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On some compact Einstein almost Kahler manifolds
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§1. Introduction.

An almost Hermitian manifold M=(M, J, <, >) is called an almost Kéhler
manifold if the corresponding Kiahler form of M is closed (equivalently,
KLY, Zy+<(pNZ, X)>+<{(NzHNX, Y>=0, for all X, Y, ZeX(M), where X(M)
denotes the Lie algebra of all differentiable vector fields on M). By the defini-
tion, a Kihler manifold (V/=0) is necessarily an almost Kidhler manifold. If
the almost complex structure J of an almost Kihler manifold M is integrable,
then M is a Kihler manifold [10]. A strictly almost Kihler manifold is an
almost Kdhler manifold whose almost complex structure is not integrable.
Several examples of strictly almost Kéhler manifolds are known [1], [2], [3],
[7], [9] By an Einstein almost Hermitian manifold we mean an almost Hermi-
tian manifold which is Einstein in the Riemannian sense. The following con-
jecture is well-known [4], [9]:

CONJECTURE. The almost complex structure of a compact Einstein almost
Kahler manifold is integrable.

Concerning this conjecture, some progress has been made under some
curvature conditions ([4], [6], and etc.).

In this paper, we shall give a partial positive answer to the above conjec-
ture. Namely, we shall prove the following

THEOREM. Let M=(M, J, <, >) be a compact Einstein almost Kahler mani-
fold whose scalar curvature is non-negative. Then M is a Kdhler manifold.

§2. Preliminaries.

In this section, we prepare some elementary equalities which will be used
in the proof of in §1.

Let M=(M, J, <, >) be a 2n-dimensional almost Hermitian manifold with
the almost Hermitian structure (J, <, >) and 2 the Kihler form of M defined
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by Q(X, Y)=(X, JY>, for X, Ye¥(M). In the sequel, we assume that M is
oriented by the volume form o=((—1)"/n1)2". We denote by V, R, p and 7
the Riemannian connection, the curvature tensor, the Ricci tensor and the scalar
curvature of M, respectively. The curvature tensor R is defined by

(2.1) R(X,Y)Z =[Ny, VwlZ—Vix,vnZ ,

for X, Y, Z€X(M). We introduce a tensor field p* of type (0, 2) (the tensor
field p* is called the Ricci *-tensor [8]) defined by

2.2) p*(x, y) = (1/2) trace of (z+—> R(x, Jy)Jz),

for x, y, zeT,M (the tangent space of M at p), p M. We denote by z* (¢*
is called the *-scalar curvature) the trace of the linear endomorphism Q* defined
by <Q*x, y>=p*(x, y), for x, yeT,M, pcM. By [2.2), we get immediately

(2.3) o*(x, ¥) = p*(Uy, Jx),

for x, yeT,M, pcM. We denote by TM and A*M (kz=1) the tangent bundle
of M and the vector bundle of real exterior k-forms over M, respectively.
Then we may regard A*M as a Riemannian vector bundle over M in the
natural way. The curvature operétor (also denoted by R) is the symmetric
endomorphism of the vector bundle A*M of real exterior 2-forms defined by

2.4) CRE(x)Ne(y), e)Ne(w)y = —<R(x, y)z, w),

for x, y, z, weT,M, peM, where ¢ denotes the duality : TM—A*M=T*M (the
cotangent bundle of M) defined by means of the metric {,>. For l-form w, Jo
is the 1-form defined by Jw(X)=—w(/X), for XeX¥(M). Then we have J(¢(x))
=(Jx), for xeT,M, pcM. Let {e;} be an orthonormal basis of T,M at any
point p=M. In this paper, we shall adopt the following notational convention:

(2.5) Rpijr = {R(en, eiej, er),
Riije = (R(Jen, eiej, €,
Rizse = {R(Jen, JeiJe;, Jer,
pi; = ples, e5), -, pij= p(Jes, Jejy),
p*i; = p*es, ej), -, p*i5= p*Jey, Jej),
Jis=<Jes, e0, Vil =< e, €,

and so on, where the Latin indices run over the range 1, 2, ---, 2n. We get
easily _
(2.6) Vz]fﬁ == _Vijjk .

Now, we shall define differentiable functions f;, ---, fs on M respectively by
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2.7) [1(p) = ZRasif(Rasi;— Rasis)
fp) = 2R 5:i(Rosi;— Ropis)
f(P) = ZRaais(VsJix)VoJ s ,
Juip) = ZRavis(NsJix)Va e »
fs(p) = DUR(e*NeI—Jet N]e?), e* Ne—Je N]e")),

at any point pe M, where e*=¢(e;) (1=:/=<2n). We shall evaluate the values of
the functions fi, .-, f, at each point p=M. By the definition of the function
f1, we have easily the following

LEMMA 2.1
fi(p) = %2<R(ei/\e"—]e‘/\]ef), e® Ne"){R(e*Nel—Je' N\ Je?), Je® N]e*> .
Similarly, taking account of and [2.3), we have the following
LEMMA 2.2.  fy(p) = 22(p*i— 0% 0%

In the rest of this section, we assume that M=(M, J, <, >) is a 2n-dimen-
sional almost Kihler manifold. Then it is known that M is a quasi Kéhler

manifold [10], i.e.,
(2.8) Ve NY+ s NJY =0,
for X, YeX(M).
LEMMA 2.3. DXV Jie) Ve i) NaJin)VsJin =0.
ProOF. Taking account of [2.8), we get
(2.9) 2o Jie)Na i) Ve in)Vs i = Z(VoJie) Vo J56)Vain) V5 5n
= =2 Jix)VaJ;:)Va in)Vo 0
= =2 i)V i)V aJin)Vo Jin -

On one hand, we get also

(2.10) 2o Jin)NaJi)Vain)Vs  jn = Z(VoJi) Vo J i)V a Jin)Vo S0 -

From [2.9) and [2.10), the lemma follows immediately. Q.E.D.
By [2.8), we get

(2.11) LZJ}(Va] A —;J (Vo idVeoJi; = —;} (VaJii)VeJss -

Similarly, by and [2.8), we get
(2.12) i,Z}(ijm)Vj] i =i2j (N3 J:a)V5 i = —iZJ} (Va5 e
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Since M is an almost Kdhler manifold, we get

2.13) 2, oo s =5 5, (TeJn—Ta ol Vs

= — 3 O STa e
i, k

Similarly, we get

(2.14) i%:k]bk(vz‘]aﬂvjfk i= i%:k]bk(vafji)vj]ki - L;]g]bk(vj]ia)vjjki

ro| =

jz,k jbk(va]ji)(vjjki—vi.]kj)+ 12; (vj]ia)vj]i5

2,

| =

?;j(va] i)Vs] ij+§(vj] 1a)V3J s -
From [2.8), taking account of (2.11)~(2.14), we get
(2.15) ;V%a]m = i’jz,k JorJaiVisT vs
= —Eiv%a]m—i,;k (Vijbk)fajvj]ki_i’]z’k Jor(NiJai)V; T e
= —;V%a]ari-izj (ViJiaNiJw .

LEMMA 2.4. PFart+ 0% = pab+paa+§(vj]m)v,~j,-b .

Proor. By and the first Bianchi identity, we get
(2.16) 20%5—20% = Zi:Riiab+EiRiiEE

= —ZRiwi—Z Ruta— L Rasi— T Ruia .

On one hand, we get easily
(2.17) ;V%a]bi_zivc%i]bi = Pa5+; Rigi.
From [2.17), taking account of we get
(2.18) EiRiabi = —pas+2iV%aJm- .
By [2.12), [(2.15), [2.16) and we get
(2.19)  2p*;5—20*z = 2pa5—2pab—;V%a]br—gv%afm*"gv%faﬁ-;V%]ai

= 2Pa5—2‘06b+2i2;4 (V3 J:)V5 )35

From (2.19), the lemma follows immediately. Q.E.D.
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Now, we evaluate the value f;(p) of the function f; at any point peM.
We may choose an orthonormal basis {e;}={eq, er+a=Jea} (1=, B<n) in such
a way that

(2.20) jz’;z(vj]ka)vj]kb = Aa0ab ’

where A,=24,4:=< - £4,=4;,. We denote by f the continuous function on M
defined by

(2.21) f()= Z@A—2)".

By [2.21), we get

(2.22) f(p)=4n ;2%—2;121-2,- =4n ;I%—leV]ll“(p) .
LEMMA 2.5.

1 1
Jo(0) = =22 04/VoJir) Vo ju— 7 F(B)— 5~ IVJI(D) ,
at any point peM.
Proor. By [2.7), [2.8), [2.20), [2.22) and we get

fo(p) = 2 R.zi;(N5Jx)Vs s
=2 Raaii(vbfik)vbjjk
= =2 (p*i;+0*;:))NoJi2)Vo 2

= —25 0o S VoS =5 f(D)— 5= IVJIP)

Lastly, we evaluate the value f,(p) of the function f, at any point pe M.
We denote by & the vector field on M defined by

(2.23) Ep= ; (b i% kRabij(vink)]jk)ea , at peM.
From (2.7) and [2.23), by the direct calculation, we have easily the following

LEMMA 2.6.
fop) = @ivE)P)+2Z(Ni00;— V000N Ji1) ] i

+ T SUREN—JENTE), S A
By Lemmas 2.1, 2.6, and (2.7), we have the following immediately
LEMMA 2.7.

F1(p)—=2f(p)=—2(divE)p)— ji‘fs(jb)—ZZ(Vinj—Viji)(vbfik)fjk .
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§3. An integral formula.

In this section, we establish an integral formula on a compact almost Ké&hler
manifold which plays an essential role in the proof of in §1.
First, we start with a general almost Hermitian manifold M=(M, J, <, >).
We assume that dim M=2n=>4. We denote by V' the linear connection on M
defined by

(31 VY = Vi — 2 STV,

for X, YeX¥(M) [10]. Then we may easily check that both of the Riemannian
metric {,> and the almost complex structure J are parallel with respect to the
linear connection V’. Furthermore, by direct calculation, we have the following

LEMMA 3.1. The curvature tensor R’ of the linear connection N’ is given by
1 1 ;
RI(X, Y)Z = 5 (R(X, Y)Z—JR(X, Y)fZ)—Z((Vx]XVy])Z—-(Vyf)(Vx])Z),
for X, Y, Ze¥(M).

We denote by (V) (resp. p,(V’)) the first Pontrjagin form corresponding to
the metric connection V (resp. V’). Then, by the well-known Chern-Weil theo-
rem, the first Pontrjagin class p,(M) of M is represented by the 4-form (V)
(resp. (V")) in the de Rham cohomology group. The 4-form g, (V) (resp. p,(V"))
is given by

1
(3.2) (V) = ‘3‘2?2 RasijReaije® Ne® NeNel

1
(resp. /‘1(V'>P=§§FE RuvijRiaije® Ne®NeNe?), at any point peM, [5]. Let

{e;} be an orthonormal basis of the tangent space T,M of the form {e;}=
{ea, Jea}. Then we get

3.3) 2= —Za e“NJe“.
From [3.3), we get easily
(3.4) Qr2 = (=" *(n—-2)! %91/\]@1/\

— —
ANeXAJeq N+ NeBAJeBN -« Ne* AJe™,

where ™ denotes the delation. - We here assume 2°=1. By and (3.4), we
get
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1V2-2(4 91
(3.5 (AL 2 = (=1) 32:: 2) (X Raa1Ro5:;— 22 R 0vi;R35:5)0 ,
(=) *n-—2)!

(resp. ,ul(V’)/\Q"‘Z = 3o (XR,z4iRi;—22 R4 R55:5)0).

In the rest of this section, we assume that M is a 2n(n =2)-dimensional

compact almost Kahler manifold. Then it follows that the 2n-form p,(V)AR2"~*
—m(VHYAL™? is exact. Thus, by Stokes’ theorem, we get

(3.6) SMml(w—pl(v'))AQ"—z = 0.

From and [3.6), taking account of [2.7), and Lemmas 2.3, B.1, we
have finally the following

PROPOSITION 3.2. Let M=(M, J, <, >) be a 2n(nz=2)-dimensional compact
almost Kdahler manifold. Then we have

[ (fimgfetfiar)o=0.

§4. Proof of Theorem.

It is well-known that any 2-dimensional almost Hermitian manifold is a
Kihler manifold. On one hand, the present author has proved that
is true in the case dimM=4 [6]. So, for the proof of [Theorem|, it suffices to
consider the case dimM>4. Let M=(M, J, <, >) be a 2n(n>2)-dimensional
compact Einstein almost Kdhler manifold. Then we have

T
4.1) o(X,Y) = ZZO{’ Y>,
for X, YeX¥(M). By [4.1) and Lemma 2.7, we get

1
“.2) [ (ri—2foe = -7 fuo.
Furthermore, by [(2.20), (4.1) and Lemma 2.5, we get

«3) [ oo == (CATt S o 19T1a

Thus, from [Proposition 3.7, taking account of and [(4.3), we have finally

ao [ (GArgh)e = (C1 e 4o 191)

From [(4.4), taking account of [2.7), and Lemma 2.2, we may easily show

that if the scalar curvature r of M is non-negative, then VJ vanishes identically
on M, that is, M is a Kéhler manifold. This completes the proof of [Theoreml
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