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1. Introduction.

Let £ and F denote compact and open subsets of R", respectively, ECF.
The number

(1.1) C(E, F)= inf{gFIVu!pa’x: ue Cx(F)}

is called the p-capacity of a compactum FE relative to F. Here p=1, Vu=

(%:—-, %_’ e aa—;t~) and Cg(F) is the class of functions u(x)=C»Y(F) with

u(x)=1 for x E and compact support contained in F. For the detailed, see § 2.

The purpose of this paper is to study the p-capacity C,(E, F) and make
clear its behavior as a set function from the point of view of the relativity of
E and F. For p>1 we shall show that the p-capacity of E relative to F can
not remain bounded when E fills up F, or equivalently, when F shrinks away
to E, if and only if C,(E, F)>0. In other words, the p-capacity of the whole
space F is naturally considered +co provided p>1. By making use of this
fact, we can give simple proofs of metric properties of the p-capacity in terms
of Hausdorff measure, most of which are already known but the proofs in this
paper seem to be more direct than those based on the non-linear potential theory
initiated by V.G. Maz’ja and V.P. Havin [13], [14], N.G. Meyers [15]. This
theory has been extensively developed during the last decade to fill the gap to a
certain extent between the classical potential theory and non-linear counterparts
of Newton and Riesz capacities (See [4],[6],[9] and [10]). However our methods
in this paper are not based on potential theory but on the effective use of the
theory of the Dirichlet problem for non-linear elliptic differential equations and
the imbedding theorems of Sobolev type. Roughly speaking, stated
in §3 and the Sobolev imbedding theorem give the upper and lower estimates
for the p-capacity respectively. It is interesting that the methods in this paper
can be applied to the study of the degenerated elliptic equations as well (See [11]).

Here we note that H. Federer and W.P. Ziemer also presented in a
direct treatment of this topic for F=R", which was based on geometric measure
theory. For the complete references, see the book by V.G. Maz’ja (See
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also the references in [14]). This paper is organized in the following way: In
§ 2 we prepare notations and collect mostly without proofs the basic properties
of the p-capacity. In §3 our main results will be stated, and the proof of
is also given there. §4 is devoted to preparing the proposition
concerned with the classical Dirichlet problem for quasi-linear elliptic equations
of second order. Under these preparations we shall establish in
§5. The proofs of and [Proposition 3.1 will be given in §6 and
§7 respectively.

The author wishes to express his gratitude to Prof. M. Hasumi and Prof.
N. Shimakura for their kind help and a number of useful conversations.

2. Preliminaries.

In this section we prepare notations to be used throughout the paper and
present a very brief introduction to the p-capacity C,(E, F) defined by
We begin with recalling some simple properties of C,(E, F), which are mostly
obvious consequences from the definition (cf. [6]):

PROPOSITION 2.1. Let p satisfy p=1.

(1) Let E, and E, be compact sets CF. The inclusion E,C E, implies
Cp(El) F)§CP<E2) F);
(2) The Choquet inequality

CoEiNEs, F)+Co(E\VE,, F) = Cp(Ey, F)+Cu(Es, F)

holds for any compact sets E,, E,CF;

(3) In the definition of C,(E, F), the space Cx(F) can be replaced by the
space

DeF)Y={ucs CeF); 02u=<l,u=11in a neighborhood of E}.

(4) For any compact set ECF and ¢>0, there exists a bounded open set w .
such that EC@CF, 0w is smooth and

Co(E, F) < Cp(@, F) = Cp(E, F)+e.

It is very useful to know there exist extremal functions where the infimum
in the definition of C,(E, F) is achieved. To this end we denote by W ()
the closure of C%(Q) in the space W' ?(), where the space W»?(2) is the set
of functions on 2, whose generalized derivatives ¢’z of order <1 satisfy

1/
@.1) lu: Who(Q)] = W}é}(gglaruwx) ’ < too.

Then it follows from the Clarkson inequalities and the Sobolev imbedding theo-
rems that: '
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PROPOSITION 2.2. Let p satisfy p>1. Assume that F is a bounded open set
whose boundary is smooth. Then

(2.2) C,E,F)= inf{gFWul”dx; usWie(F), u=l on E quasz'-everywhere}.

Here by the term quasi-everywhere we mean that u=1 on E everywhere except
posstbly on a set of the p-capacity zero.

Moreover if C,(E, F)<-co, then there exists ucWyP(F) such that 0Su<
1, u=1 everywhere on E and

SFIVulpdx — C,(E, F).

This distribution » is called capacitary extremal of E relative to F, and it
is essentially unique up to values on sets of vanishing p-capacity. Here we
note that the assumptions on F may be avoided by the use of definition of
Wy 2(F) which does not require u<s L?(F) for uWy?(F). For more precise
informations, see Chapter 2 in for example.

We also provide here the lower estimate for the p-capacity of compact set
E assuming p>1. By |E| we denote the n-dimensional Lebesgue measure of
E. The proof is omitted (See p. 105, Corollary 2 in [12]).

ProOPOSITION 2.3. Let E and F be compact and bounded open subsets of R"
respectively, ECF. Assume that p>1. Then the following lower estimates hold :

@3) Co(E, F) 2 Cln, p)| | F|®-mime=n_ | p|@-mmen)izs,

for p+n and

@.4) C,(E, F)= C(n, p)(log%)“",

for p=n, where C(n, p) is a positive number depending only on n and p. In
particular if C,(E, F)=0 and 1<p<n, then we have |E|=0.

We note that if |E|=0, then these estimates become almost trivial. If
p=1, then it holds that

(2.5) C\(E, F)=1inf S(0g),

where by S(dg) we denote the surface area of dg, and the infimum is taken
over all bounded open sets g containing E such that gCF and dg is of class
C>. For the detailed see §2.3 in [12]. In the rest of this section we
prepare more notations including the definition of the Hausdorff measure. Let
us set, for an arbitrary compact set £ of R”,

(2.6) dist(x, E) = inf |x—y],
YyeE
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and
2.7) E,={x e R*: dist(x, E) < 5},

which is a tubular neighborhood of E in R*. If 9F is smooth, then 0F, is
also smooth for almost all >0 by Sard’s lemma. But even if dE, is not
smooth, we can always approximate dE, by compact smooth manifolds. There-
fore we assume throughout this paper that the family of tubular neighborhoods
defined by (2.7) is smooth as well without loss of generality.

Lastly we give the definition of the d-dimensional Hausdorff measure. Let
S be a bounded set in R*. Consider various coverings of S by balls B; of
radii »; we put

(2.8) ha(S) =vs infrd,

where vq is the volume of the unit ball in R? and the infimum is taken over
all such coverings. It is of no importance if B; are assumed open or closed.
If we also assume r;<e, we get a corresponding lower bound H, .(S). The
limit
(2.9) ‘ Hy(S) = lirr}) Hg (S)

E—>+

clearly exists and is called the d-dimensional Hausdorff measure of S. Here we
note that £,4(S), H; (S) are zero simultaneously.

3. Main results.

In this section we shall state our main results. First we give a theorem
on the behavior of the p-capacity as E, is shrinking away to E, which charac-
terizes in some sense the sets of non-vanishing p-capacity and provides the
upper estimates for the p-capacity. Then we state the result on the lower
estimate which will be established later, by using the imbedding theorems of
Sobolev type.

THEOREM 3.1. Let p satisfy p>1. Let E be a compactum in R"™. If
Cy(E, F)>0 for some open set FCR", then it holds that
(3.1) lim C,(FE, Eﬂ> = 4o,

7=0

Moreover if F is bounded and smooth, then we have

(3.2) C,(E, F)» < C,(E, E,7)<SE \E]szlpdx>p_1,

7

for any n<(0, dist(E, 0F)). Here u is the extremal function where the infimum
in the dejinition of C,(E, F) is achieved.
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Here we note that this inequality becomes an equality when E and F
are concentric closed balls, and that the auxiliary assumption on F is not |
essential (See [Proposition 2.2 and the remark just after it). From this theorem
we can easily derive the connection between the p-capacity and the Hausdorff
measure. The following is a direct consequence, and the proof will be given
in the last of this section.

COROLLARY 3.1. Let p satisfy 1<p<n. Let E be a compactum in R".
Assume that H,_,(E)<+co. Then it holds that

3.3) C,(E, R")=0.
We also have

THEOREM 3.2. Let p satisfy 1<p<n. Let E be a compactum in R". If
Co(E, R*)=0, then for any open set F containing E we have

(3.4) C,(E, F)=0.

Here we note that if p=n, the assertion fails to hold. In fact C,(E, R")=
0, for any compactum E. But from [Proposition 2.3, C,(E, F) is away from (@
in general.

Secondly we give a proposition on the sets of vanishing p-capacity which
is known but the proof in §7 seems to be simpler than the ones based on the

potential theory (cf. [13], [14]. See also [8]).

PROPOSITION 3.1. Let p satisfy 1<p<n. Assume that C,(E, F)=0 for
some open set FCR™ Then it holds that

(3.5) Hy pse(E) =0

for an arbitrary &>0.

In the rest of this section we shall establish which is rather
elementary if we admit [Theorem 3.1l

PROOF OF COROLLARY 3.1. Let >0. Since H,_ ,(E)<4co, we can con-
struct a locally finite open cover of E by balls B, (x;) with radius r; center
x; (7=1, 2, ---) such that

-2

where H=v,;1, max(l, 2H,_,(E)). Let us choose a sequence of smooth functions
¢; (j=1, 2, --+) so that

(3.6) By (x)CE, 7= and 3rir<H,
J

an 0= x)=<1, @fx)=1 on B, (x)),

supp ¢,;C Bs, (x;) and [V x)| < Cr7',
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where C is a positive number depending only on the dimension of the space.
Then we immediately get

CH(E, Ey) < |1V supg,(x)|7dx
(3.8) ’
< ZS[VgD;Ipdxg C'SnP<CrH< +o0,
J J

where C’ is a positive number depending only on the dimension of the space.
Thus we know that (3.1) does not hold, hence we have C,(E, R™)=0.

4. e-Reguralization.

Throughout this section we assume that F denotes a bounded open subset
of R*. We shall explain that the extremal function in [Proposition 2.2 in § 2
can be approximated by smooth solutions of regularized problems. Since this
fact seems to be familiar, one may skip this section at first and return here if
necessary when motivated by the use made later on.

For any £>0, we set

(“.1) Jwy = (1Tl enprd
and consider the variational problem
4.2) inf{J.(u): usCg(F)}.

By C,.(E, F), we denote the minimal value of this problem. Then obviously
we have

4.3) Co(E, F)= Cp(E, F) = COONCKE, F)+e?|F1),

where C(p) is a positive number depending only on p. This implies C,(E, F)
and C, (F, F) blow up simultaneously, provided F' is bounded. We shall collect
basic properties of this regularized p-capacity C, .(E, F') which are useful in
this paper. The following is well-known. For the proof see Chapter 2 in
for instance (See also [Proposition 2.3 and the remark just after [Proposition 2.2).

LEMMA 4.1. There exist extremals u. =Wy ?(F) for ¢=0 such that
(4.4) Ju)=C, (E, F)  for =0,

lim J.(u.) = C,(E, F),
(4.5) &0

limu, =u in WLP(F).

&0

Now we assume that 0F and oF are smooth manifolds and prepare precise
imformations for the solutions of the variational problem Let us suppose
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that u is the solution of this problem. From the assertion (3) in [Proposition 2.1
and [Proposition 2.2, it follows that u=1 on E. Note that

(4.6) T =\ (Vupeyrditer El.

E\F

Since the functional /. is smooth, this solution u satisfies the Euler-Lagrange
equation in the weak sense:

—div((|Vu |[?+e®)P22Yy) =0 in F\E.

4.7)
u=1 on E, u=0 on oF.

Moreover if u is of class C? then u is a solution of classical Dirichlet problem
in F\E with boundary condition #=1 on 0F, 0 on dF. Hence the solvability
of implies that of (4.7) with Dirichlet boundary condition (at least in the
weak sense). On the other hand, the integrand in J.(u) is of class C? and
strictly convex with respect to P=Vu. Hence a solution of the problem (4.7)
is consequently a solution of the variational problem (4.2). Moreover from the
maximum principle for C?-solution, the solution of (4.7) is unique (See Theorem
11.9, p. 289 in [9]). Therefore in order to determine the value C, (E, F), it
suffices to solve the Dirichlet problem (4.7) in the space C*(F\E). To this end
we shall prepare a proposition on the unique existence of the classical solution
of the quasi-linear elliptic differential equation.

PROPOSITION 4.1. The Dirichlet problem (4.7) is uniquely solvable in the
space C**(FN\E) for some a<=(0,1]. Here by C**(F\E) we denote an usual
Hélder space, and a may depend possibly on e.

For the proof, see Theorem 15.11, p. 381 in [9] for example.

5. The proof of Theorem 3.1.
We shall show the inequality assuming that
(5.1) Cu(E, F) >0,

for some bounded smooth F.
For any >0 and any ¢>0, we can choose positive number § and e¢(%)
such that

(5.2) e(n) < min(e, 7),
(5.3) ECE;CEpCE,.

We may clearly assume that 0E;, 0E.,, and 9F, are smooth manifolds without
loss of generality.
Let U; and V, be solutions of the following Dirichlet problems:
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—div((|VU;s|2+e2)?22Us) =0 in F\E;,
6.4 { UB]E'5:1; Uslar =0,

Us s C*«(FNE;)NC*Y(F),
and

—div((|VV,|2+e)® 229V =0 in E,NE.q,,
(5.5) { Vilee,, =1 Vyloe, =0,

Vi, CPHENEp)NCTY(E,),

where a depends possibly on the values of ¢ and . Then we have

(5.6) JUs) = Cp.(Es, F),
JE(VW> = CP,E(EE(W); En)-

We take a family of Lipschitz functions ¢, for p=(0, 1/2) so that

1 0=x=0p.
l—p—x
(.7) pr(x) = —1—_‘%‘0—— p=x= 1—9,
0 l-p=x.
Then
5.8) [, 900V ) SUTU ety Dt
Eg\E5
0
— 2 axep-2y2 Y g7
= (s o PV DTV 822 20

= awsirereon 2 s,
oK, Oy

Here we denote by S the (n—1)-dimensional Lebesgue measure, and v is the
unit outward normal. Let £ be an arbitrary open set such that 02 is smooth
and QCF\E;. Then we have

9 .
(5.9) Sag( (VUS| 2+8)2 002 U5dS = Sgdw«iVU5;2+az><P-2>/ZVU,;>dx.

Therefore we have

9 9
(5.10) SaEn(IVUa|2+sz)<p'2>/25;UadS = Sm((VU5|2+52><1>-2>/25-;U5515.

Here we note that
G.11) S (1TU 5|2 +e2)?/2dx
F\E(;

=S (lVUal2+ez><p'2’/2—a—UadS+ezg (|TU5 |2 e P22y,
0E; ov F\Ej

Combining this with and (5.10) we have
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(512) CP.E(E(% F)—Sp[Eal—Ezg (|VU5|2+62)(17 /24y
F\E5
= S UV IV - NU(|NU 5|2 4-2) P72,
E,?\EB

Now we choose a positive number J, so that
(5.13) C,.(Es; FY<2C, (E, F) for any 0<0, and [0, 1].

Then a family of extremals {Us}o<s<s, is uniformly bounded in W P(F). There-
fore it is weakly compact in W} ?(F) at least. Moreover from the Clarkson
inequalities it follows that

(5.14) 151r1;1 Us = u. in Wie((F),

where u. is the extremal function for C, .(E, F) as the one in [Proposition 2.2
in §2. So that we can assume that when ¢ tends to 0 each component of

(VU s[>+ @290,
also converges to a correponding component of
F.=(|Vu,|?4e%) @ 2/*Fy, in [LPP7Y(F)]? weakly .

Since suppg,(V,)CTE,NE.,, we get as 0—0,

o SE”\E(;S[)‘:’(V”)VVW US| VU 5|24 2)P-2/2dx

30

(5.15)
=§E GUV WV, Fudx,  for any 7<(0, dist(E, 3F).
7

Since lims.o/ (Us)=C,.(E, F), it follows from Holder’s inequality that

eP|FNE|, 1<p<2,

; 7121 e2\(P-2)/2 ] <
(5.16) 11m5§&1pSF\E5([VD,;I +e?) dx = {Cp,e(E, Fy-@i») | FNE|%?, p=2.
Therefore if 1<p=2, we have

(5.17) Cy.(E, F)

< spIFH-SE IGUV IV Fldx
7

=« Fl+(], \Ei¢;<v,,>|pwv,,\pdx)”p.(gE \E‘ B prv-ngz) "'

7 7

[¢
= &# | Fl+max| ¢4l Cp. o Becpry Ep'2([, (1Tl e)72dx)”
7

-1/p

If p=2, we can show in a similar way that
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(5.18)  CpE, F)Se?| Bl +6°C, (B, F)~¢/m |[FNE|*/?
(p-V/p

’ o\ 2 2\p/2
tmaxlgyl Co.iBu, E2([, (1Tucl +etprdn)

for any n<(0, dist(E, dF)) and ¢>0. From and we have
lsi_{rolcp,e(Ee(v)r Eﬂ) = CZ)(E’ E'r]);

lirroluﬁzu in W§r(F),

(5.19) {

where u is the capacitary extremal defined in [Proposition 2.2, Now letting
e—0 in (5.17) and (5.18), we have

1-(1/p)
(5.20) C,(E, F) < max|¢,| Co(E, Eﬂl”’(L \EIVuI”dx) .

L/

Since p is an arbitrary positive number, we have the desired estimate by letting
p—0.

6. The proof of Theorem 3.2.

By B, we denote an open ball with radius » and center origin. Since
C,(E, R™)=0, there is a sequence of C{(R")-functions {U,}5-, such that:
Uix)zl for x€E, j=1,2, -,
6.1)
SRnIVUj[pdx—'rO as j— 4oo.
Then we can show

LEMMA 6.1. Let 19,>0. Then we have

6.2) limg U, |Pdx=0.
JetelEy
THE PROOF OF THEOREM 3.2. Admitting this for a moment we first establish
which is rather elementary. Assume 7,>0 and let us set for
7]1:770/2:

1 xek,,,
(6.3) 0i(x) = ;72—0dist(x, E,) =x€E,NE,,
0 otherwise .
Then we immediately get
(6.4 fmf, 1TgulriUrdr =0

Since ¢,-U,=Cg(E,,), it holds that
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1/p
(6.5) ColE, B = ([, Wi U))17dx)
7o

1/p

1/p
< . pII].|P
= (1, 1907erax) "+ (], 1917 1U;17dx)
By letting j—+ 0, we have
(6.6) Cx(E, E;)=0.
This proves the assertion.

THE PROOF OF LEMMA 6.1. From the Sobolev imbedding theorem we have

(6.7) SEﬂ 1Uyl7dx < | Eql7({, U, lodx)""

< clE%p/nanwU,.wdx-»o as j— +oo.

Here we used the following (cf. [Proposition 7.2): Assume that 1<p<n. Then
there exists a positive constant C such that

6.9) ([tuiran) = o[ tvuinax)”,  for g=-E-,

for any u=C*'(R™) with compact support. Here C is independent of each u.

7. The proof of Proposition 3.1.

We begin with preparing two propositions, one is seen in L. Carleson’s
famous book [5], and the other is due to D.R. Adams [1].

PROPOSITION 7.1. Let d be a positive number <n. Then there exists a
constant C, only depending on the dimension, such that for every compact set E,
there exists a nonnegative measure p on R™ satisfying

(7.1) { By(x) £ p®  for every B,(x),
(E) = Chy(E).

Here hy(E) is defined by (2.8) in §2.

PROPOSITION 7.2. Let 1<p<g<-+oco and p<n. Let pu be a nonnegative
measure on R™. Then the inequality

1/q 1/p
(7.2) (o)™ = c([ ol vulrax)”,
for all ueCZ(R™), holds if and only if
(7.3) K= sup HBo) ..

zeRR, p0 IC/PTD

where B (x)={yeR": |x—y|<p}. Moreover K is equivalent to the best constant
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C in (7.2).

THE PROOF OF PRrROPOSITION 3.1. Without loss of generality we assume

that 0<e<p. By [Proposition 7.1 there exists a nonnegative measure g such

that
(7.4)

{ w(By(x) £ pn 7P, for any p and xeR™,
W(E)Z Chy_peo(E), for some constant C>0.

On the other hand, it follows from [Proposition 7.2 that the inequality

(7.5)

([alutram) < o(f p1vulrar)”, = p =225y,

holds for all u=C%(R"). Since C,(E, F)=0, for any >0 we can find an
element u;= C*(F) with compact support contained in F such that

(7.6) uszlon E and | |usledp = Co.
Then p(E)<Cd. Thus we have p(E)=0, and hence A,_p.+.(E)=0, which implies
Hyop+o(E)=0.
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