J. Math. Soc. Japan
Vol. 45, No. 2, 1993

Hodge-Witt cohomology of complete intersections

By Noriyuki Suwa

(Received July 13, 1990)
(Revised Feb. 17, 1992)

1. Statement of the theorem.
In this note, we prove the following assertions.

THEOREM. Let k be a perfect field of characteristic p>0 and X a smooth
complete intersection of dimension n in a projective space over k.

(@) If i#j and i+j+n, n+1, Hi(X, W% =0.

() If 2i#n, n+l and 0<i<n, HY(X, WRLH=W and F is bijective on
HY(X, WQ5).

() H™ 'YX, WR%L) is a Cartier module (in the sense of [5], Ch. I, Def. 2.4).

(@ If 2i#n+1, H"YX, WQ%)/F*B=0.

) If 2i=n+1, H"YX, K WQL/F*B=W and F is bijective on
Hr\(X, WQR%)/F~B.

We follow the notation of [1], [4] and [5]. In particular, W=W (k) (resp.
K) is the ring of Witt vectors with coefficients in % (resp. the fraction field of
wW). H(X/W) (resp. H/(X, WQY%)) denotes the crystalline cohomology group
(resp. the Hodge-Witt cohomology group) of X. F (resp. V) stands for the
Frobenius morphism (resp. the Verschiebung morphism). For a commutative
group A and an endomorphism m of A, ,A (resp. A/m) denotes Ker[m: A—A]
(resp. Coker [m: A—A]).

2. Proof of the theorem.

Throughout this section, 2 denotes a perfect field of characteristic p>0
and X a smooth complete intersection of dimension n in a projective space
over k.

We first recall known facts on the Hodge cohomology and the crystalline
cohomology of a smooth complete intersection in a projective space:

(1) H/(X, 2y)=0 if /#;j and i+j+#n;

(II) HYX, Q%) =Fk if 2i#n and 0<i<n;
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(Ill) H¥X/W)=0 if { is odd and i#n;

(V) HYX/W)=W if i=2r+n and 0<:<2n. In this case, H?> (X/W)g is
generated by the classes of algebraic cycles, and therefore H®* (X/W)x=
H(X/W¥'=H"(X, WR%)x (cf. [2], Th. 1.5, [1], Ch. VII, Remarque 1.1.11,
[4], Ch. 1I, Cor. 3.5).

We shall prove the theorem step by step.

STEP 1. (@) If i#J and i+j<n, HI (X, WR%)=0.
(b) If 0<52i<n, HY(X, WQL)=W and F is bijective on H¥(X, WR%).

PrOOF. We shall prove the assertions by induction on 7.

First note that the assertion (a) holds true for /=—1 since WQ%'=0 and
that the assertion (b) holds true for ;=0 (cf. [4], Ch. II, Cor. 2.17).

Assume now that:

1) HX, WRiH=0if j#i—1 and i—1+7<n;

2 H*YX, WQi =W and F is bijective on H*~Y(X, WQR%L™) if 0<i—1<n/2.
The commutative diagram of pro-sheaves on X with exact rows and columns

0
F !
0—W.R:' —-W.Ry' —SW.QFY/F—0
|Fa  Jav | av
0— W2 — W.QF — W.QL/V —0

l

2%

l

0

([4], Ch. 1, Cor. 3.5, Cor. 3.19) defines a commutative diagram with exact rows
and columns

Hi7W(X, Q%)
0 —> H/(X, WR¥™)/F —> HI(X, WR§Y/F) —> pH*'(X, WRE™) —> 0
lav | av | Fa
0—> HI(X, WQR%)/V —> HI(X, W2}/V) — yH'"'(X, WR{) —0

|

H(X, 2%).
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By the hypothesis of induction, we have
HiX, WD)/ F=0 and pH* X, WQiH=0 for j<n—i.
Then we obtain
HX, WY F=0 for j<n—i.

By (I) and (II), we have
4 _ 0 if j#7¢ and i+j<n
dim H/(X, 2%) =
1 if j=¢ and i+j<n.
This implies that
) ) 0 if j#7 and i+5j<n
dim H/(X, WQR%/V) =
0Oorl if j=7 and i+57<n,
and hence
4 ' 0 if j#i¢ and i+j<n
dim H'(X, WQ%)/V =
Oorl if j=7¢ and i+j<m.
Since H (X, W8%) is V-adically separated ([4], Ch. II, Cor. 2.5), we obtain
HiX, WQ%) =0 if j#¢ and j<n-—1.

By (V) we have H¥(X, W) x=H*(X/W)x=K if 2i<n. Then we get H*(X,
WR%)/V+#0 and therefore dim H¥(X, WQ%)/V=1. It follows that H*X, WQ%)
=W and that F is bijective on H (X, WQ%).

While proving Step 1, we have shown the following assertion.

STEP 2. H" (X, WR%) is V-torsion-free. Hence H*“(X, WR%) is a Cartier
module.

STEP 3. (@) The differential d: H'(X, WR%) — H (X, WQLY) is zero if
i+7#n.

(b) HI(X, WQ%) is of finite type over W if i+j>n+1.

Proor. First note that the differential d: H(X, WR%)—-H (X, WR%+) is
zero if and only if dim Domino H/(X, WQx)*=0 (cf. [5], Ch. I, Prop. 2.18.).

By Step 1, dim Domino H/(X, WQ%)!=0 if i{+j<n. Hence, by Ekedhal’s
duality ([8], Ch. IV, Cor. 3.5.1), dim Domino H/(X, WQ%)*=0, and therefore
the differential d: H/(X, WQLH)—-H/(X, WRLY) is zero, if i+j>n. It follows
that H/*'(X, WQY%) is of finite type over W if i+j>n.

STEP 4. () If i#J and i+5>n+1, H'(X, WQ%)=0.
() If n+1<2i<2n, H(X, WRL)=W and F is bijective on Hi(X, WR2%).

PRrOOF. By Step 3, X is of Hodge-Witt type in degree » for r>n+1, that
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is, HY(X, WQ%) is of finite type over W for each (7, ;) with i+7=r>n+1.
Hence we have a decomposition of W-module

HT(X/W) = & HIX, W)

+j=T1

([5], Ch. IV, Th. 4.5).
Case 1. r is odd.
By (Il) we have H"(X/W)=0, and therefore H/(X, WRQ%)=0 for each (i, )
with /4 j7=r.
Case 2. r is even and n+1<r<2n.
By (IV) we have H™(X/W)=W, and therefore, H/(X, WQ%) is torsion-free
for each (7, j) with i+ j=r, and 3. =- rkp H/(X, WR2%)=1. However, by (IV)
we have HY(X, WQRHx=H"(X/W)x=K if n/2<i<n. Hence we obtain
1 if i=7=7»/2
rkwHI(X, WQR%) = { o _
0 it ¢#7,i+7=r.
STEP 5. (@) If 2i#n+1, H* "X, WQ%)/F~B=0.
(b) If 2i=n+1, H Y (X, WQL)/F*B=W and F is bijective on H" **'(X,
wWQRi)/F=B.

ProoF. Consider now the commutative diagram with exact rows and
columns :

0 — H 43X, WQEY)/F —> Ho-#Y(X, WQ4/F) —> pH %X, WQ4) —'0
ldv ldV le
0— H " 3X, WQL)/V —> HUX, WRY/V) —> yH™ %X, W2§) —0

l

Hi(X, Q}).
Put
T M° 1 [ HHYX, WQRLY/F
lav | = 1 av
L MY | L H WX, WQRLH/V ]
and
- L° 7 [ H*#Y(X, W.Q}}“‘/F)W
1dv | = 1 dv
L L' | | H WX, WQRLy/V) |

Case 1. n+2i—1.
By (I) we have H*» (X, Q%)=0. This implies that dV: L°—L* is sur-
jective, and therefore that L'=M'=F<*BM"* ([5], Ch. I, 1.4). Then we have

[H*#Y(X, WQ%)/F*B1/V = H**Y(X, WR%)/(F*B+V) =0.
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Since H* (X, WQ%)/F~B is V-adically separated (loc. cit. Ch. I, Th. 2.9),

we obtain
[H "X, WQE)/F*B]/V =0.

Case 2. n=2/—1.

By (II) we have dim H¥(X, Q%) =1. This implies that dim M!/F*B <
dim L*/F*B=0 or 1. Further, we have H'(X, WRLHx=H*(X/W)gx=K by (IV).
Then we get [H¥(X, WR%)/F~B]/V #0 and therefore dim [H*(X, WQ%)/F=B]/V
=1. It follows that HYX, WQ%)/F*B=W and that F is bijective on H*X,
WQRL)/F>B.

The proof of the theorem is now completed.

COROLLARY. Let X be a smooth complete intersection of dimension n in a
projective space over a perfect field k of characteristic p>0.

(@ If i#j and i+j+n, n+1, H (X, W% 100)=0.

(b) If 2i#n, n+1 and 0<i<n, H'(X, W%, 100=2Z .

() H"YX, WQRk0g) is a free Z,-module and rkszI""‘(X, W% 100)=
dimg H»(X/W)¥32.

(d) If 2i#n+1, H9YX, W% 109=U""""(X, W8}, 10g)-

() If 2i=n+1, H" (X, W% 109)/ UM X, WR109)=Z .

Proor. By Illusie-Raynaud [5], Ch. IV, Th. 3.3, we see that
(1) HI(X, Wk is an extension of a pro-étale quasi-algebraic group
D(X, WQ%,10¢) by a connected unipotent quasi-algebraic group U7(X, WQ%,10g);
(2) dim U?(X, W%, 10.)=dim Domino H’(X, WQ%)"™!;
() DX, WRk 109 (k) is isomorphic to r_,(Heart H (X, WR%)"ss.
Now we can deduce the assertions from the theorem as follows.
Case 1. i+j#n, n+1.
By Step 3, the differentials d: H/(X, WRLH)-H (X, WQ%) and d: H(X,
WQRNH—H(X, WR4%Y) are zero. Hence
Heart H/(X, WQx)! = H'(X, WQ%)
(cf. [5], Ch. I. Prop. 2.18), and therefore
w it i=7
Heart H/(X, WQ%)" = {
0 if 77,
This implies (a) and (b).

Case 2. i+j=n.
By Step 3, the differential d: H/(X, WL \“\W—-H/(X, WQ%) is zero. Hence

Heart H/(X, WQy)' =V ~Z < H/(X, WQ}),

and therefore Heart H/(X, WQ%)* is torsion-free. This implies (c).
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Case 3. i+ j=n+1.
By Step 3, the differential d: H/(X, WQLH—-H' (X, WRt) is zero. Hence

Heart H/(X, WQ%)! = H/(X, WQ%)/F~B,

and therefore
‘ w o if i=jg
Heart H/(X, WQ%)! =
if 7#7.
This implies (d) and (e).

REMARK. By Deligne (cf. [6]), general smooth complete intersections of
dimension n and of multidegree (d,, -+, d») in a projective space are ordinary.
In this case, H'(X, WR%) is a free W-module of rank A¥(X)=dim,H’'(X, Q%)
and F is bijective on H(X, WR%) for each (i, j).
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