $9_{x_{0}}u=f(t, x_{0})$

for $x_{0}\in\overline{\Omega_{i}\cap\Omega’}$, we have $u_{0}(t, x)=u_{i}(t, x)$ for $x\in_{i}\varpi_{\cap}$’, by the uniqueness.
Thus, we have

$u_{0}|_{\overline{\Omega_{i}\cap\Omega’}}\in F_{T’}[\overline{\Delta}+\Delta(9):H(\Omega_{i}\cap\Omega’)]$ $(i=1, \cdots M)$ .
This implies

$u_{0}\in F_{T’}[\overline{\Delta}+\Delta(9):H(\Omega’)]$ .
Thus, Clalm is proved, and hence (1) $-2$ and 3 are proved. (1) $-1$ follows

from (1) $-2$ and Definition 3.9. $\blacksquare$
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\S 7. Proof of the regularity theorem.

In this section, we give a proof of Theorem 4.4.
Consider a differential operator $P$ of the form (1.1) with the coefficients in

$\mathscr{F}([0, T];o(\Omega))$ . First, we rewrite the operator $P$. Let $\Gamma$ be the side function
of $\Delta(P)$ . By $t^{j}\partial_{t}^{j}=\theta(\theta-1)$ .. $(\theta_{-]}+1)$ , we can write the operator $P$ in the
following form:

(7.1) $P= \sum_{j+|\alpha|\leq m}b_{f,\alpha}(t, x)t^{\Gamma_{(j+|\alpha_{1)}}}\theta^{j}\partial_{x}^{\alpha}$ ,

where $b_{j.\alpha}\in \mathscr{F}([0, T];O(\Omega))$ , and $b.,$ $o(t, x)=1$ .

Further, we have $C_{\mu}(\lambda;x)=\Sigma_{(j,\Gamma(j))\in L_{\mu}}b_{j.0}(0, x)\lambda^{j}$ for $\mu\in S$ (even lf $\mu=0$).

Under this representation, the conditions (A-1) and (A-2) are equivalent to
(A-l) $b_{f.\alpha}(0, x)\equiv 0$ if $\alpha\neq 0$ .
(A-2) If $(J, 0)\in\hat{V}$ , then $b_{j,0}(O, 0)\neq 0$ .
Assume the conditions (A-1), (A-2), and (A-3). Put

(7.2) if $= \sum_{j=0}^{m}b_{j.0}(t, x)t^{\Gamma_{(j)}}\theta^{j}$ and $C= \sum_{\alpha\neq 0}b_{j,\alpha}(t, x)t^{\Gamma \mathfrak{c}j+|\alpha|)}\theta^{j}\partial_{x}^{\alpha}$ .

By the assumption (A-1), we have $\Delta(P)=\Delta(g)$ and $\Lambda(P)=\Lambda(\varphi)$ . Further, the
operator $g$) also satisfies the conditions (A-2) and (A-3). Since $o(\Omega’)=$

$proj\lim_{\overline{\Omega’’}\cap\Omega’}E(\Omega’’)$ , Theorem 6.1 (1) implies that there exists an open neighbor-
hood $\Omega_{0}$ of $0$ in $C^{n}$ such that, for any $T’\in(O, T]$ and any subdomain $\Omega’$ of $\Omega_{0}$ ,

the operator $g$) is a bijection as follows:

9: $\mathcal{G}_{\Lambda(P).T’}(O(\Omega’))$ $arrow\sim \mathcal{G}_{\Lambda(P)+h(P).T’}(O(\Omega’))$

(7.3) $\cup$ $\cup$

9 : $F_{T’}[\overline{\Delta}+\Delta(P) : O(\Omega’)]arrow\sim$ $F_{T’}[\overline{\Delta}:O(\Omega)]$

if $\overline{\Delta}\in\overline{X}$ and $h(\overline{\Delta})<-(\Lambda(P)+h(P))$ .

Also by the assumption (A-1), we can write the operator $C$ in the form

(7.4) $c= \sum_{j\leqq m-1}c_{j}(t, x ; \partial_{x})t^{\Gamma_{(f)+1/q}}\theta^{j}$ ,

where $q\in N\backslash \{0\}$ and $c_{j}(t, x;\partial_{x})$ are differential operators with respect to $x$

with coefficients in $\mathscr{F}([0, T] ; o(\Omega))$ . Hence, for any $\overline{\Delta}\in E$ , any $T’\in(O, T]$ , and
any subdomain $\Omega’$ of $\Omega_{0}$ , we have

(7.5) $c:F_{T’}[\overline{\Delta}+\Delta(P):o(\Omega’)]arrow F_{T’}[\overline{\Delta}+\Delta_{0}:o(\Omega’)]$ ,

where $\Delta_{0}:=\Delta[k]+\Delta(0, -1/q)$ for $k:=\Gamma(m)-\Gamma(m-1)\geqq 0$ .
NOW, assume that $\overline{\Delta}\in E,$ $h(\overline{\Delta})<-(\Lambda(P)+h(P)),$ $u\in \mathcal{G}_{\Lambda(P),T’}(O(\Omega’))$ and that

$Pu\in F_{T’}[\overline{\Delta} : O(\Omega’)]$ . Since $u\in \mathcal{G}_{\Lambda(P).T’}(O(\Omega’))$ , we have $u\in F_{T’}[-\Delta(N, a):\mathcal{O}(\Omega’)]$



Characteristic Cauchy problems 539

for some $N\in N$ and $a>\Lambda(P)$ , by Definition 3.9.

LEMMA 7.1. For any $r\in N$ there holds

(7.6) $u\in F_{T’}[\overline{\Delta}+\Delta(P) : \mathcal{O}(\Omega’)]+F_{T’}[-\Delta(N, a)+r\Delta_{0} : o(\Omega’)]$ .

Here, $r\Delta_{0}$ denotes the sum of $r$ coPies of $\Delta_{0}$ .

PROOF. We prove by the induction on $r$ . For $r=0$ , this is trivial. Assume
(7.6) for $r=k$ . By (7.5), we have

$Cu\in F_{T’}[\overline{\Delta}+\Delta_{0} : o(\Omega’)]+F_{T’}[-\Delta(N, a)+(k+1)\Delta_{0}-\Delta(P):\mathcal{O}(\Omega’)]$ .

Since $F_{T’}[\overline{\Delta}+\Delta_{0} : O(\Omega’)]\subset F_{T’}[\overline{\Delta}:\mathcal{O}(\Omega’)]$ , we have

$f-Cu\in F_{T’}[\overline{\Delta}:O(\Omega’)]+F_{T’}[-\Delta(N, a)+(k+1)\Delta_{0}-\Delta(P):o(\Omega’)]$ .

By the equation $9u=f-Cu$ and (7.3), we have

$u\in F_{T’}[\overline{\Delta}+\Delta(P) : o(\Omega^{f})]+F_{T’}[-\Delta(N, a)+(k+1)\Delta_{0} : o(\Omega’)]$ .
Tbus, (7.6) holds for $r=k+1$ . $\blacksquare$

Since

$r\Delta_{0}=((-\infty, O]\cross[-r/q, \infty))\cup\{(\mathcal{U}, v)\in R^{2} ; u\leqq r, v\geqq-r/q+ku\}$

there holds $-\Delta(N, a)+r\Delta_{0}\supset\overline{\Delta}+\Delta(P)$ for sufficiently large $r$ . Hence, we have

$u\in F_{T’}[\overline{\Delta}+\Delta(P) : \mathcal{O}(\Omega’)]$ .

The latter part of the theorem follows easily by Example $3.3-(1)$ .

\S 8. Abstract equations.

In this section, we solve equations of the form $v+Qv=f$ in scales of Banach
spaces.

Let $\{X_{s}\}_{0<s<s_{1}}$ be an increasing scale of Banach spaces. That is, for $0<s<$

$r<s_{1}$ , the Banach space $X_{s}$ is embedded in $X_{r}$ and the operator norm of the
embedding does not exceed 1. We denote the norm of $X_{s}$ by $||\cdot||_{s}$ .

We consider an operator

(8.1) $Q=t^{1/q} \sum_{i,j=0}^{m}C_{m-j}^{(i)}(t)\tilde{\theta}^{j- m}\mathcal{E}_{i}$ ,

where $q,$ $m\in N\backslash \{0\}$ and the operators $C_{m-j}^{(i)}(t),$ $\mathcal{E}_{\iota}$ satisfy the following four
conditions:

(B-1) Cfi)
$j\in_{0<s}<\cap r_{<S_{1}}^{c^{0}([0},$

$T$ ] ; $\mathcal{L}(X_{s}, X_{r}))(i, j=0,1, \cdots m)$ .

(B-2) There exists a constant $M$ such that
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1 $C_{m-j}^{(i)}(t)(w)||_{r} \leqq\frac{M}{(r-s)^{m-j}}||w||_{s}$

for any $w\in X_{s},$ $0<s<r<s_{1},$ $r\in[0, T]$ , OESi, $j\leqq m$ .
(B-3) $\mathcal{E}_{i}\in \mathcal{L}(C^{0}([0, T’];X_{s}))$ for any $T’\in(0, T]$ and any $s\in(O, s_{1})(0\leqq i\leqq m)$ .
(B-4) $A:= \sup_{T’.*.i}||\mathcal{E}_{i}||_{X(C^{0}([0.T’]:X_{S}))}<\infty$ .
REMARK 8.1. The operator $\tilde{\theta}=\theta+1$ is an isomorphism:

$F_{T}[\Delta(1,0) : X](\subset C^{0}([0, T] ; X))arrow\sim C^{0}([0, T] ; X)$

for any $T$ and $X$ . Hence, $\tilde{\theta}^{j-m}(j\leqq m)$ is a continuous transform in $C^{0}([0, T’];X_{s})$

for any $T’$ and $s$ . Thus, the operator $Q$ is a well-defined continuous operator
from $C^{0}([O, T’];X_{s})$ to $C^{0}([O, T’];X_{r})$ , if $0<s<r<s_{1}$ and $T’\in(0, T]$ . Further,
since

$( \tilde{\theta}^{-l}g)(t)=\int_{[0,1]^{l}}g(\sigma_{1}\cdots\sigma_{l}t)d\sigma_{1}\cdots d\sigma_{l}$ $(l\geqq 1)$ ,

there holds the following for any Banach space $X$ , any $l\in N$, and any $p\in R$

with $p\geqq 0$ .

(8.2) If $g\in C^{0}([0, T];X)$ and $||g(t)||_{X}\leqq C_{0}t^{p}$ , then $||( \tilde{\theta}^{-l}g)(t)||_{X}\leqq\frac{C_{0}}{(p+1)^{\iota}}t^{p}$ .

This estimate plays an important role in the proof of the theorem below.

For the operator $Q$ , we consider the equation $v+Qv=f$ .
THEOREM 8.2. Let $0<s_{0}<s_{1}\leqq 1$ . For any $s\in(s_{0}, s_{1})$ , there exists $\rho\in(0, T]$

such that the following holds:
For any $f\in C^{0}([0, T];X_{s_{0}})$ , there exists a unique $v\in C^{0}([0, \rho];X_{s})$ satisfying

$v+Qv=f$ .
In order to prove the theorem, we prepare a lemma, which is proved by a

similar method to the proof of Proposition 2 in [1].

LEMMA 8.3. Let $w_{0} \in\bigcap_{s_{0}<s<s_{1}}C^{0}([O, T];X_{s})$ be given and assume that

(8.3)
$K:= \sup_{S_{0}<S<S_{1}.ost\leq T}||w_{0}(t)||_{s}<\infty$ .

If we put

(8.4) $w_{p+1}=-Qw_{p}$ $(P=0, 1, )$ ,

then we have $w_{p} \in\bigcap_{s_{0}<s<s_{1}}C^{0}([0, T];X_{s})(p=0,1, \cdots)$ and

(8.5) $||w_{p}(t)||_{s} \leqq K(\frac{C_{0}t^{1/q}}{(s-s_{0})^{m}})^{p}$ $(P=0, 1, )$

for any $s\in(s_{0}, s_{1})$ and $t\in[0, T]$ , where $C_{0}:=(m+1)^{2}MAe^{qm}$ .
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PROOF. We show the estimate by the induction on $p$ . For $p=0$ , the esti-
mate is trivial. Assume the estimate (8.5) for $P(p\geqq 0)$ . By (8.1) and (B-2),

we have

$||\iota\iota_{p+1}f(t)||_{s}\leqq r_{i,j=0^{\frac{M}{\eta^{m- f}}||\tilde{\theta}^{j-m}\mathcal{E}_{i}w_{p}(t)||_{s-\eta}}}^{1/q}$ ,

for any $s\in(s_{0}, s_{1})$ and $\eta\in(0, s-s_{0})$ .
By the assumption (B-4) and the induction hypothesis, we have

$|| \mathcal{E}_{i}w_{p}(t)||_{s-\eta}\leqq A\sup_{\tau\in\zeta 0.t_{\lrcorner}^{\neg}}||w_{p}(\tau)||_{s-\eta}\leqq AK\frac{C_{0}^{p}t^{p/q}}{(s-\eta-s_{0})^{mp}}$ .

By (8.2), we have

$|| \partial^{j-m_{\mathcal{E}_{\ell}w_{p}(t)||_{s-\eta}}}\leqq AK\frac{C\# t^{p/q}}{(s-\eta-s_{0})^{mp}(p/q+1)^{m-j}}$ .

Thus, we have

$||w_{p+1}(t)||_{s}$ $ $(m+1)AKM \sum_{j=0}^{m}\frac{C\S t^{(p+1)/q}}{\eta^{m- j}(s-s_{0}-\eta)^{mp}}(\frac{q}{p+q})^{m-j}$

If $p\geqq 1$ , then we take

$\eta=(s-s_{0})\frac{q}{p+q}$ .

We have $s-s_{0}-\eta=(s-s_{0})p/(p+q)$ and hence

$\frac{1}{\eta^{m-f}(s-s_{0}-\eta)^{mp}}(\frac{q}{p+q})^{m-j}=(\frac{p+q}{p})^{mp}\frac{1}{(s-s_{0})^{m(p+1)-j}}$ .

Since $s-s_{0}\leqq 1$ and $\{(p+q)/p\}^{p}\leqq e^{q}$ , we have

(8.6) $||w_{p+1}(t)||_{s} \leqq(m+1)^{2}AKM\frac{C_{0}^{p}t^{(p+1)/q}e^{qm}}{(s-s_{0})^{m(p+1)}}$ .

If $P=0$ , then $(s-s_{0})q/(p+q)=s-s_{0}$ , which is not admissible as a value of $\eta$ ,

hence the argument above is not valid. In this case, we take $\eta=(s-s_{0})(1-\epsilon)$

$(\epsilon\in(0,1))$ . By letting $\epsilon\downarrow 0$ , we also get the estimate (8.6).

Since $C_{0}=(m+1)^{2}MAe^{qm}$ , we have the estimate (8.5) for $p+1$ . $\blacksquare$

PROOF OF THEOREM 8.2. First, in order to prove the existence of the
solution, we put

(8.7) $v_{0}=0$ , $v_{p}=f-Qv_{p-\iota}$ $(p=1, 2, )$ .

Since $f\in C^{0}([0, T];X_{s_{0}})$ and $Q$ is an operator from $C^{0}([0, T];X_{s})$ to $C^{0}([0, T];X_{r})$

for $0<s<r<s_{1}$ , we have $v_{p}\in C^{0}([0, T] ; X_{s})(p\geqq 0)$ for any $s\in(s_{0}, s_{1})$ . Put
$K:= \sup_{\tau\in[0.T]}||f(\tau)||_{s_{0}}$ .

Since $v_{p+1}-v_{p}=-Q(v_{p}-v_{p-1})$ , we have the following estimate by Lemma 8.3.
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(8.8) $||v_{p+1}(t)-v_{p}(t)||_{s} \leqq K(\frac{C_{0}t^{1/Q}}{(s-s_{0})^{m}})^{p}$ $(P\geqq 0, s_{0}<s<s_{1},0\leqq t\leqq T)$ .

By this estimate, $v:= \lim_{parrow\infty}v_{p}$ exists in $C^{0}([0, p] ; X_{s})$ , if $C_{0}p^{1/q}<(s-s_{0})^{m}$ .
Next, we prove the uniqueness. Let $v_{i}\in C^{0}([0, \rho];X_{s})(i=1,2)$ , where $\rho\in$

$(0, T]$ and $s\in(s_{0}, s_{1})$ . Assume that $v_{i}=f-Qv_{i}$ $(i=1,2)$ . Since $v_{1}-v_{2}=$

$-Q(v_{1}-v_{2})$ , we have by Lemma 8.3 that there exists a constant $\tilde{K}$ such that

$||v_{1}(t)-v_{2}(t)||_{s’} \leqq K(\frac{C_{0}t^{1/q}}{(s-s)^{m}})^{p}$

for any $p\geqq 0,$ $s’\in(s, s_{1}),$ $t\in[0, \rho]$ . From this estimate, it follows that, if
$\rho-$

is
sufficiently small, then $v_{1}=v_{2}$ .

\S 9. Proof of extended results.

In this section, we prove the results in Section 4, $uS^{\underline{|}}ng$ the results in the
preceding sections.

First, we define two scales of Banach spaces as in [1]. (Notations are slightly
different.) Let $B$ be an arbitrary bounded open set in $R^{n}$ such that $\overline{B}\subset\Omega$ .
For $s>0$ , we set $B_{s}= \bigcup_{a\in B}B(a, s)$ , where $B(a, s):=\{z\in C^{n} ; z-a|<s\}$ . Take
an arbitrary $s_{1}\in(0,1]$ . (Later, $B$ and $s_{1}$ shall be taken suitably.) The system
$(F(B_{s}))_{0<s<s_{1}}$ is a decreasing scale of Banach spaces. Since the embedding of
$F(B_{r})$ into $F(B_{s})(0<s<r<s_{1})$ has a dense image, $F’(B_{s})$ is also embedded in
$F’(B_{r})$ with embedding of norm $\leqq 1$ . Thus, the system $(F’(B_{s}))_{0<s<s_{1}}$ is an in-
creasing scale of Banach spaces. We denote by $(X_{s})_{0<s<s_{1}}$ one of the increasing
scales $(F(B_{s_{1}-s}))_{0<s<s_{1}}$ and $(F’(B_{s}))_{0<s<s_{1}}$ . The norm of $X_{s}$ is denoted by $||\cdot||_{s}$ .

Next, consider the operator $P$ given in Section 4 and assume the conditions
(A-1), (A-2), and (A-3).

Rewriting $P$ as (7.1), we can define $g$) and $C$ by (7.2). By the assumptions,
there holds $\Delta(P)=\Delta(9),$ $\Lambda(P)=\Lambda(g)$ , and the operator SE‘ also satisfies (A-2)

and (A-3), which implies that we can apply Theorem 6.1 to 9. Further, as
for the operator $C$ , the following holds:

PROPOSITION 9.1. (1) The operator $C$ can be written as follows:

(9.1) $C=t^{1/q} \sum_{i\Leftarrow 0}^{m-\iota}\sum_{f=i}^{m-1}C_{m-j}^{(t)}(t)\tilde{\theta}^{f-i}t^{\Gamma_{(}m-i)}$ ,

where $q\in N\backslash \{0\},$ $\Gamma$ is the side function of $\Delta(P)$ , and

$C_{m-j}^{(t)}(t)=C_{m-j}^{(i)}(t, x ; \partial_{x})=\sum_{|\alpha|\leqq m-j}c_{j,\alpha}^{(i)}(t, x)\partial_{x}^{\alpha}$ ,

with $c_{j,a}^{(i)}\in \mathscr{F}([0, T];\mathcal{O}(\Omega))$ .
(2) The operators $C_{m-j}^{()}(t)$ satisfy the condition (B-2) in Section 8. (We put
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$C_{m-j}^{(i)}=0$ unless OSi\leqq j$m--l.)

(3) Put $\Delta_{0}:=\Delta[k]+\Delta(0, -l/q)$ for $k:=\Gamma(m)-\Gamma(m-1)\geqq 0$ as in Section 7.
For any $\overline{\Delta}\in\pi$ , there holds

$C:F_{T’}[\overline{\Delta}+\Delta(P):X_{S}]arrow F_{T’}[\overline{\Delta}+\Delta_{0}:X_{r}]$ $(0<s<r<s_{1})$ .

PROOF. (1) By (7.2) and (A-l) in Section 7, we can write as

$C= \sum_{\alpha\neq 0}5_{j.\alpha}(t, x)t^{\Gamma_{(j+|\alpha|)+1/q}}\theta^{f}\partial_{x}^{a}$

$=t^{1/q} \sum_{i=1}^{m- 1}\sum_{j=0}^{m- i- 1}(\sum_{|\alpha|=m-i-j}\tilde{b}_{f.\alpha}(t, x)\partial_{x}^{a})t^{\Gamma_{(m-i)}}\theta^{j}$

for some $q\in N\backslash \{0\}$ and $5_{j,\alpha}\in \mathscr{F}([0, T] ; O(\Omega))$ . Since $t^{a}\theta^{j}=(\theta-a)^{j}t^{\mathfrak{a}}$ and $\theta=$

$\tilde{\theta}-1$ , the operator $C$ can be written in the form (9.1).

It is well-known that the estimate in (B-2) follows from the Cauchy’s inte-
gral formula.

Since the operator $C$ can be also written as (7.4), we have (3) in the same
way as (7.5). $\blacksquare$

Take $\Omega_{0}$ in Theorem 6.1 for $\overline{\Delta}=\Delta(O, 0)$ . Put

$\mathcal{E}_{i}:=\tilde{\theta}^{m-t}t^{\Gamma_{(m-i)}}\Xi)-1$ $(i=0,1_{y}\cdots, 7n)$ .

If $\overline{B}_{s_{1}}\subset\Omega_{0}$ , then the operators $\mathcal{E}_{i}$ satisfy the conditions (B-3) and (B-4) in Sec-
tion 8. Thus, the operator

(9.2) $Q:=c \varphi^{-1}=t^{1/q}\sum_{i,j=0}^{m}C^{(i)}m-j_{\backslash }(t)\tilde{\theta}^{j-m}\mathcal{E}_{i}$

satisfies the conditions on $Q$ in Section 8.
NOW, we prove the following proposition, by whicb Theorem 4.3 and

Theorem 4.6 are proved.

PROPOSITION 9.2. For any $\overline{\lrcorner}\in\Re-$ satisfying $h(\overline{\Delta})<-(\Lambda(P)+h(P))$ , there exists
an open neighborhood $\Omega_{1}$ of $0$ in $C^{n}$ for which, if $B$ and $s_{1}$ satisfy $\overline{B}_{s_{1}}\subset\Omega_{1}$ , then
the following holds:

Let $s_{0}\in(0, s_{1})$ and $s\in(s_{0}, s_{1})$ . There exists $\rho\in(0, T]$ such that, for any $f\in$

$F_{T}[\overline{\Delta} : X_{s_{0}}]$ , there exists a unique $u\in F_{\rho}[\overline{\Delta}+\Delta(P):X_{s}]$ satisfying $Pu=f$ .
Further, in the case of $X_{s}=F(B_{s_{1}- s})$ , we can take $\Omega_{1}$ and $p$ independently of

$\overline{\Delta}$ . Hence, in this case, for any $f\in \mathcal{G}_{\Lambda(P),T}(X_{s_{0}})$ , there exists a unique $u\in$

$\mathcal{G}_{\Lambda(P)+h(P),\rho}(X_{s})$ satisfying $Pu=f$ .

PROOF. By considering $\tilde{P}:=l^{n\Delta)}(^{--}Pt^{-h(\Delta)-\hslash(P)}$ , we can assume that $h(\overline{\Delta})=$

$h(P)=0>\Lambda(P)$ , without loss of generality. (Note that $\Lambda(\tilde{P})=\Lambda(P)+h(\overline{\Delta})+h(P).$ )

Take $M\in N$ as $\overline{\Delta}+M\Delta_{0}\supset\Delta(O, 0)$ . By Theorem 6.1, there exists an open
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neighborhood $\Omega_{1}\subset\Omega_{0}$ of $0$ such that, if $\overline{B}_{s_{1}}\subset\Omega_{1}$ , then the operator $\varphi$ is a bijec-
tion from $F_{T’}[\overline{\Delta}+r\Delta_{0}+\Delta(\varphi):X_{s}]$ to $F_{T’}[\overline{\Delta}+r\Delta_{0} : X_{s}]$ for any $T’\in(O, T],$ $s\in$

$(s_{0}, s_{1})$ , and for $r=0,1$ , , $M$. Note that $\Omega_{1}$ can be taken independently of
$\overline{\Delta}\in\overline{yl}$ in the case of $X_{s}=F(B_{s_{1}-s})$ . Assume that $\overline{B}_{s_{1}}\subset\Omega_{1}$ .

1. PROOF OF EXISTENCE. Let $f\in F_{T}[\overline{\Delta}:X_{s_{0}}]$ for some $s_{0}\in(0, s_{1})$ . We can
take $w_{1}\in F_{T}[\overline{\Delta}+\Delta(P):X_{s_{0}}]$ such that $Bw_{1}=f$ . By Proposition 9.1 (3), we have
$f_{1}:=-Cw_{1}\in F_{T}[\overline{\Delta}+\Delta_{0} : X_{s}]$ for any $s\in(s_{0}, s_{1})$ . By $u=w_{1}+u_{1}$ , the equation
$Pu=f$ is reduced to $Pu_{1}=f_{1}$ . By iterating this reduction, the equation $Pu=f$

is reduced to

$Pu_{M}=f_{M} \in\bigcap_{0S<S<S_{1}}F_{T}[\overline{\Delta}+M\Delta_{0} : X_{s}]\subset\bigcap_{s_{1}s_{0<S<}}C^{0}([0, T];X_{s})$ .

Take an arbitrary $s_{0}’\in(s_{0}, s_{1})$ and consider $Pu=f\in C^{0}([O, T]:X_{s_{0}^{r}})$ . By
putting $EPu=v$ , this equation is written as $v+Qv=f$ . By Theorem 8.2, for any
$s\in(s’, s_{1})$ , there exists $\rho\in(0, T]$ such that there exists a unique $v\in C^{0}([0, \rho]:X_{s})$

satisfying $v+Qv=f$ . Since $s_{0}’$ is arbitrary, we obtain the existence of solution
in the proposition.

2. PROOF OF UNIQUNESS. Let $u\in F_{\rho}[\overline{\Delta}+\Delta(P):X_{s}]$ satisfy $Pu=0$ . By an
argument similar to that in Section 7, we can show that $u \in\bigcap_{s’\in(s.s_{1})}C^{0}([0, \rho]:X_{S’})$ .
By the uniqueness in Theorem 8.2, if $p$ is sufficiently small, then we have
$u=0$ . $\blacksquare$

If $\Omega’$ is sufficiently small, then there holds $O(\Omega)\subset F(\Omega^{f})$ . Hence, Theorem
4.3 follows trivially from the proposition above, by Definition 3.9.

We prove Theorem 4.6, by a similar argument to the proof of Theorem 4
in [1].

PROOF OF THEOREM 4.6. Let $u\in \mathcal{G}_{\Lambda(p).T}(9’(\Omega\cap R^{n}))$ and $Pu=0$ in $(0, T)\cross\tilde{B}$ ,

where $\tilde{B}$ is an open neighborhood of $0$ in $R^{n}$ . There exists $N\in N$ and $a>\Lambda(P)$

such that $u\in F_{T}[-\Delta(N, a):9’(\Omega\cap R^{n})]$ .
Take $\Omega_{1}$ in Proposition 9.2 for $\overline{\Delta}=-\Delta(N, a)-\Delta(P)$ . We may assume that

$\overline{\tilde{B}}\subset\Omega_{1}$ .
Take an open neighborhood $\omega$ of $0$ in $R^{n}$ such that $\overline{\omega}\subset\tilde{B}$ and take $\varphi\in$

$C_{0}^{\infty}(\tilde{B})$ such that $\varphi=1$ near $\omega$ . Put

$v$
$:=\varphi u\in F_{T}[-\Delta(N, a) : \mathcal{E}’(\tilde{B})]\subset F_{T}[-\Delta(N, a) : F’(\tilde{B}_{s})]$ $(s>0)$ .

If we put $f:=Pv$ , then we have $f\in F_{T}[-\Delta(N, a)-\Delta(P):\mathcal{E}’(B)]$ , where $B:=$
$\tilde{B}\backslash \overline{\omega}$ . Hence, we have $f\in F_{T}[-\Delta(N, a)-\Delta(P):F’(B_{s})]$ for any $s>0$ .

Fix a sufficiently small $s>0$ . By Proposition 9.2, there exist $\rho\in(0$ . $T$ ] and
$u_{0}\in F_{\rho}[-\Delta(N, a):F’(B_{\theta})]$ such that $Pu_{0}=f$ . Since $F’(B_{s})\subset F’(\tilde{B}_{s})$ , both of $u_{0}$

and $v$ are solutions of the equation $Pu=f$ in $F_{\rho}[-\Delta(N, a):F’(B_{s})]$ . Hence,

by the uniqueness in Proposition 9.2, there exists $\rho’\in(0, p]$ such that $u_{0}=v$ in
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$F_{\rho’}[-\Delta(N, a):F’(\tilde{B}_{s})]$ . This means that

$v\in F_{\rho’}[-\Delta(N, a) : F’(B_{s})]\cap F_{\rho’}[-\Delta(N, a) : \mathcal{E}’(\tilde{B})]$ .

Since $\tilde{\theta}^{N}$ is a bijection from $C^{0}([0, p’] : X)$ to $F_{\rho’}[-\Delta(N, 0):X]$ , we can
take $\tilde{v}\in C^{0}([0, p’];F’(B_{s}))\cap C^{0}([0, p’];\mathcal{E}^{f}(\tilde{B}))$ such that $t^{\alpha}\tilde{\theta}^{N}(\tilde{v})=v$ . Since $\tilde{v}(t)$

$\in F’(B_{s})(t\in[0, p’])$ , we obtain $\tilde{v}(t)|_{\omega_{1}}=0$ for any $t\in[O, p^{f}]$ by Lemma 5 in [1],

where $\omega_{1}$ is an open neighborhood of $0$ in $R^{n}$ such that $\overline{\omega}_{1}\cap\overline{B}_{s}=\emptyset$ . Thus, we
obtain $v=0$ in $(0, p’)\cross\omega_{1}$ , which implies that $u=0$ in $(0, p’)\cross\omega_{1}$ . $\blacksquare$
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