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\S 1. Introduction.

The strongest useful equivalence for the study of orbit structures of
homeomorphisms will be topological conjugacy. Our investigation will be within
the context of the conjugacy problem for homeomorphisms with expansiveness
and the pseudo-orbit tracing property (abbrev. POTP). The author proved in
[12] that every compact surface which admits such homeomorphisms is the
2-torus and moreover that such a homeomorphism of the 2-torus is topologically
conjugate to a hyperbolic toral automorphism. Thus it seems that orbit
structures of homeomorphisms of the n-torus will be determined under the
assumption of expansiveness and POTP. And so it will be natural to ask
whether every homeomorphism with expansiveness and POTP of the n-torus is
topologically conjugate to a hyperbolic toral automorphism. An answer of this
problem is given as follows.

THEOREM. Let $f:T^{n}arrow T^{n}$ be a homeomorphjsm of the n-torus. If $f$ is
exPansive and has POTP, then $f$ is topologically conjugate to a hyperbolic toral
automorphism.

The notion of “ c-map “ is introduced for (self-) covering maps. The class
of covering maps with this notion is wider than that of homeomorphisms having
expansiveness and POTP. Recently in [2] N. Aoki and the author obtain some
interesting results for $c$-maps, which relate to our theorem.

Let (X, d) be a metric space and $f:Xarrow X$ be a (self-) homeomorphism. We
say that $f$ is expansive if there is $c>0$ (called an expansive constant) such that
if $x,$ $y\in X$ and $x\neq y$ then $d(f^{n}(x), f^{n}(y))>c$ for some $n\in Z$. A sequence
$\{x_{i}\}_{i\in Z}$ of $X$ is a $\delta$-Pseudo-orbit of $f$ if $d(f(x_{i}), x_{i+1})<\delta$ for all $i\in Z$. A point
$x\in X\epsilon$-traces a sequence $\{x_{i}\}_{i\in Z}$ of $X$ if $d(f^{i}(x), x_{i})<\epsilon$ for all $i\in Z$. We say
that $f$ has POTP if for $\epsilon>0$ there is $\delta>0$ such that every $\delta$-pseudo-orbit of $f$

is $\epsilon$-traced by some point of $X$. Note that if $X$ is compact, then expansiveness
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and POTP are independent of the metrics compatible with original topology,
and preserved under topological conjugacy. For materials on topological
dynamics on compact manifolds, the reader may refer to A. Morimoto [16].

For global analysis of our homeomorphisms, we prepare the notion of
generalized foliations on topological manifolds.

Let $M$ be a connected topological manifold without boundary and $\mathcal{F}$ be a
family of subsets of $M$. We say that $\mathcal{F}$ is a generalized foliation on $M$ if the
following hold;

(1) $\mathcal{F}$ is a decomposition of $M$,
(2) each $L\in \mathcal{F}$ (called a leaf) is arcwise connected,
(3) if $x\in M$ then there exist non-trivial connected subsets $D_{x},$ $K_{x}$ with

$D_{x}\cap K_{x}=\{x\}$ , a connected open neighborhood $N_{x}$ of $x$ in $M$ and a homeo-
morphism $\psi_{x}$ : $D_{x}\cross K_{x}arrow N_{x}$ (called a local coordinate (around $x$)) such that

(a) $\psi_{x}(x, x)=x$ ,
(b) $\psi_{x}(y, x)=y(y\in D_{x})$ and $\psi_{x}(x, z)=z(z\in K_{x})$ ,
(c) for any $L\in \mathcal{F}$ there is an at most countable set $B\subset K_{x}$ such that

$N_{x}\cap L=\psi_{x}(D_{x}\cross B)$ .
Let $\mathcal{F}$ be a generalized foliation on $M$. For fixed $L\in \mathcal{F}$ let $Q_{L}$ be a family

of subsets of $L$ defined as follows; $D\in Q_{L}$ if and only if there is an open
subset $O$ of $M$ such that $D$ is a connected component in $O\cap L$ . The topology
generated by $Q_{L}$ is called the leaf topOlogy of $L$ .

If $x\in L$ and $D_{x}$ is as in (3), then $D_{x}\subset L$ and $D_{x}$ is open in $L$ (with respect
to $Q_{L}$). Moreover the relative topology of $D_{x}$ by the leaf topology coincides
with that of $D_{x}$ by the topology of $M$. Note that the leaf topology has
countable base.

If $f:Marrow M$ is a homeomorphism such that $f(\mathcal{F})=\mathcal{F}$ , then it is easily checked
that for every $L\in \mathcal{F},$ $f:Larrow f(L)$ is a homeomorphism (with respect to $Q_{L}$ and
$Q_{f(L)})$ .

Let $\mathcal{F}$ and $\mathcal{F}’$ be generalized foliations on $M$. We say that $\mathcal{F}’$ is transverse
to $\mathcal{F}$ if to $x\in M$ there exist non-trivial connected subsets $D_{x}$ , $D_{x}’$ with
$D_{x}\cap D_{x}’=\{x\}$ , a connected open neighborhood $N_{x}$ of $x$ in $M$ (such a neighborhood
$N_{x}$ is called a coordinate domain) and a homeomorphism $\varphi_{x}$ : $D_{x}\cross D_{x}’arrow N_{x}$ (called

a canonical coordinate (around $x$ )) such that
$(a)’$ $\varphi_{x}(x, x)=x$ ,
$(b)’$ $\varphi_{x}(y, x)=y(y\in D_{x})$ and $\varphi_{x}(x, z)=z(z\in D_{x}’)$ ,
$(c)’$ for any $L\in \mathcal{F}$ there is an at most countable set $B’\subset D_{x}’$ such that

$N_{x}\cap L=\varphi_{x}(D_{x}\cross B’)$ ,
$(d)’$ for any $L’\in \mathcal{F}’$ there is an at most countable set $B\subset D_{x}$ such that

$N_{x}\cap L’=\varphi_{x}(B\cross D_{x}’)$ .
Let $\mathcal{F}’$ be transverse to $\mathcal{F}$ . We denote by $L(x)$ and $L’(x)$ the leaves of $\mathcal{F}$

and $\mathcal{F}’$ through $x$ respectively. Let $N$ be a coordinate domain and write $D(x)$
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and $D’(x)$ the connected components of $x$ in $N\cap L(x)$ and $N\cap L’(x)$ respectively.
For $x,$ $y\in N$ it is not difficult to see that $D’(x)\cap D(y)$ is a single point. And
so we can define a map

$\gamma_{N}$ : $N\cross Narrow N$

by $(x, y)-\rangle$ $D’(x)\cap D(y)$ , and have then $\gamma_{N}$ is continuous and

$\gamma_{N}(x, x)=x$ , $\gamma_{N}(x, \gamma_{N}(y, z))=\gamma_{N}(x, z)$ ,

$\gamma_{N}(\gamma_{N}(x, y),$ $z$) $=\gamma_{N}(x, z)$ .

If $N$ and $\tilde{N}$ are coordinate domains and if $U$ is a coordinate domain such
that $U\subset N\cap\tilde{N}$, then the following is checked from the definition

$\gamma_{U}=\gamma_{N\rceil}U\cross U=\gamma_{\tilde{N}\mathfrak{l}_{U\cross U}}$ .

Let $f$ be a homeomorphism of a metric space(X, $d$ ). For $x\in X$, define the
stable set $W^{s}(x)$ and the unstable set $W^{u}(x)$ by

$W^{s}(x)=$ { $y\in X:d(f^{n}(x),$ $f^{n}(y))arrow 0$ as $narrow\infty$ },

$W^{u}(x)=$ { $y\in X:d(f^{n}(x),$ $f^{n}(y))arrow 0$ as $narrow-\infty$ }
and put

$\mathcal{F}_{f}^{\sigma}=\{W^{\sigma}(x):x\in X\}$ $(\sigma=s, u)$ .

Then $\mathcal{F}_{f}^{\sigma}$ is a decomposition of $X$ and $f(\mathcal{F}_{f}^{\sigma})=\mathcal{F}_{f}^{\sigma}$ .
For the proof of Theorem we need the following two propositions.

PROPOSITION A. Let $M$ be a closed topOlOgical manifold and $f:Marrow M$ be a
homeomorphism. If $f$ is expansive and has POTP, then $\mathcal{F}_{f}^{\sigma}(\sigma=s, u)$ are general-
ized foliations on $M$ and $\mathcal{F}_{f}^{s}$ is transverse to $\mathcal{F}_{f}^{u}$ .

When $\mathcal{F}$ is a generalized foliation on $M$ and there exists a generalized
foliation transverse to $\mathcal{F}$ , the orientability for $\mathcal{F}$ will be defined (see \S 4).

PROPOSITION B. Let $f:Marrow M$ be as in Prop0siti0n A. If the generalized

foliation $\mathcal{F}_{f}^{u}$ is orientable, then there exists $l\in N$ such that for any $m\geqq l$ all the
fixed pojnts of $f^{m}$ have the same fixed point index 1 or $-1$ .

If we establish Proposition $B$ , then our theorem will be obtained by using
skilfully the techniques of J. Franks [9], M. Brin and A. Manning [5] and the
author [12].

\S 2. Geometric properties of homeomorphisms.

This section contains the proof of Proposition A and results about local
behaviors of homeomorphisms with expansiveness and POTP.
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Let $M$ be a closed topological manifold and $d$ be a metric for $M$. Let
$f:Marrow M$ be a homeomorphism. For $\epsilon>0$ and $x\in M$ we define the local stable
set $W_{\epsilon}^{s}(x)$ and the local unstable set $W_{\text{\’{e}}}^{u}(x)$ by

$W_{\epsilon}^{s}(x)=\{y\in M:d(f^{n}(x), f^{n}(y))\leqq\epsilon, n\geqq 0\}$ ,

$W_{\epsilon}^{u}(x)=\{y\in M:d(f^{n}(x), f^{n}(y))\leqq\epsilon, n\leqq 0\}$ .
Let $f$ be expansive with expansive constant $c>0$ . Then we know (cf. [14]) that

(I) for every $\epsilon>0$ there exists $N>0$ such that

$f^{n}W_{c}^{s}(x)\subset W_{\epsilon}^{s}(f^{n}(x))$ , $f^{-n}W_{c}^{u}(x)\subset W_{\epsilon}^{u}(f^{-n}(x))$

for all $n\geqq N$ and all $x\in M$.
By using (I) it is easily checked that

(2.1) $W^{s}(x)= \bigcup_{n\geq 0}f^{-n}W_{\epsilon}^{s}(f^{n}(x))$ , $W^{u}(x)= \bigcup_{n\geqq 0}f^{n}W_{\epsilon}^{u}(f^{-n}(x))$

for all $0<\epsilon\leqq c$ and all $x\in M$.
If in addition $f$ satisfies POTP, then the following (II), (m) and (IV) are

proved in [11].

(II) Let $\epsilon_{0}=c/4$ . Then there exists $0<\delta_{0}<\epsilon_{0}$ such that if $d(x, y)<\delta_{0}$ , then
$W_{\epsilon_{0}}^{s}(x)\cap W_{\epsilon_{0}}^{u}(y)$ is a single point, which is denoted by $\alpha(x, y)$ .

(m) Let $0<\delta_{0}<\epsilon_{0}$ be as above and put

$\Delta(\delta_{0})=\{(x, y)\in M\cross M:d(x, y)<\delta_{0}\}$ .
Then $\alpha;\Delta(\delta_{0})arrow M$ is a continuous map and

$a(x, x)=x$ , $a(x, a(y, z))=\alpha(x, z)$

$\alpha(\alpha(x, y),$ $z$) $=\alpha(x, z)$

whenever the two sides of these relations are defined.
(IV) For every $\delta$ with $0<\delta<\delta_{0}/2$ , define

$W_{\epsilon_{0}.\delta}^{\sigma}(x)=\{y\in W_{\epsilon_{0}}^{\sigma}(x);d(x, y)<\delta\}$ $(\sigma=s, u)$ ,

$N_{x.\delta}=a(W_{\epsilon_{0},\delta}^{u}(x)\cross W_{\epsilon_{0}.\delta}^{s}(x))$ .
Then there exist $0<\delta_{1}<\delta_{0}/2$ and $\rho_{0}>0$ such that for every $x\in M$

(a) $N_{x.\delta_{1}}$ is open in $M$ and diam $(N_{x.\delta_{1}})<\delta_{0}$ ,
(b) $\alpha;W_{\epsilon_{0}.\delta_{1}}^{u}(x)\cross W_{\epsilon_{0},\delta_{1}}^{s}(x)arrow N_{x.\delta_{1}}$ is a homeomorPhsm,
(c) $N_{x.\delta_{1}}\supset B_{\rho_{0}}(x)$ where $B_{\rho 0}(x)$ denotes the closed ball of radius $\rho_{0}$ centered

at $x$ .
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Let $0<\delta_{1}<\delta_{0}/2$ be as above. We denote by $D_{x}^{\sigma}$ the connected component of
$x$ in $W_{\epsilon_{0}.\delta_{1}}^{\sigma}(x)$ for $\sigma=s,$ $u$ , and define

$N_{x}=a(D_{x}^{u}\cross D_{x}^{s})$ , $\alpha_{x}=a_{1u}$ ;
$D_{x}\cross D_{x}^{S}$

$D_{x}^{u}\cross D_{x}^{s}arrow N_{x}$ .
Then it is easily checked that

(22) $\{\alpha_{x}(y\alpha_{x}(x, x)x)==y(y\in D_{x}^{u})x$
,

and $\alpha_{x}(x, z)=z(z\in D_{x}^{s})$ .
Moreover we obtain the following (see [12] for the proof).

PROPOSITION 2.1 (Local product structure). For every $x\in M$

(a) $N_{x}$ is connected and oPen in $M$ and diam $(N_{x})<\delta_{0}$ ,
(b) $a_{x}$ : $D_{x}^{u}\cross D_{x}^{s}arrow N_{x}$ is a homeomorphism,
(c) there exists $0<\rho<\epsilon_{0}$ such that $N_{x}\supset B_{\rho}(x)$ for all $x\in M$,
(d) $D_{x}^{\sigma}\supsetneqq\{x\}$ for $\sigma=s,$ $u$ .
LEMMA 2.2. For $x,$ $y\in M$ there exist at most countable sets $B’\subset D_{x}^{s}$ and

$B\subset D_{x}^{u}$ such that
(a) $N_{x}\cap W^{u}(y)=a_{x}(D_{x}^{u}\cross B’)$ ,
(b) $N_{x}\cap W^{s}(y)=\alpha_{x}(B\cross D_{x}^{s})$ .

PROOF. We prove (b). If this is done, then (a) is obtained in the same
way. Take $z\in D_{x}^{u}$ and put $D_{x.z}^{\theta}=N_{x}\cap W_{\epsilon_{0}}^{s}(z)$ . Then it is checked that
$D_{x.z}^{s}=\alpha_{x}(\{z\}\cross D_{x}^{s})$ . Indeed, by the definitions of $N_{x}$ and $\alpha_{x}$ , we have that
$D_{x.z}^{s}\supset\alpha_{x}(\{z\}\cross D_{x}^{s})$ . Conversely, if $w\in D_{x}^{s}$ .,, then there are $u\in D_{x}^{u}$ and $v\in D_{x}^{\iota}$

such that $w=a_{x}(u, v)$ . Since $w\in W_{\epsilon}^{s_{0}}(u)$ and $w\in W_{\epsilon_{0}}^{s}(z)$ , obviously $u,$ $z\in W_{\text{\’{e}}}^{s_{0}}(w)$ .
Since $u,$ $z\in D_{x}^{u}\subset W_{\epsilon}^{u_{0}}(x)$ , by expansiveness $z=u$ , and therefore $D_{x.x}^{s}\subset\alpha(\{z\}\chi D_{x}^{s})$ .

By the above result and Proposition 2.1(b), we have

$N_{x}= \bigcup_{z\in D_{x}^{u}}D_{x}^{s}$ . . (disjoint union).

CLAIM 1. If $D_{x.z}^{s}\cap W^{s}(y)\neq\emptyset$ for some $z\in D_{x}^{u}$ , then $D_{x.z}^{s}\subset W^{s}(y)$ .

PROOF. Let $w\in D_{x.z}^{s}\cap W^{s}(y)\neq\emptyset$ . Since $D_{x.z}^{s}\subset W_{\epsilon_{0}}^{s}(z)$ , by (I) there is
$n\geqq 0$ such that $f^{n}(w)\in f^{n}(D_{x.z}^{s})\subset W_{\epsilon_{0}/3}^{s}(f^{n}(z))$ . By the definition of $W^{s}(y)$ ,
$f^{n}(w)\in W_{\text{\’{e}} 0/3}^{s}(f^{n}(y))$ for sufficiently large $n\geqq 0$ . Hence $f^{n}(D_{x.z}^{s})\subset W_{\epsilon}^{s_{0}}(f^{n}(y))$ , and
therefore $D_{x.z}^{s}\subset W^{s}(y)$ by (I).

Let $B=D_{x}^{u}\cap W^{s}(y)$ . Then we have

$N_{x} \cap W^{s}(y)=\bigcup_{z\in D_{x}^{u}}D_{x,z}^{s}\cap W^{s}(y)=\bigcup_{z\in B}D_{x.\iota}^{s}=\alpha_{x}(B\cross D_{x}^{s})$
.

Hence it remains only to prove the following
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CLAIM 2. $B$ is at most countable.

PROOF. By (2.1), $W^{s}(y)=U_{n\geq 0}s_{n}(y)$ where $s_{n}(y)=f^{-n}W_{\epsilon_{0}}^{s}(f^{n}(y))$ . Fix $n\geqq 0$

and let $p\in s_{n}(y)$ . Then $D_{p}^{s}\cap s_{n}(y)$ is open in $s_{n}(y)$ (under the relative topology
of $M$). This is proved as follows. We set

$K_{p}^{u}=\{u\in D_{p}^{u} : d(f^{i}(p), f^{i}(u))<\epsilon_{0},0\leqq i\leqq n\}$ .

Obviously $K_{p}^{u}$ is open in $D_{p}^{u}$ , and so $L_{p}=\alpha_{p}(K_{p}^{u}\cross D_{p}^{s})$ is open in $M$ by
Proposition 2.1. Hence $L_{p}\cap s_{n}(y)$ is open in $s_{n}(y)$ . If we establish that
$L_{p}\cap s_{n}(y)=D_{p}^{s}\cap s_{n}(y)$ , then our requirement is obtained.

To get the conclusion, let $a\in L_{p}\cap s_{n}(y)$ . Then there are $u\in K_{p}^{u}$ and $v\in D_{p}^{s}$

such that $a=a_{p}(u, v)$ . Hence $a\in W_{\text{\’{e}}_{0}}^{s}(u)$ and $a\in W_{\epsilon_{0}}^{u}(v)$ . Since $a,$ $p\in s_{n}(y)$ ,
obviously $f^{n}(a),$ $f^{n}(p)\in W_{\epsilon_{0}}^{s}(f^{n}(y))$ , and so $f^{n}(a)\in W_{2\epsilon_{0}}^{s}(f^{n}(p))$ . Since $v\in W_{\epsilon_{0}}^{s}(p)$ ,

we have $f^{n}(v)\in W_{\epsilon_{0}}^{s}(f^{n}(p))$ , and hence $f^{n}(a)\in W_{3\epsilon_{0}}^{s}(f^{n}(v))$ . For $0\leqq i\leqq n$ , we have

$d(f^{i}(a), f^{i}(v))\leqq d(f^{i}(a), f^{i}(u))+d(f^{i}(u), f^{i}(p))+d(f^{i}(p), f^{i}(v))$

$\leqq\epsilon_{0}+\epsilon_{0}+\epsilon_{0}=3\epsilon_{0}$

and hence $a\in W_{3\epsilon_{0}}^{s}(v)\cap W_{\epsilon_{0}}^{u}(v)=\{v\}$ . Therefore $L_{p}\cap s_{n}(y)\subset D_{p}^{s}$ . Since $p\in K_{p}^{u}$ ,
$D_{p}^{s}=a_{p}(\{p\}\cross D_{p}^{s})\subset L_{p}$ and so $D_{p}\cap s_{n}(y)=L_{p}\cap s_{n}(y)$ .

Since $s.(y)$ is compact, there is a finite set $\{p_{i}\}\subset s_{n}(y)$ such that
$s_{n}(y) \subset\bigcup_{i}D_{p}^{l}\subset\bigcup_{i}W_{\epsilon_{0}}^{s}(p_{i})$ . Let $z_{1},$ $z_{2}\in s_{n}(y)\cap D_{x}^{u}$ . If $z_{1},$ $z_{2}\in W_{\epsilon_{0}}^{s}(p_{i})$ for some $i$ ,
then $z_{2}\in W_{2\epsilon_{Q}}^{*}(z_{1})\cap W_{\epsilon_{0}}^{u}(x)=\{z_{1}\}$ , and so $z_{1}=z_{2}$ . This implies that $s_{n}(y)\cap D_{x}^{u}$ is
finite. Since

$B=W^{s}(y) \cap D_{x}^{u}=(_{n}U_{\geqq 0}s_{n}(y))\cap D_{x}^{u}=\bigcup_{n\geqq 0}(s_{n}(y)\cap D_{x}^{u})$ ,

$B$ is at most countable.

The conclusion of Proposition A is obtained in proving the following

PROPOSITION 2.3. Under the above assumpti0ns and notations
(1) $\mathcal{F}_{f}^{\sigma}(\sigma=s, u)$ are generalized foliations on $M$,
(2) $\mathcal{F}_{f}^{s}$ is transverse to $\mathcal{F}?$ ,
(3) for any $x\in M,$ $\alpha_{x}$ ; $D_{x}^{u}\cross D_{x}^{s}arrow N_{x}$ is a canonical coordinate around $x$ .
PROOF. Let $\rho$ be as in Proposition 2.1. Then it follows that for every $x\in M$

(2.3) $W_{\rho}^{\sigma}(x)\subset D_{x}^{\sigma}$ $(\sigma=s, u)$ .
Indeed, since $W_{\rho}^{s}(x)\subset B_{\rho}(x)$ and $B_{\rho}(x)\subset N_{x}$ by Proposition 2.1(c), we have $y\in N_{x}$

when $y\in W_{\rho}^{s}(x)$ . Since $N_{x}=\alpha(D_{x}^{u}\cross D_{x}^{l})$ , obviously $y=a(u, v)$ for some $u\in D_{x}^{u}$

and $v\in D_{x}^{\epsilon}$ . Hence $\alpha(x, y)=\alpha(x, a(u, v))=\alpha(x, v)$ by $(\Pi)$ . Since $\rho<\epsilon_{0}$ , we
have $W_{\rho}^{s}(x)\subset W_{\epsilon_{0}}^{s}(x)$ and hence $y\in W_{\text{\’{e}}}^{s_{0}}(x)$ . By the definition of $a,$ $y=$

$a(x, y)\in W_{\epsilon}^{s_{0}}(x)\cap W_{\epsilon_{0}}^{u}(y)$ . Since $v\in D_{x}^{s}\subset W_{\epsilon}^{s_{0}}(x)$ , we have also $\alpha(x, v)=v$ . From
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the above calculations we have $y=v\in D_{x}^{s}$ . In the same way, the result for
$\sigma=u$ is checked.

By (2.1) and (2.3) we have that for every $x\in M$

$W^{s}(x)= \bigcup_{n\geqq 0}f^{-n}D_{f^{n}(x)}^{s}$ , $W^{u}(x)=_{n}U_{\geqq 0}f^{n}D_{f}^{u}-n_{Cx)}$ .
Since $D_{x}^{\sigma}(\sigma=s, u)$ are arcwise connected (by Proposition 2.1(a), $(b)$ ), so are
$W^{\sigma}(x)$ . Hence by (2.2), Proposition 2.1 and Lemma 2.2 the conclusion is obtained.

Let $n=\dim M$. We take an atlas $\{(U_{t}, g_{i})\}$ of $M$ such that

(2.4) $\{finiteandaLebesguenumberof\{U_{i}\}eachg_{i}:U_{i}arrow R^{n}isahomeomorphism,$ $isr_{1}>0\{U_{i}\}is$

.
Let $\delta_{0}$ be as in (II). Since $\delta_{0}$ is taken sufficiently small, we can assume that
$\delta_{0}<r_{1}$ . Thus diam $(N_{x})\leqq r_{1}$ for all $x\in M$ (by Proposition $2.1(a)$ ).

Let $\rho>0$ be as in Proposition 2.1 and choose a finite open cover $\{V_{j}\}$ of $M$

such that

(2.5)$\{\begin{array}{l}each diameter of V_{j} is less than \rho and thereare an open set V_{j}’\supset V_{j} and a homeomorphismh_{j}’ : V_{j}’arrow R^{n} such that V_{j}=h_{J^{-1}}’(V^{n}) where V^{n} denotes the unit open ball in R^{n}.\end{array}$

Then we can take a Lebesgue number $r_{2}$ with $0<r_{2}<\rho$ .
Since $M$ is compact, by $(\Pi I)$ there is $0<r_{3}<r_{2}$ such that for all $x\in M$

$a(B_{r_{3}}(x)\cross\{x\})\subset B_{r_{2}}(x)$ .
And we choose a new atlas $\{(W_{i}, h_{i})\}$ of $M$ such that

(2.6) $\{finiteandeachdiameterofW_{i}islesseachh_{i}:Warrow R^{n}isahomeomorpf\dot{u}sm,$ $thanr_{3}\{W_{i}\}is$

and let $0<r_{4}<r_{3}$ be a Lebesgue number of $\{W_{i}\}$ .
By (I) there is $l>0$ such that for $x\in M$ and $m\geqq l$

(2.7) $f^{m}D_{x}^{s}\subset W_{r_{4}}^{s}(f^{m}(x))$ , $f^{-m}D_{x}^{u}\subset W_{r_{4}}^{u}(f^{-m}(x))$ .

Fix $m\geqq l$ and take $x\in Fix(f^{m})$. We write

$K_{x}^{s}=f^{m}(D_{x}^{s})$ , $K_{x}^{u}=f^{-m}(D_{x}^{u})$ .
PROPOSITION 2.4. For $x\in Fix(f^{m})$ the following hold;
(a) $K_{x}^{\sigma}\subset B_{r_{4}}(x)$ $(\sigma=s, u)$ ,
(b) $K_{x}^{\sigma}$ is an oPen subset of $D_{x}^{\sigma}(x)$ $(\sigma=s, u)$ ,
(c) the diagram



364 K. HIRAIDE

$K_{x}^{u}\cross D_{x}^{*}arrow^{f^{m}\cross f^{m}}D_{x}^{u}\cross K_{x}^{\ell}$

$a_{x}|$ $\downarrow a_{x}$

$a_{x}(K_{x}^{u}\cross D_{x}^{\iota})arrow^{f^{m}}a_{x}(D_{x}^{u}\cross K_{x}^{l})$

commutes.

PROOF. (a) is clear. Since $r_{4}<\rho$ , by (2.3) we have $K_{x}^{\sigma}\subset D_{x}^{\sigma}$ . Since $D_{x}^{\sigma}$ is
open in $W^{\sigma}(x)$ by Proposition 2.3 and $f^{m}$ : $W^{\sigma}(x)arrow W^{\sigma}(x)$ is a homeomorphism
under the leaf topology, $K^{\sigma}(x)$ is open in $W^{\sigma}(x)$ , and hence $K_{x}^{\sigma}$ is open in $D_{x}^{\sigma}$ .
(b) was proved.

To show (c), take $(y, z)\in K_{x}^{u}\cross D_{x}^{s}$ . Then we have by the definition

(2.8) $a=\alpha_{x}(y, z)\in W_{\epsilon_{0}}^{s}(y)\cap W_{\epsilon_{0}}^{u}(z)$ .

On the other hand, since

(2.9) $f^{m}(y)\in f^{m}(K_{x}^{u})=D_{x}^{u}$

(2.10) $f^{m}(z)\in K_{x}^{s}\subset D_{x}^{s}$ ,

we have

(2.11) $b=\alpha_{x}(f^{m}(y), f^{m}(z))\in W_{\epsilon_{0}}^{s}(f^{m}(y))\cap W_{\epsilon_{0}}^{u}(f^{m}(z))$ .

Since for $0\leqq i\leqq m$

$d(f^{i}(a), f^{i}(x))\leqq d(f^{i}(a), f^{i}(y))+d(f^{i}(y), f^{i}(x))$ ,

by using (2.8) and (2.9) we have

$d(f^{i}(a), f^{i}(x))\leqq 2\epsilon_{0}$ $(0\leqq i\leqq m)$ .
If $a’=f^{-m}(b)$ , then

$d(f^{i}(a’), f^{i}(x))\leqq d(f^{i}(a’), f^{i}(z))+d(f^{i}(z), f^{i}(x))$

and hence from (2.11) and the fact that $z\in D_{x}^{s}\subset W_{\epsilon}^{s_{0}}(x)$ ,

$d(f^{i}(a’), f^{i}(x))\leqq 2\epsilon_{0}$ $(0\leqq i\leqq m)$ .
Hence we have $d(f^{i}(a), f^{i}(a’))\leqq 4\epsilon_{0}$ for $0\leqq i\leqq m$ . For $i\geqq m$ , we have

$d(f^{i}(a), f^{i}(a’))=d(f^{i}(a), f^{i-m}(b))$

$\leqq d(f_{i}(a), f^{i}(y))+d(f^{i-m}\circ f^{m}(y), f^{i-m}(b))$

and so by (2.8) and (2.11)

$d(f^{i}(a), f^{i}(a’))\leqq 2\epsilon_{0}$ $(i\geqq m)$ .
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From (2.8) and (2.11)

$d(f^{i}(a), f^{i}(a’))\leqq d(f^{i}(a), f^{i}(z))+d(f^{i-m}\circ f^{m}(z), f^{i-m}(b))$

$\leqq 2\epsilon_{0}$ $(i\leqq 0)$ .
Since $4\epsilon_{0}=c$ is an expansive constant for $f$ , we have $a=a’$ and the proof is
completed.

\S 3. Lifting of the geometric properties.

Let $M$ be a closed topological manifold and $\pi:\overline{M}arrow M$ be a covering projec-
tion. Let $d$ be a metric for $M$. Then we know (cf. [8]) that there exist a
metric $\overline{d}$ for $\overline{M}$ and $r_{0}>0$ such that

(i) if $x,$
$y\in\overline{M}$ and $\overline{d}(x, y)\leqq 2r_{0}$ , then $d(\pi(x), \pi(y))=\overline{d}(x, y)$ ,

(ii) if $x\in\overline{M},$ $y\in M$ and $d(\pi(x), y)\leqq 2r_{0}$ , then there is a unique $y’\in\overline{M}$ such
that $y’\in\pi^{-1}(y)$ and $\overline{d}(x, y’)=d(\pi(x), y)$ ,

(iii) all covering transformations are isometries,
(iv) $\overline{d}$ is complete.
If $\overline{B}_{r_{0}}(x)$ denotes the closed ball of radius $r_{0}$ centered at $x\in\overline{M}$ , then

$\pi_{1}\overline{B}r_{0}^{(x)}$ : $\overline{B}_{r_{0}}(x)arrow B_{r_{0}}(\pi(x))$ is an isometry (by (i) and (ii)).

Let $G(\pi)$ be the group of all covering transformations for $\pi$ . Let $f:Marrow M$

and $\overline{f}:\overline{M}arrow\overline{M}$ be homeomorphisms such that $f\circ\pi=\pi\circ\overline{f}$ . Then there is a group
automorphism $\overline{A}$ : $G(\pi)arrow G(\pi)$ such that $\overline{f}\circ\beta=\overline{A}(\beta)\circ\overline{f}$ for all $\beta\in G(\pi)$ , in which
case $\overline{A}$ is denoted by $\overline{f}_{*}$ .

The following is easily checked (cf. [16]).
(v) $\overline{f}:\overline{M}arrow\overline{M}$ is biuniformly continuous under $\overline{d}$ .

By this fact there is $0<\eta_{0}<r_{0}$ such that if $d(x, y)<\eta_{0}$ , then max $\{\overline{d}(\overline{f}(x),\overline{f}(y))$ ,
$\overline{d}(\overline{f}^{-1}(x),\overline{f}^{-1}(y))\}<r_{0}/2$ .

LEMMA 3.1. If $f$ has POTP, then $f$ has POTP.

PROOF. Let $0<\epsilon\leqq\eta_{0}$ . Since $f$ has POTP, there is $0<\delta\leqq r_{0}/2$ such that
every $\delta$-pseudo-orbit of $f$ is $\epsilon$-traced by some point of $M$. To show that $\overline{f}$ has
POTP, let $\{x_{i}\}_{i\in Z}$ be a $\delta$-pseudo-orbit of $\overline{f}$ . Since $\delta<r_{0}$ , we have that
$\{\pi(x_{i})\}_{i\in Z}$ is a $\delta$-pseudo-orbit of $f$ . Hence there is $x\in M$ which $\epsilon$-traces
$\{\pi(x_{i})\}_{i\in Z}$ . Since $\epsilon\leqq\eta_{0}<r_{0}$ , we can take $\overline{x}\in\overline{M}$ such that $\overline{x}\in\pi^{-1}(x)$ and
$\overline{d}(\overline{x}, x_{0})<\epsilon$ . Then we have

$\overline{d}(\overline{f}(\overline{x}), x_{1})\leqq\overline{d}(\overline{f}(\overline{x}),\overline{f}(x_{0}))+\overline{d}(\overline{f}(x_{0}), x_{1})\leqq r_{0}/2+\delta\leqq r_{0}$ ,

and hence $\overline{d}(\overline{f}(\overline{x}), x_{1})=d(f(x), \pi(x_{1}))<\epsilon$ . Inductively, $\overline{d}(\overline{f}^{i}(\overline{x}), x_{l})<\epsilon$ for $i\geqq C$ .
In the same way, we have $\overline{d}(\overline{f}^{i}(\overline{x}), x_{i})<\epsilon$ for $i<0$ , and therefore $f$ has POTP.
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For $x\in\overline{M}$ and $\epsilon>0$ , let $\overline{W}_{\epsilon}^{s}(x)$ and $\overline{W}_{\epsilon}^{u}(x)$ be the local stable and unstable
sets of $\overline{f}$ respectively.

LEMMA 3.2. For $0<\epsilon\leqq\eta_{0}$ and $x\in\overline{M},$ $\pi;\overline{W}_{\epsilon}^{\sigma}(x)arrow W_{\epsilon}^{\sigma}(\pi(x))$ is an isometry
$(\sigma=s, u)$ .

PROOF. If $y\in\overline{W}_{\epsilon}^{s}(x)$ and $i\geqq 0$ , then we have

$\epsilon\geqq\overline{d}(f^{i}(x),\overline{f}^{i}(y))=d(f^{i}\circ\pi(x), f^{i}\circ\pi(y))$ ,

and hence $\pi(y)\in W_{\epsilon}^{s}(\pi(x))$ . To see that $\pi_{1W_{\epsilon}^{s}Cx)}$ is surjective, let $y\in W_{\epsilon}^{s}(\pi(x))$ .
Then there is $y’\in\overline{M}$ such that $y’\in\pi^{-1}(y)$ and $\overline{d}(y’, x)\leqq\epsilon$ . Since $\epsilon\leqq\eta_{0}$ , we
have that $\overline{d}(\overline{f}(x),\overline{f}(y’))<r_{0}$ and so

$\overline{d}(\overline{f}(x),\tilde{f}(y’))=d(f\circ\pi(x), f(y))\leqq\epsilon$ .

Inductively, we have $\overline{d}(\overline{f}^{i}(x), f^{i}(y’))\leqq\epsilon$ for $i\geqq 0$ , and therefore $y’\in\overline{W}_{\epsilon}^{s}(x)$ . Since
$\overline{W}_{\epsilon}^{s}(x)\subset\overline{B}_{r_{0}}(x)$ , we proved that $\pi:\overline{W}_{\epsilon}^{s}(x)arrow W_{\epsilon}^{s}(\pi(x))$ is an isometry. In the same
way, the conclusion for $\sigma=u$ is obtained.

LEMMA 3.3. If $f$ is expansive and $0<c\leqq\eta_{0}$ is an exPansive constant for $f$,

then $f$ is expansive and $c$ is an expansive constant for $f$ .

PROOF. By Lemma 3.2 and the fact that $c$ is an expansive constant for $f$ ,

we have

$\pi(\overline{W}_{c}^{s}(x)\cap\overline{W}_{c}^{u}(x))=\pi(\overline{W}_{c}^{s}(x))\cap\pi(\overline{W}_{c}^{u}(x))=W_{c}^{s}(\pi(x))\cap W_{c}^{u}(\pi(x))=\{\pi(x)\}$ ,

and hence $\overline{W}_{c}^{s}(x)\cap\overline{W}_{c}^{u}(x)=\{x\}$ . This implies that $\overline{f}$ is gxpansive and $c$ is an
expansive constant for $f$ .

By \S 2 (I) and Lemma 3.2 we have the following

LEMMA 3.4. Under the assumptjOns in Lemma 3.3, for $\epsilon>0$ there is $N\geqq 0$

such that
$\overline{f}^{n}\overline{W}_{c}^{s}(x)\subset\overline{W}_{\epsilon}^{s}(\overline{f}^{n}(x))$ , $\overline{f}^{-n}\overline{W}_{c}^{u}(x)\subset\overline{W}_{\epsilon}^{u}(f^{-n}(x))$

for all $n\geqq N$ and all $x\in\overline{M}$ .
For $x\in\overline{M}$ , let $\overline{W}^{s}(x)$ and $\overline{W}^{u}(x)$ be the stable and unstable sets of $\overline{f}$

respectively.
Lemma 3.4 ensures the following

LEMMA 3.5. Under the assumptions in Lemma 3.3

$\overline{W}^{s}(x)=_{n}U_{\geq 0}\overline{f}^{-n}\overline{W}_{\epsilon}^{s}(\overline{f}^{n}(x))$ , $\overline{W}^{u}(x)=_{n}U_{\geq 0}\overline{f}^{n}\overline{W}_{\epsilon}^{u}(\overline{f}^{-n}(x))$

for all $0<\epsilon\leqq c$ and all $x\in\overline{M}$ .
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LEMMA 3.6. For $\beta\in G(\pi)$ and $x\in\overline{M}$

$\beta\overline{W}^{\sigma}(x)=\overline{W}^{\sigma}(\beta(x))$ $(\sigma=s, u)$ .

PROOF. If $y\in\overline{W}^{s}(x)$ , then

$\overline{d}(f^{n}\circ\beta(x), f^{n}\circ\beta(y))=\overline{d}(f_{*}^{n}(\beta)\circ f^{n}(x), f_{*}^{n}(\beta)\circ f^{n}(y))$

$=\overline{d}(f^{n}(x), f^{n}(y))arrow 0$ ,

and hence $\beta(y)\in\overline{W}^{s}(\beta(x))$ . Conversely, $\beta(y)\in\overline{W}^{s}(\beta(x))$ implies $y\in\overline{W}^{s}(x)$ .
Therefore $\beta\overline{W}^{s}(x)=\overline{W}^{s}(\beta(x))$ . In the same way, we have $\beta\overline{W}^{u}(x)=\overline{W}^{u}(\beta(x))$ .

Hereafter let $f$ is expansive and fix its expansive constant $0<c\leqq\eta_{0}$ .
Moreover let $f$ have POTP. Let $0<\delta_{0}<\epsilon_{0}=c/4$ be as in \S 2. If we set

$\overline{\Delta}(\delta_{0})=\{(x, y)\in\overline{M}\cross\overline{M}:\overline{d}(x, y)<\delta_{0}\}$ ,

then $(\pi(x), \pi(y))\in\Delta(\delta_{0})$ when $(x, y)\in\overline{\Delta}(\delta_{0})$ . Hence $t$ we have $\{\alpha(\pi(x), \pi(y))\}$

$=W_{\text{\’{e}}}^{s_{0}}(\pi(x))\cap W_{\epsilon}^{u_{0}}(\pi(y))$ . Since $d(\pi(x), \alpha(\pi(x), \pi(y)))\leqq\epsilon_{0}<r_{0}$ , there is a unique
$\overline{\alpha}(x, y)\in\overline{M}$ such that $\overline{d}(x,\overline{\alpha}(x, y))\leqq\epsilon_{0}$ and $\pi\circ\overline{\alpha}(x, y)=\alpha(\pi(x), \pi(y))$ .

LEMMA 3.7.
(1) $\{\overline{a}(x, y)\}=\overline{W}_{\epsilon_{0}}^{s}(x)\cap\overline{W}_{\epsilon}^{u_{0}}(y)$ for all $(x, y)\in\overline{\Delta}(\delta_{0})$ .
(2) $\overline{a};\overline{\Delta}(\delta_{0})arrow\overline{M}$ is a continuous map and

$\overline{\alpha}(x, x)=x$ , $\overline{\alpha}(x,\overline{\alpha}(y, z))=\overline{\alpha}(x, z)$ ,

$\overline{\alpha}(\overline{\alpha}(x, y),$ $z$ ) $=\overline{\alpha}(x, z)$

whenever the two sides of these relations are defined.

PROOF. Since $\epsilon_{0}<\eta_{0}$ and $\epsilon_{0}+\delta_{0}<r_{0}$ , (1) is obtained from Lemma 3.2. (2)

holds by \S 2 (m) and (1).

Let $x\in\overline{M}$ and let $D_{\pi Cx)}^{\sigma}(\sigma=s, u)$ and $N_{\pi(x)}$ be the subsets constructed in
\S 2. We define

$\overline{D}_{x}^{\sigma}=(\pi_{\{})^{-1}(D_{\pi(x)}^{\sigma})\overline{B}_{r_{0}}(x)$
$(\sigma=s, u)$

$\overline{N}_{x}=(\pi_{1})^{-1}(N_{r(x)})\overline{B}_{r_{0}}(x)$

Since $D_{\pi(x)}^{\sigma}$ is a connected component of $\pi(x)$ in $W_{\epsilon_{0},\delta_{1}}^{\sigma}(\pi(x))$ , by Lemma 3.2 $\overline{D}_{x}^{\sigma}$

is a connected component of $x$ in $\overline{W}_{\epsilon_{0}.\delta_{1}}^{\sigma}(x)$ . Since $N_{r_{\vee}(x)}=\alpha(D_{\pi(x)}^{u}\cross D_{\pi(x)}^{s})$ and
$\overline{\alpha}(x, y)=(\pi_{1_{E_{r_{0}}(x)}})^{-1}\circ\alpha(\pi(x), \pi(y))$ , we have

$\overline{N}_{x}=(\pi_{1})^{-1_{o}}\alpha(D_{\pi(x)}^{u}\cross D_{\pi Cx)}^{s})B_{r_{0}}Cx)$

$=\overline{\alpha}((\pi_{1}B_{r_{0}^{(x)}})^{-1}(D_{r_{\vee}Cx)}^{u})\cross(\pi_{1})^{-1}(D_{\tau(x)}^{s}))=\overline{\alpha}(\overline{D}_{x}^{u}\cross\overline{D}_{x}^{s})B_{r_{0}}(x)$
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and so we can define
$\overline{\alpha}_{x}$ ; $\overline{D}_{x}^{u}\cross\overline{D}_{x}^{s}arrow\overline{N}_{x}$

by $\overline{\alpha}_{x}=\overline{\alpha}_{1_{\overline{D}_{x}^{u}\cross\overline{D}_{x}^{S}}}$ . Then the following is obtained from Proposition 2.1.

PROPOSITION 3.8 (Local product structure on $\overline{M}$ ). For every $x\in\overline{M}$

(a) $N_{x}$ is connected and open in $\overline{M}$ and diam $(\overline{N}_{x})<\delta_{0}$ ,
(b) $\overline{\alpha}_{x}$ : $\overline{D}_{x}^{u}\cross\overline{D}_{x}^{s}arrow\overline{N}_{x}$ is a homeomorphism,
(c) $\overline{N}_{x}\supset\overline{B}_{\rho}(x)$ where $\rho$ is as in Proposition2.1(c),
(d) $\overline{D}_{x}^{\sigma}\supsetneqq\{x\}$ $(\sigma=s, u)$ .
Let $\mathcal{F}$ be a generalized foliation on $M$. Let $\overline{\mathcal{F}}$ be a family of subsets of $\overline{M}$

defined as follows; $\overline{L}\in\overline{\mathcal{F}}$ if and only if there is $L\in \mathcal{F}$ such that $\overline{L}$ is an arc-
wise connected component in $\pi^{-1}(L)$ . Then it is easily checked that $\overline{\mathcal{F}}$ is a
generalized foliation on $\overline{M}$ and for all $\overline{L}\in\overline{\mathcal{F}},$ $\pi(\overline{L})\in \mathcal{F}$ and $\pi:\overline{L}arrow\pi(\overline{L})$ is a
covering map. We say that $\overline{\mathcal{F}}$ is the lift of $\mathcal{F}$ by $\pi$ . If $\mathcal{F}’$ is a generalized
foliation on $M$ transverse to $\mathcal{F}$ , then the lift $\overline{\mathcal{F}}’$ is transverse to $\overline{\mathcal{F}}$ .

Since $f:Marrow M$ is expansive and has POTP, we know that $\mathcal{F}_{f}^{\sigma}(\sigma=s, u)$ are
generalized foliations on $M$ and $\mathcal{F}_{f}^{s}$ is transverse to $\mathcal{F}_{f}^{u}$ (see Proposition A).

Note that

$\mathcal{F}_{f}^{o}=\{\overline{W}^{\sigma}(x):x\in\overline{M}\}$ $(\sigma=s, u)$ .

PROPOSITION 3.9. Under the above assumpti0ns and notations
(1) $\mathcal{F}_{f}^{a}(\sigma=s, u)$ are generalized foliations on $\overline{M}$ ,

(2) $\mathcal{F}_{f}^{*}$ is transverse to $\mathcal{F}_{f}^{u}$ ,

(3) for any $x\in\overline{M},\overline{\alpha}_{x}$ ; $\overline{D}_{x}^{u}\cross\overline{D}_{x}^{s}arrow\overline{N}_{x}$ is a canonical coordinate around $x$ .
Moreover for $\sigma=s,$ $u$ the following hold;

(4) $\mathcal{F}_{f}^{\sigma}$ is the lift of $\mathcal{F}_{f}^{\sigma}$ by $\pi$ ,
(5) $\pi:\overline{W}^{\sigma}(x)arrow W^{\sigma}(\pi(x))$ is a homeomorphism for all $x\in\overline{M}$ .

PROOF. Use Lemmas 3.3, 3.4, 3.5 and 3.7 and Proposition 3.8 and run on
the proofs of Lemma 2.2 and Proposition 2.3. Then we see that (1), (2) and
(3) hold. To obtain (4) and (5), we show that $\pi:\overline{W}^{s}(x)arrow W^{s}(\pi(x))$ is bijective.

Let $y\in W^{s}(\pi(x))$ . Since $W_{\rho}^{s}(\pi(x))\subset D_{\pi(x)}^{s}$ by (2.3), there is $n\geqq 0$ such that
$f^{n}(y)\in D_{f^{n}(\pi Cx))}^{s}=D_{\pi\circ fn(x)}^{s}$ . Remark that $\overline{D}_{J^{n(x)}}^{s}=(\pi_{\mathfrak{l}_{Br_{0^{(}}J^{n(x))}}})^{-1}(D_{\pi\circ\overline{J}^{n(x)}}^{S})$ . Then
we can take $y_{n}’\in\overline{D}\}_{n(x)}$ such that $\pi(y_{n}’)=f^{n}(y)$ . Let $y’=f^{-n}(y_{n}’)$ . Then $y’\in$

$\overline{W}^{s}(x)$ and $\pi(y’)=y$ , and hence $\pi(\overline{W}^{s}(x))\supset W^{s}(\pi(x))$ . Conversely, by the defini-
tion $\pi(\overline{W}^{s}(x))\subset W^{s}(\pi(x))$ , and so $\pi(\overline{W}^{s}(x))=W^{s}(\pi(x))$ . Let $y_{1},$

$y_{2}\in\overline{W}^{s}(x)$ and let
$\pi(y_{1})=\pi(y_{2})$ . Then $\overline{d}(f^{n}(y_{1}), f^{n}(y_{2}))<r_{0}$ for some $n\geqq 0$ . Since $\pi\circ f^{n}(y_{1})=$

$f^{n}\circ\pi(y_{1})=f^{n}\circ\pi(y_{2})=\pi\circ f^{n}(y_{2})$ , we have $f^{n}(y_{1})=f^{n}(y_{2})$ and hence $y_{1}=y_{2}$ . There-
fore $\pi:\overline{W}^{s}(x)arrow W^{s}(\pi(x))$ is bijective.
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By the above result we have

$\pi^{-1}(W^{S}(\pi(x)))=x\in\pi^{-1}(\pi(x))U\overline{W}^{s}(x’)$ (disjoint union),

and hence by (1) each $\overline{W}^{s}(x’)$ is an arcwise connected component in $\pi^{-1}(W^{s}(\pi(x)))$ .
Therefore $\mathcal{F}_{\overline{f}}^{s}$ is the lift of $\mathcal{F}_{f}^{s}$ by $\pi$ . In the same way, we have $\mathcal{F}_{f}^{u}$ is the lift
of $\mathcal{F}_{f}^{u}$ by $\pi$ . (5) follows from the fact that $\pi;\overline{W}^{\sigma}(x)arrow W^{\sigma}(\pi(x))$ is bijective
$(\sigma=s, u)$ .

\S 4. Orientability of generalized foliations.

Let $X$ be a topological space which satisfies

$H_{i}(X, X\backslash \{x\})\cong\{0Z$ $i=ni\neq n$

for all $x\in X$, and $V_{x}$ be a connected open neighborhood of $x$ in $X$. We say
that $V_{x}$ is a canonical neighborhood if there is $O_{x}\in H_{n}(X, X\backslash V_{x})$ such that
$i_{z*}(O_{x})$ is a generator of $H_{n}(X, X\backslash \{z\})$ for all $z\in V_{x}$ where $i_{z}$ : $(X, X\backslash V_{x})$

$arrow-(X, X\backslash \{z\})$ denotes the inclusion. Such an element $O_{x}$ is called a fundamental
class of $H_{n}(X, X\backslash V_{x})$ .

If, in particular, $X$ is Hausdorff and $O_{x}’\in H_{n}(X, X\backslash V_{x})$ is the other fundamental
class, it follows from the definition of singular homology that either $i_{z*}(O_{x}’)=$

$i_{z*}(O_{x})$ for all $z\in V_{x}$ , or $i_{z*}(O_{x}’)=-i_{z*}(O_{x})$ for all $z\in V_{x}$ .
Let $M$ be a topological n-manifold without boundary. In this case we have

always that for all $x\in M,$ $H_{i}(M, M\backslash \{x\})\cong Z(i=n)$ and $\cong 0(i\neq n)$ , and that for
each $x\in M$, there is a canonical neighborhood of $x$ in $M$.

LEMMA 4.1 (Bredon [4]). Let $X$ and $Y$ be non-trivial topological spaces and
$X\cross Y$ denote the product topolOgjcal space. If $X\cross Y$ is a connected topological

n-manifold without boundary, then
(1) there are $p,$ $q>0$ with $p+q=n$ such that

$H_{i}(X, X\backslash \{x\})\cong\{_{0}Z$

$H_{i}(Y, Y\backslash \{y\})\cong\{_{0}Z$

$(i=p)$
$(x\in X)$ ,

$(i\neq p)$

$(i=q)$
$(y\in Y)$ ,

$(i\neq q)$

(2) each point of $X$ (resp. $Y$ ) has a canonical neighborhood in $X$ (resp. $Y$ ).

LEMMA 4.2. Let $M$ be a connected top0l0gical manifold without boundary and
$\mathcal{F}$ be a generalized foliation on M. Then there exists $0<p<\dim(M)$ such that
for each leaf $L\in \mathcal{F}$
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$H_{i}(L, L\backslash \{x\})\cong\{_{0}Z$ $(i=p)(i\neq p)$ $(x\in L)$ .

PROOF. Let $\psi:D\cross Karrow Nbealocalcoordinate$ . Then there is0 $<p<\dim(M)$

such that

$H_{i}(D, D\backslash \{y\})\cong\{\begin{array}{l}Z (i=p)0 (i\neq p)\end{array}$

for $y\in D$ (by Lemma 4.1). Take $z\in N$ and let $L\in \mathcal{F}$ be the leaf through $z$.
Then there is $y\in D$ such that

$H_{i}(L, L\backslash \{z\})\cong H_{i}(D, D\backslash \{y\})$ $(i\geqq 0)$ .
For, if $D’$ denotes the connected component of $z$ in $N\cap L$ , there is $z’\in K$ such
that $\psi(, z’):Darrow D’$ is a homeomorphism, from which

$H_{i}(D’, D’\backslash \{z\})\cong H_{i}(D, D\backslash \{y\})$ $(i\geqq 0)$

where $z=\psi(y, z’)$ . Since $D’$ is open in $L$ and D’c $L$ is a $C^{0}$ embedding, by
applying excision isomorphism theorem we have

$H_{i}(L, L\backslash \{z\})\cong H_{i}(D’, D’\backslash \{z\})$ $(i\geqq 0)$

and therefore the lemma holds.

Let $\mathcal{F}$ be a generalized foliation on $M$ and $P$ be as in Lemma 4.2. The
natural number $P$ is called the dimension of $\mathcal{F}$ and we write $p=\dim(\mathcal{F})$ . If $\mathcal{F}’$

is a generalized foliation transverse to $\mathcal{F}$ , then dim $(\mathcal{F})+\dim(\mathcal{F}’)=\dim(M)$ holds.
Assume that there exists a generalized foliation transverse to $\mathcal{F}$ . From

now on we introduce the orientability for $\mathcal{F}$ . To do this, for any path $\omega:[0,1]$

$arrow M$ we construct an isomorphism

$\omega_{*}:$ $H_{p}(L(\omega(0)), L(\omega(0))\backslash \{\omega(0)\})arrow H_{p}(L(\omega(1)), L(\omega(1))\backslash \{\omega(1)\})$ ,

where $L(x)$ denotes the leaf of $\mathcal{F}$ through $x$ , such that the following hold;
(a) $($constant $path)_{*}=id$

(b) $(\omega_{1}\cdot\omega_{2})_{*}=\omega_{2*}\circ\omega_{1*}$

(c) if $\omega_{1}$ is homotopic to $\omega_{2}$ rel $\{0,1\}$ , then $\omega_{1*}=\omega_{2*}$ .
Let $\varphi:D\cross D’arrow N$ be a canonical coordinate around some $a\in M$. Then $N$ is

expressed as the disjoint union $N=U_{x\in D’}D_{x}$ of subsets $D_{x}$ where $D_{x}=\varphi(D\cross\{x\})$

for $x\in D’$ . We note that $D_{x}$ is the connected component of $x$ in $N\cap L(x)$ . By
Lemma 4.1(2) there is a canonical neighborhood of $a$ in $D$ which is denoted by
V. Then $R=\varphi(V\cross D’)(\subset N)$ is a coordinate domain. Obviously $R= \bigcup_{x\in D’}V_{x}$

where $V_{x}=\varphi(V\cross\{x\})$ for $x\in D’$ . Since $\varphi(a, x)=x$ and $\varphi( , x):Darrow D_{x}$ is a
homeomorphism, we see that $O_{x}=\varphi( , x)_{*}(O)\in H_{p}(D_{x}, D_{x}\backslash V_{x})$ is a fundamental
class if so is $O\in H_{p}(D, D\backslash V)$ .
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For $x,$ $x’\in D’$ define a homeomorphism $\psi_{x.s’}$ : $(D_{x}, D_{x}\backslash V_{x})arrow(D_{x’}, D_{x’}\backslash V_{x}\cdot)$

such that the diagram

commutes. Then $\psi_{x.x’*}(O_{x})=O_{x’}$ holds.
For $z\in R$ choose $x_{z}\in D’$ such that $z\in V_{x_{f}}\subset D_{x_{z}}$ . Since $D_{x_{z}}$ is the connected

component of $z$ in $N\cap L(z)$ , the composition map

$j_{z*}:$
$H_{p}(D_{x_{z}}, D_{x_{z}}\backslash V_{x_{z}})arrow H_{p}(D_{x_{z}}i_{z*}D_{x_{z}}\backslash \{z\})$

$j_{z*}’$

$arrow H_{p}(L(z), L(z)\backslash \{z\})\cong Z$

$\cong$

sends the fundamental class $O_{x_{\chi}}$ to a generator of $Z$ where $i_{z}$ : $(D_{x_{z}}, D_{x_{z}}\backslash V_{x_{z}})$

$c(D_{x_{l}}, D_{x_{z}}\backslash \{z\})$ and i2 : $(D_{x_{z}}, D_{x_{z}}\backslash \{z\})c(L(z), L(z)\backslash \{z\})$ . And so for $z,$ $w\in R$

we define an isomorphism

$\Phi_{z.R}^{w}$ : $H_{p}(L(z), L(z)\backslash \{z\})arrow H_{p}(L(w), L(w)\backslash \{w\})$

by $\Phi_{z.R}^{w}(j_{z*}(O_{x_{z}}))=j_{w*}(O_{x_{w}})$ . It is clear that for $z,$ $w,$ $w’\in R$

(a) $\Phi_{z.R}^{z}=$ id,
(b) $\Phi_{z.R}^{w}=\Phi_{w.R^{\circ}}^{w}\Phi_{z.R}^{w’}$ ,
(c) $(\Phi_{z.R}^{w})^{-1}=\Phi_{w.R}^{z}$ .
Taking $b\in M$, for a canonical coordinate $\tilde{\varphi}$ : $\tilde{D}\cross\tilde{D}’arrow\tilde{N}$ around $b$ we can

choose a canonical neighborhood $\tilde{V}$ of $b$ in $\tilde{D}$ . As we saw above, $\tilde{N}=\tilde{\varphi}(\tilde{D}\cross\tilde{D}’)$

and $\tilde{R}=\tilde{\varphi}(\tilde{V}\cross\tilde{D}’)$ are exPressed as the disjoint unions $\tilde{N}=U_{y\in\tilde{D}’}\tilde{D}_{y}$ $(D_{y}=$

$\tilde{\varphi}(\tilde{D}\cross\{y\}))$ and $\tilde{R}=U_{y\in\tilde{D}’}\tilde{V}_{y}(\tilde{V}_{y}=\tilde{\varphi}(\nu\cross\{y\}))$ . Let $\tilde{O}\in H_{p}(\tilde{D},\tilde{D}\backslash \tilde{V})$ be a funda-
mental class and dePne $\tilde{O}_{y}=\tilde{\varphi}( , y)_{*}(\tilde{O})\in H_{p}(\tilde{D}_{y},\tilde{D}_{y}\backslash \tilde{V}_{y})$ for $y\in\tilde{D}’$ . For $y,$ $y’$

$\in\tilde{D}’$ , let $\tilde{\psi}_{y.y’}=\tilde{\varphi}( , y’)\circ\overline{\varphi}( , y)^{-1}$ . Then $\tilde{\psi}_{y.y’*}(\tilde{O}_{y})=\tilde{O}_{y’}$ holds.
For $z\in\tilde{R}$ , choose $y_{z}\in\tilde{D}’$ such that $z\in\tilde{V}_{y_{z}}\subset\tilde{D}_{y_{z}}$ . Then the composition map

$\tilde{j}_{z*}:$ $H_{p}(D_{y_{z}}, B_{y_{z}}\backslash \hat{V}_{y_{z}})arrow H_{p}(\tilde{D}_{y_{z}},\tilde{D}_{y_{z}}\backslash \{z\})$

$arrow^{\cong}H_{p}(L(z), L(z)\backslash \{z\})\cong Z$

sends $\tilde{O}_{y_{z}}$ to a generator of $Z$. For $z,$
$w\in\hat{R}$ , as above we define

$\Phi_{z.\tilde{R}}^{w}$ : $H_{p}(L(z), L(z)\backslash \{z\})arrow H_{p}(L(w), L(w)\backslash \{w\})$

by $\Phi_{z,\overline{R}}^{w}(J_{z}\gamma*(\tilde{O}_{y_{z}}))=f_{w*}(\tilde{O}_{y_{w}})$ .
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CLAIM. SuPpose $R\cap\hat{R}$ is non-emPty and $w,$
$z\in R\cap\hat{R}$ . If there exists a path

$\omega:[0,1]arrow R\cap R$ such that $\omega(0)=z$ and $\omega(1)=w$ , then $\Phi_{z.R}^{w}=\Phi_{z.\tilde{R}}^{w}$ holds.

PROOF. Since $\omega([0,1])\subset N\cap\tilde{N}$ and $N$ and $\tilde{N}$ are coordinate domains, there
is a coordinate domain $U$ such that $\omega([0,1])\subset U$ and $U\subset N\cap\tilde{N}$. Then we have

(4.1) $\gamma_{U}=\gamma_{N1U\cross U}=\gamma_{\overline{N}\mathfrak{l}U\cross U}$

where $\gamma_{U},$ $\gamma_{N}$ and $\gamma_{\tilde{N}}$ are as in \S 1. For $u\in U$ , let $E_{u}$ be the connected com-
ponent of $u$ in $U\cap L(u)$ . Since $z,$ $w\in U$ , we have

$\gamma_{U}(\cdot, w)_{1E_{z}}$ : $E_{z}arrow E_{w}$ .

Since $U\subset N\cap\tilde{N}$, obviously $E_{z}\subset D_{x_{z}}\cap\tilde{D}_{y_{z}}$ and $E_{w}\subset D_{x_{w}}\cap\tilde{D}_{y_{w}}$ . Remark that

$\psi_{z.w}=\gamma_{N}(\cdot, w)_{1D_{x_{z}}}$ : $D_{x_{z}}arrow D_{x_{w}}$

and
$\tilde{\psi}_{z.w}=\gamma_{\tilde{N}}(\cdot, w)_{I\tilde{D}_{y_{z}}}$ : $D_{y_{z}}arrow D_{y_{w}}$ .

Then from (4.1) it follows that

(4.2) $\psi_{z.w1E_{z}}=\tilde{\psi}_{z.w1E_{z}}=\gamma_{U}(\cdot, w)_{1E_{z}}$ .

Since $\omega([0,1])\subset R\cap\tilde{R}\cap U$ , we can take a coordinate domain $W$ such that $\alpha([0,1])$

$\subset W$ and cl $(W)\subset R\cap R\cap U$ . For $u\in W$ , let $F_{u}$ be the connected component of
$u$ in $W\cap L(u)$ . Since cl $(W)\subset U$ , cl $(F_{u})\subset E_{u}$ for all $u\in W$ . Hence by applying
the excision theorem the isomorphisms induced by the inclusion maps are ob-
tained;

Since $W\subset R\cap R$ , obvlously $F_{z}\subset V_{x_{z}}\cap\tilde{V}_{y_{z}}$ and $F_{w}\subset V_{x_{w}}\cap\tilde{V}_{y_{w}}$ , and hence we
have the homomorphisms induced by the inclusion maps:

$l_{1*}$

$H_{p}(D_{x_{z}}, D_{x_{z}}\backslash V_{x_{z}})arrow\Delta_{1}$

$l_{1*}\sim$

$H_{p}(\tilde{D}_{y_{z}},\tilde{D}_{y_{z}}\backslash \tilde{V}_{y_{z}})arrow\tilde{\Delta}_{1}$
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12*
$H_{p}(D_{x_{w}}, D_{x_{w}}\backslash V_{x_{w}})arrow\Delta_{2}$

$l_{2*}\sim$

$H_{p}(\tilde{D}_{y_{w}},\tilde{D}_{y_{w}}\backslash \tilde{V}_{y_{w}})arrow\tilde{\Delta}_{2}$ .

If $j_{z*}(O_{x_{z}})=j_{z*}(\tilde{O}_{y_{z}})\in H_{p}(L(z), L(z)\backslash \{z\})$ , then by the commutativity of the
inclusion maps we have

$n_{z*}\circ k_{1*}^{-1}\circ l_{1*}(O_{x_{z}})=n_{z*}\circ\tilde{k}_{1*}^{-1_{\circ l_{1*}(\tilde{O}_{y_{z}})}^{*}}$

where $n_{z}$ : $(E_{z}, E_{z}\backslash F_{z})C_{arrow}(E_{z}, E_{z}\backslash \{z\})$ . Since $k_{1*}^{-1}\circ l_{1*}(O_{x_{z}})$ and $\tilde{k}_{1*}^{-1_{O}}\tilde{l}_{1*}(\tilde{O}_{y_{z}})$ are
fundamental classes, for all $z’\in F_{z}$ we have

$n_{z’*}\circ k_{1*}^{-1}\circ l_{1*}(O_{x_{z}})=n_{z’*}\circ\tilde{k}_{1*}^{-1}\circ l_{1*}(\tilde{O}_{y_{z}})\sim$ ,

and hence by (4.2)

$\psi_{z.w*}\circ n_{z’*}\circ k_{1*}^{-1}\circ l_{1*}(O_{x_{z}})=\tilde{\psi}_{z.w*}\circ n_{z’*}\circ\tilde{k}_{1*}^{-1}\circ t_{1*}(\tilde{O}_{y_{z}})$ .

Since $\psi_{z,w}$ and $\psi_{z,w}$ commute with the inclusion maps, it follows that for all
$w’\in F_{w}$

$m_{w’*}\circ k_{2*}^{-1}\circ l_{2*}\circ\psi_{z.w*}(O_{x_{z}})=m_{w’}\circ\tilde{k}_{2*}^{-I}\circ l_{2*}\circ\tilde{\psi}_{z.w*}(\tilde{O}_{y_{z}})\sim$ ,

where $m_{w’}$ : $(E_{w}, E_{w}\backslash F_{w})c(E_{w}, E_{w}\backslash \{w’\})$ . Since $\psi_{z,w*}(O_{x_{z}})=O_{x_{w}}$ and $\tilde{\psi}_{z}w*(\tilde{O}_{y_{z}})$

$=\tilde{O}_{y_{w}}$ and since $w\in F_{w}$ , we have

$m_{w*}\circ k_{2*}^{-1}\circ l_{2*}(O_{x_{w}})=m_{w*}\circ\tilde{k}_{2*}^{-1}\circ l_{2*}(\tilde{O}_{y_{w}})$ ,
and therefore

$j_{w*}(O_{x_{w}})=f_{w*}(\tilde{O}_{y_{w}})$

by the commutativity of the inclusion maps. This implies that $\Phi_{z.R}^{w}=\Phi_{z.\tilde{R}}^{w}$ .

Let $\omega:[0,1]arrow M$ be a path. Then we can find a sequence

$So=0\leqq s_{1}\leqq s_{2}\leqq\ldots\leqq s_{n}=1$

and a sequence $x_{1},$
$\cdots$ $x_{n}$ of points of $M$ such that

$\omega([s_{i- 1}, s_{i}])\subset R_{x_{i}}$

where $R_{x_{i}}=\varphi_{x_{i}}(V_{x_{i}}\cross D_{x_{i}}’),$
$\varphi_{x_{i}}$ : $D_{x_{i}}\cross D_{x_{i}}’arrow N_{x_{i}}$ is a canonical coordinate around

$x_{i}$ and $V_{x_{i}}$ is a canonical neighborhood of $x_{i}$ in $D_{x_{i}}$ . Now we define an iso-
morphism

$\omega_{*}:$ $H_{p}(L(\omega(0)), L(\omega(0))\backslash \{\omega(0)\})arrow H_{p}(L(\omega(1)), L(\omega(1))\backslash \{\omega(1)\})$

by
$\omega_{*}=\Phi_{\omega(s_{n-\iota}),R_{xn}^{o}}^{\omega(1)}\ldots 0\Phi_{\omega(0),R_{x_{1}}}^{\omega(s_{1})}$ .

It is not difficult to see that $\omegaarrow\omega_{*}$ is well-defined and satisfies all our require-
ments.
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From the definition of $\omega_{*}$ we see that the functor $\omegaarrow\omega_{*}$ satisfies the fol-
lowing

LEMMA 4.3. Let $M_{\ell}$ be a connected top0l0gical manifold without boundary and
$\mathcal{F}_{i}$ be a generalized foliation on $M_{i}$ to which there exists a transverse generalized
foliation $\mathcal{F}_{i}’$ , where $i=1,2$ . If $f:M_{1}arrow M_{2}$ is a covering map and $\mathcal{F}_{1}$ (resp. $\mathcal{F}_{1}’$ ) is
the lift of $\mathcal{F}_{2}$ (resp. $\mathcal{F}_{2}’$ ) by $f$, then for any path $\omega$

$f_{*}\circ\omega_{*}=(f\circ\omega)_{*}\circ f_{*}$

where $f_{*}$ denotes the induced isomorphism $H_{p}(L, L\backslash \{x\})arrow H_{p}(f(L), f(L)\backslash \{f(x)\})$ ,
$x\in L\in \mathcal{F}_{1}$ and $p=\dim(\mathcal{F}_{1})$ .

A generalized foliation $\mathcal{F}$ on $M$, to which there exists a transverse gener-
alized foliation $\mathcal{F}’$ , is called orientable if for $[\omega]\in\pi_{1}(M),$ $\omega_{*}$ is the identity. Let
dim $(\mathcal{F})=p$ . We call an orientation of $\mathcal{F}$ a family { $O_{x}\in H_{p}(L, L\backslash \{x\}):O_{x}$ is a
generator and $x\in L\in \mathcal{F}$ } if $\omega_{*}(O_{\omega(0)})=O_{\omega(1)}$ for any path $\omega$ . If $\mathcal{F}$ is orientable,
then there are exactly two orientations for $\mathcal{F}$ .

LEMMA 4.4. If $\mathcal{F}$ is non-orientable, then there exists a double covering map
$\pi:\overline{M}arrow M$ such that

(1) the lift $\overline{\mathcal{F}}$ is orientable,
(2) if $f:Marrow M$ is a homeomorphism and if $f(\mathcal{F})=\mathcal{F}$ and $f(\mathcal{F}’)=\mathcal{F}’$ , then

there is a lift $f;\overline{M}arrow\overline{M}$ of $f$ by $\pi$ .

PROOF. Let $\Lambda=\{[\omega]\in\pi_{1}(M):\omega_{*}=id\}$ . Obviously $\Lambda$ is a subgroup of $\pi_{1}(M)$

with index 2, and then there exist a topological manifold $\overline{M}$ and a double
covering map $\pi;\overline{M}arrow M$ such that $\pi_{*}(\pi_{1}(\overline{M}))=\Lambda$ . Let $\overline{\mathcal{F}}$ be the lift of $\mathcal{F}$ by $\pi$ .
Since $\pi_{*}\circ\omega_{*}=(\pi\circ\omega)_{*}\circ\pi_{*}$ for $[\omega]\in\pi_{1}(\overline{M})$ (Lemma 4.3), we have $\pi_{*}\circ\omega_{*}=\pi_{*}$ be-
cause $[\pi\circ\omega]\in\Lambda$ , and so $\omega_{*}=id$ . Thus $\overline{\mathcal{F}}$ is orientable. For $[\omega]\in\Lambda$ we have

$f_{*}=f_{*}\circ\omega_{*}=(f\circ\omega)_{*}\circ f_{*}$

and so $(f\circ\omega)_{*}=id$ , from which $[f\circ\omega]\in\Lambda$ . This implies the existence of a lift
$f$ of $f$ by $\pi$ .

\S 5. Proof of Proposition B.

A topological space $X$ is called an Euclidean neighborhood retract (abbrev.

ENR) if there exist an open subset $O$ of some Euclidean space $R^{n}$ and con-
tinuous maps $i:Xarrow 0,$ $r;0arrow X$ such that $r\circ i=id$ . Let $X$ be an ENR and $V$ be
an open subset of $X$. Let $g:Varrow X$ be a continuous map such that the fixed
point set Fix $(g)$ is compact. Then we define the fixed point index of $g$ by
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$I(g)=the$ fixed Point index of $i\circ g\circ r$

where $i:Xarrow O$ and $r;Oarrow X$ are as in the definition of ENR. For the details
of fixed point indices the reader may refer to R. Brown [6] and A. Dold [7].

Let $f:Marrow M$ be as in Proposition B. By (I) of \S 2 there is $l>0$ such that
(2.7) holds. Take and fix $m\geqq l$ . Let $x\in Fix(f^{m})$ . As in \S 2 we define $D_{x}^{\sigma}$ and
$K_{x}^{a}(\sigma=s, u)$ , and put

$F_{x,s}=f_{1D_{x}^{S}}^{m}$ : $D_{x}^{s}arrow K_{x}^{s}$ and $F_{x.u}=f^{m_{IK_{x}^{u}}}$ : $K_{x}^{u}arrow D_{x}^{u}$ .
Since $x$ is in $D_{x}^{s}\cap K_{x}^{u}$ , the point $x$ is a fixed point of $F_{x.\sigma}(\sigma=s, u)$ . Since
$D_{x}^{s}\subset W_{\epsilon_{0}}^{s}(x)$ and $K_{x}^{u}\subset D_{x}^{u}\subset W_{\epsilon_{0}}^{u}(x)$ , by (I) of \S 2 we see that $x$ is the only fixed
point of $F_{x.\sigma}$ . From Proposition 2.1(a) and (b) it follows that $D_{x}^{\sigma}(\sigma=s, u)$ are
ENRs. By Proposition 2.4(b) $K_{x}^{\sigma}$ is an open subset of $D_{x}^{\sigma}$ . Hence, as above we
can define the fixed point indices of the following maps;

$F_{x,\sigma}$ , $F_{x.\sigma}^{-1}$ , $F_{x.u}\cross F_{x.\iota}$ , $F_{x.u}\cross F_{x.s}^{-1}$ , $F_{x,u}^{-1}\cross F_{x.s}$

where $\sigma=s,$ $u$ . We denote by $I_{f^{m}}(x)$ the fixed point index at $x$ of $f^{m}$ .

LEMMA 5.1. For every $x\in Fix(f^{m})$

$I_{f^{m}}(x)=I(F_{x.u})\cdot I(F_{x,s})$ .

PROOF. Combining Proposition 2.1 (a) and (b) with Proposition 2.4(b), we
see that $\alpha_{x}(K_{x}^{u}\cross D_{x}^{s})$ is an open neighborhood of $x$ in $M$. Hence $I_{f^{m}}(x)=$

$I(F_{x.u}\cross F_{x.s})$ by Proposition 2.4(c) and the property of fixed point index. Since
$I(F_{x.u}\cross F_{x.s})=I(F_{x.u})\cdot I(F_{x.s})$ by the property of fixed point index, the con-
clusion is obtained.

Let $n=\dim(M)$ . Hereafter we fix an orientation of $R^{n}$ ; { $O_{z}\in H_{n}(R^{n}, R^{n}\backslash \{z\})$ :
$O_{z}$ is a generator and $z\in R^{n}$ }. When $V$ is an open subset of $R^{n}$ and $z\in V$, we
denote by $j_{V}^{z}$ the inclusion (V, $V\backslash \{z\}$ ) $c(R^{n}, R^{n}\backslash \{z\})$ . Obviously $j_{V}^{z}$ induces an
isomorphism

$(i_{V}^{z})_{*}:$

$H_{n}(V, V\backslash \{z\})arrow^{\cong}H_{n}(R^{n}, R^{n}\backslash \{z\})$ .

LEMMA 5.2. For every $x\in Fix(f^{m})$

(a) $I(F_{x,s})=I(F_{x.u}^{-1})=1$ ,
(b) $I(F_{x.u})$ is either 1 or $-1$ .

PROOF. (a): Let $\rho$ and $r_{4}$ be as in \S 2 and $\{(W_{i}, h_{i})\}$ be the atlas of (2.6).

Since $r_{4}$ is a Lebesgue number of $\{W_{i}\}$ , there is $(W, h)\in\{(W_{i}, h_{i})\}$ such that
$B_{r_{4}}(x)\subset W\subset B_{\rho}(x)\subset N_{x}$ . By Proposition 2.4(a) we have $K_{x}^{s}\subset B_{r_{4}}(x)$ . Define a
homotopy $H:D_{x}^{s}\cross[0,1]arrow D_{x}^{s}$ by

$H(y, t)=P^{s}\circ\alpha_{x}^{-1}\circ h^{-1}(th\circ F_{x.s}(x))$
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where $P^{s}$ : $D_{x}^{u}\cross D_{x}^{s}arrow D_{x}^{s}$ is the natural projection. Then it is easily checked that
$H(y, 0)$ is a constant and $H(y, 1)=F_{x,s}(y)$ . Since the image of $H$ is contained
in a compact set $P^{s}\circ a_{x}^{-1}(B_{\rho}(x))$ , obviously { $y\in D_{x}^{s}$ : $H(y, t)=y$ for some $r\in$

$[0,1]\}$ is compact, and hence $I(F_{x.s})=1$ by the property of fixed point index.
In the same way, we have $I(F_{x.u}^{-1})=1$ .

(b): Let $r_{1}>0$ and $\{(U_{i}, g_{i})\}$ be as in (2.4). Since $r_{1}$ is a Lebesgue number
and diam $(N_{x})<r_{1}$ , there is $(U, g)\in\{(U_{i}, g_{t})\}$ such that $N_{x}\subset U$ . We define a $C^{0}$

embedding $\Psi:D^{u}\cross D^{s}arrow R^{n}$ by $\Psi=g\circ\alpha_{x}$ , and write

$V=\Psi(K_{x}^{u}\cross K_{x}^{s})$ and $a=\Psi(x, x)$ .
Since $V$ is open in $R^{n}$ , by the definition of fixed point index we have

$G_{*}\circ(i_{V}^{a})_{*}^{-1}(O_{a})=I(F_{x.u}\cross F_{x.s}^{-1})O_{0}$

where
$G=(id-\Psi\circ(F_{x.u}\cross F_{x,s}^{-1})\circ\Psi^{-1}):(V, V\backslash \{a\})arrow(R^{n}, R^{n}\backslash \{0\})$ .

Let $\xi:R^{n}arrow R^{n}$ be the homeomorphism defined by $z\mapsto-z$ . Then it follows that

$G=\xi\circ G_{1^{\circ}}[\Psi\circ(F_{x.u}\cross F_{x.s}^{-1})0\Psi^{-1}]$

where
$G_{1}=(0\cross F_{x,s})\circ\Psi^{-1}):(g(N_{x}), g(N_{x})\backslash \{a\})arrow(R^{n}, R^{n}\backslash \{0\})$ .

Note that $\Psi\circ(F_{x.u}\cross F_{x.s}^{-1})\circ\Psi^{-1}$ is a homeomorphism from $V$ onto $g(N_{x})$ . Then
we have

$I(F_{x.u}\cross F_{\overline{x}^{1}s})=\pm I(F_{x.u}^{-1}\cross F_{x.\})$

since $G_{1*}\circ(i_{g(N_{x})}^{a})_{*}^{-1}(O_{a})=I(F_{x,u}^{-1}\cross F_{x.s})O_{0}$ by the definition of fixed point index. By
(a) $I(F_{x.u}^{-1}\cross F_{x.s})=I(F_{x.u}^{-1})\cdot I(F_{x.s})=1$ and hence $\pm 1=I(F_{x.u}\cross F_{x.s}^{-1})=I(F_{x.u})$ .
$I(F_{x.s}^{-1})$ . Therefore $I(F_{x.u})$ is either 1 or $-1$ .

We recall that $\mathcal{F}_{f}^{\sigma}(\sigma=s, u)$ are generalized foliations on $M$ and $\mathcal{F}_{f}^{s}$ is
transverse to $\mathcal{F}_{f}^{u}$ (see Proposition A). Let $T$ be a coordinate domain. As we
saw in \S 1, a continuous map $\gamma_{T}$ : $T\cross Tarrow T$ is defined. For a $C^{0}$ embedding
$\psi:Tarrow R^{n}$ and fixed $x\in T$ , we define a continuous map $R_{\tau.\psi}^{x}(\cdot):\psi(T)arrow R^{n}$ by

(5.1) R$,\psi (z) $=\psi\circ\gamma_{T}(x, \psi^{-1}(z))-\psi 0\gamma_{T}(\psi^{-1}(z), x)$ .

It is easily checked that $R_{\tau.\psi}^{x}(z)=0$ if and only if $z=\psi(x)$ , and hence we have

$R_{\tau,\psi}^{x}$ : $(\psi(T), \psi(T)\backslash \{\psi(x)\})arrow(R^{n}, R^{n}\backslash \{0\})$ .

LEMMA 5.3. Let $D$ be a connected open subset of $M$ and $\psi:Darrow R^{n}$ be a $C^{0}$

$\rho mbedding$ . Then there exis$fsk\in Z$ such that for any coordinate domain $T$ in $D$

and for any $x\in T$

$R_{\tau.\psi*}^{x}\circ(i_{\psi(T)}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})=kO_{0}$ .
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PROOF. Since $T$ is open, for $x\in T$ there is $\delta>0$ such that $\psi(T)\supset B_{\delta}$ where
$B_{\delta}=\{z\in R^{n} : \Vert\psi(x)-z\Vert\leqq\delta\}$ . Let $V_{\delta/2}=\{z\in R^{n} : \Vert\psi(x)-z\Vert<\delta/2\}$ . Then there
is $\epsilon>0$ such that

$\Vert R_{\tau.\psi}^{x}(z)\Vert\geqq\epsilon$ $(z\in B_{\delta}\backslash V_{\delta/2})$ .
Since $\gamma_{T},$ $\psi$ and $\psi^{-1}$ are continuous, we can find $0<\beta<\delta/2$ such that for $y\in T$

with $\psi(y)\in B_{\beta}$

$\Vert R_{\tau.\psi}^{x}(z)-R_{T\psi}^{y}(z)\Vert\leqq\epsilon/2$ $(z\in B_{\delta})$ .
Define $H:B_{\delta}\cross[0,1]arrow R^{n}$ by

$H(z, t)=(1-t)R_{\tau.\psi}^{x}(z)+tR_{T.\psi}^{y}(z)$ .
Then we have

$\Vert H(z, t)\Vert=\Vert R_{\tau.\psi}^{x}(z)+t(R_{T.\psi}^{y}(z)-R_{\tau.\psi}^{x}(z))\Vert$

$\geqq\Vert R_{\tau.\psi}^{x}(z)\Vert-t\Vert R_{\tau.\psi}^{y}(z)-R_{\tau.\psi}^{x}(z)\Vert$

$\geqq\epsilon-t\epsilon/2>0$ $(z\in B_{\delta}\backslash V_{\delta/2})$ ,

and hence $R_{\tau.\psi}^{x}$ and $R_{\tau,\psi}^{y}$ are homotopic continuous maps from $(B_{\delta}, B_{\delta}\backslash V_{\delta/2})$ to
$(R^{n}, R^{n}\backslash \{0\})$ . Hence

$(R_{T.\psi^{1_{B_{\delta}}}}^{x})_{*}=(R_{T.\psi t_{B_{\delta}}}^{y})_{*}:$
$H_{n}(B_{\delta}, B_{\delta}\backslash V_{\delta/2})arrow H_{n}(R^{n}, R^{n}\backslash \{0\})$ ,

and so
$R_{\tau.\psi*}^{x}=R_{\tau.\psi*}^{y}:$ $H_{n}(\psi(T), \psi(T)\backslash V_{\delta/2})arrow H_{n}(R^{n}, R^{n}\backslash \{0\})$ .

Since $\psi(x),$ $\psi(y)\in V_{\delta/2}$ , obviously

and therefore
$R_{\tau.\psi*}^{x}\circ(i_{\psi(T)}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})=R_{\tau,\psi*}^{y}o(i_{\psi^{(T)}}^{\psi(y)})_{*}^{-1}(O_{\psi^{(y)}})$ .

Since $T$ is connected, there is $k\in Z$ such that for every $x\in T$

$R_{\tau.\psi*}^{x}\circ(i_{\psi(T)}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})=kO_{0}$ .
Let $T,$ $T’$ be coordinate domains in $D$ . If $T\cap T’\neq\emptyset$ , then there exists a

coordinate domain $T’$ in $T\cap T’$ . In this case we have $\gamma_{T^{r}}=\gamma_{T1\tau^{\nu_{X}}\tau^{r=\gamma_{T’1T’\cross T’}}}$ ,
which means that for $x\in T’’$

$R_{\tau.\psi*}^{x}o(i_{\psi}^{\psi}\{x\tau\})_{*}^{-1}(O_{\psi^{(x)}})=R_{\tau^{l},\psi*}^{x}\circ(i_{\psi}^{\psi}\{x\})_{*}^{-1}(O_{\psi^{(x)}})$ .
Since $D$ is connected, the conclusion of the lemma is obtained.

PROOF OF PROPOSITION B. By Lemmas 5.1 and 5.2 it is enough to show
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that $I(F_{u.x})$ is a constant for $x\in Fix(f^{m})$ . Let $p=\dim(\mathcal{F}_{f}^{u})$ . Since $\mathcal{F}_{f}^{u}$ is
orientable, there exists an orientation of $\mathcal{F}_{f}^{u}$ ;

{ $O_{z}^{u}\in H_{p}(W^{u}(z),$ $W^{u}(z)\backslash \{z\}):O_{z}^{u}$ is a generator and $z\in M$ }.

Since $f^{m}(\mathcal{F}_{f}^{\sigma})=\mathcal{F}_{f}^{\sigma}(\sigma=s, u)$ , by Lemma 4.3 there is a constant $\epsilon=\pm 1$ such that

(5.2) $f_{*}^{m}O_{z}^{u}=\epsilon O_{f^{m_{(x)}}}^{u}$ $(^{\forall}z\in M)$ .
For $x\in Fix(f^{m})$ , define the inclusion maps

$i_{x}$ : $(K_{x}^{u}, K_{x}^{u}\backslash \{x\})=(W^{u}(x), W^{u}(x)\backslash \{x\})$ ,

$j_{x}$ : $(D_{x}^{u}, D_{x}^{u}\backslash \{x\})=(W^{u}(x), W^{u}(x)\backslash \{x\})$ .
Then $i_{x}$ and $j_{x}$ are $C^{0}$ embeddings (Propositions 2.3 and $2.4(b)$), and so the
induced isomorphisms are obtained;

$i_{x*}:$
$H_{p}(K_{x}^{u}, K_{x}^{u}\backslash \{x\})arrow^{\cong}H_{p}(W^{u}(x), W^{u}(x)\backslash \{x\})$ ,

$j_{x*}:$
$H_{p}(D_{x}^{u}, D_{x}^{u}\backslash \{x\})arrow^{\cong}H_{p}(W^{u}(x), W^{u}(x)\backslash \{x\})$ .

By (5.2) we have

(5.3) $F_{x.u*}^{-1}\circ j_{x*}^{-1}(O_{x}^{u})=\epsilon i_{x*}^{-1}(O_{x}^{u})$ $(^{\forall}x\in Fix(f^{m}))$ .

For fixed $x\in Fix(f^{m})$ , let $\psi:N_{x}arrow R^{n}$ be a $C^{0}$ embedding. We consider
continuous maps $i=\psi_{1D_{x}^{u}}$ and

$r=P^{u}\circ\alpha_{x}^{-1}\circ\psi^{-1}$ : $\psi(N_{1})arrow K_{x}^{u}$

where $P^{u}$ : $K_{x}^{u}\cross D_{x}^{s}arrow K_{x}^{u}$ denotes the natural projection and $N_{1}=\alpha_{x}(K_{x}^{u}\cross D_{x}^{s})\subset N_{x}$ .
Then we have

$G_{1}=(id-i\circ F_{x.u}\circ r)$ : $(\psi(N_{1}), \psi(N_{1})\backslash \{\psi(x)\})arrow(R^{n}, R^{n}\backslash \{0\})$

and by the definition

(5.4) $G_{1*}\circ(i_{\psi(N_{1})}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})=I(F_{x,u})O_{0}$ .

Let $\Psi=\psi^{0}\alpha_{x}$ ; $D_{x}^{u}\cross D_{x}^{s}arrow\psi(N_{x})$ and define

$K_{\psi}=G_{1^{\circ}}\Psi\circ(F_{x.u}^{-1}\cross id)\circ\Psi^{-1}$ .
Then we have

$K_{\psi}$ : $(\psi(N_{x}), \psi(N_{x})\backslash \{\psi(x)\})arrow(R^{n}, R^{n}\backslash \{0\})$ .
By K\"unneth formula there is a generator $O_{x}^{s}\in H_{n-p}(D_{x}^{s}, D_{x}^{s}\backslash \{x\})$ such that
$\Psi_{*}^{-1_{\circ}}(i_{\psi(N_{x})}^{\psi(x)})_{*}^{-1}(O_{\psi(x)})=]_{x*}^{-1}O_{x}^{u}\cross 0_{x}^{s}$ , and hence
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(5.5) $K_{\psi*}\circ(i_{\psi(N_{x})}^{\psi(x)})_{*}^{-1}(O_{\psi(x)})=G_{1*}\circ\Psi_{*}\circ(F_{x.u*}^{-1}\cross id)\circ\Psi_{*}^{-1_{o}}(i_{\psi(N_{x})}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})$

$=G_{1*}\circ\Psi_{*}\circ(F_{x.u*}^{-1}\cross id)(j_{x*}^{-1}(O_{x}^{u})\cross O_{x}^{s})$

$=G_{1*}\circ\Psi_{*}(\epsilon i_{x*}^{-1}(O_{x}^{u})\cross O_{x}^{s})$ (by (5.3))

$=\epsilon G_{1*}\circ(i_{\psi(N_{1})}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})$

$=\epsilon I(F_{x.u})O_{0}$ (by (5.4)).

By the definition of $G_{1}$ it follows that $K_{\psi}$ is of the form

(5.6) $K_{\psi}(z)=\psi\circ\alpha_{x^{\circ}}(F_{x.u}^{-1}\cross id)\circ\alpha_{x}^{-1}\circ\psi^{-1}(z)-\gamma(z)$

where $\gamma(z)=\psi\circ P^{u}\circ a_{x}^{-1}\circ\psi^{-1}(z)$ .
Let $\{(W_{i}, h_{i})\}$ be the atlas of $M$ such that (2.6) holds. Since $r_{4}$ is a

Lebesgue number of $\{W_{i}\}$ , there is $(W, h)\in\{(W_{i}, h_{i})\}$ such that

$F_{x.u}^{-1}(D_{x}^{u})=K_{x}^{u}\subset B_{r_{4}}(x)\subset W\subset B_{r_{3}}(x)$ .
Hence we define $\beta:\psi(N_{x})\cross[0,1]arrow R^{n}$ by

$\beta(z, t)=th\circ F_{x,u}^{-1}\circ P^{u}\circ a_{x}^{-1}\circ\psi^{-1}(z)+(1-t)h(x)$

and next $H:\psi(N_{x})\cross[0,1]arrow R^{n}$ by

$H(z, t)=\psi\circ a_{x}(P^{u}\circ\alpha_{x}^{-1}\circ h^{-1}\circ\beta(z, t),$ $P^{s}\circ a_{x}^{-1}\circ\psi^{-1}(z))-\gamma(z)$ .
Let $\{V_{j}\}$ be the finite cover of $M$ as in (2.5). Since $r_{2}$ is a Lebesgue num-

ber of $\{V_{j}\}$ , we can take $V\in\{V_{j}\}$ such that $B_{r_{2}}(x)\subset V$.

CLAIM. (1) $H:(\psi(N_{x}), \psi(N_{x})\backslash \psi(V))\cross[0,1]arrow(R^{n}, R^{n}\backslash \{0\})$ ,

(2) $H$ is a homotoPy between $R_{N_{x}.\psi}^{x}$ and $K_{\psi}$ .
PROOF. (1): Let $t\in[0,1]$ . For $z\in\psi(N_{x})\backslash \psi(V)$ , put $z_{1}=h^{-1_{\circ}}\beta(z, t)$ . Since

$W\subset B_{r_{3}}(x)_{f}$ it follows that $z_{1}\in B_{r_{3}}(x)$ , and $H\langle z,$ $t$) is expressed as
$H(z, t)=\psi\circ a_{x}(P^{u}\circ\alpha_{x}^{-1}(z_{1}), P^{s_{o}}\alpha_{x}^{-1}\circ\psi^{-1}(z))-\gamma(z)$ .

Since $P^{u}\circ\alpha_{x}^{-1}(z_{1})\in B_{r_{2}}(x)$ by the choice of $r_{3}$ and $\psi^{-1}(z)\not\in V\supset B_{r_{2}}(x)$ , it is checked
that

$P^{s}\circ a_{x}^{-1_{\circ}}\psi^{-1}(z)\neq x\Rightarrow H(z, t)\neq 0$ ,

$P^{S}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z)=x\Rightarrow z\in\psi(D^{u})$ and so
$H(z, t)=\psi\circ P^{u}\circ\alpha_{x}^{-1}(z_{1})-z\neq 0$ ,

from which (1) holds.
(2): Let $z\in\psi(N_{x})$ . Then we can calculate that

$H(z, 0)=\psi\circ\alpha_{x}(x, P^{s}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z))-\gamma(z)$

$=\psi^{0}P^{s}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z)-\psi\circ P^{u}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z)$

$=\psi\circ\gamma_{N_{x}}(x, \psi^{-1}(z))-\psi\circ\gamma_{N_{x}}(\psi^{-1}(z), x)=R_{N_{x}\psi}^{x}$
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and next that

$H(z, 1)=\psi\circ\alpha_{x}(P^{u}\circ\alpha_{x}^{-1}\circ F_{x.u}^{-1}\circ P^{u}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z), P^{s}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z))-\gamma(z)$

$=\psi\circ\alpha_{x}(F_{x.u}^{-1}\circ P^{u}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z), P^{s}\circ\alpha_{x}^{-1}\circ\psi^{-1}(z))-\gamma(z)$

(since $P^{u}\circ\alpha_{x}^{-1}(y)=y$ for $y\in D_{x}^{u}$ )

$=\psi\circ\alpha_{x^{\circ}}(F_{x.u}^{-1}\cross id)\circ\alpha_{x}^{-1}\circ\psi^{-1}(z)-\gamma(z)$

$=K_{\psi}(z)$ (by (5.6)).

By Claim we have

$K_{\psi*}=R_{v_{x}A\psi*}^{x}:$ $H_{n}(\psi(N_{x}), \psi(N_{x})\backslash \psi(V))arrow H_{n}(R^{n}, R^{n}\backslash \{0\})$ .

Since $V\subset B_{\rho}(x)\subset N_{x}$ , by the choice of $V$ it follows that $V$ is a canonical neigh-
borhood of $\psi(x)$ in $\psi(N_{x})$ , and hence

$K_{\psi*}=R_{N_{x}.\psi*}^{x}:$ $H_{n}(\psi(N_{x}), \psi(N_{x})\backslash \{\psi(x)\})arrow H_{n}(R^{n}, R^{n}\backslash \{0\})$ .

Therefore, by (5.5) we can conclude that

(5.7) $R_{N_{x},\psi*}^{x}\circ(i_{\psi(N_{x})}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})=\epsilon I(F_{x.u})O_{0}$ $(^{\forall}x\in Fix(f^{m}))$ .
Let $x,$ $y\in Fix(f^{m})$ . Then we can Pnd an open subset $D$ of $M$ with $x,$ $y\in D$

such that $D$ is homeomorphic to $R^{n}$ . Obviously for $z\in D$ there exists a coordi-
nate domain $T_{z}$ around $z$ such that $T_{z}\subset D\cap N_{z}$ . Let $\{(U_{i}, g_{i})\}$ be the atlas of
$M$ such that (2.4) holds. Since $r_{1}$ is a Lebesgue number of $\{U_{i}\}$ and diam $(N_{z})$

$\leqq r_{1}$ , there is $(U, g)\in\{(U_{i}, g_{i})\}$ such that $N_{z}\subset U$ . Take $\delta>0$ such that
$g^{-1}(V_{\delta}(g(z)))\subset T_{z}$ where $V_{\delta}(g(z))=\{y\in R^{n} : \Vert y-g(z)\Vert<\delta\}$ . Since $T_{z}\subset N_{z}\subset U$ , we
can construct a $C^{0}$ embedding $\tau_{z}$ : $N_{z}arrow g^{-1}(V_{\delta}(g(z)))$ such that $\tau_{z}=id$ on
$g^{-1}(V_{\delta/2}(g(z)))$ . Let $\psi:Darrow R^{n}$ be a homeomorphism and put $\psi_{z}=\psi\circ\tau_{z}$ . Then
$\psi_{z}$ : $N_{z}arrow R^{n}$ is a $C^{0}$ embedding and $\psi_{z}=\psi$ on $g^{-1}(V_{\delta/2}(g(z)))$ , which implies that

$R_{N_{z}.\psi_{z}*}^{z}\circ(i_{\psi_{z}(N_{z})}^{\psi(z)})_{*}^{-1}(O_{\psi^{(z)}})=R_{\tau_{z}.\psi*}^{z}\circ(i_{\psi(T_{z})}^{\psi(z)})_{*}^{-1}(O_{\psi^{(z)}})$ .

Combining this fact with (5.7), we have

$R_{\tau_{x},\psi*}^{x}\circ(i_{\psi(\tau_{x})}^{\psi(x)})_{*}^{-1}(O_{\psi^{(x)}})=\epsilon I(F_{x.u})O_{0}$

and
$R_{\tau_{y}\psi*}^{y}\circ(i_{\psi^{(\tau_{y})}}^{\psi(y)})_{*}^{-1}(O_{\psi^{(y)}})=\epsilon I(F_{y,u})O_{0}$ .

By Lemma 5.3 we have $\epsilon I(F_{x.u})=\epsilon I(F_{y.u})$ , and therefore $I(F_{x.u})=I(F_{y,u})$ .

\S 6. Proof of Theorem.

Let (X, d) be a compact metric space and $f:Xarrow X$ be a homeomorphism.
We denote by Per $(f)$ the set of all periodic points of $f$ and by $\Omega(f)$ the non-
wandering set of $f$. The following is checked in N. Aoki [1].
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PROPOSITION 6.1. If $f$ is expansjve and has POTP, then the following hold;
(1) Per $(f)$ is dense in $\Omega(f)$ ,
(2) $\Omega(f)=\Omega_{1}\cup\cdots\cup\Omega_{s}$ where each $\Omega_{i}$ is a pairwise disjoint closed subset such

that $f(\Omega_{i})=\Omega_{i}$ and $f_{1\Omega_{i}}$ is topolOgjcally transitive, and

$\Omega_{i}=X_{i.1}\cup\cdots\cup X_{i.n_{\iota}}$ ,

where each $X_{i,j}$ is a pajrwjse disjoint closed subset such that $f(X_{i,j})=X_{i.j+1}$

$(X_{i.n_{i^{+1}}}=X_{i.1})$ and $f_{1X_{ij}}^{n_{i}}.$ : $X_{i.j}arrow X_{i,j}$ is topologically mixing,
(3) $f_{1\Omega(f)}$ is not topOlOgjcally transitive if $\Omega(f)\subsetneqq X$ .

Let $T^{n}$ be the n-torus $R^{n}/Z^{n}$ and $\pi:R^{n}arrow T^{n}$ be the covering projection.
We note that if $f:T^{n}arrow T^{n}$ is a continuous map, then there is a unique group
endomorphism $A:T^{n}arrow T^{n}$ homotopic to $f$ (cf. [17]). Define a metric $d$ for
$T^{n}$ by

$d(x, y)=$ min $\{\Vert x’-y’\Vert : x’\in\pi^{-1}(x), y’\in\pi^{-1}(y)\}$ .

Then it is easily checked that the Euclidean metric satisfies $(i)\sim(iv)$ of \S 3 for $d$ .

PROPOSITION 6.2. Let $f:T^{n}arrow T^{n}$ be a homeomorphjsm and $A:T^{n}arrow T^{n}$ be
the group automorphism homotopjc to $f$. If $f$ is expansjve and has POTP, then
$A$ is hyperbOljc.

PROOF. By taking the double cover of $T^{n}$ if necessary, we may assume
that the generalized foliation $\mathcal{F}_{f}^{u}$ is orientable (see Proposition 3.9 and Lemmas
3.1, 3.3 and 4.4). Then by Proposition $B$ there is $l\in N$ such that for $m\geqq l$ all
fixed points of $f^{m}$ have the same fixed point index 1 or $-1$ .

Since $f$ is expansive and has POTP, by Lemma 6.1(2) there is a decom-
position

$\Omega(f)=i=1f\Rightarrow 1UU^{i}X_{i,j}sn$

such that $f^{n_{i}}(X_{i.j})=X_{i.j}$ and $f_{IX_{i\cdot j}}^{n_{i}}$ is topologically mixing. Let $g=f^{ln_{1}\cdots n_{S}}$ .
Then $g:T^{n}arrow T^{n}$ is expansive and has POTP, and moreover it is homotopic to
$B=A^{ln_{1}\cdots n_{s}}$ . It is enough to show that $B$ is hyperbolic. To do this, let $\lambda_{1},$ $\lambda_{n}$

be all eigenvalues of $g_{*}=B_{*};$ $H_{1}(T^{n} ; R)arrow H_{1}(T^{n} ; R)$ . Then the Lefschetz
number of $g^{m}(m\in N)$ is given by

$\lambda(g^{m})=\lambda(B^{m})=$ II $(1-\lambda_{i}^{m})$ .
$i=1$

Since all fixed points of $g^{m}$ have the same index 1 or $-1$ , we have

$N(g^{m})=|$
$\sum_{x\in Fix(g^{m})}$

$I_{g^{m}}(x)|=|I(g^{m})|$

where $N(g^{m})$ and $I(g^{m})$ denote the number of fixed points of $g^{m}$ and the fixed
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point index of $g^{m}$ respectively. Hence by the Lefschetz formula

(6.1) $N(g^{m})= \prod_{i=1}^{n}|1-\lambda_{i}^{m}|$ $(^{\forall}m\in N)$ .

Let $c>0$ be an expansive constant for $g$ . Then there is $\epsilon>0$ such that any
$\epsilon$-pseudo-orbit of $g$ is $c/3$-traced by some point of $T^{n}$ . Since $g$ is topologically
mixing on $X_{i,j}$ , there is $k>0$ such that $g^{k}(K)\cap K’\neq\emptyset$ for any e-balls $K$ and
$K’$ in $X_{i,j}$ . Let $x\in X_{i,j}$ be a fixed point of $g^{m}$ and choose $y\in X_{i,j}$ such that
$d(x, y)<\epsilon$ and $d(x, g^{k}(y))<\epsilon$ . Then it is clear that

$x,$ $g(x),$ $g^{m- 1}(x),$ $y,$ $g(y),$ $g^{k-1}(y),$ $x$

is a $(m+k)$-periodic $\epsilon$-pseudo-orbit. Let $z_{x}\in T^{n}$ be its $c/3$-tracing point. By
expansiveness we see that $g^{m+k}(z_{x})=z_{x}$ and $z_{x}\neq z_{y}$ for $x,$ $y\in Fix(g^{m})$ with $x\neq y$ .
Therefore $N(g^{m})\leqq N(g^{m+k})$ and so by (6.1)

(6.2) $\prod_{i=1}^{n}|1-\lambda_{i}^{m}|\leqq\prod_{i=1}^{n}|1-\lambda_{i}^{m+k}|$ $(^{\forall}m\in N)$ .

Combining (6.1) with the fact that Per $(g)\neq\emptyset$ (Lemma $6.1(1)$), it follows
that $\lambda_{i}$ is not a root of unity. To obtain that $|\lambda_{i}|\neq 1$ for $1\leqq i\leqq n$ , assume that
$|\lambda_{i}|=1(1\leqq i\leqq s),$ $|\lambda_{i}|<1(s+1\leqq i\leqq t)$ and $|\lambda_{i}|>1(t+1\leqq i\leqq n)$ . Then by (6.2)

we have

(6.3) $\frac{\Pi_{i=s+1}^{t}|1-\lambda_{i}^{m}|\Pi_{i=t+1}^{n}|\lambda_{i}^{-m-k}-\lambda_{i}^{-k}|}{\Pi_{\ell=s+1}^{t}|1-\lambda_{i}^{m+k}|\Pi_{i=l+1}^{n}|\lambda_{i}^{-m- k}-1|}\leqq\frac{\Pi_{i=1}^{s}|1-\lambda_{i}^{m+k}|}{\Pi_{i=1}^{s}|1-\lambda_{i}^{m}|}$ .

Obviously the left hand side of (6.3) tends to $\Pi_{i=t+1}^{n}|\lambda_{i}^{-k}|$ as $marrow\infty$ . Since $|\lambda_{i}|$

$=1$ and $\lambda_{i}$ is not a root of unity $(1\leqq i\leqq s)$ , we can find a subsequence $\{m_{j}\}$ such
that $\lambda_{t}^{m_{j}}arrow\lambda_{i}^{-k}$ as $jarrow\infty$ . Therefore the right hand side of (6.3) tends to $0$ , thus
contradicting.

COROLLARY 6.3. If a homeomorphjsm $f:T^{n}arrow T^{n}$ is expansjve and has
POTP, then $f$ has fixed poinfs.

PROOF. By Proposition 6.2 we see that $f_{*}:$ $H_{1}(T^{n} ; R)arrow H_{1}(T^{n} ; R)$ is hyper-
bolic, and so $\lambda(f)\neq 0$ . Hence Fix $(f)\neq\emptyset$ by the fixed point theorem.

COROLLARY 6.4. Let $f:T^{n}arrow T^{n}$ be a homeomorpfusm and $A:T^{n}arrow T^{n}$ be
the group automorphism homotolnc to $f$. If $f$ is expansive and has POTP and if
$x_{0}\in T^{n}$ is a fixed point of $f$, then there exists a continuous map $h:T^{n}arrow T^{n}$

homotofflc to the identity map such that $h(x_{0})=e$ and $A\circ h=h\circ f$ where $e$ denotes
the identity of $T^{n}$ .

PROOF. Since $A$ is hyperbolic by Proposition 6.2, this follows from Prop-
osition 2.1 of [10].
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LEMMA 6.5. Let $f:T^{n}arrow T^{n}$ be a homeomorphism and $f:R^{n}arrow R^{n}$ be a lift
of $f$ by $\pi$ . If $f$ is expansive and has POTP, then 7 has exactly one fixed Point.

PROOF. Let $A:T^{n}arrow T^{n}$ be the group automorphism homotopic to $f$ and
$\overline{A}:R^{n}arrow R^{n}$ be the linear automorphism which covers $A$ . Then by Proposition
6.2, $\overline{A}$ is hyperbolic, and hence

$\mu=\inf_{\Uparrow xN=1}\Vert\overline{A}(x)-x\Vert>0$ .

Since $A$ is homotopic to $f$, it is easily checked that

$K= \sup_{x\in R^{n}}\Vert\overline{f}(x)-\overline{A}(x)\Vert<\infty$ .

Choose $r>0$ such that $\mu r>K$. Then for $x\in R^{n}$ with $\Vert x\Vert\geqq r$ we have

(6.4) $\Vert x-\overline{f}(x)\Vert\geqq\Vert x-\overline{A}(x)\Vert-\Vert\overline{A}(x)-f(x)\Vert\geqq\mu r-K>0$ ,

and so Fix $(f)\subset B_{r}(0)$ where $B_{r}(0)=\{x\in R^{n} : \Vert x\Vert\leqq r\}$ . By this fact the fixed
point index $I(f)$ can be defined.

Let $H:R^{n}\cross[0,1]arrow R^{n}$ be defined by $H(x, t)=t\overline{A}(x)+(1-t)f(x)$ . As (6.4)

we would be able to show that { $x\in R^{n}$ : $H(x,$ $t)=x$ for some $0\leqq t\leqq 1$ } $\subset B_{r}(0)$ ,

and so $I(\overline{A})=I(f)$ . Since $\overline{A}$ is hyperbolic, clearly $I(\overline{A})=\pm 1$ and therefore $I(f)$

$\neq 0$ . This implies that Fix $(f)\neq\emptyset$ .
Next let us show that Fix $(f)$ is exactly one point. By taking the double

cover of $T^{n}$ if necessary, we may assume the generalized foliation $\mathcal{F}_{f}^{u}$ is
orientable. Then by Proposition $B$ there is $m\in N$ such that all fixed points of
$f^{m}$ has the same index 1 or $-1$ . Since $\pi\circ f^{m}=f^{m}\circ\pi$ , all fixed points of $f^{m}$

also has the same index 1 or $-1$ , and hence

$N(f^{m})=|$
$\sum_{x\in Fix(f^{m})}$

$I_{f^{m}}(x)|=|I(f^{m})|=|I(\overline{A}^{m})|=1$

which ensures that our assertion holds.

PROPOSITION 6.6. If a $homeomorphi_{S7}nf:T^{n}arrow T^{n}$ is expansive and has
POTP, then $\Omega(f)=T^{n}$ .

PROOF. We may assume $\mathcal{F}_{f}^{u}$ is orientable (take the double cover of $T^{n}$ if
necessary). Then by Proposition $B$ there is $l\in N$ such that for $m\geqq l$ all fixed
points of $f^{m}$ has the same index 1 or $-1$ . To obtain the conclusion, assuming
$\Omega(f)\subsetneqq T^{n}$ , put $g=f^{l}$ . Then $\Omega(g)\subsetneqq T^{n}$ . Let $B:T^{n}arrow T^{n}$ be the group auto-
morphism homotopic to $g$ . Since $g$ is expansive and has POTP, by Proposition
6.2 $B$ is hyperbolic and hence

(6.5) $N(g^{m})=|I(g^{m})|=|I(B^{m})|=N(B^{m})$ $(^{\forall}m\in N)$ .

By Corollaries 6.3, 6.4 there is a continuous map $h:T^{n}arrow T^{n}$ homotopic to the
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identity map such that $B\circ h=h\circ g$ . For fixed $m\in N$ let $x\in Fix(B^{m})$ . Then
$h^{-1}(x)$ is a $g^{m}$-invariant closed set.

CLAIM 1. $g_{|h-1(x)}^{m}$ : $h^{-1}(x)arrow h^{-1}(x)$ is expansive and has POTP.

PROOF. By the definition it is easily checked that $g_{|h-1(x)}^{m}$ is expansive.
To show $g_{|h-1(x)}^{m}$ has POTP, letting $c>0$ be an expansive constant for $B^{m}$ ,
we choose $\epsilon>0$ such that $d(x, y)\leqq\epsilon$ implies $d(h(x), h(x))\leqq c$ . Then there is
$\delta>0$ such that any $\delta$-Pseudo-orbit of $g^{m}$ is $\epsilon$-traced. Let $\{x_{i}\}_{i\in Z}\subset h^{-1}(x)$ be a
$\delta$-Pseudo-orbit of $g^{m}$ and let $z\in T^{n}$ be its $\epsilon$ -tracing point. Then $\{h(x_{i})\}_{i\in Z}$ is
c-traced by $h(z)$ . Since $h(x_{i})=x$ , by expansiveness we have $h(z)=x$ and so
$z\in h^{-1}(x)$ , which means that $g_{1h}- 1(X)$ has POTP.

Let $\overline{x}\in\pi^{-1}(x)$ and let $\overline{h}:R^{n}arrow R^{n}$ be a lift of $h$ . Then it is easily checked
that $\pi(\overline{h}^{-1}(\overline{x}))=h^{-1}(x)$ .

CLAIM 2. $\pi;\overline{h}^{-1}(\overline{x})arrow h^{-1}(x)$ is $in_{J}$ ective.

PROOF. If $a,$
$b\in\overline{h}^{-1}(\overline{x})$ and $\pi(a)=\pi(b)$ , there is $\alpha\in G(\pi)$ such that $b=\alpha(a)$ .

Since $h$ is homotopic to the identity map, we have $\overline{h}_{\#}(\alpha)=\alpha$ , and hence
$\overline{x}=\overline{h}(b)=\overline{h}(\alpha(a))=\overline{h}_{\#}(\alpha)\circ\overline{h}(a)=\alpha(\overline{x})$

which means that $\alpha$ is the identity map. Therefore $a=b$ and so the claim
holds.

By Claim 2 we can find a lift $\tilde{g}:R^{n}arrow R^{n}$ of $g^{m}$ by $\pi$ such that $\tilde{g}(\overline{h}^{-1}(\overline{x}))=$

$\overline{h}^{-1}(\overline{x})$ . Then by Claim 1 it follows that $\tilde{g}_{|\hslash-1(\overline{x})}$ : $\overline{h}^{-1}(\overline{x})arrow\overline{h}^{-1}(\overline{x})$ is expansive
and has POTP. If $h^{-1}(x)$ is not one point, then so is $\overline{h}^{-1}(\overline{x})$ . By Proposition
6.1(1), (3), $\tilde{g}_{|\hslash-1(\overline{x})}$ has at least two periodic points, which contradicting Lemma
6.5. Hence $h^{-1}(x)$ consists of exactly one point. Thus we proved that $x\in$

Fix $(B^{m})$ implies $h^{-1}(x)\in Fix(g^{m})$ .
Since $\Omega(g)\subsetneqq T^{n}$ , according to Proposition 6.1(2) we decompose

$\Omega(g)=i=1U^{s}\Omega_{i}$

where $g_{1\Omega_{i}}$ is topologically transitive. Then there is $\Omega_{i}\in\{\Omega_{i}\}_{i=1}^{s}$ such that
$h(\Omega_{i})=T^{n}$ , and hence by the above result $N(g_{1\Omega_{i}}^{m})=N(B^{m})$ , which means that
$N(g^{m})>N(B^{m})$ for sufficiently large $m>0$ , thus contradicting (6.5).

Hereafter let $f$ : $T^{n}arrow T^{n}$ be a homeomorphism with expansiveness and
POTP. By Corollary 6.3 we may assume $f(e)=e$ . Then there is a lift
$f:R^{n}arrow R^{n}$ of $f$ by $\pi$ such that $f(0)=0$ . For $x\in R^{n}$ , let $\overline{W}^{s}(x)$ and $\overline{W}^{u}(x)$ be
the stable and unstable sets of $f$ under the Euclidean metric respectively. As
before let

$\mathcal{F}_{\int}^{\sigma}=\{\overline{W}^{\sigma}(x):x\in R^{n}\}$ $(\sigma=s, u)$ .
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Then by Proposition 3.9, $\mathcal{F}_{f}^{\sigma}(\sigma=s, u)$ are generalized foliations on $R^{n}$ and $\mathcal{F}_{f}^{s}$

is transverse to $\mathcal{F}_{f}^{u}$ .

LEMMA 6.7. For $x,$
$y\in R^{n},\overline{?r}(x)\cap\overline{W}^{u}(y)$ is at most one Point.

PROOF. Assume that $a,$
$b\in\overline{W}^{s}(x)\cap\overline{W}^{u}(y)$ and $a\neq b$ . Then there is a

coordinate domain $U$ around $a$ such that $b\not\in c1(U)$ . For $\sigma=s,$ $u$ , let $V^{\sigma}=$

$\{z\in R^{n} : \overline{W}^{\sigma}(z)\cap U\neq\emptyset\}$ . Since $U$ is open in $R^{n}$ and $\mathcal{F}_{\overline{f}}^{\sigma}$ is a generalized folia-
tion, it is easily checked that $V^{\sigma}$ is open in $R^{n}$ . Since $b\in V^{s}\cap V^{u}$ and $b\not\in c1(U)$ ,

we have $V^{s}\cap V^{u}\backslash c1(U)$ is a non-empty open set. By Proposition 6.1(1) and
Proposition 6.6 we can find $y’\in V^{s}\cap V^{u}\backslash c1(U)$ such that $\pi(y’)\in Per(f)$ . Since
$U$ is a coordinate domain, there is $x’\in\overline{W}^{s}(y’)\cap\overline{W}^{u}(y’)\cap U\neq\emptyset$ . Choose $k\in N$

such that $f^{k}(\pi(y’))=\pi(y’)$ , and put $g=f^{k}$ . Then there is a lift $\overline{g}:R^{n}arrow R^{n}$ of
$g$ such that $\overline{g}(y’)=y’$ . Since $g=f^{k}$ , clearly $\overline{g}=\beta\circ f^{k}$ for some $\beta\in G(\pi)$ . Since
$g$ is expansive and has POTP, $\overline{g}$ also is expansive and has POTP (Lemmas 3.1
and 3.3). Let $c>0$ be an expansive constant for $\overline{g}$ and let $\epsilon=\min\{c/2, \Vert x’-y’\Vert/2\}$ .
Then there is $\delta>0$ such that any $\delta$-pseudo-orbit of $\overline{g}$ is $\epsilon$-traced. Since $x’\in$

$\overline{W}^{s}(y’)\cap\overline{W}^{u}(y’)$ , we have

$\Vert\overline{g}^{m}(x’)-y’\Vert=\Vert\overline{g}^{m}(x’)-\overline{g}^{m}(y’)\Vert=\Vert(\beta\circ f^{k})^{m}(x’)-(\beta\circ f^{k})^{m}(y’)\Vert$

$=\Vert\beta_{m}\circ f^{mk}(x’)-\beta_{m}\circ f^{mk}(y’)\Vert$ (for some $\beta_{m}\in G(\pi)$ )

$=\Vert f^{mk}(x’)-f^{mk}(y’)\Vertarrow 0$ (as $|m|arrow\infty$ ).

Hence there is $m>0$ such that $\Vert\overline{g}^{m}(x’)-y’\Vert<\delta$ and $\Vert\overline{g}^{-m}(x’)-y’\Vert<\delta$ , which
means

$y’,\overline{g}^{-m}(x’),$ $\overline{g}^{-1}(x’),$ $x’,\overline{g}(x’),$ $\cdots$ $\overline{g}^{m- 1}(x’),$ $y’$

is a $(2m+1)$-periodic $\delta$-pseudo-orbit of $\overline{g}$ . Let $z\in R^{n}$ be a tracing point of this
pseudo-orbit. Then by the choice of $\epsilon$ it follows that $z\neq y’$ and $z\in Per(\overline{g})$ , and
so $z,$ $y’\in Fix(\overline{g}^{l})$ for some $l\in N$, thus contradicting Lemma 6.5 (since $\overline{g}^{l}$ is a
lift of $g^{l}$ ).

LEMMA 6.8. For $x,$
$y\in R^{n},\overline{W}^{s}(x)\cap\overline{W}^{u}(y)$ is exactly one Point.

PROOF. Combining Lemma 6.7 with Proposition 6.2 and Corollary 6.4, by
$t^{he}$ technique of J. Franks [9] the conclusion is obtained.

By Lemma 6.8 we see that $R^{n}$ is a coordinate domain, and hence the con-
tinuous map

$\overline{\gamma}:R^{n}\cross R^{n}arrow R^{n}$

which sends $(x, y)$ to $\overline{\gamma}(x, y)\in\overline{W}^{s}(x)\cap\overline{W}^{u}(y)$ , is obtained. Let us define

$\overline{\gamma}_{0}$ : $\overline{W}^{u}(0)\cross\overline{W}^{s}(0)arrow R^{n}$
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by $\overline{\gamma}_{0}=\overline{\gamma}_{1\overline{W}^{u}(0)\cross\overline{W}^{S}(0)}$ . Then $\overline{\gamma}_{0}$ is a homeomorphism.
Let $0<c\leqq\eta_{0}$ be as in \S 3. We recall that $c$ is an expansive constant for

$f$ . Put $\epsilon_{0}=c/4$ . For $x\in R^{n}$ , let $\overline{W}_{\epsilon_{0}}^{s}(x)$ and $\overline{W}_{\epsilon_{0}}^{u}(x)$ be the local stable and un-
stable sets of $f$ under the Euclidean metric respectively. Then for every $x\in R^{n}$

a canonical coordinate $\overline{\alpha}_{x}$ : $\overline{D}_{x}^{u}\cross\overline{D}_{x}^{s}arrow N_{x}$ is constructed as in \S 3 (Proposition 3.9).

Note that $\overline{\alpha}_{x}=\overline{\gamma}_{1}\overline{D}^{u}\cross\overline{D}^{S}$ for all $x\in R^{n}$ .
For $y\in\overline{W}^{s}(x)$ define

$d(x, y;\overline{W}^{s}(x))=$ min $\{m\geqq 0:f^{m}(y)\in\overline{W}_{\epsilon_{0}}^{s}(f^{m}(x))\}$ .
Then by Lemma 3.5 we see easily that $d(x, y;\overline{W}^{s}(x))<\infty$ . Similarly for $y\in$

$\overline{W}^{u}(x)$ we define

$d(x, y;\overline{W}^{u}(x))=$ min $\{m\geqq 0:f^{-m}(y)\in\overline{W}_{\epsilon_{0}}^{u}(f^{-m}(x))\}<\infty$ .
Note that if $y\in\overline{W}^{\sigma}(x)(\sigma=s, u)$ then $\beta(y)\in\overline{W}^{\sigma}(\beta(x))$ for every $\beta\in G(\pi)$ (see

Lemma 3.6).

LEMMA 6.9. For $\beta\in G(\pi)$ and $y\in\overline{W}^{\sigma}(x)(\sigma=s, u)$

$d(x, y ; \overline{W}^{\sigma}(x))=d(\beta(x), \beta(y)$ ; $\overline{W}^{\sigma}(\beta(x)))$ .
PROOF. For $y\in\overline{W}^{s}(x)$ and $\beta\in G(\pi)$ , let $m=d(\beta(x), \beta(y);\overline{W}^{s}(\beta(x)))$ . By the

definition $f^{m}(\beta(y))\in W_{\epsilon_{0}}^{s}(f^{m}\circ\beta(x))$ . Remark that $f^{m}\circ\beta=\beta_{m}\circ f^{m}$ for some $\beta_{m}\in$

$G(\pi)$ . Then $\beta_{m}\circ f^{m}(y)\in\overline{W}_{\epsilon_{0}}^{s}(\beta_{m}\circ f^{m}(x))$ . By Lemma 3.2 it is easily checked that
$\overline{W}_{\epsilon_{0}}^{s}(\beta_{m}\circ f^{m}(x))=\beta_{m}\overline{W}_{\epsilon_{0}}^{s}(f^{m}(x))$ , and hence $f^{m}(y)\in\overline{W}_{\epsilon}^{s_{0}}(f^{m}(x))$ , which implies
$d(x, y;\overline{W}^{s}(x))\leqq m$ . In the same way we have $d(\beta(x), \beta(y);\overline{W}^{s}(\beta(x)))\leqq$

$d(x, y;\overline{W}^{s}(x))$ , and therefore the conclusion for $\sigma=s$ is obtained. The ana-
logous result for $\sigma=u$ is obtain in the same manner.

For $m\geqq 0$ , define

$B^{\sigma}(m)=\{x\in\overline{W}^{\sigma}(0) : d(x, 0 ; \overline{W}^{\sigma}(0))\leqq m\}$ $(\sigma=s, u)$ .

Since $f(O)=0$ , by the definition we see that

$B^{s}(m)=i=0Uf^{- i}\overline{W}_{\epsilon_{0}}^{s}(0)m$ $B^{u}(m)=i=0Uf^{\iota}\overline{W}_{\epsilon_{0}}^{u}(0)m$

and hence $B^{\sigma}(m)$ is compact in $\overline{W}^{\sigma}(0)$ . Since $\overline{\gamma}_{0}$ is a homeomorphism, $B(m)=$

$\overline{\gamma}_{0}(B^{u}(m)\cross B^{s}(m))$ is compact in $R^{n}$ . For $m\geqq 0$ , let $U^{s}(m)=f^{- m}\overline{D}_{0}^{s}$ and $U^{u}(m)=$

$f^{m}\overline{D}_{0}^{u}$ . Since $\overline{D}_{0}^{\sigma}$ is open in $\overline{W}^{\sigma}(0)$ , it follows that $U^{\sigma}(m)$ also is open in $\overline{W}^{\sigma}(0)$ .
Hence $U(m)=\overline{\gamma}_{0}(U^{u}(m)\cross U^{s}(m))$ is open in $R^{n}$ . Note that $U(m)\subset B(m)$ for all
$m\geqq 0$ . By Lemma 3.5 we have

(6.6) $R^{n}=m\geqq 0UB(m)=m\geqq 0UU(m)$ .
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LEMMA 6.10. For $m\geqq 0$ and $\sigma=s,$ $u$

$\{d(x, y;\overline{W}^{\sigma}(x)): x, y\in B(m), y\in\overline{W}^{\sigma}(x)\}$

is bounded in $N$

PROOF. Since $B(m)$ is compact and $U(m)$ is open, by (6.6) for $m\geqq 0$ there
is $k\geqq 0$ such that $B(m)\subset U(k)$ . Remark that cl $(U(k))$ is compact (since $U(k)\subset$

$B(k))$ . Since each $N_{x}$ is open in $R^{n}$ , we can find a finite set $\{x_{i}\}_{i\Leftarrow 1}^{l}\subset c1(U(k))$

such that cl $(U(k))\subset U_{i=1}^{l}\overline{N}_{x_{i}}$ . To obtain the conclusion for $\sigma=s$ , let $D(x)=$

$\overline{W}^{s}(x)\cap c1(U(k))$ for $\uparrow x\in B(m)$ . Then we claim that $D(x)$ is connected. Indeed,
since $\overline{\gamma}_{0}$ is a homeomorphism, cl $(U(k))=\overline{\gamma}_{0}(c1(U^{u}(k))\cross c1(U^{s}(k)))$ . Since $x\in$

cl $(U(k))$ , there are $x_{1}\in c1(U^{u}(k))$ and $x_{2}\in c1(U^{s}(k))$ such that $\overline{\gamma}_{0}(x_{1}, x_{2})=x$ . By
the definition of $\overline{\gamma}_{0},\overline{W}^{s}(x)=\overline{\gamma}_{0}(\{x_{1}\}\cross\overline{W}^{s}(0))$ , and hence

$D(x)=\overline{\gamma}_{0}(\{x_{1}\}\cross\overline{W}^{s}(0))\cap\overline{\gamma}_{0}(c1(U^{u}(k))\cross c1(U^{s}(k)))$

$=\overline{\gamma}_{0}(\{x_{1}\}\cross c1(U^{k}(k)))$

which implies $D(x)$ is connected.
Let $K=\{i\in\{1, \cdots , l\}:D(x)\cap\overline{N}_{x_{i}}\neq\emptyset\}$ . Then $D(x) \subset\bigcup_{i\in K}\overline{N}_{x_{i}}$ . Choose $y_{i}\in$

$D(x)\cap\overline{N}_{x_{i}}$ for $i\in K$. Then it is checked that $D(x)\cap\overline{N}_{x_{i}}\subset\overline{W}_{2\epsilon_{0}}^{s}(y_{i})$ . Indeed,
recall

$\overline{N}_{x_{i}}=\bigcup_{z\in E_{x_{i}}^{u}}\overline{D}_{x_{i}.z}^{s}$

(disjoint union)

where $\overline{D}_{x_{i}.z}^{s}=\overline{N}_{x_{i}}\cap\overline{W}_{\epsilon_{0}}^{s}(z)$ . Since $R^{n}$ is a coordinate domain we see easily that
$D(x)\cap\overline{N}_{x_{i}}\subset\overline{D}_{x_{i}.e}^{s}$ for some $z\in\overline{D}_{x_{i}}^{u}$ , and so $y_{i}\in\overline{D}_{x_{i},z}^{s}$ . Therefore $D(x)\cap\overline{N}_{x_{i}}\subset$

$\overline{W}_{2\epsilon_{0}}^{s}(y_{i})$ .
By the above result, $D(x)\subset U_{i\in K}\overline{W}_{2\epsilon_{0}}^{s}(y_{i})$ . Since $D(x)$ is connected, for

$i,$ $j\in K$ there is $\{i_{1}, \cdots , i_{s}\}\subset K$ such that $i_{1}=i,$ $i_{s}=j$ and $\overline{W}_{2\epsilon_{0}}^{s}(y_{i_{n}})\cap\overline{W}_{2\epsilon_{0}}^{s}(y_{i_{n+1}})$

$\neq\emptyset$ for $n=1,2,$ $\cdots$ , $s-1$ . By Lemma 3.4 we can find $L\in N$ such that
$f^{L}\overline{W}_{2\epsilon_{0}}^{s}(z)\subset\overline{W}_{\text{\’{e}} 0/2l}^{s}(f^{L}(z))$ . Then $f^{L}(D(x))\subset\overline{W}_{\epsilon_{0}/2}^{s}(f^{L}(x))$ and therefore $d(x, y;\overline{W}^{s}(x))$

$\leqq L$ if $y\in\overline{W}^{s}(x)\cap B(m)\subset D(x)$ . Since $L$ is independent of $x\in B(m)$ , the con-
clusion for $\sigma=s$ is obtained. The analogous result for $\sigma=u$ is obtained in the
same way.

PROOF OF THEOREM. Let $A:T^{n}arrow T^{n}$ be the group automorphism homo-
topic to $f$ . Then by Proposition 6.2 $A$ is hyperbolic. Since $f(e)=e$ , by Corol-
lary 6.4 there is a continuous map $h:T^{n}arrow T^{n}$ homotopic to the identity map
id such that $h(e)=e$ and $A\circ h=h\circ f$ . Therefore it is enough to prove that $h$ is
a homeomorphism. To do this, we take lifts $\overline{A}$ and $\overline{h}$ by $\pi$ such $\overline{A}\circ\overline{h}=\overline{h}\circ f$

holds. Since $h$ is homotopic to id, there is $M_{0}>0$ such that for all $x\in R^{n}$

(6.7) $\Vert\overline{h}(x)-x\Vert\leqq M_{0}$ .
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To show that $\overline{h}$ is injective, assuming that there are $x,$ $y\in R^{n}$ such that
$\overline{h}(x)=\overline{h}(y)$ , put $z=\overline{\gamma}(x, y)$ . Then we have

$\Vert\overline{A}^{i}\circ\overline{h}(z)-\overline{A}^{i}\circ\overline{h}(y)\Vert=\{||\circ\overline{f}^{i}(z)-\circ\overline{f}^{i}(x)||^{\frac{h\overline}{h}}\circ f^{i}(z)^{\overline{\frac{h}{h}}|_{1}^{1}}-\circ\overline{f}^{i}(y)$

$(i\geqq 0)$

$(i\leqq 0)$ .
Since $z\in\overline{W}^{s}(x)\cap\overline{W}^{u}(y)$ , by (6.7) we can find $M_{1}>0$ such that $\Vert\overline{A}^{i}\circ\overline{h}(z)-\overline{A}^{i}\circ\overline{h}(y)\Vert$

$\leqq M_{1}$ for all $i\in Z$. Since $\overline{A}$ is hyperbolic, $M_{1}$ is an expansive constant for $\overline{A}$

and hence $\overline{h}(z)=\overline{h}(y)$ . Now we claim that there is $M_{2}\in N$ such that if $z\in\overline{W}^{u}(y)$

and $\overline{h}(z)=\overline{h}(y)$ , then $d(y, z;\overline{W}^{u}(y))\leqq M_{2}$ . Indeed, let $K\subset R^{n}$ is a compact
covering domain for $\pi$ . Since $\overline{h}$ is proper by (6.7), there is $m\geqq 0$ such that
$\overline{h}^{-1}(K)\subset B(m)$ . Take $\beta\in G(\pi)$ such that $\beta(\overline{h}(z))\in K$. Then we have

$h(\beta(z))=\beta\circ\overline{h}(z)=\beta 0\overline{h}(y)=\overline{h}(\beta(y))\in K$

and hence $\beta(z),$ $\beta(y)\in B(m)$ . By Lemma 6.10 there is

$M_{2}= \max\{d(x, y ; \overline{W}^{u}(x)): x, y\in B(m), y\in\overline{W}^{u}(x)\}$ ,

and so $d(\beta(y), \beta(z);\overline{W}^{u}(\beta(y)))\leqq M_{2}$ . By Lemma 6.9 we have $d(y, z;\overline{W}^{u}(y))\leqq M_{2}$ ,

and therefore the claim holds.
If $y\neq z$ , then by expansiveness there is $l\in N$ such that $d(f^{l}(y), f^{l}(z)$ ;

$\overline{W}^{u}(f^{l}(y)))>M_{2}$ , which contradicts the above claim since

$\overline{h}\circ f^{l}(y)=\overline{A}^{l}\circ\overline{h}(y)=\overline{A}^{l}\circ h(z)=\overline{h}\circ f^{l}(z)$ .

Therefore $y=z$ . In the same way, we have $x=z$ , and so $\overline{h}$ is injective. We
know by Brouwer’s Theorem that $h$ is a covering map. Since $h$ is homotopic
to id, $h$ is a homeomorphism. The proof of our theorem is completed.
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