J. Math. Soc. Japan
Vol. 42, No. 4, 1990

Signature defects and eta invariants of
Picard modular cusp singularities

By Shoetsu OGATA

(Received Jan. 9, 1989)
(Revised Nov. 6, 1989)

Introduction.

A compact oriented framed manifold (N, a) of dimension 42—1 has an in-
variant called signature defect defined by Hirzebruch in [Hi] as follows: Since
N is framed, there exists a compact oriented 4%k dimensional manifold M with
oM =N and the tangent bundle of M restricted to oM is trivialized. Thus we
can define the Pontrjagin classes of M as relative classes p; in H*(M, oM ; Z).
Hirzebruch defined the signature defect as

d(N, @):= Ly(py, -+, pp)IM, oM J—sign(M, oM ),

where Ly(pi, -, po)=H*(M, dM ; Q) is the Hirzebruch L-polynomial with re-
spect to p;’s, [M, 0M] is the fundamental class of (M, dM) and sign(M, oM)
is the signature of the bilinear form on H?**(M, dM ; R) defined by cup product.

In Hirzebruch showed that a Hilbert modular cusp singularity (X, p)
has a compact neighborhood V' of p such that the boundary 0V is framed and
conjectured that the signature defect of the singularity is equal to the special
value of Shimizu’s L-function. He proved the conjecture in the 2-dimensional
case.

On the other hand, Ativah, Patodi and Singer defined the eta in-
variants of first order self-adjoint elliptic differential operators on compact mani-
folds, and derived the index theorem for manifolds with boundary. Their index
theorem says that the difference between the integral of the closed differential
form representing the L-genus and sign(M, oM ) is equal to the eta invariant of
the tangential signature operator on the boundary manifold oM.

By using the index theorem for manifolds with baundary in Atiyah,
Donnelly and Singer proved Hirzebruch’s conjecture in general (ADST], [ADS27).
And Miiller also proved it ((Mu2]).

The purpose of this paper is to study the signature defects of Picard
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modular cusp singularities and to relate them to the eta invariants of some
operators.

In order to state our result, let K be an imaginary quadratic field with the
ring of integers ©. We define an algebraic group G defined over @ as follows:
Go:={g€SLn(K); 'gln, 1 g=1In 1},

and Gg=SU(m, 1) with

E. 0
[m’1::<0 __1).

The group Gpg acts on the complex m-dimensional unit ball B, :={zeC™; |z| <1}
as linear fractional transformations. The group Gz:=G¢NSL,,+,(0) is called the
Picard modular group. Let [, be an arithmetic subgroup of Gg. I, acts on
B, properly discontinuously. The factor space [',\B, is called the Picard
modular variety, and can be compactified (Satake compactification) by addition
of finitely many points. We call these singular points Picard modular cusps.
Let I” be a neat normal subgroup of [, of finite index (such I exists by a
theorem of Borel [B]). Then /'\B, is a manifold and its cusps are given by
contraction of the zero-sections of negative line bundles over abelian varieties.
Moreover, the cusps of [I'\\B, are given as the quotients of those of /'\B,
with respect to the action of the finite group /'o\[".

Let (V, p) be a cusp singularity of /"B, such that it is the contraction of
the zero-section (denoted by the same 7T as the base space of the bundle) of a
negative line bundle L over an abelian variety 7. We denote by a(V, p) the
signature defect of (N, @), where N is the boundary of a neighborhood of the
singular point p and « is the natural frame induced from V. Let M be the
disc bundle associated to L over 7. By definition, the signature defect is

oV, p) = Ln(py, -, pu)IM, OM1—sign(M, dM) when m=2k.

In this situation we get the following theorems.

THEOREM 1. Let A be the modified tangential signature operator on oM
defined analogously as in [ADS1] and acting on the space of L*-forms with even
degree. Then we have

ZZkTZk
C@2R-D)!

where T™ is the self-intersection number of T in M.

740) = Li(py, -+, p)IM, 0M ] = Ca—-2k),

THEOREM 2. Let A, be the tangential signature operator defined in [APS1].
Let H be the space of constat even forms on oM. Then we have

na,, 5(0) = —sign(M, aM) .
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THEOREM 3.
k-2 .
Sigl’l@vf, 8114) = ("*1)k2k_1Ck_1_2j=20 (_1)]2]3_1Cj .

Barbasch and Moscovici [BM, Theorem 7.6] calculated the L*index of the
signature operator on /' X, where X is a symmetric space of rank one, and
obtained a formula for the difference, which we call “L2-signature defect”, be-
tween the integral of the closed differential form representing the L-genus and
this L%*index by using the Selberg trace formula. Stern calculated the
L*index of the signature operator on locally symmetric spaces in general.
Miiller calculated the L%index of the signature operator on a Hilbert
modular variety and in derived a more general formula for the L*-signa-
ture defect of one cusp on /'~ X, where X is a product of copies of a symmetric
space of rank one, by using wave operators and the Selberg trace formula.
The L?-signature defect of a Hilbert modular cusp singularity coincides with the
signature defect of the singularity in the sense of Hirzebruch ([ADST], [ADSZ2],
[Mu2]). In view of the conjecture of Hirzebruch on Hilbert modular cusps and
the result of Stern it seems likely that the contribution from each cusp
to the L’-signature defect coincides with a properly defined signature defect of
the cusp. Recently Stern calculated the %-density in his formula of the
L*index, which coincides with our sign(M,dM) in the case of I'\B, and
vanishes otherwise, and pointed out that the formula for /'\B, in [BM. Theo-
rem 7.6] need a correction term. Thus in the case of I'\B,, [St2, Theorem
6.7] actually implies that the contribution from each cusp to the L%signature
defect coincides with our signature defect o(V, p) of a cusp (V, p) on I'\B,,
up to normalization of the measure on ['\B,.

In Section 1 we recall the structure of Picard modular cusp singularities.
In Section 2 we determine the eta invariant of the modified tangential signature
operator on the nilmanifold covered by the Heisenberg group. We employ the
method of Deninger and Singhof [DS]. In Section 3 we relate the eta invariant
with the signature defect of Picard modular cusp singularities and the signature
sign(M, dM) of the bounding manifold M for the nilmanifold. In Section 4 we
calculate sign(M, oM).

§1. Picard modular cusps.

We review the structure of Picard modular cusp singularities following
and [Ho].

Let d be a square-free natural number and K:=Q(~/—d) an imaginary qua-
dratic number field with the ring of integers ©. Let SU(m, 1):= {g=SL,,.,(C);
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E,. 0O
0 _1>. SU(m, 1) acts on the

complex m-dimensional unit ball B,, :={z=C™; |z| <1} as linear fractional trans-
formations. The group SU(im, 1; K):=SUm, )NSL,+(K) is a Q-form of
SU(m, 1). Let I be an arithmetic subgroup of SU(m, 1), that is, I'CSU(m,1; K)
and I'N\SU(m, 1; ©) is of finite index in both I" and SU(m, 1; ®). The action
of " on B, is properly discontinuous. The factor space I'\B, is the Picard
modular variety, and can be compactified (Satake compactification) by adding
finitely many points. We call these singular points Picard modular cusps. In
these singularities are called ball cusps.

We are interested in one cusp singularity. We consider a /-rational boun-
dary point k,:=!(1, 0, ---, 0)€0xB.,.. We can realize B, as an unbounded domain
by a biholomorphic mapping

tgln.,g=1,, .} a real Lie group, where I, ;: :(

T: Bm = L<le Tt Zm)’—_) 2(\/j1(1+21)7 '\/222’ Ty Vg?m)/(l—zﬂ €9 »

where @: ={(z, uy, -, Up-1)EC™; 2Imz—377" | u;|2>0}. Let co=rz(k,). De-
note the matrix
) / 1 0 1)
vT1 0 —v/I
of the transformation = by the same symbol z. By conjugation, the group
SU(m, 1) is transformed into the group G:={g=SL,.(C); ‘gHg=H}, where
—a/=1
H:= E._.
v —1
The isotropy group SU(m, 1),, is transformed into G., which is a parabolic sub-
group PZG. P splits into P=NAM, where

A= {(5 Em_s 5_1); 5>0}, M= {('B B /3>; BeU(m—1), det B:ﬁ'z}

1 ~/—=1'a ~/=1la|*/2+r 1
a ;aeC™ ! reRy.
: J

Note that N is the Heisenberg group with the multiplication defined by
La, r1[b, s1=[a-+b, r+s—Im‘ab]. As a fundamental neighborhood system of co
in I'\Bp:=("~Bp)\U{} we can take the set C(L)U{c}, where for any posi-
tive L,

and

CLYy:=I"N"P{(z, weD; 2Ilmz—|ul*>L} and [":=¢U7.
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Suppose that [ is torsion free and that I"""\P=I"""\N. Then C(L)=
I'"NNN{(z, u) €D ; 2Imz—|u|>>L} is a punctured disk bundle over an abelian
variety as we explain in the following.

Let L,:=I""N[N, N] and ¢=¢(I”) the positive real number such that [0, ¢]
&N generates L,. Hence there exist Z-linearly independent vectors {ey, ***, ¢om-s}
in C™ ! and real number », depending on x=(x;)€Z2?™~? such that

I'*NN = {[ngjxiei, m—}-yq] x=(x)e ™3, yEZ} .

Let L(I") denote the lattice 3™ 2Ze¢; in C™ ! and let E: C™'xXC™ =R be
the nondegenerate alternating form FE(u, v):=(2/¢)Im‘s#v. Then E restricted to
L(I")XL(I") has values in Z because [u, r][v, s1[u, r1 *[v, s]7'=[0, —2Im‘7v].
Thus E is a Riemann form on the complex torus T:=L(/')C™*, which is
hence an abelian variety. Let H(u, v):=Eu, v —1v)+~—1E(u, v) for u, v€C™ .
Then H(u, v)=(2/¢)'av. Let L=_.L(—H) be the line bundle over T with transi-
tion function

exp(—xH(x, u)——%H(x, x)+23r\/ji rz/q>
for xeL({I") and usC™ ",

LemMMA 1.1. C(L) 7s a punctured disk bundle associated with the negative
line bundle L. If we identify the O-section of L with the base space T, then the
self-intersection number of T in the total space of L is given by

Tm=—(m—1)!v/detE.

PROOF. The first assertion is obvious. Let W be the Total space of the
line bundle .£. Then .£ is the normal bundle Ny, =0xT) of TCW and T™"=
¢i(Npw)™ T 1=b,(.LY"[T]. For the dual bundle £~ =07(—T), we have
XL HYy==T™/(m—1)! (see §16 in [AV]).

Onithe other hand, since the dual bundle .£ has transition functions
eXp(n:H(x, uH—%H(x, x)+27'c\/:jirrr/q) for ueC™ !, xeL(l),

we have X(L7)=+/det E (see, for example, Section 3 in [AV]. g.e.d.

From we see that the boundary of a compact neighborhood
V:=C(L)U{o} of a cusp co is a circle bundle over the abelian variety 7. We
note that the disc bundle associated to .£ is one of the bounding manifolds for
oV. On the other hand, we can easily see that the boundary manifold oV is a
compact nilmanifold I'’\N\N, because the action of N on the set {(z, )€ 9D;
2Imz—|u|?=L} is transitive. We use this fact in Section 2.
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§2. Analysis on the Heisenberg group.

In this section we slightly modify the tangential signature operator on
["NN~N defined by Atiyah, Patodi and Singer in [APS1], and calculate its
y-invariant following the method used by Deninger and Singhof in [DS].

2.1. Heisenberg groups and representations. Let

( 1 V=1'a ~—Ila]*/2+r
;\ﬂlzwl[a,r]: 0 E, a cas=C™, reR
{ 0 0 1

bs the Heisenberg group with the multiplication law [a, r][b, s]=[a+b, r+s—
(g/2)E(a, b)], where E(,) is the alternating form on C"XxC" defined in Section
1. In the notation of Section 1, N,=N with n=m—1. Let

tf 0 /=1 r )
N =X, r:=0 0 a\leM, (C): a=C™, reR
| 0o 0 0/ J

be the Lie algebra of N, and 3:=[N, N] the center. Then we have
[ X(a, ), X(b, s)1=X(0, —gE(a, b)). In Section 1 we defined a Z-basis {e,, ::, esn}
of L(I"). If necessary, we choose a new basis of L({') so that E satisfies the
following condition:
E(e;, e?l-i-j):a‘ijdi; d; >0,
and
Eley, e;) = E(ensi, €24;)=0 for 1<4, j<n.
Put X;:=X(e,;, 0), ¥V, :=X(¢ns, 0) for 1<i<n and Z:=X(0, ¢g). Then the only
nontrivial relations are
(X, Y,]=--0,d.Z.

The basis {X,, ¥, -+, X,, Y,, Z} of the Lie algebra N defines a frame a on
the tangent space of the compact nilmanifold /"NN,\N, so that it is an
orientzd orthonormal frame, and induces the left /' "\N,-invariant volume form
on the nilmanifold. In this section we denote /NN, simply by I

Let L*I™\1\,) be the space of left [-invariant and square integrable func-
tions on N, with respect to the /™-invariant volume form induced from «. The
right quasi-regular representation R of N, on L*(I'~\N,) decomposes discretely
into the orthogonal direct sum R,r=@m(z)r (x=N,) of irreducible representa-
tions, each occurring with finite multiplicity m(z). We know unitary irreducible
representations of the Heisenberg group N, (see, for instance, [Mo]):
For r=MN* with z"§3:0, we define the one dimensional representation =, by

rla, r]) = exp 2V —17(X(a, »))1.
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For ce R~\{0}, define a representation m, on 4 .:=L*W,) by
(mLa, rDf)ve) :=exp2a~/—1c(r—gE(w,, vs)+ %E<w1, W) f(ve—ws),

where W, :={2nt. X;; tieR} =R, W,:= {311,V iR} =R" and a=w,+w,
eW, +W,=C",

Let Li:={reW*;(3)=0 and rlogl)CZ}=L(I")* and L
Alog L,)CZ}. We identify 3* with the multiplications of R on 3
L¥=(1/q)Z because log L,=qZ.

]

bl

en

={4<.
R T

é

X
9 .

=

LEMMA 2.1. The representation Rp of N, on L}(I'~\N,) decomposes as

Rr= @O w6 @ m(zwe)me ,
=L} cEL}

where m(z)=1l|"d, - d, if ¢c=l/q for |=Z~{0}.
For the proof see [R] or [Mo, Theorem 37].

2.2. Operator A. Let M be a (4k—1)-dimensional compact oriented mani-
fold without boundary. The tangential signature operator on M is a first order
elliptic differential operator acting on square integrable differential forms of even
degree defined on 2p-forms by (—1)**?*(xd—dx), where d is the exterior differ-
ential and x is the Hodge star operator defined by the volume form on M.

In{this section we define the operator A on ['~\N,,_, slightly modifying the
tangential signature operator, and in the next section we calculate its -invariant.
We define A on 2p-forms by

(—1)F P+ dV — gVx) |

where dV is the covariant differential of the flat connection V defined by the
frame a. The space of square integrable forms of even degree on I'NN,,_; is
identified with LX ("N - )Re(AN*FRC), where ASYRN*:=PULAPR* is the
set of even degree alternating forms on % with values in R. Put H:= AN *QrC,
which is identified with the space of constant forms of even degree on ['~N,,_,.

PROPOSITION 2.1. n(A, 0) = 2**+/det E {(1—2k) .
To the proof of the proposition we devote the rest of this section.
In what follows, we put n=2k—1.
LEMMA 2.2. On LYI'“N,)XcM, the operator A is written as
A= 21 Y QF—+/—1 21 X(QFE—v =1 ZQE,,

with E,, E;, F;€End(M), E,, E; are Hermitian and F; are skew Hermitian.
Moreover E2=E*=1, F*=—1, and any two distinct matrices among {E,, E;, F;
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(1=i<n)} anticommute.

ProOOF. This follows from the fact that A is self-adjoint and that A* has
the same principal symbol as that of the Laplace-Beltrami operator on forms.

Now put [(A):={[4a, 22rJ=N,; [a, ¥]1I'} for any positive real 2. On the
compact nilmanifold I'(A)\N, the frame « defines a metric, which we denote
by gi, and an operator A, which we denote by A(2). Consider a diffeomorphism
02 D(AONN,—I'\N, defined by ¢.(I'(ADla, r)=I"Ta/A, r/A*]. Transform the
operator A(A) on I'(ANN, to an operator D on I'~"N,: For @=L [ ~N,)QRHM,

D(@)I'g):= A D) @i (I'g)).
Then we have for fQwe L*(I'~\N,)QM
v —1

DfGw) = T BV (O 0V T3 X [QEw} V5 2/ k0.

REMARK. The operator D is defined by the metric (¢;/)*g, on I'N\N,, in
other words, defined by the frame {X.,/4, Y\/4, -+, X/, Y./4, Z/4*}. Hence
the spectrum of D is equal to that of A(Z).

Since D is an NV,-invariant operator, we can decompose D into the sum of
the operators on the irreducible representation spaces of N, on L¥I'\N,). For
the representation x., the operator D.:==.(D) on C1R .M is written as

Do= 2] B 2nvTTe(V Ot £ 2ne(XOE

And for =, the operator D,:==.(D) on % QM is written as
2:rcq

12 .
D= ——{ 5 2 @F+ B 2rcqdiy REJ+ L RE
i=10Y; =1

on LA(R™)QM. Thus the p-series of D is written as

n(D, s) = Z N(D:, )+ 2 ml/@n(Dyyq, )

L* leZ\ (0}

for Re(s) sfficiently large.
LEMMA 2.3. 9D, 5) =0 for all r=L%.

PrROOF. Conjugating by the unitary matrix E,, we have E{D.E,=—D..
Hence D. does not contribute to the %-series.

2.3. Determination of 7n(A4, 0). First we calculate the eigenvalues of D2
From the description of D, in the previous subsection we have

L2 4(7rcq)
3 E\

27rcq

D= o} @id + -

®id— ®ZdEF



Signature defects and eta invariants 667

Put Ay:=3%,{—0%/0y?+Q2rcqd;y:)%.

LEMMA 2.4, A, on L*(R"™) has eigenvalues

[271¢1g 3 di@mi+1); m=(m)=(Zeo}

PROOF. Let An(x):=(—1)"e**d/dx)™e ** be the Hermite polynomial for
nonnegative integer m, which satisfies the Hermite differential equation :

d \? d
(o) =2 en(2)+ 2min(3) = 0.

Set fm(x):i=e **h,(x). Then {fm(x)}~2, forms a complete orthogonal basis of
LXR). Set g¥(v):=fu(V27r|c|qd;y). Then g&(y) satisfies the differential equa-

tion
[2meqd ity (5 a0 = 27l claddm + DE().
dy '

Hence if we put
Du(y)i= I gmi(yo)/ Il llgmilre

for m=0m,, -, m,)E(Z.,)", then {@,} forms a complete orthonormal basis of
L*(R™) and satisfies the equation

ADr = 27r|c[q_=él d:2m+ 1D .

Next we diagonalize the operator >31.d;E;F;=End (). Since (EF;)’=1
and since E;F; (1<i/<n) commute with one another, we can decompose ¥ into
the direct sum of V..={veM; E;Fiv=¢w for 1</<n} with e {1, —1}7.
Put eo=(+1, ---, +1). Then for any e< {+1, —1}" the mapping

H Ei: Veo I Vs

1sisn,8;=-1
is bijective. Hence dim V.=2" because dim H#=2?". From we have
the following

LEMMA 2.5. D. restricted to L*(R™)QV . has eigenvalues

2zlclq
22

drtcg?
T

5 diom+ 1+ ~ 2 S de.
LEMMA 2.6. If eCLA(R")QM is any eigenspace of D2, then

Trace(D,|¢) € %;:EZ.

(Note that each eigenspace of D.? is of finite dimension.)
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PROOF. One has E,V.=V. and E,V.=F;V.=V; with 6=(J,), d;=—¢;, and
0,=¢; for j+i. Hence Trace(D.|e)=(2rcq/A*) Trace(E,|¢). Since Eily,=%1,
Trace(E,)=Z. g.e.d.

By definition we see that for large Re(s)

7(De, ) = > 7(Dele, ).

C: eigenspace of D¢
Trace(D¢lg) #0

We seek eigenspaces € of D, with Trace(D.]¢)#0. From [Lemma 2.5 we have

for some integer a

2rlclg
ZZ

On the other hand, from Lemma 2.6 we have for some integer b

£ é dﬁi}“"

lel ?

47:"’025_]1)1/2.

Trace (D.|¢) = a( o

{ 2 di(2mi+1)—

2meq

Trace(Dle) =10 FEa

If ¢>0, then a=b, m;=0and ¢;=+1. If ¢<0, then a=—b, m;=0 and e;=—1.
Thus the eigenspace € of D2 with Trace(D.|s)#0 is €=&,.:=CO,RV ., e=¢, if
¢>0 or e=—¢, if ¢<0, and has the eigenvalue 4z%c%g%/A*. Hence we see that
Trace (D.|¢,)=(2mcq/A*) Trace (E,iv,).

LEMMA 2.7. EofI E,F,=1 on M.

For the proof see [ADS1, Lemma 10.27 which works also in our case. Or
see the argument in p. 262 in [G].

From we have

Trace (D.|¢,) = 2zlclg A

22
Hence we have

0D, s)= 3 2ml/q)#/2m) 2" 1]~

[=S)

= 2" A/ 2r)’ddy - dy 2 IME

=1

Thus we have
(D, 0) = 2"*'y/det E{(—n),

which is independent of positive real 4. Hence n(A4, 0)=x(A(2), 0)=x(D, 0).
This completes the proof of [Proposition 2.1

REMARK. %(A(4), 0) is independent of positive real A. In other words,
n(A, 0) is invariant under replacing the metric on I'\N, by (p7!)*g,.
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§3. Signature defects and eta invariants.

In this section we relate the eta invariant of A with the signature defect by
using the similar argument in Sections 13, 14 and 15 in [ADST].

Let M be an oriented compact manifold of dimension 4k=2n-+2 with oM=
I'\N,. Assume that M has the metric which is the product metric in a
neighborhood of M. From [ADS1, Theorem 13.17 we may write

7](A7 0) = SMQ()—ZO)

where [/, is an integer and 9, is invariant under scaling of the metric on M.
First we will identify the integer [, with the difference of the signature.

Let H be the subspace consisting of constant forms in L*/'\N,)®MH and
H+"the orthogonal complement. Then we have the decomposition L2(I'~N,)XH
=HPH".

LEMMA 3.1, Ker A(Q)=H, and AQP—4=*/2*=0 on H*.
Proor. This follows from the estimates
DE2=A4rx%z|?/2* and D2 = 4z%c¢%/ 1.

Now let B(4) be the tangential signature operator on the compact nilmani-
fold I'(ANN,. Then for fRQo<L* (I “N,)XM
B fQw) = A(fRw)+[QXBw,

where B, is the restriction of B(4) to H and is a constant matrix. Let us
deform linearly from B(4) to A(2). Set

A(A):=tBA+1—-1) A = A+t B, for 0=t<1.
LEMMA 3.2. We can suitably choose positive A such that

Ker Ay { H for t=0,
T =
or s Ker B, for t>0.

PROOF. This follows from [Lemma 3.1. We can choose 4>0 such that
1/2*=]| B,|/2x.

Fix A so that it satisfies the condition of and denote A,(4) by
A;. Then
77(A:, 0) = W(At\H, O)+7](ACIH'L: 0).

LEMMA 3.3. 7(Ay ut, 0) is continuous with respect to t.

PROOF. According to we have Ker(A)N\H*=0. The lemma
follows from the proof of [APS2, Proposition 2.1] or from [ADS1, Proposition
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5.17.
From [APS1, Theorem 4.2] we have

(3.4) I, = SM@rﬂn(A;, 0),

where /; is an integer and 9, is continuous in {. We can write the equality

as
Li+n(Am, 0)= gMg)t_ﬂ(AtlHL; 0),

whose right hand side is continuous in ¢ from Lemma 3.3 But the left hand
side has values in integers. Thus we see

l0+7](‘40!H, 0)= 11+77(A1\11, 0).
Since 7(Ag iz, 0)=0 from and since [,=sign(M, oM) from [APS],
Theorem 4.147, we have

1y = sign(M, oM)+7(Auix, 0).

PROPOSITION 3.5. By sign(T, ¢,(L)) we denote the signature of the bilinear
form on H* YT, R) defined by (w\ov\Jc(LN.T] for u,veH* (T, R). Then we
have

N(Anm, 0) = —sign(T, ¢,(L)).
And hence l,=sign(M, oM)—sign(T, c,(.L)).
ProOF. Applying the argument in pp. 67-68 to our situation, we

see that n(A; x, 0) is identified with the signature of the bilinear form @ on
the space of constant forms with degree 2k—1 defined by

Qa, §) = gwa/\dﬁ.

In the argument in p. 68 the sign is not correct, and should be changed
as follows. If dea is an eigenvector of d* with eigenvalue 4, then

Qa, a) =<a, xdad = 1 Ka, xdxdad = 1" {da, da>.

We will show that signQ=—sign(7T, ¢,(L)). Let &, * and { be the 1-forms
forming the basis dual to X;, Y; and Z. Then dé'=d%'=0 and d{=37%_,d.&N
. If a is a (2k—1)-form in H with da#0, then a has the form a=a’A{ for
some a’€H. For a=a’A{ and f=p'A{ we have

Qa, p) = SaMa'/\ﬂ’/\dC/\C.

If we identify {&%, »*} with the frame fields of the cotangent bundle of the
complex torus T'=L(I')\C", then we can easily see that c¢,(.L) is represented
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by the 2-form —2>37.,d;§*/A %%, and hence that the signature of Q is equal to
—sign(T, ¢, (.L)). qg.e.d.
COROLLARY. If we choose M to be the disc bundle associated to L, then we

have 7(Ayin, 0)=—sign(M, dM), and hence SM@o:mA, 0).

PrROOF. From [HZ, Theorem 7 in Section 2] we see that sign(M, oM)=
sign(T, ¢,(.0)).

The first statement of the corollaly is [Theorem 2

We want to know the integral SM'@O' Unfortunately we can not directly

show that the integrand 9,,x,; vanishes in contrast with the case in [ADSI].
Let V be the flat connection on the tangent bundle of I'(A)\N, defined by

the frame « and T, its torsion tensor. Choose a non-negative C>-function f
on /=[0, 1] satisfying

0=/=1  A00,1/4) =1 and f([3/4,11)=0.

Define T to be f(t)T, on dMXI and 0 on MNoM XI. Then T is a tensor field
on M. There uniquely exists the metric connection ¢ on TM with torsion
tensor 7 (see, for instance, [KN, I]). We denote by p,(¢) the j-th Pontrjagin

form defined from the curvature form of ¢ by the Chern-Weil theory (KN, II]).
Then

Lu(hs, -, p2)IM, 0M1 = | Lu(pi(), =, p1(9)),

where p,eH*(M, 0M; Z) are the relative Pontrjagin classes associated to the

frame a. We put 2(@):=Li(p(@), ---, px(¢)) for simplicity. The signature
defect is

o(I'“N,, a) = SWQ(gﬁ)-—sign(M, oM)
=| Q@ —t—sign(T, c,(£)

=, 26— o4, 0—sign(T, e,(L)).

We may choose the connection ¢ so that ¢ defines the integrand 9, as in
[ADS1, Theorem 13.2]. Since the integrands £2(¢) and 9, restricted to M oM
x I coincide, the integrals turn out

[ o—on={  (@@-9.

Up to now we have seen that
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(3.6) SMX!(Q(@“@O) = (I ANy, a)—n(A(4), 0)+sign(T, ¢,(L))
= g(['~\N,, a)—n(A, 0)+sign(T, c,(.L)).

The right hand side is independent of 4. We will consider the behavior of the
left hand side of under changing the metric of dM by (¢;/')*gs:. The in-
tegrand is a O(4k)-invariant 4k-form and has weight zero under scaling the
metric g—u’g. Moreover we have the following

LEMMA 3.7. On oM XI we have
QP)—Do = Za(f)P(T ),

where a,(f) is a polynomial in f and in the derivatives of f with values in 1-
forms on I, and P(T,) is an O(4k—1)-invariant (4k—1)-form valued polynomial
in the components of T, and in its covariant derivatives with respect to the flat
connection N. Movreover each P; has nonnegative weight.

For the proof see [ADS1, Proposition 13.57.

Every invariant polynomial is a finite linear combination of elementary
monomials m(T,) in the torsion tensor T, with values in ¢-forms defined in
by

7n<TO) = E:szal Tar-

Here a; are multi-indices, and the sum goes over alternation of precisely ¢
indices and contraction of the remaining ones. Since the torsion tensor T, of
canonical connection on any reductive homogeneous space of Lie group is parallel
(see Chapter X of [KN, II]), the length |a;| of multi-indices is 3 and m(T) has
weight ¢g—r. We are concerned with the case ¢=4k—1 and ¢=0.

Therefore we consider only elementary monomials with »<<4k—1. Let us
rename them as e,;_;:=X;, ¢s;:=Y; (=1, ---, n) and eyp:=Z2.

LEMMA 3.8. With respect to the frame field {e, -+, €sns1} the only non-
vanishing components of T are

T = =T =dbjnee for i=1,-, n.

LEMMA 3.9. If we change the metric on I'NN, by (¢ )*g: for any >0,
then elementary wmonomials in the torsion tensor with values in (4k—1)-forms
change as multiplication by A*"*2,

PrROOF. Let m(To)=23F T4, T, be an elementary monomial under cosi-
deration with ¢=4k—1 and »r<4k—1. T,, are contracted by g with respect to
esnir-component. In m(T,) the numbers of contractions by g~ with respect to
¢sn+i-component and the other components are (r—1)/2 and r—n respectively.
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Since (¢;')*g; is the diagonal matrix diag(4*, ---, 42, ) with respect to the
frame {ei, -+, €sn4:}, from the number of contractions we see that m(T,) is
multiplied by

(Z:&)T(Z—A})(T—1)/2(2-—2)7‘—71 — /227L+2

under changing of the metric. g.e.d.
ProrosiTioN 3.10. gwg)o = Ly(py, -, p)LM, oM].

PrOOF. From Lemmas and we see that the left hand side of
vanishes. g.e.d.

Proposition 3.10| and the corollary to [Proposition 3.5 imply the first equality
of [Theorem 1.

§4. Estimate of sign (T, ¢,(.L)).

In this section we prove [Theorem 3, that is, we calculate (4, g, 0)=
—sign (T, ¢,(.[)).

Put w': =& /A9 for /=1, ---, n and denote oA - Aw't by of with I=
{iy, -+, ish, 1<i,< - <i;=<n. Let F be the complex vector space spanned by
o' with |[I|=Fk. Then dim¢F=,Cy=3,_,Ci:=Qk—1) 1/ (k—1)!.

PROPOSITION 4.1. 7(A; u, 0) is equal to the signature of dx restricted to F.

PROOF. Since A4,% is the Laplace-Beltrami operator acting on even forms,
which preserves the degree of forms, we restrict the operator d* only to 2k-
forms as far as we are concerned with the eta invariant. Moreover (A, )*
preserves the types of forms, that is,

At Ay’ = Zaf iy with [LI=[1], [JJd=1]1.

and
APET AT N = ijjE’f/\n‘]f/\C with [L;1=[I|, []J;|=1/]1.

Therefore eigenspaces ECH of A,* with Trace(A, z)#0 are generated by the
linear combinations of &/ A%’ with [[|=|]|=k.

We define the lexicographic order in the set {{C {1, ---, n}; |I|=Fk} by I<]J
if 7;<j, or there exists s with 1<s<k—1 such that 7;,=7,, -, i;=7, and 7., <
Jse1 for I={dy, -+, dx}, J={j1, =+, Ja} With1=<7,< - <dp=mand 1<7,< - <J
<n. Then two complex vector spaces spanned by {§’An’+& An?; [<J} and
{8 A9 —&7 Ap!; I< ]} have the same dimension and are stable under the opera-
tion of dx, while the matrices of dx restricted to these spaces have opposite
sign because J°<[I°¢for I<J. Here I¢is the complement of /. Thus we proved
the proposition.
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From [Proposition 4.1 we see that —sign (T, ¢,(.£)) is equal to the signature
of the operator on Fgr:=3); - Ro'CH**(T)NH**(T, R) defined by the com-
position of the exterior product of w,:=>%%7'd;w" after *. Since sign(T, ¢.,(.L))
is an topological invariant, by changing the metric we may identify w, with
the Kihler form £2,:=>%75'w® on T.

LEMMA 4.2. The signature of ext(Q¢)% on Fg is equal to
E-1 )
l+j§.11(—1)k+]{Zk—lck-—j_zk—lck—j—l}-

PROOF. Let F7 be the real vector space generated by {w?; |I|=j} and L
the exterior multiplication by £,. Since F/CH?/T)N\H*(T, R) and since
LF/C Fi*' from the Hard Lefschetz theorem we can decompose F*=Fy as

D LAP,AF*),
g

where P;:=Ker (L/*)NH*=7*-4(T). According to the Hodge-Riemann relations,
L« has the sign (—1)**/ on LY(P,N\F*7) for j=1 and vanishes on P,N\F*.
Thus we have

sign (L ) = é; (—1)*7 dim Py F*~

E-1 )
= (—1)%*+ j;l('—l)k+]{2k—lck»j"2k~1Ck-—j-l}-

g.e.d.

From [Proposition 4.1 and [Lemma 4.2 we complete the proof of [Theorem 3.
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