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1. Introduction.

Generalized functions and hyperfunctions have been introduced and studied
by many people using different approaches. In the work of Kathe [11], [12],
Grothendieck [6], Gelfand and Silov [3], [4], Schwartz [19], Roumieu and
Lions and Magenes [13], they were viewed as continuous linear functionals
acting on some test-function spaces which are usually the inductive limits of
sequences of normed spaces. However, in the work of Sato [17], hyperfunctions
were viewed more as algebraic objects pertaining to the boundary values of
holomorphic functions than as continuous linear functionals. In the case of the
real line R, the notion of a hyperfunction in Sato’s theory is very simple; a
hyperfunction on R is defined by a holomorphic function on C— R where C is
the complex plane. And two such functions represent the same hyperfunction
if and only if their difference is holomorphic on C, hence on R. More generally,
if I is an open subset of R and V is an open subset of C containing I and in
which [ is relatively closed, then the module of hyperfunctions on I is defined
as the quotient module H(V —1I)/9(V) where 4 (V—I) and (V) are the com-
plex modules of locally holomorphic functions on V—I and V respectively.

Sato’s hyperfunctions have been defined on more general sets in the complex
plane such as curves and have also been generalized to higher dimensions using
sheaf theory.

On the unit circle @D, hyperfunctions were first characterized by Kothe [11],
as continuous linear functionals acting on the linear space of holomorphic
complex-valued functions on 0D when provided with a certain locally convex
topology. Using different approaches, Sato and Johnson were able to
find a very interesting characterization of hyperfunctions on the unit circle in
terms of Fourier series. They showed that f(e??) is a hyperfunction on aD if
and only if f(e!?)=313__wcre’™® where limsup,,i-.'"'v]|c,|<1 and the series
converges, of course, in the sense of hyperfunctions.

If one deforms the unit circle homotopically to a curve I°, both Sato’s and
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Kothe’s theories remain adequate to describe hyperfunctions on I”, but unfor-
tunately the Fourier series characterization ceases to make sense. No similar
characterization to the one given by Fourier series seems to exist for hyper-
functions on [,

The aim of this paper is to derive the analogue of the Fourier series charac-
terization of hyperfunctions on the unit circle for hyperfunctions on curves I’
that are conformal images of the unit circle. It will be shown that any hyper-
function on such a curve I' can be expanded in a series of generalized Faber
polynomials and their “conjugate” functions. As a consequence of this charac-
terization, some of the local properties of these hyperfunctions, such as micro-
analyticity and singular spectrum, can also be described in terms of the coef-
ficients of their generalized Faber expansions.

We divide the rest of this article into three main sections. Section 2
consists of two subsections A and B; in A we introduce the generalized Faber
polynomials, their conjugate functions and some of their properties that will be
used later on and in B we introduce hyperfunctions and some related concepts.
In Section 3 we prove the main results and in Section 4 we give some examples.

2. Preliminaries.

A. The generalized Faber polynomials. Let B be an open, bounded subset
of the complex z-plane with closure B whose complement B° is a simply con-
nected domain. Let z=X(w) map the domain |w|>p one-to-one conformally
onto the domain B¢ such that X(co)=c. We denote the inverse function of
z=X(w) by w=¢(z). Let D, denote the disc {w: |w|<r} and 9D, its boundary
{w: |w|=r}. We denote the image of 0D, (»>p), when mapped by the function
z=X(w), by L., the bounded domain with boundary L, by B, and the boundary
of the domain B° by L, or simply by L.

Let the function

F(z) = gobnz", bn 0

be analytic in |z| <1 and assume that F can be analytically continued to any
point outside the unit disc D=D; by any path not passing through the points
z=0, 1, oo. If the same is true for the function
=) 271'
Fyz)= 2

=0,

we say that F(z) and Fy(z) are adjoint.
Let

R)= 3 c0™, o0
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be analytic in the domain |w|>p with R(w)#0 thereon and, furthermore, let
B contain the point z=0,

The generalized Faber polynomials P,(z) are defined by the generating
function

R@= 52 |o|>p, 2B @.1)

z \ oX'(w)
( Uw)/ Y w)

from which we immediately obtain for n=0, 1, 2, ---

z \¥(w)

P = 5Py Vi) RO 0 2B p<ren. QD

By substituting w=¢(u), we obtain
Pa(z) = S F(—)R(gb(u))[qﬁ(u)]" . zeB., p<r<r.  (2.3)
The case where F(z)=1/(1—z) is of special importance to us; therefore, we

shall denote the generalized Faber polynomials in this case by n,(z). For m,(2),
equations [2.1), (2.2) and (2.3) take on the form

T R =3, al>p, 228, @4
Ta(2) = 2]7;_2. S[m . X?a)()w) Rww"dw, z=B,, p<r<r, (2.5)

and
o= L] BEWWT g e g

If we set R(w)=1 in we obtain the original Faber polynomials as introduced

by Faber [2].
Let f(z) be analytic in B and have the expansion

f@) = 3 anz" @.7)
in a neighbourhood of z=0, then it is easy to show that the function
Fil2) = 2 anbpz" (2.8)
is also analytic in B and
fuy =5 fwr(Z)%E,  ccp 2.9)
f2) = S f*(u)F*(—-> ,  zeB  (see [23). (2.10)

In particular, for fixed = B¢, if we set f(u)=32_,(1/b,{™)u" in [2.9), we obtain
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S B\F(Z) 4%
{—z ——Zir—iSLF*(C>F<u u 1D
From (2.2), [2.5), [(2.9) and [2.10) we deduce that
1 z\ du
Py(z) = mngn(u)F(;)—u——, =B 2.12)
1 z\ du
a(z) = —Z—ESLPn(u)F*(g>T, z=B. (2.13)

Since P,(z) and =,(z) are polynomials, with some minor modification of the
argument above, one can extend [2.12) and [2.13) to the case where z B, (r>p).
By substituting u=X(¢) in and using we obtain

o= BP0, =B, leB .14
where
_ 1 ONIE!
%(C) - o SIH=TF*< C ] CR(t)tn+1 dt (2.15)

which is called the conjugate function of the polynomial P,(z). The conjugate
function of the polynomial 7,(z) will be denoted by Q..

The two sequences of functions {P,(z)}%-. and {g.(2)}5-, form a biorthogonal
system of functions on any closed path 7 containing B in its interior, i.e.,

%S Pu2)Pn(2)dz =0, n,m=0,1,2, -
7
1
—z—ggrqn(z)qm(z)dz =0, n,m=0,1,2 - (2.16)

1
EESTPn(z)qm(z)dz —8um,  n,m=0,1,2, .

In view of the biorthogonality, formula and the estimates

T

limsup™V|P,(z)| =r and limsup™V|[g.()] = —rl~ (2.17)

which hold uniformly for z& L, (»>p), one can show that if f(z) is analytic
in a doubly-connected domain B, ,,, 0<r;<r,<co, bounded by the contour
lines L., and L,, and has singular points on these contour lines, then

f@) = 3 anPa@)+ 3 baga(2), (2.18)
where

1 1
0r = 57 ), FOBO, b= 5| FOPQAL  n<r<n  (219)

and
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lim sup™+/]a,| :—i—, lim sup®+/[b,] =74. (2.20)

N -0 2 N -0

For more details on Faber polynomials, see [2], [7], [9], and [21].

In the next subsection, we shall introduce some of the definitions and nota-
tions pertaining to hyperfunctions that will be used later on.

B. Hyperfunctions. Let G be an open subset of the Riemann sphere © and
J(G) be the ring of locally holomorphic functions on G. When provided with
the topology of uniform convergence on compact subsets of G, #(G) becomes
a Frechet space which will also be denoted by #(G). Let K be a compact
subset of the complex plane C and consider the system of open neighbourhoods
{Ga}%-; of K defined by

G, = {z: dist(z, K)<—;lz—}.

Hence, G, DG, DG, and consequently, H(G,)CIH(G,)IH(G;)C-:- where f(z)
€ H(G,) defines an element in H(G,4,) by restriction, i.e., f(2)|e,,,» We define
H(K) by

HK) = | 5(Ca),

i.e., f(z)e 4 (K) if and only if it is locally holomorphic in some neighbourhood
of K. We endow 4(K) with the inductive limit topology induced by the
topologies of {%(G,)}=-.,. It is known that the dual space 4'(K) of H(K),
when provided with the strong topology, is isomorphic to K (CNK)={f: f is
holomorphic on C\K and f(c0)=0}; see [10].

Let I be an open subset of the real line R and V be a complex neigh-
bourhood of I (V 1is an open subset of the complex plane € which contains [
in its interior) such that I is relatively closed in V. The complex-module (1)
of hyperfunctions on I is defined as the quotient module

BU)=94V-I)/95V). (2.21)

It can be shown that this definition is independent of the neighbourhood
V, hence for V=C—0l where 0] is the boundary of I relative to R, then

BU) = H4(C—1)/%(C—3dI), (2.22)

where = means isomorphic to. It is easy to see that /—®(J]) is a sheaf.
If I is relatively compact in R, it follows that

BU) = H'(I)/H'@I). (2.23)
But if I is compact, then

B)=94'1), (2.24)
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moreover for any fe4’(I), there exists f(z)eH,(C—I) such that for any
#()e ()

o = 5| d@f Rz, (2.25

2@

where 7 is any simple closed path enclosing I and lying in the domain of
analyticity of ¢(z).

Let C*={z: Imz=0}, hence C=C*+R+C-. Similarly, for a complex
neighbourhood V of I, we define V*={z=V : Imz=0}. Since any hyperfunction
f on I is represented by a holomorphic function ¢(z) in V—I (up to a holomor-
phic function on V), we may write f(x)=[¢(z)],-.. Let

1 if zeC* 0 if zeC*

@) = { 0 if zeC-, —1 if zeC-

g(z) = {
and 1(x)=[e(2)],-z (=[&(2)].=» since ¢—¢& is holomorphic everywhere). Thus, we
can define the hyperfunctions f(x4:0), f(x—:0) as

f(x+i0) = [e(2)p(2)].-z  and  f(x—i0) = [E(2)p(2)].-z
and hence, f(x)=f(x+10)— f(x—10). Moreover, we can inject 4 () into B(I) via
f@ e L) — f(x) = [f(2)e@)]e=z = f(x)1x) € BU).

The complex-submodule H(I) of #H(I) is called the module of holomorphic
hyperfunction on I. It is easy to see that a hyperfunction f(x)=[¢(z)],-» on
I is holomorphic if and only if

P(z) = e(2)f () +E(2)fo(2), zeV'—I,

where V'SV is a complex neighbourhood of I and f,, f.€4(V’). A hyperfunc-
tion f= B(/) is said to be upper (lower) semi-holomorphic if f(x) is of the form
g(x+10) (g(x—i0)) for some g= B(I) or equivalently f is upper (lower) semi-
holomorphic if and only if f(x)=[¢(2)].-- where ¢(z)=¢e(2)@d:(2)+(2)f(2) (¢(2)
=e&(2)f1(2)+E(2)Ps(2)), with @u(z)E H(VH), fo2)e (V') (f1l2)e £(V"), d(2)E
H(V-)) where V/CV is a complex neighbourhood of /. We denote the submodule
of upper (lower) semi-holomorphic hyperfunctions on I by 8+(I) (8-(I)). Clearly,
fe8() is holomorphic if and only if it is upper and lower semi-holomorphic.

The support of a hyperfunction is defined as the complement of the largest
open set in which it vanishes. Thus, if f(x)=[¢(z)].-= B(I) has support in a
closed set FCI, then ¢(z)e4(V—F), where V is a complex neighbourhood of I.

Let f(x)=[¢(2)];=z < B(I), where ¢(z) is holomorphic in V—I for some
complex neighbourhood V of I. We define ¢*(z) as the restriction of ¢(z) to
V= ie., ¢5(2)=¢(2)]v=.

f(x) is said to be microanalytic at x,+70 (x,—70) if and only if ¢*(z) (¢~(2))
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can be continued analytically in a neighbourhood of x,=I. f(x) is said to be
analytic at x,=[I if and only if it is microanalytic at x,+70. The upper (lower)
singular spectrum SS*f (SS-f) of f=®(I) is the set of points x,=[ such that
f is not microanalytic at x,+:70 (x,—70). The singular support of f is defined
as sing. supp. f=SS*f\USS~f, which is the same as the complement in [ of the
set where f is analytic. Trivially, sing. supp. fCsupp. f.

ExAMPLES. 1) Let

1 -
f(x)=[22)],-z  where X(Z)z{ 0 <
0, zeC~
then SS*f={0}, SS~f=@, sing. supp. f={0}, supp. f=R.

2) 6(x) = z_Tt[lL

z
Hence, SS*0={0}=SS"4, sing. supp. 0=1{0}, supp. 0=1{0}.

Let «+(V,I) (4~(V, I)) be the module of holomorphic functions in V* (V)
which can be continued analytically across every point of I and set

HV, =5V, I)NK(V, I).

Thus, #(V, I) is isomorphic to the module of all holomorphic functions f(z) in
V—I such that f|y:=H*(V,I).
The modules of upper and lower microfunctions on / are defined by

CtI)=HV*/ KV, I) and CU)=4HV)H~(V,I).
It can be shown that this definition is independent of V and in addition
CtlYy= )/ 3~) and C-U)=3)3*).

The module C(I) of microfunctions on I, which is a refinement of the
module of hyperfunctions on I, is defined by

CU)y=%xV-=I)/9V,I).

Again it can be shown that this definition is independent of V. With some
easy arguments, one can show that

ChHh=sU)/ ) and Cl)=Cc*I)ybCc-U).

Finally, let I’ be an oriented, simple analytic curve in a locally compact,
analytic differential manifold X. Let V be an open neighbourhood of I in
which " is relatively closed. Similar to C*, one can define V* such that V=
V*+I'+V-. For every point p<I there exists an open neighbourhood V, and
a univalent holomorphic function ¢,=4(V,) satisfying ¢;'(R)=V,NI" and
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2(C*H=V,NV*=V3;. Therefore, all the previous notions pertaining to hyper-
functions and microfunctions on I can be carried over to [.

For more details on hyperfunctions, see [14], and [18].

3. Characterization of hyperfunctions on analytic curves.

In this section we shall characterize hyperfunctions on simple closed analytic
curves I' in the complex plane in terms of their generalized Faber series re-
presentations. Any such a curve I can be viewed as the boundary of a domain
B of the type described in Section 2.A. Therefore, we may write 0B instead
of I' to emphasize the interrelation between hyperfunctions as objects defined
on the boundary of the domain B and the holomorphic functions defined in the
interior and the exterior of B.

Since we are assuming that the boundary of B is analytic, the function
X(w) may be extended analytically to the domain |w|>p, for some 0<p;<p,
and, thus, without loss of generality we may also assume that R(w)#0 in this
extended region.

THEOREM 1. A function ¢) is in H(@B) if and only if it has a series ex-
pansion in terms of the generalized Faber polynomials in the form

60 = 3 anPuO+ 2 020 0),  LEDB, 3.1
where
1 1
tn =5 OGO, by=5 | SHOPUOL (3.2)
and
lim sup™+/[aa| < %, lim sup™+/[ba] < p. (3.3)

PrROOF. Since 0B is an analytic curve, the function z=X(w) is holomorphic
in the domain |@|>p, for some 0<p,<p and hence in the z plane there will
be an image L,. of the circle |w|=r* p,<r*<p, under the map z=X(w). As
before, we may denote the bounded domain with boundary L,. by B,. Let
Q)= H(@B). Since @) is locally holomorphic on 9B, then it is holomorphic
in some neighbourhood V* of 0B. Set V=V*NB&. Then, one can find two
contours L, and L., lying entirely in the interior of V with o, <r*<r,;<p<

r.. By Cauchy’s formula, for any { between L, and L., in particular for
{=0B, we have

=10 gwdu | 1 $u)du
¢(C)_2m'SLT u—C +27rz'SL72 u—_¢

which, when combined with [2.14) after a slight modification of its domain of
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validity, one obtains and (3.2) with the integrals in (3.2) taken over L.,
L,, respectively. But, replacing L,, L., by 0B is trivial since ¢(), P.({)
and ¢,({) are all holomorphic in V. As in (2.20), one has

limsup"\/lanl:rl<% and  limsup™V]b,| =r, < p.
N—oo 2 Nn—00

Conversely, in view of (3.3) and the estimates one can show that
the series in converges absolutely and uniformly on 0B to a holomorphic
function ¢(). But from the uniqueness of the generalized Faber expansions, it
follows that ¢=¢.

COROLLARY 1. Let ¢Q)=H(0B). Then, there exist two unique functions
6.(2) and @,(z) such that ¢,(z) is holomorphic in a neighbourhood of B, ¢,(z) is
holomorphic in a neighbourhood of B¢ with ¢,(c0)=0 and

¢(C) = ?51(2)168"’952(2)]63-

PROOF. Let ¢,(2)=2%-0a,Pn(z) and @.(z2)=25%-0b2ga(z). From (3.3) and the
estimates one can easily show that both ¢,(z) and ¢,(z) are holomorphic
in the indicated regions. The uniqueness of ¢, and ¢, follows from the uni-
queness of the generalized Faber representations.

We write ¢.(0)=¢.(z)|ss, 7=1, 2 and hence,

Q) = ¢(O+¢:0), {<oB

where ¢,({) can be extended analytically to a neighbourhood of B and ¢,({) can
be extended analytically to a neighbourhood of B°.

The next theorem gives a characterization of the dual space 4'(0B) of 4 (0B).
THEOREM 2. f(Q)=4'(0B) if and only if it has the series expansion

f©) = B enPulO+ 3 dngal®) (3.4)

where
Cn = <f; Qn>, dn = <f,~ Pn> (35)
and
lirrrLsup”«/I-cn_l < —;—, lim sup™v[d.[ < p. (3.6)
Moreover, if ¢(Q)=IH(0B) with |
60 = 3 anPalO+ T baga(l),

then

fy 8> = 2 (andutbaca). (3.7)
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ProoF. From [Theorem 1| and [Corollary 1|, it is clear that 4 (0B) is isomor-
phic to the direct sum of %(B) and 4(B°¢). Let us define

I(0B) = {$:Q): ¢:(0)=6.(2)| 55 for some ¢,(z)= H(B)}
and

I0B) = {$:0): Po(0)=01(2)|5p for some @u(2)E H(B)}.

The maps ¢,(2)—@.(2)|s8, P2(2)—Px(2)|5s are surjective by definition and in-
jective because of the analyticity of ¢,(z) and ¢.(z). If we provide 4,(0B),
J,(@B) with their natural topology inherited from 4 (B) and % ,(B°), we obtain
that
H(OB) = 4, (0B)YPK,(0B) (3.8)
and hence
H'(OB) = H(OBYPLYOB) = H'(B)DK(B®). 3.9

Since 4 (B) can be characterized as the space of all functions ¢,(z2)=5-0a,Pn(2)
with lim Sup_."v'[a,|=1/r;, for some r, with p<r, and 4,(B°) as the space
of all functions @u(z)=%_0b»qs(z) With lim sup,_."+/1b,| =7, for some r, with
7,<p, it follows from Kothe’s duality theorem and (2.20) that %'(B) is
isomorphic to the space of all holomorphic functions f(z2)=>15-0d.q.(z) With
lim Sup,-»"+|d.| <p, when provided with the topology of uniform convergence
on compact subsets of B¢, i.e., isomorphic to 4 ,(B°). Moreover, if fi=4'(B),

then there exists a holomorphic function f,(z) as above such that for any
$.(2) 4 (B)

G 80 = 5r| @Bz = 5| (£ dnan@)( B anPute))dz

For]
= Z andn < o
n=0

because of (2.16), where 7 is any closed contour encircling B but lying between
0B and L,. The last series converges absolutely since lim supn-."v[and,[<
p/ri<l. Similarly, one can show that J'(B°¢) is isomorphic to the space of
all holomorphic functions f(z)= %0 ¢z Pn(z) With lim Sup,_."v'[c,| <1/p, when
provided with the topology of uniform convergence on compact subsets of B.
Moreover, if f,=4%'(B¢), then there exists a holomorphic function f;(z) as above
such that for any @.(z)= H(B°)

" 1 o
For 9> = 5| fi@guerdz = Bbaca < oo,

where 7, is any closed contour encircling B¢ in its exterior but lying between
0B and L,,.

Consider the sequence f; y(Q)=23_0d.q.(0),{=dB, N=0,1,2,---. Each
member of this sequence defines a continuous linear functional on %,(@B). Since
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lim {1 n©60d0 = lim $ auds = F aud,

N 271

1
2m

57 | Fi@()dz,

it is easy to see that the sequence {f, y({)}%-, converges in %{(0B) to some
element which we shall denote by f,({). Therefore, we may identify 4{(0B)
with H(B°) via fi() = Z5-0d2gn(0) = lim,.t 250 d ¢ (2) = lim,_¢ f1(2), {EB.
Similar results hold for f,({) and f.(z). Therefore, in view of the theorem
is now proved except for (3.5) which will follow from and (2.16).

We shall say that f;(z) is the analytic extension of f({), i=1, 2.

COROLLARY 2. f(Q) is a hyperfunction on 0B, i.e., f({)€ B(B) if and only
tf Q=250 aPu(Q)+27-0d2qa (L) with

lim sup V| x| g—l-, limsup™v[d,] < p.

N—sc0 p N —00
Moreover,

Q) =lin (Fi)—fi(2),  L=0B

where f1(z) is holomorphic in B¢ with f,(c0)=0, fy(2) is holomorphic in B, and
the limit is taken in the sense of %'(0B).

COROLLARY 3. Let fQ) =% 0c P Q+2%0dng Q)= H'(@OB). Then, its
analytic representation (indicatrix of Fantappie) f(z)=(1/2zi)<{f ), 1/({{—=z)> is
given by

iMs

2 Pn(2) if z¢ B

1 1
fz)= “2;57<f(@, Z—_—_“Z-> = o i s

nMs

Proor. This follows from and (2.16).

Having characterized 4 (0B) and 4'(dB) in terms of the generalized Faber
expansions, one now can imitate Johnson’s proofs in the case of the unit circle
to reconstruct the theory of hyperfunctions on 0B in a different way using
sequence spaces. For example, assuming without loss of generality that p=1,
we provide 4,(0B) with the following new topology:

Let A be the class of all sequences a={a,}%-, which satisfy

Ap = Qpsy >0 forallm and  lim L g

b
n—e g

then we take the collection of sets

Via) = {$.0= 2 a. PO 5,0B): |as| <ay for all n}
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for all a=A as a base for the neighbourhood system at the origin. That
{V(a)}aec4, indeed, forms a neighbourhood system at the origin and that the
topology generated by it makes 4,(0B) a complete, nonmetrizable Montel space
can be proved as in [8]. Similar neighbourhood systems, hence similar topologies,
can also be defined for 4,(0B), 4{(0B) and 4y(dB); see [8].

Another advantage of our representation of hyperfunctions on 0B as series
of generalized Faber polynomials is that several analytic properties of hyper-
functions on @B can be characterized in terms of the coefficients of the ex-
pansions. For example, analogous to the concept of upper and lower hyperfunc-
tions on /C R, we shall say that a hyperfunction f({)=3%—0d 2.0+ 230 2 Pr({)
=f(O)+f(0) on 0B is outer if

lim sup *v/[ ¢, | <—‘})—, lim sup™v/[d.| < p
and inner if
lim sup V| cq | g%, lim sup™v[d,] < p.

Thus, f is holomorphic on @B if and only if it is both outer and inner. To
be consistent with the notation of Section 2, we may denote the analytic ex-
tensions of f,({), f({) also by f*(z) and f~(z) respectively. Let N; denote the
unit normal vector to dB at the point {€dB. We say that f({)= 80B) is
microanalytic at {+ON; ({—ON) if and only if f*(z) (f~(2)) can be continued
analytically in a neighbourhood of {=0dB. Analogous to the upper (lower)
singular spectrum of a hyperfunction on IC R, one can define the outer and inner
singular spectra SS*f, SS-f of a hyperfunction f on 0B and then define the
singular support of f as their union (cf. [14]).

In the next theorem we characterize some microanalytic properties of hyper-
functions on 0B in terms of the coefficients of their generalized Faber expansions.

THEOREM 3. i) Let {c,}5-0 be a sequence of complex numbers such that
liMywCr/Cnii=pe'®". Then, the hyperfunction

fQ = B eaPal@+ 2 drgalQ) € BOB)

is not microanalytic at {*—ONg where {*=X(pe*"").
il) Let {An}5-0 be a sequence of positive integers such that
lim *»/c,| = p  and lim A" = oo

N—oo n-co N

Then, every point of 0B is in the inner singular spectrum SS™f of the hyper function

f© = 3 eaPr O+ 2 duga(@)-
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Hence, sing. supp f=supp. f =0B.

PrOOF. Recall that ([I], p. 376) under the hypothesis of i) the power series
glw)=>5%-cc,0" has a singular point at w*=pe*”* and under the hypothesis of
ii) the circle |w|=p is the natural boundary for the power series Z(w)=

% _oCaw?n, i.e., F(w) can not be continued anywhere beyond |w|=

i) Let g(@)=%-0 0", f2(2)=Ff (2)=%_0 o Pu(z) and Fz(2)=33c0cama(z),

where 7,(z) are given by [2.5). From [2.12)and [2.13), one can easily show that

f@= Sf*( wE(Z )du”, :=B

Falz) = Sf( wFy(Z 2)4e - e

Uu

and then apply Hadamard’s multiplication of singularities argument ([23]), to
show that f-(z) and fz(z) have exactly the same singular points. From the

formula ([21])

o=p] )
27 Jiti=r (l‘*(l))R(t)

and [2.5), after modifying its domain of validity, one obtains
1 S Q)
2ni Jin=r {—w)R()

dt, lo| <r<p

glw) = dt, lel<r<p

and

@ =g e Rwgide, =B, r<p

respectively. Of course, » must be chosen so that the circle |w|=r is in the
domain of definition of X(w), which is the case if »*<r<p; for the definition
of r*, see the proof of [Theorem 1. Upon using Hadamard’s argument once
more, one can show that g(w) has a singular point at w=w* if and only if
7#(z) has one at z=z* where z*=X(0w*). Therefore, g(w) has a singular point
at w=w* if and only if f~(z) has one at z=z* where z*=¥(w*). The proof is
now complete since from the first part of the proof g(w) has a singularity at
w*=pe'’.
ii) The proof is similar to (i).

For more details on Hadamard’s argument and its applications, we refer the

reader to [5] and to a recent article by the author, Freund and Goérlich
where a more detailed version of the above argument is given.

4. Examples.

1) Inf2.1), let p=1, R(w)=1, F(uw)=1/(1—u) and z=X(w)=w. Then, it is easy
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to see that P,(z)=z" and ¢,(z)=1/z""'. Therefore, f({)=f(e*?) is a hyperfunc-
tion on the unit circle if and only if

f(eia) — nzocneina_f_ ngodne—i(nﬂ)u — 2 cneino-

Nn=-oco

with lim SUp nine' ™V [ca| <1, where do=c_cnt1>-
This result was previously obtained by Sato [16] and Johnson [8].

2) In [24], we have shown that for z=X(w)=1/2(w+1/w), F(u)=1/(1—u)*,
A=—1/2, 2#0 and R(w)=w**/(w*+1)*"(w*—1), the generalized Faber polynomials
are the Gegenbauer (ultraspherical) polynomials C%(z) normalized by Ci(1)=
("+2n'2—1). Therefore, f({) is a hyperfunction on the ellipse E={z: |z+1|+
|z—1|=p+1/p, p>1}, which is the image of the circle |w|=p under X(w), if
and only if

fQ = B enChQ+ T dngh@),  LSE 4.1
with
limsup”\/mzi, limsup™V[d,] £ p

where (z22—1)"/%-4¢%(z) are the Gegenbauer functions of the second kind nor-
malized by

[ T@) P2l o, CA)
Ot v Ry e e WG R o

z—t
(see [22]).

In the interesting case where p=1 and the ellipse E degenerates to the
interval [—1, 1], the representation (4.1) is no longer valid. This case was
studied earlier by the author in where he obtained, by using different
techniques, a characterization of hyperfunctions on [—1, 1] in terms of series
of Gegenbauer polynomials. Similar characterizations for hyperfunctions on any
finite closed interval [a, b], in terms of series of a more general class of

orthogonal polynomials on [a, b] have also been obtained by the author and
G. Walter in [25].
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