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§1. Introduction and statement of results.

There are strong relations between the topology and the curvature of a
Riemannian manifold. For example, let M be a compact Riemannian manifold
of negative curvature. Then every abelian subgroup of =, (M) must be cyclic,
which is not necessarily true for a manifold of non-positive curvature.

A natural question is under what conditions a metric of non-positive curvature
can be deformed to a metric of negative curvature. For this question, we have
the following results.

THEOREM 1. Let (M, g) be a complete Riemannian manifold with K <0,
where K, denotes the sectional curvature of (M, g), and p a point in M. Then
there is a positive number R which is determined by the metric g and its de-
rivatives around p, such that the following holds; suppose K,<O0 on M\Bg(p),
then there is a metric g such that K;<0 and g=g on M\Bg(p), where we put
Br(p)={qeM; d(p, ¢)<R}.

In general, the number R in is much smaller than Z(p), the in-
jectivity radius at p, but for two dimensional manifolds, we have a better result.

THEOREM 2. Let (M, g) be a complete Riemannian manifold of two dimension
with K,<0. Suppose there is a point p in M such that K, <0 on M~B;py(D).
Then there is a complete metric § such that K;<0 and g=§ on M\Bip ().

As a corollary to [Theorem 2, we have the following result for R2.

COROLLARY OF THEOREM 2. Let (R? g) be a complete metric on R*® with
K,<0. Suppose there is a compact set ACR? with K,<0 on R*A. Then there
is a complete metric § on R* with K;<0 and g=g on R*\B for some compact
set BCR®.

Generally, it is not possible to change a metric of non-positive curvature to
a metric of negative curvature, because there is a topological obstruction be-
tween them as is stated before. But if the set of points at which K, takes the
zero is contained in a topologically trivial ball, then it is likely that we can
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deform the metric to a metric of negative curvature. This consideration leads
us to the following conjecture.

CONJECTURE. is true for the case of dimension n=3.

We consider an application of [Theorem 1. We recall the well known co-
rollary to Margulis-Heinze theorem; let M be a complete Riemannian manifold
of dimension n with —1<K<0, then vol(M)=V(n), where V(n) is a positive
number depending only on the dimension n ([1]). Using [Theorem 1, we can
generalize the curvature condition as follows.

APPLICATION OF THEOREM 1. Let M be a complete Riemannian manifold of
dimension n with —1<K <0 except for discrete points in M, then vol(M)=V(n),
where V(n) is the same number as in the above fact.

As for the non-negative manifolds, we have the same results as in the non-
positive cases.

THEOREM 3. Let (M, g) be a complete Riemannian manifold with K,=0 and
p a point in M. Then there is a positive number R which is determined by the
metric g and its derivatives around p, such that the following holds; suppose
K, >0 on M~Bg(p), then there is a metric § such that K;>0 and g=g on
M~ Br(p).

THEOREM 4. Let (M, g) be a complete Riemannian manifold of two dimension
with K,=0. Suppose there is a point p in M such that K,;>0 on M\B;p(P).
Then there is a complete metric g such that K;>0 and g=g on M\Bpy(D).

About the deformation of a metric with non-negative curvature, there is a
following conjecture. Let M be a compact manifold with non-negative curvature
and suppose there is a point with positive curvature. Then M will admit a
metric of positive curvature. Ehrlich has pointed out the difficulty of this
problem in [3].

The author would like to thank Prof. Ochiai for his advice and his constant
encouragement, and Dr. Fukaya for his extensive support.

§2. Proof of Theorem 1.

We need some definitions; We put B,(p)={¢sM; d(p, ¢)<7} and ¢(¢g)=

(1/2)d3(q) where d(g)=d(p, ¢).
We change the metric

2.1) 3(q) = gl@r(¢(q))  for g&B,(p),
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where 7 is a certain function with 2=7r>=1 and |[#'| <1
We denote as follows

J r(q) = r((q))
r'(q) = r'(¢(q))
r"(q) = r"((q)).

For the curvature K of g, we show

(2.2)

LemMMA 1. Let geB,(p) and 6, a 2-plane in T M. Then
2.3)  |K(o)—K(a)—r' ()| < C{A+1r"Dlr—=11+(r | +17" >+ 17" Dd (@)}
where C is a certain positive constant which does not depend on q.

Proor. It is well known how the curvature tensor changes by the con-
formal change of the metric [2]. Let &, 5 be a orthonormal base of ¢,. Then
we have

K(0)~K(0)—r' = K(o)(1~ )+ (157" YHess (&, &)+Hessg(r, 1)
2.4 7 (Hess g8, &)+Hess g(n, 7)—2)+- 5 d3

” 32
(s (<6, grad g*+(x, grad $3?).

Since grad¢=d,gradd, and |gradd,|=1, we have
(2.5) <&, grad ¢>*+<, grad¢)* < d3.

We need the estimation of the Hessian [5];
If —0*<K<A4 and d,(¢)<m/24, then

dd ,(q)cot(dd ,(¢)) < HessP(g)(€, &) = 8d »(g) coth(dd »(g)).

Hence
(2.6) |Hess (&, §)—1] = C'd3(q),
2.7) [Hess (&, £)|=C7,

where C’ is a constant depending only on g(B,(z/24)). From (2.4)-(2.7) and
r=1, || £1, we have

| K(0)—K(o)—r'| < C{(L+1r'DIr—1]+(7"| +17 |2+ 17" dE(g)}.
is shown.

Now we construct a suitable function 7(t) to have K<0. Let f(t) be a
function with following properties,
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(2.8) f0)=0

(2.9) fit)y=0 (1<)
(2.10) 0< <1

(2.11) r>0  (0st=3)
(2.12) Ol =1

(2.13) [ 7)) = 1.

Putting r©“®#)=8f(t/a)+1 for 0<a<l, 0<B<a, we define a metric g#

(2.14) g () = glgrP(q).

We now want to explain the method to make the curvature K8 of g¢F
negative. As the first step, we make K# <0 near p; If we take a smaller,
K«“® decreases at p. Therefore, taking « sufficiently small we have KA <0
in a small neighborhood N of p for any §. But at the same time, K«“® in-
creases and may become positive in M\N. Thus, as the second step we need
to reduce the increase of K® in M\N. We can make |K—K©#| arbitrary
small if we take B small. Therefore, we obtain K“*#<0 on M by taking B
small, if we assume K<0 in M\N (see the assumption in the below).
In fact, we have

LEMMA 2. If we assume on the curvature K, the condition (2.16) below, then
there are a, and B, such that K180 <0,

ProOOF. We denote C{(1+|r'|)|r—1|4+(|7"|+|r"[>+|r"])d3(p)} as C(r(g)
for simplicity. We devide the cases for ¢ as follows;

2

(Case 1y: 0<¢(g)< "‘7

(Case 2: %zégb(q)éa

(Case 3>: a=¢(q).
{Case 1>: In this case, we have

PROPOSITION 1. For a point q of the Case 1,‘

| C(r+P(g))]
(2.15) )] 0

PRrROOF OF PROPOSITION 1. From f’(#)>0 (0<t<1/2), there is a constant C’
such that

(a —>0).
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Sf(Kg)a) ’ S/ a) plafy_
fi@/e) | — =0 1 f(P@)/a) l = t pabyr ’ =Ca
and
r(aﬁ)// C’
|| <

Using [r®’'| <B/a<1 and d,(¢)<a we have this proposition.

The estimates (2.3) and imply there is a positive constant a, such
that K“#(g,)<0 for a with 0<a<a, and ¢ with ¢(g)<a?/2. Therefore the
case 1 is shown for a with 0<a=a,.

Now we assume the following condition on the metric g;

(2.16) There is a positive constant a, with 0<a,=Za, such that K(a,)<0 for every
2-plane in T M with a,<dy(g).

{(Case 2)>: At first we need the following proposition.
PROPOSITION 2. [If d,(q) is bounded, then for any fixed a,
2.17) CreB (g —0 (B—>0).

The proof is easy and we omit it.

From (2.3), (2.16), we have K“1#0(g)<0 for ¢ with a}/2<d(9)<a,
for sufficiently small §,. Therefore the case 2 is shown.

{Case 3>: For a point g of this case, g¢*1fv(q)=g(g). Therefore K 1#1(g,)<0
follows directly from (2.16). Thus the case 3 is shown for a, and B,.

From the above argument for these three cases, there are positive numbers
a;, B: such that K10 <0, if we assume the condition (2.16) on the metric g.
Hence is shown. :

PROOF OF THEOREM 1. We put R=ea,. Then K,(g,)<0 on M\Bg(p) imply
the condition (2.16). Therefore, using the we have the [Theorem 1.

§3. The proof of Theorem 2.

We identify B;py(p) and B,y (0)CT,M by exp, and intreduce the polar
coordinate (r, @) on B;py(p). Then the metric g can be written as follows on

Bip(P).
(3.1 ds® = dr*+h¥r, 6)d6? .

In order to obtain a metric with K<0, we change the given metric to a new
metric g as follows,

(3.2) ds* = frydr*+h*(r, 8)d0?,
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where A(r, 8) is the same as in f(r) is some positive function with f(0)=
1 and f(0)=0. We shall choose f(») such that d5* has negative sec_tional
curvature. We denote f'=d f/dr, h’=0h/dr, h"=0"h/dr*. Then we have R}, =
h(flhl_fh//)/fs,

Rrr f/hr_fh//
(3.3) K; = Zzg = 7h and

h—”
(3.4) Ky=—".

Thus, the assumption K,<0 implies

3.5 h"(r, 8) =0 for 0=rZi(p).
Further, we have
(3.6) h(r, 8)>0 for 0<r=i(p).

Siﬁce the set {g=M; K,(q)=0} is closed, there is a positive number ¢ such
that K,(¢)<0 for M\B;-.. Then we have the following lemma.

LEMMA 3. There are functions {f:()}, (=1, 2, ---) with the following prop-
erties;

3.7 firn=1 for 0§r§—§—, i(P)—eZr<i(p).
U R, ) 1
(3.8) 70 Wr 0) for —z.—<r§z(p), 0=60<2r.

B.9) [fun)—11, | filr)—0l, | f{(r)—01, | f#(r)—0| é-t.—, for 0=r=i(p).
PrROOF OF LEMMA 3. From and we have

(3.10) };u(: g))go for 0<r<i(p),
(3.11) M0 S0 for ip)—esr=i(s).

h'(r, 6)

Then from (3.10), [(3.11), it is easy to show that there are functions f;(r) with
the properties (3.7), and (3.9).

Using functions fi() in we define metrics g; as follows,
dsi= fir)dr*+h*r, 0)d6* on B;p(p),

and
gi=8 on MXBiuy(p).

Then and imply
(3.12) K., <0 for M B,p).
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Now we denote the constant R in the for these metrics {g;}
by {R:}. Looking over the proof of carefully, it is known from
(3.9) that there is a positive number J such that R;>é for all 7. Then taking
¢ large, the condition [3.12) implies the assumption in and hence we
obtain a metric g with K;<0 on M.

PROOF OF COROLLARY. It is easy to show from

PROOF OF APPLICATION. In the proof of [Theorem I, it follows from the
definition of () that r“P()—1 (8—0), so that g«“#(g)—g(g) (8—0), thus
vol«ap(M)—vol (M) (8—0). From [Theorem 1, we may assume K,w@p <0 and
then it follows that vol,@s(M)=V(n) where V(n) is some constant depending
on the dimention n of M. Hence, we have vol (M)=V(n).

PROOF OF THEOREMS 3 AND 4. We can show them in the same ways as
to prove Theorems 1 and 2.
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