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§0. Introduction.

An important problem in differential geometry is to characterize the global
behaviour of a manifold in terms of local invariants. A result in this direction
is given by the following theorem: If M is a complete, simply connected rie-
mannian manifold whose curvature tensor is close to the curvature tensor of
the standard sphere S, then M is diffeomorphic to S. This is called the differ-
entiable sphere theorem. In this paper, we prove that 0.681-pinched riemannian
manifold is diffeomorphic to the standard sphere.

The proximity of curvature tensors R and R of the manifold M and the
standard sphere S respectively is measured in terms of sectional curvature: A
riemannian manifold whose sectional curvature K satisfies the condition 0< K<1
is called d-pinched. For the first time, Gromoll [2], Calabi, and Shikata
gave some results on the differentiable sphere theorem. Later on, these results
were improved : Sugimoto and Shiohama found a pinching number 3(=0.87)
independent of the dimension of M such that a complete, simply connected and
d-pinched riemannian manifold M is diffeomorphic to the standard sphere. Im
Hof and Ruh [5] gave a sequence 9, of pinching numbers dependent on n of
dimension of M: A §,-pinched manifold M is not only diffeomorphic to the
standard sphere, but the action of the isometry group of M is also equivalent
to the standard linear action of a subgroup of O(n+1, R) on the sphere. The
number 0, is decreasing on »n and limd,=0.68 as n tends to infinity. But, if
we take the number J independent of dimension of A on Im Hof and Ruh’s
result, 0 becomes considerably large, i.e., 0=0.98 for »>5. It is unknown
what number is the infimum of ¢ in order that a complete, simply connected
and J-pinched riemannian manifold is diffeomorphic to the standard sphere.

Sugimoto and Shiohama’s beginning idea was due to Omori [7], from which
they derived that a complete, simply connected and d-pinched riemannian mani-
fold M™ is diffeomorphic to the standard sphere S™ if a diffeomorphism f of
S?~!, which is naturally defined for d-pinched manifold M, is diffeotopic to the
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identity map of S*™'. We shall call this the diffeotopy idea. So the problems
in their case were how to construct a diffeotopy, and how to find an explicit
estimate for 0 to guarantee such a diffeotopy. On the other hand, the main
idea in a series of papers Ruh [8], Grove-Karcher-Ruh and Im Hof-Ruh, was
to lead from a connection with small curvature on the stabilized tangent bundle
of M to flat connection on this bundle. This first connection with small cur-
ture on the bundle was defined with relation to the pinching number 6. We
shall call this the flat connection idea. Using the resulting flat connection, they
defined a generalized Gauss map G : M™—S", which gave a diffeomorphism. So
the problems in this case were how to construct a flat connection from the
connection with small curvature, and how to find an explicit estimate for 0 in
order that the Gauss map could be a diffeomorphism.

The emphasis of the present article is to combine these independent ideas
from our viewpoint to obtain a new pinching constant.

THEOREM 1 (differentiable sphere theorem). Suppose 0=0.681. Then a com-
plete, simply connected and 0-pinched riemannian manifold is diffeomorphic to the
standard sphere.

Our pinching number 0.681 is almost same as the number lim ¢,=0.68 given
by Im Hof-Ruh. But their numbers are determined by different equations from
each other. We use the diffeotopy idea in proof of the theorem, that is, we
find a sufficient condition that the diffeomorphism f of S™~! is diffeotopic to
the identity map of S™~'. But our diffeotopy is constructed in a quite different
way from Sugimoto-Shiohama’s. Our main idea is as follows: f is homo-
thetically extended to a diffeomorphism F of R®—{0}. Then, the restriction
of the differential dF to S*™' becomes a map of S®* into the space M(n, R) of
nXn-matrices. We approximate dF: S*"'—M(n, R) by a map a: S*'—=S0(n, R).
For a differentiable map a: S*"*—>SO(n, R), we denote by a, the matrix corre-
spondent to x=S"7'. Then, our diffeotopy is constructed by joining a, to a
constant matrix in SO(n, R) for each x=S®"'. In particular, by our diffectopy
theorem below we can choose a neighborhood of the isometry SO(n, R) of S*°!
which is arcwise connected in the diffeomorphism group of S*™*. [cf. Compare
with §5, Theorem.]

To state exactly our diffeotopy theorem, we explain some notations. Let
S»~! be the standard sphere with curvature 1. Let f be a diffeomorphism of
S7~t, We put F(tx)=tf(x) for t>0. We define the norm of differential da of
a by '

ldall = max{[[(dxa)U| | X&T(S"™)

and U < R™ with |X| = [|U]| =1},

where [|X|| denotes the euclidian norm of X.
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DerINITION 0.1. We say that f is diffeotopic to the identity map of S*7},
if there exists a differentiable map H: [0, 1]XxS*"'—S™"! satisfying the follow-
ing (1) and (2):

(1) H({, x)=f(x) and H(O, x)= x.
(2) The map H, = H(t, +) is a diffeomorphism of S™™* for each t.
DEeFINITION 0.2. We say that a is an approximation of df on S*7, if

there exist real numbers C,; and N, and they satisfy the following (1), (2), (3)
and (4):

1 NM<1, (2) as(x)=(d.F)x) for xS
@) la—dF|<C. (4 lda| =N

DEFINITION 0.3. For the approximation a of df, we define a positive func-
tion P(t) for t=[0, #]: We take 0<¢,<¢,<x such that

cos (—%Nl(n—to)) — 1 and cos (%Nl(n—tl)) —0

Then we put
. /NN
sm(—it> .
2 _ e 2 L[sin(Nit) 7 sin (Vi)
Py =c Sm(Nl ) +C3[sin(Nl:r)] 266 NP
2
where C,=(N,—C1)/2, C,=(N+C1)/2 and ¢(¢) is given by
sin(‘)\zflz‘)
NN (0st=t0)
sm( 21 )
. (N,
o) = sin («—t) 3 B
m cos (le(ﬂ'-t)) (f=t<ty)
sin
2
—% cos (%N(:r—t)) t,Ztnm).

THEOREM 2 (Diffeotopy theorem). Let f be a diffemorphism of S™"'. Sup-
pose that theve exists an approximation a of df such that P(t)<1 for t=[0, =].
Then, f is diffeotopic to the identity map of S™.

In our various procedure of the proof of sphere theorem, the first connec-
tion with small curvature on the stabilized tangent bundle E due to Ruh plays
an important role: We show that the diffeotopy idea is naturally introduced
by using the connection on the bundle. A few estimates for « are obtained
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by using the connection. We shall construct a diffeotopy in the almost similar
way to a construction of flat connection on E.

The contents of this paper are as follows:

§ 1. Diffeotopy theorem.

In this section, we prove the diffeotopy theorem.

§2. Preliminaries and formulation of problem.

In this and succeeding sections, we prove the differentiable sphere theorem.
In this section, we define the stabilized tangent bundle £ of M and a metric
connection V, which has a small curvature, on the bundle. We define the dif-
feomorphism f of S™! and explain the diffeotopy idea. Furthermore, we obtain
a few results that are used later.

§ 3. Differential of f and its approximation.

In this section, we define a map a: S""'—S0(n, R) as an approximation of
dF | gn_1: S"'=M(n, R) in two ways: First we define a by using the Levi-
Civita connection D of M. Second we define it by using local cross-sections
M—P, where P is an O(n-+1, R)-principal bundle over M associated to E. The
first definition of a seems to be natural in a viewpoint of approximation of
dF|g¢n_1. So, we can estimate a norm ([dF—af on S*7'. On the other hand,
the second definition is useful to estimate differential of «.

The first definition of a« was also given by Sugimoto-Shiohama. But, our
estimate ||[dF—a| is sharper than it. Furthermore, on the construction of diffeo-
topy we use the estimate in a quite different way from that of Sugimoto-
Shiohama.

§4. Lemma necessary to estimate [dal.

In this section, we prepare to estimate the norm [da] on S"”'. Namely,
for a map A: S**—=SO(n-+1, R), which is almost equal to «, we estimate |d.4]|.
This map A is given in relation to the second definition of « in § 3.

§5. Differentiable sphere theorem.

In this section, we first find the condition of 0 in order that E is a trivial
bundle. Second, we estimate ||da|. By this estimate together with the estimate
ldF—al in §3, we can obtain the condition of 6 in order that M is diffeo-
morphic to the standard sphere.

§6. Estimate of holonomy of principal bundle P.

Let 7=1(s), 0<s<a, be a piecewise differentiable loop in a normal coordi-
nate neighborhood of M. In this section, we estimate a distance p(u(0), u(a))
for a horizontal lift u(s) of z in P. This estimate was already given by Ruh
in somewhat different form.

ACKNOWLEDGEMENT. The author wishes to thank professor T. Ochiai,
professor T. Sakai and professor K. Shiohama for their kind advices.
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§1. Diffeotopy Theorem.

DIFFEOTOPY THEOREM. Let f be a diffeomorphism of S™ . Suppose that
there exists an approximation a of df such that P($)<1 for t<[0, #]. Then, f
s a diffeotopic to the identity map of S™7*.

(A) Let S*7' be the standard sphere with curvature 1. We put F(tx)=
tf(x) for t>0. Then we have (dF).(x)=f(x) for x&S*"'. The approximation
a:S*'->S0(n, R) of df satisfies the following (1), (2) and (3):

(1) ax(x)= f(x). 2) lla—dF|<C.. Q) ldall =N <1
Then we have
(dF). X =(dya)x+a,(X) for X&T (S*™)

by F(x)=a,(x). Therefore, we have C,<N,. We already defined the function
P(t) for t<[0, n], with respect to a, in the definition 0.3.

Now we start the proof of theorem. We define a norm | A]] of A<so(n, R)
as follows.

(Al = max{[|AU| | U =« R® with U] = 1}.
A=so(n, R) is equivalent, by Ad(SO(n)), to

1 0 x*
—21 0 o - 00
A= or : n
0 0 x™ 0 x
_— 0 —x™ 0

for m=n/2 or m=(n—1)/2 respectively. Then we have |A|=max{|x!] | =
1,---,m}. We denote above A by A=31x%e,;_ ;. for simplicity.

LEMMA 1. Let a: S"'—SO0(n, R) be a differentiable map such that a, =B
for some x,=S™'. Suppose |da|<1, then the image of a is contained in a
normal neighborhood of B in SO(n, R), where SO(n, R) is equipped with a bi-
invariant metric.

Proor. First, note that the tangent cut locus of unit £ in SO(n, R) is
given by
it
U AdSOm)( 3 oty €eicrse)
where above sum U is taken for Mx%e,i_;.; with 33 (x*)*=1 [cf. 10]. Second,
let r=7(t) be a geodesic joining x, to —x, in S*”'. The length of 7 is =.
Thus, if |dal<1, then a.., does not intersect with the cut locus of B for
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every ¢ by |la 'dal<1. Q.E.D.

There exists a differentiable map A : S*'—so(n, R) such that a,=Bexp(nA.)
by lldal<1.
We define a differentiable map H: [0, #]xS"* '-S"! as follows:

H(t, x)= Bexp(tA.)x for (¢, x)=[0, z] xS,

Then we have H(rw, x)=a.(x)=f(x) and H(0, x)=Bx. Now, we show that H;
is a diffeomorphism of S™~! for each ¢ under the condition P(#)<1.
We have

dH,(X)= Bdy[exptA.Jx+Bexp(tA,)X
for XeT.(S*!). Thus we have, for a unit vector X,

ldH,(X)| = 1—|dx[exp tA.]x]l.
Therefore, if we have

ldx[exptA.]x]| <1 for a unit vector X,
then we have ||dH,(X)|>0. We show the following equation in (B) below :
(1.1) ldx[exptA.dx| £ P{) for t<[0, =].

Furthermore, we can join B to the unit £ in SO(n, R). Thus, if we can prove
the equation then we have the diffeotopy theorem.

(B) Let a:S"'—SO(n, R) be a differentiable map such that a,,=FE and
lda] £N,(<1). So we can represent a,=exp(mA.) by using a differentiable
map A:S* '—so(n, R). Then we define a,: S*"'—SO(n, R) for each t=[0, #] by

a; . =exp(tAz).
The following lemma is a slight generalized form of

LEMMA 2. Let fix c¢=S"' and a unit vector X&T (S"Y). Suppose
Wdxa)el < C(EN,). Then we have

I(dxadell = P@).

PROOF. The proof is divided into several steps. (a) We assume n=2m for
simplicity. We can assume A,=3>]V:€s:_1,5; and e=[cy, 0, ¢5, 0, =+, ¢m, 0]. In
fact, we have

azc =exp(nA,)c =exp(rg A,g)c = g exp(xA,)ge
for g=SO(n, R), and there exists h=SO(n, R) satisfying
h=texp(zA,)h =exp(zA,) and hge="'Tc, 0, -, cm, 0.
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We have |y;|<N, by the lemma 1, and
E—exp(—ad(tAy,))
ad(tA;)

[cf. 4]. We denote A,=A, dxA=Z and (dxa,)=Y, for the brevity. We put
E—exp(—ad(tA))
ad(tA)

Y, is a Jacobi field on SO(n, R) along k(t)=exp(tA). So we have Y”-+R(Y, A)A
=0, where Y’ is the covariant derivative of ¥ in the direction dk/dt. Then

we have

(dxa;) = d(Lexp nAI>E

(tdxA)

Y. = (tZ).

(1.2) (Y'e,Y'e)+(Y"¢,Ye)=(Ye, Ye)+(Y"¢, Ye)
=(Y'e, Ye)—(R(Y, AAc, Ye) = (IV el ?—(R(Y, A)Ae, Ye).

We denote

Y = [” Lﬂ = so(n, R)

v,
for the brevity. This implies Yo 1.2j-1=u, Yai201=0, Yei_1,2;=w and Y, ;=
z(i#7) for Y=(Y;;). We have

. _1_ __1_ o oUW o[-z v
(13 R, HA=—FIV, 4L Al =709 Y]+ 0 ]
(b) From now on, we assume y;=0 for simplicity. We divide Z into two com-
ponents Z=Z,+7Z,: We define
__1fa, —0b _1re d [, 1
Z’_Z[b, a] and Zz-Z[d, —c] forZ—[ﬁ’ 6]’
where a=a+90, b=B—7, c=a—0 and d=8-+r. Put
E—exp(—ad(tA)) E—exp(—ad(tA))

ad(A) @z, (Yo = ad(iA)

(Y = (tZs).

Since we have

E—exp(—ad(tA)) (¢
t i) = SOAd(eXp(—tA))dt,

we obtain, if y;#y; and y;+y,;#0,
cos(”%”t), —sin (yi_y"t)—ra —b|

. 1 . (Yi—Y;
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cos(li—;j—jt), —sin(&;——yit)ﬂt[—c dqi'
|
n(2520), cos(M520) ¢ 3

If y,=y, in equation (1.4), then we have

(L.6) e = %[f) (ﬂ[g _ﬂ

If we assume [(YV,).cll=[(Y,):cll=1, then we have

_ 1 . (Vi
(1.5) (Yz)t—yiﬂjsm( : t)

(L7 1Y el =§ {(Vie, Yie)+(Yie, Yie)ldt

0

2 [{oviety =2 v e,

(1.8) Y eel)i=: = S:{(Iichll’)Q—N%HYchz}dt,
by (1.3), (1.4) and (1.5). By [(1.6), [1.7) and [1.8), we have
. (N,
sin{ =31
(L.9) H(Yl),-.CH% S Y el £ ”(Yl)nc”._(j%i,
sm( 5 7:)
_ sin(N,t)
(1.10) (Y 2)eell = [(YVe)zell sin (Vi)

[cf. 5, Proof of Prop. 4.1]. The right hand side equation of [1.9) is increasing

for t<[0, #]. And the right hand side equation of attains maximum at
t:ﬂ/(2A71>-

Put é='[0, ¢1, 0, s, -+, 0, ¢cn]. Then we have

1Y el = 1KY el (Y o)zell = [I(Yo)-Ell
and

(Yise, (Yo)ie) = —((Y):8, (V5):0)

by (1.4) and (1.5). From the assumption, we have

{ 1Y zell® = (Y Dzel®* + (Y o)ee|*+2((Y 1)z, (YVa)ee) < CF,
(1.11)

1Yz2)® = (Y €[>+ [(Yo):€lP+2((Y1):€, (V):6) < N3
(¢) We put U(t)=IY:cll, V(t)=I(Y1):cll and W(¢)=|(Y,).e| for simplicity. Then

we must consider the case where U(¢) is maximal at each t=[0, #]. First, we

must take V(zx)*+W(x)* and W(x)/V(x) as large as posible by and
Therefore we have
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2 2
(1.12) V(xR Wim) = C‘;Nl,
2 _AT2
(113 (¥ e, (Vo) = —V(mW(m) = S0,
by So we have
V(iz) = N‘;Cl and W(x)= MZ“Q

Finally, we consider the inner product ((Y,):c, (Y,).c). We put 20,,=y;,—y;
at (1.4) and 2%,;=y;+y, at (1.5). We study the case where (0=)0:(=<N,/2)
and (0=<)7;;(£N,) are considered as independent variables. We note that U(¢)
increases as W(t¢) becomes larger by V(#)<W(t) (and (1.14) below). So we have
W(t)=W(z)sin(N,t)/sin(N,z). In this case we have 7;;=N, at (1.5). By (1.4),
(1.5) and we have

V(Ow(t) if 0<1<¢,

(L14)  (Vie, (Vohe) = { ,
—V(EW(t) cos (N, +0)m—1)) if t, £t7,

where §=max|6,;| and cos((N,+0)(x—1t,))=—1. Therefore we have

sin &t sin(NVyt)
(5)

sin (17 )sin (Vi)
((Y1)ie, (Yy)i0) _ Sin(&l) sin(Ny?)

VW (x) _\2 cos(—Nl(n—t)) if f,<t<t,,

sin (%ﬂ)Sin (Nym) 2

if 0=t<t,,

b sin(Nyt)
L T Sil’l (N]ﬂ.')
where cos (3N, (r—t,)/2)=—1 and cos (3N,(x —1t,)/2)=0. Thus we have the lemma.
Q.E.D.

cos (—g—Nl(n-—t)) if h<t<nm,

§2. Preliminaries and formulation of problem.

Let M be a complete, simply connected riemannian manifold of dimension
n with a riemannian metric g. We assume M is d-pinched, that is, the sec-
tional curvature K satisfies 6<K=<1. In particular, we assume 0>1/4.

(A) The stabilized tangent bundle of M.

We denote by E the stabilized tangent bundle of M, that is, E=T(M)D1IM),
where T(M) and 1(M) are tangent bundle and trivial line bundle MX R respec-
tively. Let e: M—E be a cross-section defined by M=p—(0, 1),=T ,(M)PR.
The bundle E has a natural fibre metric ~ defined by g, i.e.,
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hX,Y)=gX,7Y), h(X, ep;) =0, hiep, €p) =1
for X, YT ,(M). We define a h-metric connection V on E as follows:
VXY:DXY—cg(X, Y)e, VXe:cX

for X, YT (M), where c=+/(1+8)/2 and D is the Levi-Civita connection on M
defined by g. The connection V has curvature tensor RY=R—¢*R, where R is
the riemannian curvature tensor on M and R is the algebraic expression of the
curvature tensor on the unit sphere S®(1) in terms of the riemannian metric on
M. In this and succeeding sections, we denote by S™(¢?) the standard sphere
with curvature c?.

We define a norm [|RY| of RY by

IR = max{[|R¥(X, Y)Z|| | X, Y and
ZeT,(M) with [ X]| = Y] = |Z] =1},

where, for a vector XeT ,(M), we denote by || X|| the norm of X with respect
to h. Then we have |RV|<2(1—0)/3 [cf. 9].

Let P be a principal bundle over M of (n+1)-frames with structure group
O(n+1, R) associated to E, i.e.,

P={u=(u,, -+, Up41) | \,sE, for pe M with h(u,, u;)=0,,}.

Then a connection form w and a curvature form £ on P are naturally defined
by V, and they satisfy the structure equation do=—wAw+ 2.

(B) The manifold M is homeomorphic to the standard sphere by the sphere
theorem [1, 6]. In particular, we use the following properties. Let ¢, and ¢,
be a pair of points with maximal distance d(q,, ¢;) on M, where d denotes the
distance function induced by the riemannian metric g. Put M,={p=M | d(p, q.)
<d(p, q)}, Mi={peM]| d(p, q)=d(p, ¢.)} and C={gcM| d(g, g0)=4d(q, g.)}.
Then C is diffeomorphic to the standard sphere S®~! and takes the place of the
equator of S™, while M, and M, take the place of upper and lower hemisphere
respectively.

Let So(M) and Sg,(M) denote unit spheres in the tangent space of points ¢,
and ¢, respectively. The exponential maps Exp,, and Exp, with centers at g,
and ¢, respectively are bijective maps if restricted to an open ball of radius =.
In particular, there exists the following diffeomorphism f: S, (M)—Sg,(M): f
is defined by requiring Exp,(tx) and Exp,,(tf(x)) to coincide for some f=#(x)
satisfying #/2=<t(x)<z/(2+v0). Note that the point of intersection lies on the
“equator” C. We denote ¢g=Exp, ({(x)x)€C by ¢(x).

(C) Cross-section u®: M;—P|y; (=0, 1).
We fix a minimal geodesic y=7(¢) joining ¢,=7(0) to ¢,=7(d(q., q1)). At
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first, we identify T, (M) with T, (M) as follows: Let {X,, -, X,.i, Xy} be
an orthonormal basis of T, (M). Then we choose X,=7(0) particularly, where
7(0)=(dy/dt)(0). The orthonormal basis {X, ---, Xn_1, Xs} of T (M) is now de-
fined by the parallel translation with respect to D of {X,, ---, X, i, —X.}
(CT,(M)) along y. Thus we can see X; (/=1, -, n) as a vector of both
tangent spaces T, (M) and T, (M). Note X,=T, (M) is equal to —7(d(go, ¢1)).
Thus we can see the map f:S,(M)—S,(M) as a map f:S" (1)—S*7\(1),
where S™®"!(1) is the unit sphere in the enclidian space R™ spanned by ortho-
normal basis {X,, -+, X.}.

Now, we define a cross-section u°: M,—P|y, as follows: First we choose
u’(go)=(X, -, Xn, €,,) over the center ¢, of M,. Second we define a section
u® on M, by moving the (n+1)-frame u°(g,) by parallel translation with respect
to V along geodesic from ¢, to points in M, Next, we choose u'(g:)=
(X4, -+, Xa, —eg,) over the center ¢, of M,. Thus we can also define a cross-
section u': M,—P],, analogous to u°.

We exactly write down these cross-sections u°, u!. Let z%(x)=t%x, t) de-
note a geodesic issuing from g; with direction x (z=0, 1). Let [z%(«x)]}X denote
a vector at 7%(x, t) given by parallel translation of a vector X at ¢, with re-
spect to D along zi(x). We denote [z*(x)]}X by X for simplicity, in case
where we might not confuse them. Put wi=(ui, -, ui,,) /=0, 1), then we
have the following:

{ (UD0cz.> = g(x, Xi)(go){cos(ct)x+sin(ct)e}

(2.1 +{Xi—g(x, Xi)go)x}  for 1<i=n,
(U3 +1):0cz,0>) = {cos (ct)e—sin(ct)x}.
(Uercz, o> = 8(x, Xi)(g){cos (ct)x+sin(ct)e}

(2.2) { +{Xi—g(x, Xi)g)x}  for 1<i<n,
(U2 +1)r1¢z, 0> = {—cos (ct)e—sin(ct)x}.

(D) Into diffeomorphism F;: M;—S"(¢?) (z=0, 1).
Let {e), -, e,4,} be the standard basis of R"*!. Let S*(c®)CR"*'. We
define a differentiable map F,: M,—S"(¢*) by

Fip)=<e, u(p)  for p=M;,

where <e, u°)(p)= R™*' denotes the components of e with respect to the frame
u® at peM, In the same way, we also define a differentiable map F,: M,—
S*(c?) by

Fip)=-Ce, u(p)  for =M.

The following lemmas 3 and 4 are easily shown by and the defini-
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tion of f.

LEMMA 3. We have the following:
1 1
D) Flgd=—ens=(0, -, 0, 7).

1 1
F1(Q1):*‘c—en+1:<0, -, 0, _?>
(2) For each x=S,(M), F(t¥(x, t)) is a geodesic in S™(c*) issuing from Figq.).
(3) (dF)g;: ToM)—=T p,q;(S™(c?) is isometric. In particular, (dF),(X;=e;
(]:1’ Ty n)'

LEMMA 4. Let q(x)=1x, t(x))=t(f(x), t(x))=C. Then we have
__ 1psin(et(x))-g(x, Xi)(go) (I1£i<n)

Folg(x)) = c [ cos (ct(x)) ]’

sin(ct(x))- g(f(x), Xi)((]l)] (I1<i<n)

1
Fi(g(x)) = ”c’[ —cos (ct(x))

We identified the unit sphere S, (M) with the unit sphere S, (M) in (C). So
the diffeomorphism f: S, (M)—Sg,(M) is considered as a mapping f:S""(1)—
S7-1(1). We defined in the definition 0.1 that f is diffeotopic to the identity
map. When f is diffeotopic to the identity map of S"7!(1), we can construct
a diffeomorphism G : M—S"(c?) by deforming F, and F; [cf. 12, §3].

PROPOSITION 1. Suppose [ is diffeotopic to the identity map. Then M is
diffeomorphic to S™(c?).

(E) E|y, and P|y, as fibre bundles over Fi(M)(CS"(c*)).
Let S*(cH)CR™*'={3x'e; | x*=R}. We denote by g the canonical metric of
R™*' (or S™(¢?). The tangent bundle £ of R™*! restricted to S™(¢?) is given by

E = TR )| sncr, = T(SHcNBHUS™(c?),

where u(S™(¢?) denotes the normal bundle. Let P denote a pricipal bundle of
(n+1)-frames with structure group O(n-+1, R) associated to £. The bundle P
over S™(¢®) has a global cross-section #=(ey, -+, €,41) of (n+1)-frame at each
point p=S™(¢c?). We identify respectively M;, E|y, and P|y, with Fi(AM), E| r,ar,
and P|r,u,> as follows:

M;=p —> F(p)SF(M,) and P|y,3w')p) —> (@ Fp)E Pl pynp -

Then, by the definition of F; in (D) and E|y,=FE|r,u,» the cross-section
e: M;—P|y, just corresponds to the outer unit normal vector of each point of M.
So, we have T(M)|x,=T(S™(c*)| rycuyp. A connection form & on Ply,, which
makes u' to a parallel field, induces the canonical flat connection ¥V on E| Myt



Differentiable sphere theorem 539

{ VXY = DX}I—CQ(X, Y)e

- or X, YeT(M),
Vxe = cX / (M)

where D is the canonical connection of S™(¢?). In particular, we have the fol-
lowing lemma by the above argument and the lemma 3.

LEMMA 5. Let ti(x)=t%x, t) be a geodesic issuing from q; with direction x.
Then, for a vector Z&T (M) with g(Z, x)(q:)=0, two wvectors given by both
parallel translations of Z with respect to N(=D) and Y(=D) along ti(x) coincide
at each point ti(x, t).

§3. Differential of f/ and its approximation.

The purpose of this section is to study differential of the diffeomorphism f
of S"7(1), where we identify S, (M)=S, (M)=S""Y(1) as in §2. We homo-
thetically extend f to a diffeomorphism F of R*—{0}(DS*"'(1)) so that F(ix)
=tf(x) for x&S" (1) and #>0. Then the differential (dF), at x=S""!(1) be-
longs to the space M(n, R) of nXxn-matrices. In particular, we have (dF).(x)
=f(x) for x&S"™(1). In this viewpoint, we approximate dF|gn-1.,:S" '(1)—
M(n, R) by a:S*'(1)>»SO(n, R).

Through this section, we denote x=S" (1), g=¢q(x)=7%x, t(x))=7'(f(x), 1(x))
€C, and VeT(C). Let #¥x, t)=dr¥(x, t)/dt. But we often denote #%(x, t)
by #%x) for short when we do not specialize . Let V°and V' be Jacobi fields
along the geodesics z%x) and 7'(f(x)) respectively, satisfying (V°),=(V!),=V
and (V°),,=(V'),,=0. Then we denote by W° and W' Jacobi fields along
%x) and 7'(f(x)) orthogonal to +°%x) and <Z'(f(x)) respectively: W°=
VO—g(V°, #%x)t%(x) and W'=V'—g(V*, ¢} (f(x))e(f(x)).

(A) Differential of f.
By the definition of f, we have
(3.1) @f)o(D W) = DyeryW*.
The estimate for the ratio ||[(df)X] : |X | for X&T(S* (1)) is given by

(3.2) [va‘sin( s )]1 > % = Vasin(—5- ).

The estimate follows from the Rauch comparison theorem [8].

(B) Approximation of df.
We define a map a: S* '(1)-»M(n, R) as follows:
{(l) a([2(x) 5 PWY = [/ (SN Wy  for V=T(C;,
(2) ax(x)= f(x),
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where [2%(x)15WY, ['(f(x)1® WL, x and f(x) are the component vectors
with respect to the basis {X,, -, X,}.

PROPOSITION 2. We have, for x=S™7'(1),
(1) a.€S0(n, R) and a(x)=f(x),

_1-5 {e(emw? _gma1B) 1} 1+v3sin(5773)
= 14t 9sin (%) o3 sin (2_15/3> .

2) @F —a).ll

PROOF. (1) First note, for V=T,(C),
g, [2%(x)Rzrx) = gW?, [ (f(x) s f(x)) = 0.

Let L be a subspace in T (M) spanned by vectors [7°(x)]2z>x and [7'(f(x)) 18y f(x),
and L* a subspace in T, (M) orthogonal to L with respect to g. Second, note
(WO=WhH,=V for VeT(M)NL*. Therefore, we only show [|[IW°|=|W"|| for
VeT{C)NL. If this equation holds, we have a.=0(n, R). So, let Ve
T(C)NL. We take a curve x(s), —e<s<e¢, in C with %(0)=V. Since
d(q., x(s))=d(q, x(s)), we have

£, 1), V) = (g0, 5Dl om

= C%d(%, x(8)|s=0 = (21 (f(x), t(x)), V)

by the first variation formula of geodesic. Thus we have |[W°|=||[W!| for Ve
TLC)NL. In particular, we have

(3.3) TLONL = {3([z°(x) R rx +['(f ()R f (X)) | yE R},

Finally, since a, is continuous for x&S5"7(1) and ax,=FE by the identi-
fication of T'o (M) with To (M), we have a,=SO(n, R) for each x&S™"'(1).

(2) In this proof, we use the identifications of M,, M,, T(M)|y, and T(M)|
with Fo(Mo), Fu(My), T(S™c*)| rycaryy and T(S™(e*)| 7,cu,> respectively, that were
given in §2(E). The proof is divided into several steps.

(a) Let VeT (C). We put Vi=V—gV, 2%x, t(x))t%x, t(x)) (€T (M)).
W and W° are the following Jacobi fields along the geodesic 7°(x):

{ DiocasW'+R(W®, #°%(x))t°(x) =0
W), =V, (W, =0.

{ Dioces W+ RW®, £°(x))2%(x) =0
W=V (W), =0,

(3.4)

3.9)

where R is the curvature tensor of S*~'(1). For simplicity, we denote
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[0 =W,  [°(x)LR[ (%)) = R:,
[2°(x)]V = (W°),, [%x)R[x)=R,.
Then equations and change into the following equations on T, (M):

d2
{ L oL RWe, x)x =0

(3.4) at
W icor = [FDLSVE, (T =0,
2
a5y { LW+ RAT, 0x =0
(Wo)t(;r) = [t%(x) 1§V, (Wo)o =0.

Then, we have that the norm ||d(W°—W?)/dt||,-, for solutions of [3.4Y and [(3.5}
is equal to |D.W°—D.W°| for solutions and by the lemma 5. We
estimate [[d(W°—W?°)/dt|:= in (b) and (c) below.

(b) We consider another Jacobi equation as follows:

d?® = =, =
— W'+ 2RV, x)x =0

dae
3.6) d d
Eﬁolmo = EEVVOlt:o ’ (Wo>0 =0,

where W?° is the solution of [(3.4Y. Then we have

. 4
t=0 sin(ct(x))

where W° is the solution of [[3.5Y.

H%(W°—-~W—°) HIVO_V:VOHt:z(m ’

PROOF OF (b). Since W° and W° are Jacobi fields on S™(¢?), we have
- 1. d — = 1 . d =
@7 Win= —C—Sln(ct(xDEW%:o, Wi = ?Sln(ct(x)>zi—tw°lc=o.
Thus we have

WV =W = (WP =Wl

— ¢ Ti7o__Tr/o — ¢ 70__T170
Sin(ct(x)) (W I/I )Z=$(-Z‘) Sin((}t(x)) (I/‘/ W >t=t(l‘) .
(c) We consider the following Jacobi equations:
2
(3.8) ;FWH-R(W% Dr =0, (=0,
2 — == 1
3.9 d—t;W‘)—{—czR(W", xx =0, (W9, =0,

under the condition (dW°/dt),-e=(dW°/dt),-, and dW?°/dt|l;o=1. Then we have
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R 1 18 (e —gmt® 1
(3.10) e e A ——c—sm(ct(x))}.

PROOF OF (c). Integrating and with respect to ¢, we have

(W"—Wm+S:dsSZRu<W°—17°, Wxdu

—f—StdsSs(chZR)u(W“, x)xdu = 0.
0 0

Thus we have

(3.11) Wo—T7, < S‘dsgﬁlwtv?/f’u udu+<1—c2>§‘ds§snWdu .
0 0 1} 0
From [|[W].=(1/¢)sin(cx) and ¢*=(1+5)/2 in (3.11), we have
1-5 1. s _
(3.12) wo—ivol, <-2—~(ZZ— c—g81n(cz‘)>+S:dsSOIIW°—~W°Hudu.

Thus we have the statement (c) by applying ordinary iteration method to [(3.12):
We have

i, < 10 P, )
W=l = S S e D (e D o
~L:m fen-t s\ 1—8 & f2n-1 1—(——(,‘2)7‘_1
=5 Ao 1>1<>“(*”) Z}(Zn T
1 1 J oo t2n 1 l o0 va- l(ct)Zn'-l
B R P2 s R ) (2n—1)!}'

(d) Now, we prove (2). In the equations 3.4}, [3.5) and [3.6), we respec-
tively replace z%x), W°, W° and W° by zX(f(x)), W', W* and W Furthermore,
in their equations, we choose

{ Wiy = [%0) 5LV —g(V, %(x, t(x)(x, t(x))]
Wi, = D' (f) 1LV —g(V, 1(f(x), 1(x ) (f(x), t(x))]

for V=T,(C). Then we have the following equation by (b) and (c):

(3.13) w1 W =W 0llewscas

Hdt - m

lc/\

11§ fc e @—g7i® HdW°
21412 Sln(cz‘(x)) l

We also have the following equation by [3.2), (b) and (c):

11-3 {£2‘<”>~e‘t(”>_1} 1 \dW“
=0 = 2 14¢2 12 sin(ct(x)) di |

t=0

(3.14) | %(Wl )

v5sm*27‘

0
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On the other hand, we have

(3-15) (dF)x(DxWO)_ax(DzW0> - Df(x)Wl—az[EzWO—{‘(DxWO_EIWO)]
= Df(I)W‘—]jf(r)W‘-—aI(DIWL—D—IWO) .

Thus, we have the assertion (2) by (@), (3.14) and (3.15). Q.E.D.

(C) Another interpretation of «.

Let u®: My—P|y, and u': M,—P|y, be the cross-sections that were defined
in §2 (C). There exists a map A: C=M,NM,—0(n+1, R) such that u°(¢)A(q)
=u'(q) for ¢q=C. The purpose of this section is to show that a, is almost
equal to A(g) for g=¢q(x) in a sense. Note

ALzl 28, -, 217 ]) = "=, 25, -+, 207 ]

for Z=23304 ziui(q)=2141 2iui(@)E Ez-10 (9 C).
The following lemma is shown by using the exact forms of »° and u' in
§2 (C).

LEMMA 6. Let ¢g=q(x)=1"x, t(x)=7(f(x), t(x))C. We represent Z&
T,(M) as

. . n-+1 s
24[T(x)Reer X = 23 Ziulq)

1 i=1

Il
M=

z

1

I

= 3 AU X = 2 ZHullg).

Then we have
(@) zi=2z (I=i=n), zZ7=0
a1 if 8(Z, [z(x)]8>x)=0.
(b) zi=cos(ct{x)zi (1<i<n), Zt 1 =—gin(ct(x))

of Z=[e%x)Rearx -
(a) (1=i<n), zZ1*'=0
@ if 8(Z, [ f() Do f(x)=0.
(b) zt=cos(ctx)zt (1<£i<n), ZT 1 =sin(ct(x))

if Z=[ (f(x)earf(x) .
PROPOSITION 3. Let g=q(x)=1"x, t(x))=7t*(f(x), t(x))=C. We denote by

Z=E -1 the component vector of Z with the basis {ui, ---, ut*'} of E;-1¢. Let

put &12[8"“ _2}3 O(n+1, R). Then we can consider @, AqQ)is a linear trans-

N
Rl
Il
N
N,
I

lation of E.-14> and we have

A, Q)| wr = Identity and &, A(Qw = —w,
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where w=w(x)=[7(x)1>x —[7'(f(£)) B> f(x) (EEz-1¢py) and w*={ucE;-1!
h(u, w)(q)=0}.

PrOOF. The proof is divided into several cases.

(@) We take Z&T (M) satisfying g(Z, [t°(x)Rcrx)=2(Z, [z'(f(x) 2> f(x))
=(0. Then Z is represented as

Z= 3 ztul) = 2 A X

= 2 i) = JECU )R X,
by the lemma 6. By the definitions of 4(¢) and a,, we have
J(Q)(t[a, Tty 2711; 0]) - tEEé, Tt 275; 0] ’
ax(t[éé; Tty 2%; 0]) = t[é%y Tty E?: 0] .

Thus a,A(g) maps (Zi, -

, 2%, 0) on itself.
(b) We put

x= X, f0)= 30X
Then we have

en = 23 x* sin (ct(x)ul(q)+cos (ct(x)uf(9)

|3

=2 JFHx)sin(ct(x)uilg)—cos (ct(x)uii(q),
by and So, we have

C"qu‘l(fI)(t[fl(x)Sin(éf(X)), o, f™(x)sin(et(x)), —cos(ct(x))])
= [ fYx)sin(ct(x)), ---, f™(x)sin(ct(x)), —cos (ct(x))].

(¢) We put

1
-

= 5 Al e 2 (f () e (0},

1
W= {[e%(x0) L corx — [ (f () ar F(2)}.

We have [%(x)rx=v+w, [z'(f(x) ] f(x)=v—w and v=T,(C) by [3.3)
Furthermore we have

@ =) v—g, [*"(2)]f>x)[°(x) %

{1—po—1+p)w},

ro| —
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@ =) o8, [N e SN ) e f2)
= A=+t pho,

where p=|lv)*—|w|?® Since we have

a ([t%(x)0%) = [2'(f(x)]§v' and a.(x) = f(x),
we have

a([t°(x)]5 ") = [ (f(x)] v
a:([r°(0) )i Pw) = — [N Pw.

On the other hand, putting

v=30u = X0y,  w=Zwul=2wiu;,
we have
Ao, -, 9101 ]) =[5, -, 9§
MQCLwi, -, wit]) = Lws, -, W]
So we put
[2°(x) v = 2wiX,, [ (N1 ®v = ZwiXy,
[0 0w = ZwiX., [P w = ZwiX,,
and study the relations between v and 74, and between w] and wi.

Since the x-component of [7%x)]%®v is equal to the f(x)-component of
[o'(f(x))15®v, we denote by m the common value:

m = g(v, [t°(x)]xrx) = g(v, [t'(x) R earf(X)).
Then we have
7t = —msin(ct(x)) = —p2H

by the lemma 6. By the lemma 6 and

v =m[t(x)rx+0°" = m[T'(f(x) Wy f(x)+01,

we can see the relation between »! and 7 (j=1, ---, n). This shows
dx(t[ijé; Ty 1718+1]> = t[ﬁ%; Tty l_)',].L.H] .
Therefore we have
&J‘Jq(q)(t[ﬁir Tty 17711+1]) = t[ﬁll; Tty DTIH—I:] .

In the same way, we have

a, Aq)Lwi, -, wt*]) = =L}, -, o],

Q.E.D.

COROLLARY. Let g=q(x)=7"x, {(x))=t"(f(x), {{x))=C. Let represent 4i(q)
by column vectors a(x) of R™* as
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Ag) = Lay(x), -+, a(x), @niy(x)].
Let put

bi(x) = alx)—2a;, w)(x)w(x),
where w(x) is the unit vector satisfying @, Aqw(x)=—w(x). Then we have

G, = [bl(x): tty bn(x)» bn+1(x):| .
In particular, we have

—€ni1 = Api)(X)—2(@ns1, W)(XW(x).

By the corollary, the unit vector w(x), which satisfies &, A(g)w(x)=—w(x),
is represented as

__[sin(u(x)/2)a(x)
wm‘[ cos (u(x)/2) ]

where a(x) is a unit column vector of R™.

_ [sinu(x)a(x)
for a"“(x)_[ cos u(x) ]

§4. Lemma necessary for the estimate |da|.

To estimate the norm |da| of differential of @:S* *(1)-»SO(n, R) in §5,
in this section we study the norm of differential d 4 of A: C—0O(n+1, R). Let
q(s) (—0<s<0) be a curve in C=M,N\M,. Let v°(s) and v'(s) be horizontal
lifts of ¢(s) in P with respect to w with v°(0)=u°(0)) and v*(0)=u(¢(0)) respec-
tively. Then there exist O(n-+1, R)-valued functions 5°%s) and b'(s) satisfying

v°(s) = u®(q(s))b*(s) vi(s) = u'(g(s)b'(s)
{ and «{
V0)=F b0)y=E.

LEMMA 7. We have

2 tgts)

= Lol grel.,

s=

PROOF. Since v°(s) and v¥(s) are horizontal lifts of ¢(s), we have
1°(q(s))b°(s)A(g(0)) = u*(g(s)b'(s) = u(g(s)A(g(s)b*(s)
by u'(g(0))=u"%q(0))A(q(0)). Thus we have

Alg(s)) = b°(s)A(g(O)[b*(s)] ™.
Therefore we have

Ag(s))—A(g(0)) = [6°(s)— ETA(g0)[b (s)] ™+ Alg(ONL(b* () —E],
and
| A(g(s)—AlGODII < 11b°(s)—El+[b'(s)—E]| .
Q.E.D.
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Let x(s) be a curve in S, (M) such that ||dx/ds||=1. Then we take a curve
q(s) = q(x(s)) = %(x(s), t{x(s)))C. For such a curve g¢(s), we estimate
|dbi(s)/dslls=o in §6. The results are as follows:

3
(4.1)

b

=0

§ 5. Differentiable sphere theorem.

(A) PrOPOSITION 4. Suppose 0=0.617. Let M™ be a simply connected, complete
and 0-pinched riemannian manifold, and E the stabilized tangent bundle of M.
Then E is a trivial vector bundle of M, namely E=MXR™",

ProOFr. Let C3g—-Aqg)=SO(n+1, R) be a differentiable map such that
uj A(g)=ul. We put B,=JA(g(x))=A(g) for g=g(x)=7%x, t(x)). By the lemma
7 and we have

148l < »2-15—5{1+(«/5 sin5 =)'}

If ldBli<1, then there exists a differentiable map B:S" *(1)—so(n+1, R) such
that 8.,=p8.,exp(B(x)) for a fixed x, by the lemma 1. Therefore, first we can

make new cross-section #': M;—P|,, such that u{8. =a} for g C. Second we
can make a global cross-section u : M—P.

RESULT OF CALCULATION 1. We have

21-0
39

Thus, if 6=0.617, then E is a trivial bundle. Q.E.D.

{1+(v5 Sin < =) 1}:1 at 5=0.616 --- .

(B) DIFFERENTIABLE SPHERE THEOREM. Suppose 0=0.681. Let M™ be a simply
connected, complete and O-pinched riemannian manifold. Then M is diffeomor-
phic to the standard sphere.

Let g=q(x)=1"%x, t(x))&C. For (g) such that udA(q)=uj we put B,=
Alg(x))=A(g). We represent ‘B, as ‘B.=[ai(x), axx), -, @x(x), @rs1(x)] by
the column vectors. We denote a,..(x), with some vector a(x)=R", by

B.1D Ui (x) = [sinu(x) -alx), cos u(x)],

and then we put

(5.2) w(x) = [sm%) .alx), cos ﬁ“—)]
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a; 0

Let c'(xr:[o _1

]. Then we have the following:

@z = [bi(x), bao(x), -+, balx), —€ns1],

where b(x)=a;(x)—2(a;, w)(x)w(x) by the corollary of proposition 3.
RESULT OF CALCULATION 2. We have

cos u(x) = h(ug 1, uh1)g(x))

= —cos*(ct(x))—sin*(ct(x))g([z"(x) 1> x, [ (F(x)]Rcar f(x))
> —cos(ct(x))—sin%(ct(x)) cos (x V3 )

= —1+4sin(ct(x))[1—cos(z 3 )]

by and So, if §20.616, we have cos u(x)=0.689 and cos (u(x)/2)=
0.9189.

LEMMA 8. We assume 6=0.616. Then we have

1 21-9 .
cos®(u(x)/2) 3 & {1+(\/5 sin 2«7;5) }

PrROOF. From |dall=l|dd||=|d‘al, we study |d'@| in this proof. Let X<
T.(S™* (1)) and x(s) be a curve in S™ (1) such that x(0)=x and z(0)=X. We
put [[dBI|<N. The proof is divided into several steps.

(a) We can put e, ;=cos (u(x)/2)-w(x)+sin(u{x)/2)-Y(x), where (w, Y )(x)
=0 and sin(u(x)/2)>0. Then we have

_ sin(u(x)/2)
cos (u(x)/2)

ldall: =

(dx'@w(x) = (dx'@)Y (x),

because of (dx‘@)e,.1=0.
(b) By the proposition 3, we have

[31 lwezyt = tdxlw(z)l ’ ,wa(x> = “‘td/zw(x) .
Let Z&R"*' be a unit vector such that (Z, w(x))=0. We represent Z as
Z = cx(s)w(x(8))+ca( )W (s)

along the curve x(s), where (w(x(s)), W(s)=0, |[W(s)|=1 and W(0)=Z. For
simplicity we use the following notations :

w=uw(x), w(s)=w(x(s)), ci=dxc;, w =dxyw, and W =dxW.

We have
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63  GxBZ= [Tzl
d d .,
= "—[ a’:c(s)(cl(s)w<s))]s=0+_‘_[ Az s> Co(SIW($))s=o0

—[ Az cox(Ca(SHw(s))]s= o+ [ﬁx(s)(cz(s)H/(s))]s o0
= ;'@ (w)+(dxB)Z+B.(W’) = ci'@(w)+(d x 8)Z— ¢ B(w)
= (dxB)2—2¢ciB.(w) = (dxB)Z—2Z, w)B.(w).
We take Z=Z,=w'/||w’|| in then we have

(%.4) (dx'®Z, = (dx )2, —2|w'| B-(w).

Furthermore, we have

(5.5) (dx*'@)Zy, ensr) =0, (ﬁ (w), €n41)=C0S (u(zx))

by and We take Z<{w, w'}* in then we have
(5.6) (dx*'@)Z = (dxB)Z.

(¢c) We take a unit vector Wew?t, and put W=c¢,Z,4+¢.Z, where (Z,, Z)
=0 and ||Z|=1. We put V+*=V—(V, e,.1)e..: in the calculation below, then
we have

(5.7 ((dx'a)W, (dx"a)W) = (dxBW, (dxBIW)*Y)
—dalw'|(dxW, B(w)')+4ct|w’ |*(Bz(w), B(w)*)

< Ne—tetfreos (M52 4 et Psint(U50)

4l o' sin (M2) Ve —etreost (S)}

= Nt—dle ' er ') cost () e ') sin (257

u(x)

2 >[N2 4c2|lw’||*cos? (u(zx))]llz}

by and The last equation of attains maximum
TN/cos (u(x)/2))* at 2|c,||w’||=Ntan(u(x)/2). Furthermore, since we have

sin (u(x)/2) 2 s s 1 2
<d’cos(u(x)/2) +d2) é(dl—i_dZ)(cos(u(x)/Z)) ’

we have ||[d@]|<N(cos (u(x)/2))"? from the above argument and (a). Q.E.D.

——sm(

RESULT OF CALCULATION 3. We put
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N %%@{1+(\/§sin< 255 ))—1}

and
N, = max{———-—l————N lxeS"“(l)}
cos®(u(x)/2) )
We have the following results.
) 0.643 0.644 0.645
N <0. 8689 =0. 8644 =0.8600
cos?(u(x)/2) =0. 8687 =0. 8696 =0.8704
N, <1. 00004 =0.9940 =0.9879

We take 0=0.644, then [da|<l. So there exists a differentiable map
A: S Y(1)—so(n, B) such that a,=exp(zA.). We put

_ — R T
c. - 1—5 c(ez/z“a_e-n/z«’a)_l] 14++/0 Sln<2\/5—)

= . — ,
I+ ogin (2{—/%) 24/8 sin (2—%)
and
N,—C N,+C
Cg — - 2 - and C3 == '_1‘7°_1’ .
In the calculation below, we have
- (N, 2
sin{ =~ s
max P(t) = max< C} ———Tzl + %[Sﬁli%t)—r
‘ ¢ sin(—zlzr) sin (Vi7)
. (N,
sin (—‘t) . .
2/ sin(N,t) 3
—-2C,C : ——coS{ =N,(r—t .
2 3Sin(%ﬂ)sm(l\/lz) (3Ma—1)
RESULT oF CALCULATION 4.
5 0. 680 0. 681 1 o682
o <0. 4086 =0.4061 =0.4037
N, <0.7979 =0.7931 <0.7883
P(t) <1.0225 =0.9936 =0.9661
at t=xr/1.7955 t=z/1.7909 t=x/1.7864

PROOF OF THEOREM. We have |@a—dF|<C, by the proposition 2. There-
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fore, if we take 0=0.681, then M is diffeomorphic to the standard sphere by
the diffeotopy theorem and the proposition 1. Q.E.D.

§6. Estimate of holonomy of principal bundle P.

The setting of all notations in this section is the same as in §2. P is an
O(n+1, R)-principal bundle over a d-pinched riemannian manifold M. M is
divided into M, and M, such that M,N\M,=C. P|y, is equiped with two con-
nection forms w and & that are defined by the connections V and ¥V on E| M,
respectively. In this section, we estimate holonomy determined by (P, w).

Let =17(s) (0=<s=Za) be a piecewise differentiable curve in M, We take
a horizontal lift v(s) of ¢ in P with respect to w such that v(0)=uz(0)), where
u® is the cross-section M,—P|,, that was defined in §2(C). Then there exists
b(s)=O(n+1, R) for each s satisfying v(s)=u’z(s))b(s). From

0 = w(i(s)) = ad(b(s) ™[ ul(#(s)]+b(s) " b(s),
we have

(6.1) b(s) = —a@luy(2(s)]b(s) .

Let D(s) be a surface that is made by geodesics joining ¢,, which is the
center of M,, to z(r) for 0=<r<s. Integrating with respect to s, we have

(6.2) b(s)—E = SZWW
= ——S:a)[ui(f(r))]dr—SZw[ug(f(r))](b(r)_E)dr

= -, wro- -aluieenee—br,
($) 0

because @[ u(#(s))]=0. Since w—o satisfies R¥w—&)=ad(a 'Y w—a&), the norm
lw—a]| becomes a function on M,: We define it by

lo—al, = max{|(@—a) ulX)| | X&T (M) with |X|=1}.

For x&S*(1), we denote by 7. a curve b(r)x (0=r=a)in S*(1). The length
L(n.) of n, in S™(1) holds the following equation:

6.3) Lepa)y = lbtr)xldr < 16ler
We define a distance p(b(s), b(¢)) in SO(n, R) by
6.4) o(b(s), b(t) = ICIl,

where Ce=so(n, R) such that b(¢)=b(s)exp(C) and [|C||<x. Then we have, for
s,
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o(b(s), b(#)) = max{L(nz|cs,1) | xES™D)},

(6.5) { o(b(s), b(t)) = |b@E)—b(s)] .

(A) PROOF OF

Let x(s) be a piecewise differentiable curve in S, (M) with [£(s)|=1. Then
q(s)=1"[x(s), t(x(s))] is a curve in C. We apply (6.2) to the curve ¢(s). Then
we have

I

[Lbs)] < 121-% D) e,

where m(D(s)) is the measure of D(s). On the other hand, since M is d-pinched
and d(qo, g(s))<7/(240), the Rauch comparison theorem yields the estimate
m(D(s))<s/0. In fact, we arrive at the estimate if we observe the case where
M, has the sectional curvature 0.

(B) PROPOSITION 5. Let t=2(s) (0=s=<a) be a piecewise differentiable loop in a
normal coordinate in M, and v(s) be a horizontal lift of t in (P, w). Then we

have
o(b, E) < ||Q2|m(D) exp [[|2]m(D)],

where v(0)b=v(a), D is surface made by geodesics joining the center p of the
normal coordinate to each point of .

PROOF. We can suppose that the normal coordinate containing 7 is M, and
that the center p of it is ¢g,. So, we can also apply (6.2) in this case under
the condition b(a)=>b. Furthermore, we assume that the parameter s of 7z is
given by the arc-length for simplicity. By (6.2), and we have

(6.6) o((s), B) = [21m(D)+{ lo—alcrrpb(r), E)dr.

We estimate |o—a&|: Let fix s€(0, a), and w(r) be a horizontal lift of z(s+r)
in (P, w) satisfying w(0)=u(z(s)). Putting w(»)=u"(z(s+r))a(r), we apply (6.2)
to this. Then we have

dm(D(s))

4ol < 1212

On the other hand, we have
a(0) = —olui(?(s)] = —(0—a)[ui((s))]
by Therefore, we have

©.7) o(b(s), B) < |@Im(D)+ @) | 4L

o dr

Finally, we obtain the assertion by applying the Gronwall’s lemma to
Q.E.D.

p(b(r), E)dr .
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