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1. Introduction.

Some vibratory phenomena of beams may be described by the fourth order
quasilinear evolution equation

(1.1) 03+ Ay(t, u))- @3+ A, u)u+G(t, u, 0u, 0u, lu)=0  (¢>0),

where A;(t, u), i=1, 2, are (unbounded) self-adjoint positive definite operators in
a Hilbert space H, and G is a lower order nonlinear perturbation.

In such a generality, is not so easy to be dealt with. One could
imagine that it is possible to reduce it to a first order equation in a 4-ple of
Hilbert space, and then apply known theories (see e.g. [K]). However in this
case those methods seem to be too hard to be handled.

In [P], a very special semilinear case was studied by an ad hoc
method, which provided global existence and boundedness of the solutions of
the Cauchy problem.

As a preparation for the study of here we confine ourselves to study
the local well-posedness of the Cauchy problem for the equation

(1.2) @ +7,(WA)- @ +1(wAu =0 (¢>0),

where A is an (unbounded) self-adjoint positive definite operator in H, and 7,
(=1, 2) are real functionals on D(A), the domain of A.

THEOREM 1.1 (Main result). Let A be an (unbounded) self-adjoint positive
definite operator in a Hilbert space H, with inner product (-, -).
For i=1, 2 let m;: [0, +o[—>[0, +oo[ satisfy:
i) m; is thrice continuously differentiable (i=1, 2);
i)y mirn)=Zv>0 (r=20; i=1, 2);
iii) [mu(r)—m(r)| 206>0  (r=0).
Then the Cauchy problem for the equation
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(1.3) @3 +mao((Au, u))A)-(0i+my((Au, u))Au =0  (¢>0),
is locally well-posed in the phase space

D(A3%)X D(AC-D12) X D(AC-212) X D(AC-9/%),
for any s=5/2.
Moreover the life span of the solution depends only on the norm of the inilial
data in the phase space D(A*)X D(A**)X D(AY*)X D(A~'*).

By inspection of the proof, it is easy to extend to cover the
case of [1.2).

(I.3) is the abstract version (of the principal part) of the Timoshenko-
Kirchhoff equation [A], which describes the nonlinear transversal vibrations of
a simply supported beam of length L

0F—72(u(-, )00 —7:(u(-, 1))0%)u
(1.4) +a@i—7o(u(-, )0Hu =0 (0<x<L, t>0),
u(x, t) =02u(x,t)=0 for x=0, L (+=0).

In this case a is a positive constant, and

To(v) = m(jflaxvlzdx) ,
7)== ci+740) ,
72(V) 1= c+70(v) ,

where m: [0, +co[—[0, 4-co[ is a continuously differentiable function, and the
{ ¢/s are constants satisfying 0<¢c,<c,.*
We note that in this case it is

72(v)—7.(v) = constant.

By exploiting this condition, a quick proof of the well-posedness of the Cauchy
problem for was given in [A]. Tucsnak also proved, by a different
. method, that the concrete equation may be solved in the particular case
when 7,=const. (the Hirschhorn-Reiss model [HR]). However, both methods
seem hard to be extended to the general case of [(I.I).
Here we provide two different proofs of [Theorem 1.1: the second one leans
upon Kato’s method, and it is our hope that that proof may be extended to the
general equation [(I.1).

The paper is organized as follows. In section 2 one linearizes [1.3), thus
obtaining the equation

(1.5) (04 a.(1)A)- @i +a,)A)u = f(t)  ¢>0).
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We apply to the estimates in (for the convenience of the
reader, the estimates for this simple case are here completely derived in the
Appendix). Then in section 3 we prove the result for by a contrac-
tion argument (with two norms), in the spirit of [AG].

2. The linear case.

In this section we will study the linear version of (1.3). This is a pre-
liminary step to the nonlinear case.

Let A be a (unbounded) self adjoint positive definite operator on a Hilbert
space H. For any s=0 we consider the Hilbert space

Y, := D(A*?)
endowed with the norm

lulls: = |A**ul g .
For s<0 we set

Y= (DAY,

the (anti)dual space of Y_,, and we endow it with the (anti)dual norm. Let

T>0 be fixed. We denote [: [0, T]. By analogy with we set for any
seR, keN

Cosl; Y)i= (Y CUI; Vo).
Let us denote, for usC, (I;Y)
Eusu, = SI0u®ls,  ¢<D).
In the space Cs, .(/;Y) we will consider the following norm:
Meells. 2.7 := Sup Eq. x(u, 1)

We will make also the following (strict) hyperbolicity assumptions: let a,,
a, be two real functions such that

R) a; € C'U) (=1, 2);
(H) a)=v>0 (G=1,2, vViel);
(SH) lax(t)—a: ()] 20> 0 (vtel);

Finally, for the known term we need the regularity assumption
2.1) fe Li;Y,y).

Then we have the following result:
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THEOREM 2.1. Let a, and a, satisfy assumptions (R), (H), (SH) and let (2.1)
be satisfied. Then, for any s=R, the Cauchy problem

02 { @+ a.DA) @+ a,OAu = f¢)  ¢eI),
' @) =u,¥sy  (G=0,-,3),

has a unique solution u=C, o(I;Y). For tel we have the estimate
t 2
@3 Evs(u, 0 C(T; @y, a( B3, 0+ 1/ @l-sdz)

Moreover there exisis a constant C, depending only on a(0) and 0,a,0) (i=
1, 2) such that if 0.a, and d.a, vary in an equicontinuous set of functions, then

2.4) C(T; a,, as) = Co+o0(1) as T—0".

1sT PRrROOF of THEOREM 2.1. (by Fourier series).

For simplicity, we assume that there exists a sequence (e,) of eigenvectors
of A, which form an orthogonal base for H (in the general case, proof may be
given by spectral decomposition). Let (23) denote the sequence of the relative
eigenvalues. We look for the solution in the form of Fourier development:

u)= 3 yalen (D).

Then u is a solution of the problem (2.2) if and only if, for each #u, y,
solves the following Cauchy problem for an ordinary differential equation:

{ 03+ a2V a (DAY = folt) (),
019:)0)= ;.  (G=0, -, 3).

Here (y;..) (j=0, -, 3) and (f.(?)) are the coefficients of the Fourier de-
velopments for u; (=0, -+, 3) and f(¢) respectively.

It is easily seen that for every n there exists a unique solution y,=C¥[; R).
Now we want to estimate the energy

(2.5)n

2.6) e(ym D)= BP0,

in terms of the initial data and of the known term f.
We have the following proposition (for its proof, which follows the line of

[APP2], see the Appendix).

PROPOSITION 2.2. For each n let y, be the solution of (2.5),. Let the as-
sumptions (R), (H) and (SH) be satisfied. Then the following estimale holds:

@7) e 1) S OT'; a3, a)(e(9a, O+ | £ de)’
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where C(T ; a,, a,) verifies the lasl statement of [Theorem 2.1l

Now we have for t=]
Eqs(u, )= 3 B¢ Ve(yn, 1),
and

s ees([1r@ide) = ([r@l-dr).
Therefore from we have

oo t 2
Evs(u, 1) £ OT; @y, a9) 5203, O+ | £a(0)l )

< C(T; 4,y an(Ex3w, 0+ 1 /@)l-sdr)

(the last inequality follows from Minkowski’s one). O

2ND PROOF of THEOREM 2.1 (via Kato’s theory).

An alternative proof of theorem 2.1 may also be given by means of Kato’s
theory [K], after reduction to a first order problem. For this, we reduce the
problem to a first order one. First we set

{ vi(t) 1= (0 + a, () Au(t),
ve(t) 1= (054 @) A)u(?).

If we set v:=(vy, v5), then problem [2.2) is equivalent to find veC!(I; Y-,
XY ,_,) such that

{ WAHUAOV+BOv+C(10.v+0.(Cw) =Fe)  ¢<l),
v0)=v, 0w(0) =v,

(2.8)

where
L ax(t) 0
AQ) = 0 al(t))A ’
. 0 0 —( 0 0
.= Qaa—0iay
T a,—a, )
Also we set

T = (;Eg)

while the initial conditions v, and v, for v and 9,v are determined in an obvious
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way.
Now we perform a second transformation. Let

{ w,i=v
Wy i = atv“‘i‘@(t)v .

If we set w:=(w,, w,), then the problems and are equivalent to
find weC'({; Y2 XY s XY 53 XY s_3) such that

0w+ A w+ B w = F(t) tel),
2.9 {

w(0) = w, .
Here

~ )
A= (QI(()t) o) 0= (So(t)>’ #0:~(50))

Now problem satisfies the assumptions of Theorem 3.3 of [K], hence
the thesis follows. 0

REMARK. The last check is somewhat cumbersome. As far as one is con-
cerned merely with problem (or the first proof is clearly more con-
venient. On the other hand, Kato’s approach seems to be the unique one which
might allow to deal with the more general equation [1.I).

3. Proof of the main result.

This section is devoted to prove [Theorem 1.1l

The line of the proof follows the one of [AG], and is made in two steps.
The first one consists in linearizing equation[1.3). Then we use the estimates
of section 2 and a contraction argument to complete the proof.

Step 1. In the following, s will be a fixed real number =5/2. If v=
Cs (1, Y) it is easily seen that m;({Av, v))=C¥I) (1=1, 2).

Now we apply to problem with the choice

3.1 a;t):==m(CAv, vd) (=1, 2)
and /=0, i.e.

5.2) { (@i +my({Av, v2)A)- O +m(KAv, v)Au =0  (¢<1),

to get that problem has a unique solution u=C, o(I;Y).

Step 2. Let us fix for the moment s=5/2. We introduce the following
subset of C;,s(1;Y):
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Er.ri={v€Cono(I; Y); lllsresr < R, @) O)=u; (=0, -, 3)}.

Here R is any real value such that R*>C,E;/, s(0) where C, is the constant
provided in of for the choice (C, depends only on the
initial data u; (=0, 1)), and Es,5(0) :=23=0llu;32-;. Let S be the resolvent
map defined, for each v &, z, by S(w)=u where u is the solution of the prob-
lem ((3.2).

We note that for a, given by d.a; vary in an equicontinuous class as

v varies in &7 z (=1, 2). Then it is easily seen from [2.4) that we can find
T>0 so small that

R?
. < Pap—
CT;ay,a)<Ci= —Eslz,a(o) s

so that from the estimates (set there s=5/2).
S maps EZr r into itself.

Now we claim that there exists T/<(0, T] such that S has a fixed point in
Z7 p. In order to use Banach’s fixed point theorem, we show that there exists
T'<(0, T) such that S is a contraction map in Z7.  with respect to the weaker
norm of Cs o(I';Y) (see [2.1), where I':=[0, T'].

Let vy, v, €57 g Set

w = S(,)—S,);
piii=m{Av;, v;>) (=1, 2).
Then w solves the problem
{ @+ () A+ AW = f@O) (I,

@w)0)=0 (=0, ,3).
Here

f(t) = a%(#m"ﬂu)AS(Uz)+28t(ﬂ12“‘#11)AatS<Uz>
+(/112""[111“"[122_’/121)143%5(7}2)4‘(#22#12—ﬂzlﬂu)Azs(Uz) .
It is easy to show that Ff=L'(I’;Y _s).
According to estimate (set there s=3/2) we have that for T'<T
t 2
(3.3) Eyostw, ) (| IF@lande) =),

Now we evaluate [ F(t)|_s/. in terms of the norm of the difference (v,—v,) in
Cor,o(I', Y).

We note that A-*= B(H), for a=0. If we set K:=| A, it is

1Al < K° for 0Za<1,
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and we have the crude inequality:
(3.4) [<Av, wy| < [A*=CHP2 g llvlldllwll;
= K petldlwl;,

valid for each veY,;, weY;, whenever 2<7/4;=<4.
From (3.4) we deduce that the following estimates hold for vy, v.€ 57 p:

[<Avy, v,)—<Avy, v2) | = [<A@iFva), V21—02> | < 2KR|[v1—velllss2,5,7 ;
| {Av,, 0w1)—<{Avs, 0050 ]
= [{A0:(v1—1s), v1+v2> +<AW1—1s), 0u(v1+02)> | /2
< K'PR[0:(vs—va)ll e+ lvi—valls/e]
= V2K Rllvi—villssz, 5.7 5
| <CAvy, 501> +<A0w,, 0> —<Av,, 0v) —A0w,, 002 |
= [(A(v1—v2), V102D +2{A0,(V1—12), 0:(v1412))
+<AWI—vs), (Vi t+v2)> | /2
< R[05wi—v2)l-12+2R[0:(0s— o)l e+ Rlvi—vslas
< V6 Rllvi—vallssz, .7 -
Now we observe that, for any ve & x the following estimate holds:

| CAdky, dvy| < K@-r-®2R? for 0Sh+EZ2.
Let us set

M, := max
i=1,2
1E1SKR?

dk
Em®] k=0, 3).

To evaluate the norm of the term f, it suffices to apply the following esti-
mates, valid for t=l':

],uiZ_ﬂill = ZMlKRmUl“"Uzms/z,a,T' (=1, 2);
lat(ﬂm_#n)l = 2]#{Z<szy azvz>_ﬂ{1<AU1: 0w
< 2| pt1o(CAvy, 0v0)> —< Ay, 0w D) +(pt1e— p11)<Avy, 8,0, |

= C1”|U1“U2|”3/2,3,T' s
where we have set

, dm, ..
Hij o= @, j=1,2),

o df £=C4vj, v
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C.:=2V2K'*M,R+4K*M,R, .
103 (10— pan)| = |4[pfaCAvs, 02)* — pi1<Avy, 00171+ 20115(CAvs, Ofve)
+<{A0ws, 0:020)—211(KAvy, 050> +< A, 1))
< |4plh(CAvs, 85> +<Avy, 0 D)X Av,, 0v2) —<Avy, 001)) |
+ Al — )< Avs, Dev:)? +2p5o(CAve, 0702+ AD s, 010> —< Ay, 0101
— (A, 0w ) +2(phe— pi) (K Avy, B5v1>+<Adwy, 0,01))]

= szvl—vzmslz,s,T'
where

2
- arm;

ﬂij.——ds—z ¢ 7=12).

g=Cavj 0
Cy:=2v6M,R+8(~/2 +1)K*?M,R*+-8K* M R® .
By performing analogous calculations we have in sum
3.5 IF® -2 < Colli=villsa,srr G

Here C, is depending only on constants K, R and M,;, /=0, ---, 3. By us-
ing in the estimate we get

1ISw)—S@ellllsre, s, 00 = CC:iT'lvi—vallse, s, v

for every vy, 1.€&7r r. So we can choose T'<T such that S is a contraction
map from 5p p into itself with respect to the norm of Csy 5. As a matter of
fact, S r is not a complete metric space under this norm. So we have to
consider the larger set

Or p:={uc ?\0 CiI; Y j—weak)\C* (L' ; Y _500);
j=

lullsios o = R, @1)0) =u; (=0, -, 3)}.

Then map S still maps @y r into Z » (hence a fortiori into itself). More-
over S is a contraction map in @y r endowed with the norm of C,/, o(I';Y).
Now, under this norm, @7 p is a complete metric space, so by the classical
contraction mapping principle, there exists a unique fixed point ¥ =67, r which
solves problem [1.3). Finally a standard boot-strap argument (regularity and
uniqueness arguments for the linear problem provide that us &y g.

Now let s any number >5/2 and consider initial data in the phase space
Y XY, XY sXY,,. From the above case s=5/2, we know that the Cauchy
problem for the equation admits a unique solution in the class &7 5. From
this solution belongs to the class C; 5(I, Y), hence the conclusion
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follows. O

Appendix.

PROOF OF PROPOSITION 2.2. In spite of the fact that the problem is finite
dimensional, it is convenient to follow the idea of [APP2]. We transform the
problem (2.5), in an equivalent one (cf. the first step in the second proof of
[Theorem 2.1). For simplicity let us eliminate the subscript n everywhere and
use the following notations:

. azaz—atal .
az‘—‘al

d:

M,:= max |a;()|; M, := max |0,a,1)].
el ter
i=1,2 1=1,2

Let us consider the two functions
{ vi(t) 1= (07 +a.(DHA) () ,
v(8) 1= (0% + a(1)A®)y(t) .
We have

R 2 %)
(A.1) y = a—ay)"

The vector-valued function

V= (1, Vs)
solves the following second order problem :
{ W+ A+ Btw+CHow+0,(Cltw) = Ft)  (t=l),

v(0) =v,; v'(0) =0y,
where

Al = 22(02@ 0 ) ,

0 a,(?)
0 0 0 0
BO=(_gu e CO:=(gq  _qe): F(t);:(ﬁg).

Let us define the perturbed energy
&, 1) : =AWV, v+ V' O+CE@|®.

For this quantity it is possible, by standard energy methods, to obtain the
inequality :

oo, 0= (2, 0+ | f(D)lde ) e
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where

P TR

In order to get an estimate for the energy of the unknown y, let us write
again the energy [2.6):
s 3
ey, )= 2 2ED1alyt)|®.
o

Now, thanks to the identities (A.1) and

2y = AV1— a1 Vs
2y =
a;—a,y

’

it is easy to show that there exists a constant ¢>0 which depends only on M,,
M,, 0, v and A, such that

cle(y, 0) £ é(v, 0) < ce(y, 0).
We get

e, 0 = O(e°(y, 0+ 1 e ) e,

where the constant C depends only on M,, M,, v and d in a continuous way.
Moreover, let M, ,=max{a,(0), a,(0)} and M, ,=max{0;a,(0), 0,a.(0)}. If 0;a,
and’d.a, lie in a equicontinuous subset of C°I), then

M, = M, 1 +0(1)

M, = Mo,o+O(T)
and follows. O

as T — 0*

Note.

! For simplicity the beam is supposed here to be not precompressed.
may be compared with [HR], and with other nonlinear models quoted in [A].
The term m is a nonlinear correction (to the well-known Timoshenko beam
equation [T]) which takes into account the fact that the length of the beam,
and then the axial tension, varies during the evolution. For the elastic string
with fixed ends, such a correction is firstly due to G. KIRcHHOFF [Ki], cf.
N] and the references quoted there.
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