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§1. Introduction.

Let G be a topological group. The notion of a Hopf G-space is first noted
by G. E. Bredon [3] He defined a Hopf G-space to be a space which has a
G-equivariant multiplication. Some people did their works in this area, K. Iriye
on Hopf Z,-spheres, G. Triantafillou on rational cases, etc.

In this paper we shall construct some examples of equivariant Hopf spaces
by a method analogous to Zabrodsky’s. Actually, A. Zabrodsky exploited his
mixing homotopy method ([13], and to obtain many non-classical
Hopf spaces (including the Hilton-Roitberg’s example, etc.). We shall discuss
an equivariant version of his method under some conditions. For this, we shall
use the equivariant localization of J. P. May, et al. .

Our main results are the following two theorems. Throughout the paper, we
assume that G is a compact Lie group.

THEOREM 1.1. Let S™ be the n-sphere with n odd >1, on which G acts
desuspendably, i.e., the action is the suspension of a G-action on S™'. Let E be
a compact Lie group on which G acts by automorphisms. Moreover assume that
E acts on S™ transitively and the induced fibration = : E—S™ is a G-fibration, i.e.
7w is a G-map and has a G-homotopy covering property. Let h;:S™—S" be the
G-map which is of degree A= Z, that is, h; is A times the identity map of S™ in
[S”, S*Ja, and T be a collection of prime numbers. Then the pull back W, in
the following diagram

Wy, —> E

lhz l“

Sn > STL

has a Hopf G-structure, if the following three conditions are satisfied.
a) EH" and (S™)¥ are connected, and (S™)¥ is also a sphere, for each closed
subgroup H of G.
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b) The equivariant localization S% is a G-homotopy commutative Hopf G-space
and the set [SEXSE, Stla becomes a group.
c) pla implies peT.

REMARK. We shall prove Theorem 1.1 under more general situation by
introducing the G-equivariant operation. But all examples of section 4 will
satisfy the conditions written above.

THEOREM 1.2. Let S™ be an odd dimensional sphere and G acts on S™ such
that (S™® is an odd dimensional sphere for each closed subgroup H. Let | be a
collection of prime numbers such that 2m<p(ty+1)—3 for each pel, where
to=min{dim(S™)# ; HKG}. Then ST (equivariant localization at l) is a G-homotopy
commutative Hopf G-space.

This paper will be organized as follows. In section 2 we prove an equi-
variant version of Zabrodsky’s theorem. In section 3, Theorem 1.2 above will be
shown by means of previous sections. In the final section, we present examples
of Theorem 1.1.

We shall use the following notation throughout the paper. If X is a G-CW
complex and T is a collection of primes, we shall write X, for an equivariant
localization of X at T in the sense of [9]. We write [,Js for a G-homotopy
classes of G-maps. One should refer Bredon [3], Matumoto [7], Warner
for general references on G-CW theory.

The author would like to thank Professors A. Kono and M. Mimura.

§ 2. Equivariant Zabrodsky’s theorem.

In this section we shall prove an equivariant version of Zabrodsky’s theorem
([15)) under some conditions. We would rather use the proof by M. Arkowitz
[2] (Zabrodsky did not use any words “localization ).

DEFINITIONVZ.I. Let X:S‘AY be the reduced Suspension of a space Y.'
A G-action on X is said to be desuspendable if_ there is a G-action on Y such
that gt, y)=(, gy) for (¢, y)€X, g=GC.

Then the G-homotopy set [ X, Z1s becomes a group in the usual way.

DEFINITION 2.2. Suppose G acts desuspendably on S*, n=1. A G-map
h;:S"—S" is said to be of degree A= Z if h; is A times the identity map in
[S", S*]e.

DEFINITION 2.3. Let f:X—Y be a G-map. A .G-equivariant operation of
XonY isa Gmap g: XXY-Y such that
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pazf:X->Y, pihzld:Y-Y,
where 7,, 7, are inclusions.

To state our result, we prepare the following data.

(2.4) (a) an n-sphere S™, n odd >1, on which G acts desuspendably.
(b) a Hopf G-space E with multiplication pg.
(¢) a G-fibration = : E—S",
(d) a G-equivariant operation p:EXS"-S" compatible with the multi-
plication gy via z, that is,

wpg < p(lXn) : EXE—-S".

(e) a G-map h;:S"—S™ of degree 1= Z.
(f) a set T of primes.
(g) the pull back W=W,, given by the pull back diagram:

Then our theorem is stated as follows:

THEOREM 2.5. Assume (2.4) and that

(@) EH and (S™) are connected and (S™¥ is also a sphere, for each closed
. subgroup H.

(b) The equivariant localization S} is an abelian Hopf G-space and
[SEX S, SEle becomes a group.

(c) plA implies peT.

Then the pull back W has a Hopf G-structure.

REMARK 2.6. In case G=e, i.e., the nonequivariant case, a compact Lie
group E acting transitively on S™ satisfies conditions (b)-(d) of (2.4). Theorem
1.1 is the equivariant version in this special situation.

REMARK 2.7. If G=e and T is a set of odd primes, then the above theorem
is (the nonequivariant) Zabrodsky theorem [15].

We need some definitions before the proof.

DErFINITION 2.8. Given spaces and maps

xloa8y

define
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W(f, 8)={x,w, 3 | x€X,weA, yev,
f(x)=w(0), gy»)=wl)},

the weak pull back of f and g. So we obtain the following homotopy com-
mutative diagram;

S
W(f, g8 ——Y

r g
f

X — A

where » and s are the canonical maps. We note that W(f, g) becomes canoni-
cally a G-space when f and g are G-maps. In this case we should note that

W(f, @) ¥=W(f#, g¥) is a weak pull back of f# and g%, for each closed
subgroup H.

Here we should note that W(f, g) can be replaced by a G-CW complex up
to weak G-equivalence (see [12], [8]).

DEFINITION 2.9. Let f, g be G-maps. The following G-homotopy commu-
tative square

b

W—>Y
a g
L,
X—A

is called a G-weak pull back diagram if there exists a G-homotopy equivalence
d:W—-W(f, g) such that ré=a, so=b.

Also here we should note that we obtain a nonequivariant sense weak pull
back diagram for every W¥,

PrROOF OF THEOREM 2.5. Let T’ be the complementary set of primes for
T, i.e. TNT'=@, TUT’= all primes. The following square is a G-weak pull
back diagram, where 7 and j’ are the G-localization maps.

WTUT' > Wr

St

1 <«
~

W ——> Ep >E
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Therefore there is a G-map d:Wrur—W(jsr, j/sr0), which is a G-homotopy
equivalence.

sy is a G-homotopy equivalence as we consider homotopy exact sequences
of G-fibrations Wr,—S% and Er—S%. Then Wy has a Hopf G-structure pg
such that sy is a Hopf G-map (that is, (#p)r (s XS ) spop). If we can
define a Hopf G-structure g, on Wr such that (gg)re(szXsr)zsrop, then it is
easy to obtain a Hopf G-structure py on W, since jsy becomes a Hopf G-maps
and j’sy is already so.

Now we shall construct a Hopf G-structure g, on Wr. As the following
square is a G-weak pull back diagram, it is enough to construct it on the weak
pull back W(hy, ny)

St
Wy ———> Er
rr l Ty
hr

We label G-homotopies as follows. Let p, be the Hopf G-structure on S%.
F: ErxSt—>(Sp'; FO)O)=p(), FO)XD=wqgt+prrxl).
Here p=~wqg-+pnrx1) for some we[ErAS%, S#], which is obtained from the
G-Puppe sequence argument, and ¢: Er X Sg—ErAS% is the projection.
H: ErXEr—(SP)'; HO)O)=p(dXnr) ), H()D=nr(pe)r(),
the homotopy as in (2.4) (d).

As we may take hp:SE—S} as a map of 4 times the identity map of S%
by the multiplication ps, hr can be considered as a Hopf G-map. Therefore,
there is a homotopy as follows.

J 1 SEXSEXSE—> (SPT;  JO)O)=hp(u(1X ),
JOD)=pAX p)(hr X he X hr).

Finally, we prepare the following homotopy.
K : ErASE—(SPT;  K()XO)=hrw, K()XD=w{lAhr).

We remark that F and J are taken as relative to EprV S} and SEvVSEvVS%E
respectively because of the following fact.

LemMA 2.10. ((G-) James theorem, see [16]). Suppose YACZIB is G-retract
and (X, p) a Hopf G-space. If two G-homotopic maps g, g1 from B to X satisfy
that g,|A=gi| A then g, and g, are G-homotopic rel A.

Proor. This is exactly the same as the nonequivariant case. So we omit
the proof.
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We define a path from hr(u(wg(y, x’), p(x, x7))) to mr(pe)r(y, y”) by the
above homotopies as

HeF=lopu(w(y, @), pts(p, N Ke]

for (x, ¢, ), (x', ¢, yVEWhr)r, with hr(x)=¢@(0), wr(y)=¢(1), hr(x)=¢'(0)
and 7,(y)=¢’(1), x, x’€S%, y, y€Er. F~* denotes the inverse path of F.

We denote this path as M=M((x, ¢, ), (x’, ¢’, ¥")). Then the desired
Hopf G-structure g, on Wr can be obtained by

tol(x, ¢, ¥), (x', ¢, 37)) = (uslwq(y, x7), px, ")), M, (ue)r(y, y)).

§3. A sufficient condition for S™ to be a Hopf G-space.

In [1], J. F. Adams has shown that the odd dimensional sphere can be
considered as a Hopf space mod p. Here we give some condition for the
equivariant analogue of his result to hold with some specific action on the
sphere. Let S™ be an odd dimensional sphere and G acts on S™. Assume that
(S™¥ is always an odd dimensional sphere and we denote that f,=
min{dim(S™)¥ ; H< G}, where H is any closed subgroup of G.

THEOREM 1.2. Let [ be a collection of primes. Assume that for any pel,
2m<p(ty+1)—3. Then ST is a G-commutative Hopf G-space.

PrROOF. Embed ST* equivariantly in £223%S7T by the natural G-map j. It is
well known that for an odd dimensional sphere S¢, x;(£223%S* S%),,=0, for
i<p(t+1)—2, p an odd prime (see [10], p. 516). Therefore, 7, (22Z%(SMH, (SPMH)
=0 if i<p(t,+1)—2, p=l. Making use of Proposition (3.3) of [7], we obtain
the following bijection if 2m<p(t,+1)—3;

7*
[SPXSP, STle —> [ST X ST, 2222S7];s.

Let p: 2°32Sp x 2*3*SP—2°32ST be the loop multiplication. Then p is
clearly a G-homotopy commutative G-structure. Now we define

m = (7*)"Nu(7* X s*) : SPXSP —> SP.

It is clear that m is a Hopf G-structure on ST* which is G-homotopy commutative.

§4. Examples.

In this section we will give examples for [Theorem 2.5 We will introduce
some actions on Lie groups which induce the actions on odd dimensional spheres
mentioned in section 3.
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First we introduce the following lemma which is observed by Bredon [3]
when G is finite.

LEMMA 4.1. Let B be a G-space such that B¥ is connected and simple for
each closed subgroup H. Then a G-map n:E—B has the G-covering homotopy
property for every G-CW complex, if and only if =¥ : E¥H—B¥ is a fibration in
a nonequivariant sense for each closed subgroup H.

ProOOF. Let X be a G-CW complex. Let f,: X—B be a G-homotopy and
g:X—E be a G-map such that mg=f,. We are able to use the induction on
G-cells of X to construct a required homotopy. Actually, if G/HXD" is a
G-cell of X, our lifting problem can be considered as a nonequivariant problem
through the bijection

[G/HXD"xI, G/HxS"XI; B, E]l¢ =~ [D*xI, S*xI; B¥, E¥].

ExamprLE 4.2. The case G=Z,, E=U(n) and the usual transitive operation
p:U(n)xS*-1»S%-1 We represent Z, as the subgroup of U(n) generated by

which defines an action * of Z, on U(n) by the conjugation:
a*A = a,Aa;, AeU(n).

We call this action to be of type #. With this action, U(n) can be considered
as a Hopf G (=Z,)-space. The induced action on U(n)/U(n—1)=S%*""1 can be
seen as follows. Take xS, x=(x,, -, %), 2:l%:|2=1, x;=C. Then the
induced action * on S**-! becomes

ag*x = (—%X1, =", —Xgy g1, 5 Xp)e

Now we observe fixed point sets of this action as follows.

U(n)? = {(‘g OB)eU(m S AcU®), BeU(n—t)},
(S2n—1)Zz = {(O’ Tty O) Xt+1, *** x'n)eszn-l} .

Therefore we see that U(n)?2—(S?*-)?z is the fibration. This corresponds to
the condition (c) of (2.4) by [Lemma 4.1. For adopting (2.4), we have to check
the conditions other than (c) above. But for the condition (d), the above
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operation g can be considered as a G (=Z,)-operation. For (a) and (e), we
should add the assumption n—:t=1. Finally, for the condition (b) of
2.5, we appeal to Theorem 1.2. Let A be an integer such that if a prime p
dividing A satisfies p>(4n-+1)/(2n—2f). We should take T in (2.4) to be satisfied
that p>(4n-+1)/(2n—2¢) for each pe7T. Then we obtain a Hopf Z,-space W,
by the following pull back, where h; is the map of degree A.

Un—1) == U(n-—1)

Wi, —> Uln)

ha

2n-~1 2n -1
S — 5§71,

For small values of #, we may choose the degree A as follows,

t=1; L odd integer if n=4
| an odd integer with (1, 3)=1 if n=2, 3
t=2; an odd integer if n=7
1= an odd integer with (4, 3)=1 if n=4,5,6

] an odd integer with (2, 3)=1 and (1, 5)=1
if n=3.
For example, in case of n=4, =1, A=3, we obtain a Hopf Z,-space by the map
h of degree 3.
W

—U@)

o

ST — S

8

This corresponds to the example of Curtis-Mislin [4].

ExaMPLE 4.3. The case G=Z,, E=Sp(n), Z,-action, of type ¢, n—t=1, as
above. We then obtain Hopf Z,-spaces W,, in the same way as above if p|a
implies p>(8n-+1)/4(n—1).

For example take n=2, {=1, then the pull back
Wiy —> Sp(2)

hs

S7 3 S'I

5

is a Hopf Z,-space. This corresponds to the Hilton-Roiterberg’s example.

Next we consider a Z,-action (p: an odd prime). Let p,, ; be the following
representation
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0r7) = e U(n),

where §=27i/p and 7 is a generator of Z,.

ExAaMPLE 4.4. The case G=Z, E=U(n) (as in 4.1) with Z,-action * on
U(n):

axA = p;,(@)Apr,(—a), acZ,, AcU(n).

Let n>k-+/ and 2 be an integer satisfying the condition that if a prime p
divides 4 then p>(4n+1)/2(n—k—I). Then the pull back W5, by the map
h;:S8*"'>S""! is a Hopf Z ,-space.

In this case the fixed point sets of a subgroup K<Z, are obtained as
follows.

A 0\ AeU(k), B€U(l) and
Un)¥ = ’

0 c) CeUm—k—l), if K+e,
U(n) if K=e.
(genesyE _ Sen-k-0-1 if K o o
T s if K=e.

Next we consider the case G=S' (=¢*?", 0<0=<2r). Let p;,, be the rep-
resentation as above, that is;

k l
eiﬁr:'

ibn O
ot
! e—iﬂz

Ok, (™) =

ExaMpPLE 4.5. The case G=S* and E=U(n), with action as in the example
above. Let n>/+Fk and A be an integer satisfying the condition that if a prime

p divides 4 then p>(4n+1)/2(n—k—I). Then the pull back W,, by the map
h; is a Hopf S'-space.
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In this case the fixed point sets are as follows.

A 0

( B ) if K+#e, Z,,
e
(n)* =

A0
( ) if K=2,.
0 C

Here, AcU(k), A’cU(+k), BeU() and CeU(n—I(—k). Define an S'-action
on Sp(n) by;

We

eiﬂn‘ 0 e—ib‘x 0
Loolal b ] aesm.
0 1 0 1
also obtain the following example.

EXAMPLE 4.6. The case G=S!, E=Sp(n), with the above action. Let n=2

and A be an integer satisfying the condition that if a prime p divides 4 then
p>8n+1)/4(n—1). Then the pull back W,, is a Hopf S'-space.
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