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Introduction.

It is the object of this paper to construct the evolution operator associated
with the abstract evolution equation

1 at+Au = f(t), O<t=T,

in a Banach space E and to prove some theorems concerning the existence and
uniqueness of solutions to the corresponding Cauchy problem. The given func-
tion f and the unknown u map [0, 7] into E, each —A(#) is the infinitesimal
generator of a strongly continuous analytic semigroup on E, and the dot denotes
the derivative with respect to £. Thus we consider evolution equations of para-
bolic type and we are interested in the case where the domain D(A(f)) of A(f)
varies with t.

This problem has already been studied by several authors. In particular
Kato and Tanabe established the existence of a fundamental solution (an
evolution operator) U for (1) under the assumption that the resolvent of — A(?)
has a Holder continuous derivative and satisfies an estimate of the form

2) ICA+A®I- Y = N/1ae

for some constant p<(0, 1]. More recently Yagi [25] has shown that it suffices
to assume that

3) [A+A()]* e C(0, T], L(E)),

where £(F) is the Banach algebra of all continuous linear operators on E, pro-
vided condition (2) is somewhat strengthened (cf. also [26]).
Consider now quasilinear parabolic evolution equations of the form

(4) a+Al, wu = ft, u), O0<t<T.

A natural way to solve this equation consists in trying to find fixed points of
the map v—u(v), where v is a function from [0, T] into F and u(v) is the solu-
tion of the linearized problem
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a+AQ, vi))u = f(¢, v(t), o<t<T

In trying to apply this method to problems coming from concrete parabolic dif-
ferential equations, it turns out that assumption (3) is so restrictive that it does
not give a well defined fixed point map v—u(v). Hence, if one wants to study
the quasilinear equation (4) by this fixed point method, one has to establish the
existence of an evolution operator under weaker continuity requirements than (3).

This has been achieved by Sobolevskii and Kato under the assump-
tion that D([A()]?) is constant for some B<(0, 1), where Kato assumes that
1/B is a positive integer. Due to results of Seeley [17, 18] this condition is
satisfied for parabolic differential equations under rather general conditions.

In this paper we give an alternative proof for the existence of an evolution
operator for (1), provided D([ A(t)]#) is constant for some S<(0, 1), A(-) is Holder
continuous with exponent p=(1—pf, 1) in an appropriate sense, and certain addi-
tional requirements are satisfied. The precise hypotheses and results are given
in Section 4. In the last section of this paper it is shown that our hypotheses
are satisfied by large classes of parabolic equations and systems.

Our proof is quite different from the methods of Kato and Sobolevskii. The
principal idea is to construct an appropriate extension 171(1‘) of the operator A(f),
defined on some Banach space EDE, such that D(Zl(t)) is constant. Then, by
using the results of Sobolevskii and Tanabe [21, 22] for evolution equations
with constant domain, we obtain an evolution operator U on E for the extended
evolution equation. It is then shown that [J restricts to an evolution operator
on E for (1).

This construction has been motivated by a result of Tanabe [22, Section
5.4], who used such a restriction argument in the case where A(f) is a regularly
accretive operator in a Hilbert space. However in that case the superspace E
and the extension /Nl(t) are given quite naturally, whereas in our general setting
we have to employ an abstract construction to find E and 171(7,‘).

In Sections 1 to 3 we present a general abstract method to construct natural
extensions of strongly continuous semigroups. These results are basic for our
construction of the evolution operator, which is achieved in Section 5. The
results of Sections 1-3 are also of independent interest and have further applica-
tions which are not discussed in this paper. In Section 6 we give two general
existence theorems for the Cauchy problem corresponding to (1). Although we
indicate in Section 7 the applicability of our abstract results to parabolic initial
boundary value problems, in order to keep this paper in a reasonable length, we
do not discuss specific applications to (nonlinear) parabolic equations, which are
of our primary interest.

As already mentioned above, the general methods of this paper have further
applications. For example, in a forthcoming paper they will be used to study
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semilinear parabolic systems under nonlinear boundary conditions. Moreover,
it is relatively easy to carry out a precise analysis of the dependence of the
evolution operator upon the family {A()]|0=t<T} if these operators have con-
stant domain (cf. [5]). Hence the techniques of this paper allow quite easily to
extend those estimates to the general situation considered in the present paper.
This fact is important for the study of quasilinear parabolic systems under
“moving” boundary conditions (of Neumann type, for example), as will be shown
in another publication.

In a recent preprint Acquistapace and Terreni [1] consider also the Cauchy
problem for linear time-dependent parabolic evolution equations under the assump-
tion that some (real) interpolation space between E and D(A(f)) is independent
of t. They do not construct a fundamental solution but derive existence and
(“maximal”) regularity results by means of representation formulas.

Throughout this paper we use standard notation. All abstract Banach
spaces are complex spaces. The real case can be handled by complexification.
If X and Y are Banach spaces, we denote by .£(X, Y) the Banach space of all
continuous linear operators from X into Y, and £(X):= L(X, X). Moreover,
Isom(X, Y) is the open set of all isomorphisms in £(X, Y). Finally we refer
to [8, 9, 16] for the basic facts about semigroups of linear operators which we
use freely throughout.

1. Fractional power spaces.

Let (E, ||-l) be a normed vector space. Recall that E is isometrically iso-
morphic (that is, norm isomorphic) to a dense linear subspace of a Banach space
E, which is unique up to norm isomorphisms. More precisely, E can be con-
structed as a Banach space, whose elements are equivalence classes (?}) of Cauchy
sequences in E, where two Cauchy sequences (x;) and (y;) are equivalent if
lx;—;l—0, and where ll@;)ll :=1im||x;]|. Then E is norm isomorphic to the
linear subspace consisting of all constant sequences in E (cf. for details).
We identify E with this subspace and call E the completion of E, so that E is
dense in E.

Suppose that | -], is another norm on E such that | -| is weaker than |-|,,

that is,
Ec,F,

where E,:=(FE, ||, and < means that the natural injection is continuous.
Then it follows from the above that

d ~ d «~
Fc,E ., E,

where 1731 is the completion of E,; and the letter 4 indicates dense imbedding.
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Let now E be a Banach space. We write A€g(E, M, w) if —A is the in-
finitesimal generator of a strongly continuous semigroup {e¢~*4 | =0} on E (that
is, in L(F)) such that

e-t4] = Me®* Vt=0.

Let A=g(E, M, w) with <0 be given. Then we define the scale of frac-
tional power spaces E*:= E*(A), a=R, of A as follows:

x| = || A*x|| VxeD(A%), a=R,
and
E®:= (D(A%), |-1'*) if a=0,
whereas
E< is the completion of (E, ||-]|*) if a«<0.

Observe that E°=F and that ||-]‘® is equivalent to the graph norm of A?,
if >0, which implies the completeness of E?, if a>0. The following proposi-
tion is an easy consequence of the properties of the fractional powers (for which
we refer to [12, 13, 14, 16]).

PROPOSITION 1.1. (i) If a>8, then E<CES.

(if) A® induces naturally (that is, by restriction, if a>0, and by continuous
extension, if a<0) a norm isomorphism from E<*# onto E5.

(iii) If B>a>0, then EP is a core for A« (that is, A® is the closure of
A®|E#B).

Suppose now that E is reflexive. Then
€8] A'e@E,M,w) and e = (e"t4),
where / denotes the “duality functor”. Hence the dual scale
(EN*:=(EN*(A), ac<R,
is well defined.

LEMMA 1.2. (A%)'=(A")~.

PrROOF. Let a«>0. Then (A4-%)=(A’)-* follows easily from
-—a — ___1____ « a-1,-tA
A = F(a)got e-t4dt
and (1). Since A*=(A"%)"!, we see now that (A*)=[(A"*)')=[(A4A"%)'] 1=
[(AN)-e]=(A4")". O]
In the following we denote by {-, ->: E/X E—K the duality pairing and by

By the open unit ball in the normed vector space X.
Suppose that a>0. Since (A’)"* is a norm isomorphism of £’ onto (E’)%,
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it follows from (E’)*C.E’ and that
sup{[<x’, 23| | x’€Bga} = sup{|{(A")*y’, x>| | y'€Bg}
=sup{|<y’, A~*x>| | y’€Bp} = |x]"¥
for all xeE. If a<0, we obtain analogously that
sup{[{x’, x>| | ' €BaNE’} = sup{[K(A)*y’, 20| | y'€BeN(E")""}
=sup{|<y’, A~ *x>| | y’€BpN\(E)*} = |z
for all xeE-¢, since (E’)"% is dense in E’. This implies that
(2) I<x", 2] S Ix'll@elx]®  Vx'€(E)*NE’, x€E*NE.

Since (E)*N\E’ is dense in (E’)® and E-*NE is dense in E-% for each a=R,
we see from (2) that the bilinear form <., -> extends continuously to a bilinear
form on (E’)*X E-%, which we denote again by (-, ->. Thus

@3 1Kx', 251 = 15/ lavall| - Vx/e(EY), xcE-e

and

4 e = sup{lZ 2L repnengo)} vrepe
”x'“(E'm

for each a=R. In particular we deduce from (3) that
(5) (EN* (B~ VacsR.
In fact, more is true.
THEOREM 1.3. Let E be reflexive. Then E* is reflexive and [(E')*=(E~%)"
for every ac=R.

PrROOF. Since E® is isomorphic to E, the reflexivity of E¢ is a consequence
of the reflexivity of E.
Similarly as we obtained (4) we deduce from (5) and that

x| g-ay = sup{|<x’, x>| | xEBg-o} =sup{|<{x’, A*y>| | y<Bg}
= sup{|<(A")'x’, >| | y€Bg} = (A %'lgr = x| &)

for all x’=(E’)*. Hence (E’)* is a closed linear subspace of (E-%)".

Suppose now that ze((E-%)")’ vanishes on (E”)*. Then z€E-%, by the re-
flexivity of E-%, and (y’, 2)=0 for all y’=(E’)*. Hence z=0 by (4), which
shows that (E’)* is dense in (E-¢). O
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2. The induced semigroups.

Let X and Y be Banach spaces such that Y. X, and let A: D(A)CX—X be
a linear operator in X. Then the Y-realization Ay of A (the “part” of AinY,
or the “maximal restriction” of A to Y) is defined by

D(Ay):= {yeYNDA) | AyeY}, Apy:=Ay.

Clearly Ay is closed in Y if A is closed in X.
Suppose now that F is a Banach space and A=g(E, M, w) for some w<0.
Then we define A, by:

A, is the E“-realization of A, if a=0,
and
A, is the closure of A in E¢, if a<0.

The following theorem implies in particular that A, is well defined if a<0.
THEOREM 2.1. A,<€g(E* M, w) and

¢ e = g~t4 | Ex if a>0,
and
e~'a js the continuous extension of e~*4 over E*, if a<0.

PrROOF. Since
(1) Aae—tA ) e—tAJ;la

and since E is dense in E%, if a<0, it follows easily that {e-*4|{=0} induces
naturally a strongly continuous semigroup {e 2« |t=0} on E*. Moreover

e 4x—x)+ Ax||‘ = |t (e"*4A*x — A*x)+ A(A*x)| —> O

as t—0, for every x€E?, where B:= max{l, 1+a}. Hence B,DA|E? Since
E? is dense in E“ and invariant under {e~*«|{=0}, it follows from the core
theorem (e.g. [8, Theorem 1.9]) that E? is a core for B,. If a>0, the fact
that A induces an isomorphism from E*® onto E“ implies easily that A|E*¢
is closed in E*., Hence B,=A|E'*%, if a>0. Since A|E'*® is an isomorphism
from E'** onto E<¢, it is clear that B, is the E“-realization of A, that is,
B.=A,, if a>0. If a<0, then B, is the closure of A in E?%, by the core
theorem. Hence B,=A, for each a=R. Finally (1) implies trivially that A,=
B.sg(E*, M, w). O

COROLLARY 2.2. D(A,)=E** and A,<Isom(E**, E*). Moreover E*# is
a core for A, if B>a.

ProOOF. The first two assertions follow from the above proof. The last



Parabolic fundamental solutions 99

d
one is an easy consequence of E*AC,Elte and A,=lIsom(E'*¢, E9). O
LEMMA 2.3. Let o>w and suppose that

1A+A) e = N/(A+12—al|)  for Reizo.
Then
1(A+A) M rgay = N/(14+14—a])  for Reizo.

Proor. [Theorem 2.1 and the Hille-Yosida theorem imply that
{AcC | Red=o0} C p(—AL) VasR.
Moreover we obtain from that
(2) A+A)P= A+ A E for a>0.

Hence, by using the density of E in E¢, if a<0, it follows that
JA+AD x| @ = |A*QA+A) x| = A+ AN A% £ 1A+ A) ez
for all x= E*, which implies the assertion. O

THEOREM 2.4. If —A generates an analytic semigroup on E, then so does
— A, on E® for each ac=R. Moreover, e~ **«(E*)CE? and

le~*4a|| £ ga,58) = cla, B, o)t Pe
for t>0, a<B, and a>w.

PrOOF. The first part follows from Lemma 2.3 and the well known charac-
terization of strongly continuous analytic semigroups. It is well known that

|A*e 4| o gy < c(k, o)t %e!

for k=N, ¢>w, and £>0. Now the second assertion is an easy consequence of
and the moment inequality (e.g. [14, Theorem 1.5.2]). 0

Our next theorem, which we include for completeness, implies that the
semigroup {e-t“"’a | t=0} on (E’)* is the dual semigroup of the semigroup
{e-t4-a | t=0} on E-%, provided E is reflexive.

THEOREM 2.5. Let E be reflexive. Then (A").=(A_-,)" for each a=R.

ProoF. From we know that (E-*)=(E’)* and that E-“ is
reflexive. Consequently (E’)¢ is also reflexive. Thus, by using repeatedly /1.1)
and [Theorem 2.1, it follows that

(e tU-ax!, x) = ([e--a]'x’, x) = {x’, eH-ax) = "x', ex)

= ([e]x/, x) = (e"*' !, x) = {eT™ax’, x)
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for all xeE-*NE and all x'e(EN*N\E’. Hence, by a density argument,
e t4-a) =g-ta for each t=0, which implies the assertion. O

REMARK 2.6. Suppose that A=@(E, M, w) with w=sR. Then A+As
GQ(E, M, w—2) and e A+4t=p-41p-4t for t=0 and each A=R. Hence we can
construct the scale of fractional power spaces E*(A+A), a=R, for each 1>w.
Then it can be shown that E*(4+A)=E*(u+A), up to equivalent norms, for
2, p>o. Thus the assumption that w<0 is no real restriction. O

It should be noted that Tanabe showed recently in a very particular
concrete situation that —A._,, generates an analytic semigroup on E-/2. He
considered second order elliptic operators (in an L ,-setting) and defined A,/
directly by means of a Dirichlet form and a duality argument (cf. the considera-

tions in Section 7 below). In particular in [23] there is no general abstract
construction of A, for a<0.

3. Fractional power spaces and complex interpolation.

In this section we characterize the fractional power spaces as complex inter-
polation spaces, provided a certain additional assumption is satisfied.

We suppose throughout that E is a Banach space and that Ac@(E, M, w)
for some w<0.

Let a=R be fixed and put F:— E¢and B:= A,. Then Beg(F, M, w) by
and we can define the scale of fractional power spaces

F#.= FE(B), BER.
The following proposition relates the scale F?, SR, to the scale E*, ac€R.
PROPOSITION 3.1. FA(A,)=E**F and (Au)s=Aas+p for all a, BER.

PROOF. According to B=A,clsom(E**!, E*). Clearly B is
the isomorphism induced by A according to [Proposition 1.1](ii). This implies
that F*=FE%+* and B*<lsom(E***, E%) is the isomorphism induced by A* for
every keN. Let y:=max{k, k+a}, so that ET=E*NE***, where kN
satisfies £#>pB. Then B*x=A*x for each x=E" and

1 oo
By — BB-ERk, — __ k-B-1,-tBRk
BPx = BFf-*Bkyx C B)Sot e BBk xdt

— _1__ ” E-B-1,-tA Ak — AB
—('(k——ﬂ)Sot e A xdt = APx ,
due to [Iheorem 2.1l Hence

Ixllps = | BBx||® = | APx||© = | A**x| = | x||®+F  VYxeET.
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Since ET is dense in E**# and in F? by [Proposition 1.1 (i), it follows that Ff=
E**E, It is now clear that (A,)s=Ae+s. O

Observe that [Proposition 3.1 implies in particular that A is the E-realization
of A, for every a<0.
It is well known that A* can be defined for every z=C. In particular,

A 1 w
it 4 e it -2 1
1) A x—F(l DTA—it) SOR A(A+A)*xdA VxeE', teR

(e.g. [13, 24]). Similarly we can define (A4,)* for each t&R by replacing A in
the above integral by A, and E! by E**!, Hence it follows from
(cf. in particular (2.2)), that

(2) Al x = (A)¥x VxsE*NE**, t=R.
Using this fact we can prove the following

LEMMA 3.2. Suppose that there are constants ¢ >0 and a such that A< L(E)
and |A¥|Za for |t|<e. Then (A" LE) and |[(A)¥lcEosa for |t|Ze
and every a<R.

Proor. It follows from (1) that A*(A¥x)=A"(A%x) for each x€E*\E.
Hence (2) implies

(A% x| = |A*(A)* x| = |A*(A*2)|| = allx||‘
for |¢t|=Ze and all xe E**'NE'. Now the assertion follows from the density of
E***NE! in E°. O

We denote by [, 14, 0<8<1, the complex interpolation functor and we
refer to [6, 24] for the basic facts about interpolation theory which we shall
use below.

We can now prove the main result of this section, namely

THEOREM 3.3. Suppose that there exist constants €>0 and a such that A%<
L(E) and |A*|<a for |t|<s. Then, up to equivalent norms,

[E“, E‘B]o = Faa-6)+86
for 0<6<1 and —co<a<B< oo,

PROOF. Let F:=E% and B:= A, Then it follows from and
[24, Theorem 1.15.3] that [F, Ff-¢],=F%#-2 up to equivalent norms. Hence
we obtain the assertion from [Proposition 3.1l O

REMARK 3.4. Let A=g(E, M, w) with <0. Then we know that A.,e
G(E-, M, w), that A,e@(E', M, @), and that E*&,E& E-'. Suppose now that
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for each #<(0, 1) there is given an interpolation functor ¥4 of exponent @ (say
the complex interpolation functor [-, -]y or a real interpolation functor (-, «)g, 5,
1=Zp=c0) and let E;:= Fo(F, E') and E4-,:= F4(E-!, E). Suppose that E!
is dense in E, and E is dense in E,., (which is the case if F4:=1[-, -]y or
Fp:=(, *)p.p, 1=p<o0). Then
d d d d
EFre  Fyc , Fc ,Ey.,—, E!

for 0<@<1. Similarly as in the proof of it is easy to verify that
the maximal restriction Ay of A-, to E;, {={6f, §—1} belongs to @(E;, M, w),
and that e-*4Q1 is the restriction of e‘4-1 to E;. Moreover {e~*4€1| =0} isan
analytic semigroup on E. if {e¢*4 | {=0} is analytic on E (cf. also [13, Theorem
4.37 and the proof of [3, Lemma 10.1]). However in general E will not be an
interpolation space between E,_, and E,.

It should be noted that E-! is an “extrapolation space” in the terminology
of Da Prato and Grisvard and that our construction is much simpler than

the one in [7]. O

4. Parabolic fundamental solutions.

In the following T is a fixed positive number, T,:= {(¢, s)e R? | 0<s<t<T},
and T is the closure of T4 in R: Moreover Sg:= {zeC | |argz| <9+r/2}
for 0<9=r/2, and p(A) denotes the resolvent set of the linear operator A.

We impose the assumption (A):

{A(@t) | 0=t<T} is a family of closed and densely defined
linear operators in the Banach space E such that p(—A())
DY, and that there exists a constant M with

[A+A)Y = M/A+12]), A€,
for all t<[0, T1.

Thus each —A(¢) is the infinitesimal generator of a strongly continuous analytic
semigroup {e-*4" | s=0} on E, and there exist constants M,=1 and @<0 such
that A(t)eg(E, M,, w) for all t<[0, T]. Hence the scales of fractional power
spaces

E«t):= E*(A@®)), acsR,

are well defined for each t<[0, T].

In the following we write X=Y if X and Y are normed linear spaces which
coincide as vector spaces and carry equivalent norms (that is, XY and Yo, X).
Then we can impose assumption (C)g:
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There exists a number B<(0, 1) such that

Ef(t) = EB(0) =: E#
and
Ef-Y(t) = E&-Y(0) =: Ef-1

for all te[0, T1.

The following proposition contains a useful sufficient condition for condition
(C)s to be satisfied.

PROPOSITION 4.1. Let E be a reflexive Banach space and let assumption (A)
be satisfied. Suppose that there exists a number BE(0, 1) such that

(1) D(A%(t)) = D(A#0))
and
2) " D((A"-8(t)) = D((A")*-#(0))

for 0=t<T. Then assumption (C)s is satisfied.

ProoF. It follows from (1) and the closed graph theorem that E?(t)=E?®.
Letting

(ENe(@t):= (EN*(A'(t), aeR, te[0, T],
we deduce from (2) that (E’)*-8(t)=(E")*-#(0) =: (E")!-2. Hence, by [Theorem 1.3,
EF-i(t) = [(EN-F(1)] = [(EN-F] = Eﬁ"1 . , D’
Next we impose the assumption (CI);-5:
E =[Ef EF] 4.

The following proposition gives an important sufficient condition for (CI);-s
to be satisfied.

PROPOSITION 4.2. Let assumption (A) be satisfied. Suppose that there are
positive constants ¢ and a such that A*(0)e L(E) and |A*0)|=Za for —e<r=e.
Then assumption (Cl);-p is satisfied.

PrROOF. This follows from O

REMARK 4.3. Given the assumptions of Proposition 4.2 and assumption (C)g,
it follows from that E*(t)=E*(0) for f—1=<a<pf and 0=t=T.
Thus, in particular, D(A%(?)) is independent of ¢ for 0<a=<p. If, moreover, E
is reflexive, then we deduce from that also D((A’(t))%) is inde-
pendent of ¢ for 0<a=1-—8. O
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Finally we impose a Holder continuity assumption upon the family
{A(t) | 0=t=T}, namely assumption (H),:

Ag_y(+) € C#([0, T, L(EB, EF-Y)  for some pe(1—4,1).

This implies the existence of a constant L such that

| Ag-1(8)—Ap-1(Oll £ &8, £8-1) = L|s—t|® Vs, te[0, T].

and the smoothness of the inversion B—B-! from Isom(X, Y)
onto Isom(Y, X), where X and Y are Banach spaces, imply

[(s, = Ap-2(8)[Ap-1(0171] € C([0, TT, L(EFY).
Hence there exists a constant N such that
[Ag-1([Ap- O N ews-n =N Vs, te[0, T].

If X and Y are Banach spaces we denote by L4(X, Y) the space of all con-
tinuous linear operators from X to Y, endowed with the strong topology, that
is, the topology of pointwise convergence. Moreover L(X):= L (X, X).

After these preparations we can formulate the following theorem, which,
together with the theorems of Section 6 below, constitutes the main result of
this paper.

THEOREM 4.4. Let assumptions (A), (C)g, (CDi-g and (H), be satisfied.
Then there exists a unique function U:T 4—L(E) possessing the following prop-
erties:

(Ul) U e (T4 LAENNC(T 4, L(E)).
U2) U t)=id and UQ, s)=UQ, t)U(r, s) for 0<s<r<t<T.
U3)  RUG, s) C DA®)  for ¢, s)eTy,
[, s)— AQUE, s)] € C(T4, L(E))  and
IAOUE, s)I| < co/t—s)  for @, s)eT 4.
Moreover
U(-, s) e CY(s, T], L(E)) for 0=<s<T and
DU, s)=—AQUE, s)  for (t, s)eT,.
(U4)  (UIEB, -) e CY[0, 1), LE®, E)) for 0<t<T  and
DU, 8)x = U, s)A(s)x  for (¢, s)€T 4 and x < D(A(s)).
Ud) [ 8)— AWU, s)A™(s)] € C(T 4, Lo(E)).
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Finally
WU, ) <¢, and JAQUE, $)A XS] < ¢

for all (t, s)T 4, and the constants ¢,, ¢, and ¢, depend only upon L, M, N, T, B
and p, but not upon the individual operators A(t), 0=t=T.

In general a function U: T ;—.L(E) is said to be a parabolic fundamental
solution for {A@®) | 0<t<T} on E provided it satisfies (Ul)-(U4), where Ef can
be replaced by any subspace F of E such that D(A(#)CF for 0Zt<T. If
f:[0, T]>E then by a solution of the linear evolution equation

a+Atu = f(1), 0<t=T,

we mean a function u=C([0, T], E)YNCY(0, T], E) such that u(t)e D(A({)) and
@)+ AQu@)=s@) for 0<t<T. If, in addition, u(0)==x, then u is said to be a
solution of the (linear) Cauchy problem

CP), a+Altu = f(t), 0<t=T, u)=x.

If u is a solution of the Cauchy problem (CP), with x<E, and if f=C([0, T], E),
then it is easily seen that

%) u(t) = UG, o>x+§:U<t, Of@dr, 0=<t=T,

where U is any function satisfying (Ul), (U3) and (U4) (with E? replaced by F,
as above) (cf. [22, Theorem 5.2.2]). Thus (Ul), (U3) and (U4) imply already
the uniqueness of U as well as the fact that (CP), has for each fC([0, T], E)
and each x=E at most one solution. Moreover since the homogeneous Cauchy
problem #-+A()u=0, 0<t=T, u(0)=x has for every x=E at most one solution,
we see that (U2) is a consequence of (Ul), (U3) and (U4).

5. Proof of Theorem 4.4,

Let X and Y be Banach spaces. Then we denote, for each a=R, by
X(X,Y, @) the Banach space of all functions keC(T,, L(X, Y)) satisfying

I Bl :=sup. (t—s)*||k@, s)|| < oo,
(t,)ET Y

endowed with the norm ||, and X(X, a):= K(X, X, a). Itis easily seen that

(1) KXY, B £(X,Y, a) for f<a,
and that
2) KX,Y,a)—,C(Ty, LX,Y)) if a<0,

provided each keX(X,Y, a) is extended over T4 by letting £k(, t)=0 for
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0<=t<T.
For ke X(X,Y, @) and he XY, Z, B) with a, B<1 we let

hxk(t, s) = S:h(t, Ok, s)dr, @ s)eTy.

Then it is not difficult to see that

(3) hxk € X(X, Z, a+—1)
and that
“4) A%kl a+p-10 = B(l—a, 1—=B)|hll s ] kllcar 5

where B(-, ) is the beta function (cf. [5, Lemma 1.1]).

Throughout this section we use the following simplifying notation: when-
ever U is a function of two real variables and V is a function of one real
variable, we write

VU@, s):= V@)U, s) and v, s):=Uk, s)V(s),

provided the right hand sides are meaningful.

We presuppose now the assumptions (A), (C)s, (CI);-3 and (H),. In the fol-
lowing we denote by ¢ constants, which may be different from formula to
formula, but are always independent of the specific independent variables occur-
ring at a given place. These constants can depend upon the constants L, M,
N, T, B and p, but they do not depend upon the individual operators A(?),
0=:<7. Usually this fact will be easy to verify so that we do not give details.

For (t, s)eTs we put B(t):=As-,(t) and

a(t, s):= e‘(‘“"B“’ s k(t, s):= —[B({)—B(s)]a(t, s).
Then

®) a € C(Ty, LEF-DNK(EE, 0)

and ke X(EF-!, 1—p) (cf. [5, Lemma 2.1]). Hence, by [5, Theorem 1.2] there
exists a unique solution Ue X(E#f-?, 0) of the “convolution type equation” U=
a+Uxk, which is given by

6) U=a+ta*w,
where the “resolvent kernel”

(7 we X(EF-Y, 1—p)
is the unique solution of

8 . w=k+kxw (= k+wxk).
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The function U is precisely the unique parabolic fundamental solution for
{B() | 0Z£t<T} on Ef-!, constructed by Sobolevskii and Tanabe [21, 22]
(cf. [5, Section 3]). Hence

9) U e C(T4 LAEPNNK(ER, O)NK(ES, ONK(E -, E?, 1),
Thus, by interpolation,
10 Ue X(E, ONKX(E?, E, 1—8).

Assumption (CI);-s implies the “moment inequality”

(11) lxlle < cllxlfs-llxlfs?, x€E?,

(e.g. [24, Theorem 1.9.3]). Hence we deduce from (9)-(11) and the density of
Ef in E that

(12) Ue Ty, L(E).
In the following we let Z:={8—1, 0, B8}.

LEMMA 5.1. [(A4-BE) Y st s <cla|?1 for 0<t<T and n, {=Z with
(<7, and for 2€X,.

ProoF. If y={, the assertion follows from (A) and Lemma 2.3 Since
Bt)Y(A+B@)*=1—2(A+B(t))"* we see that ‘

1(A+B®)  £gs-1,88 = | BOYA+BE) M ces-1
= N|BOA+B@) res-n =c¢,
due to The remaining cases are obtained by interpolation. O

'LEMMA 5.2. |Bi(t)e*3|| p gl gny=cs*" 777 for >0, 0Zt<T, j=0,1, and
N, GE€Z with {7

PROOF. Since

Bi(t)es2® = —Z%SF(—A)"e“(X—i-B(t))‘ldl

for 7=0, 1, the assertion is an easy consequence of Lemma 5.1l O
implies in particular that
ac JC(E‘S~1: E} l_ﬁ)m‘K(E’ E'B.- ‘B)mJC(E, 0) .

Hence we deduce from (H), that ke X(E, E#-1 B—p). Now it follows from
8), (1) and (3) that

(13) . we X(E, EF-Y, B—p).
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Since U is the parabolic fundamental solution for {B(f) | 0=t<T} on E?-},
we know that U(-, s)eC¥(s, T, -L(E#-Y)), that

(14) D,U = —BU = D,a+D,(a*xw),
and that
(15) Dy(axw)(t, s)
= g~ -0BWy,(t s)—}—S:[B(t)e‘”‘”B‘”—B(T)e*“‘”B‘”]w(r, s)dr
+{ Btre e orut, s—wi, 91de
for (¢, s)eT, (cf. [22, formula (5.29)]). In order to estimate the last term in
we need the following
LEMMA 5.3. Suppose that 0<y<p. Then

lw(, s)—w(z, lrw@rs-n

= C(r){(t—r)”(r—S)'5+S:(t—a)""1(a—S)”'5da+(t—r)7(r~3)2”‘7‘ﬁ}
for 0=s<t<t=T.

ProoF. This follows from the estimates of by obvious modifica-
tions of the proof of [22, Lemma 5.4.2] (where R corresponds to w and R,
to k). O

Observe that, due to and Cemma 5.2, the first summand in belongs
to X(E, 1—p). Since

J_szez -9+ B@)—(A+B(s)"1d,,

B(t)e—(t—s)B(t)_B(s)e—(t—s)B(s): _
271

and since
(A4 B@) "' —A+B(s) |l £ &s-1. 5
= N@+B@O) N ws-1,m1B()— Bl £ s, £5-u 1A+ B(S) | £ ms-1,25)
= clt—s|?]a]-#

by Lemma 511, we see that the second summand in [I5) belongs to K(E, 1—p).
Finally, by means of [Lemma 53 it is easily verified that the last summand in
belongs also to K(E,1—p). Thus, since D,a(t, s)=—B(s)e *"¥E® we
deduce from and that

and, due to the fact that A(t) is the E-realization of B(t), that
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(17) R(U|EXt, s)) © D(A(t)  for ¢, s)€Ty,
and that

(18) DU = —AU .

Consequently

(19) U(-, s) = Ci{(s, T], L(EY)), 0=t<T.

We put now
b(t, s):= e (¢t-9BW and h{t, s):=b(t, s)[B({t)—B(s)]
for (¢, s)=T,4. Then it is not difficult to see that
(20) be C(T 4, LLEP)INK(ES, 0),
(21) h € X(E? 1—-p),

and Bhe X(EP, E, 2—p—p) (cf. [5, Lemmas 2.1 and 3.1] and Lemma 5.2). Con-
sequently,

(22) BhB-' € x(EB, E, 2—B—p).
Moreover, by integrating the identity
a%[e‘“‘”B“’U(t, sY] = h(¢, ©)U(z, s), 0§_S<1‘<t§T s

it follows that U satisfies the equation

(23) U=>b+hxU.
Since BbB-'e X(E*-1, 0), we deduce from that
(24) BUB™!' = BbB"'+B(h*U)B~! = BbB*+(BhB Y)*«(BUB™1),

where the last “convolution” is meaningful due to and p>1—f. But

(25) BbB-(t, s) = e~ (t-9B®) L[ B()e~t-B®) _ B(s)g--9B®] B-1(s)
and

[B(Z‘)e"“'”B(“—-B(S)e'“'”B‘”]B‘l(s)

- %S A0 B() [ B(s)— BO]@A+B(s)*B~(s)dA.

By the norm in .L(E) of the last term can be estimated by
e JAIeRe D 1A1-F 15—t 21211 dA] = clt—s|o+Et

Since p>1—pf, we see that the last term in [25) belongs to C(T'4, -L(E)). Hence
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we obtain
(26) BbB~t € C(T 4, -LE))

from Now it follows from EC,E#f-1, [22), [24), and [5, Theorem 1.2]
that BUB*=(C(T 4, .L(E)), which implies

27 AUA ' € C(T 4, L{ENNK(E, 0),

due to the fact that A(¢) is the E-realization of B(¢) and due to [17)

Since U is the parabolic fundamental solution for {B() | 0<t<T} on Ef-!
we know that U(t, -)=CX[0, t), .L(E?, E#-Y)) and D,U=UB. Hence we deduce
from that D,U(t, -)=C([0, t), .L(E?, E)). Thus

(28) U, -) € CY[0, t), L(E?, E)) for 0<t<T,
and
(29) DU, $)x =U(, s)A(s)x, @, s)eTy,

provided x < D(A(s)), where we used again the fact that A(s) is the E-realization
of B(s).

Now the assertions of follow from [10), (12), [16)-(19),
[29), and the remarks following the statement of O

The author is grateful to the referee of this paper for suggesting the use

of the “moment inequality” for simplifying the original proof of [12). More-
over the same referee pointed out that the evolution operators constructed by

Kato and Sobolevskii possess property [U5), although it is not men-
tioned in their papers. Property is important for the study of semilinear
evolution equations of the form

a+Au = f(t, u), 0<t=T,

since it allows the use of continuation arguments to construct maximal solutions
from local ones (cf. [3]).

6. The linear Cauchy problem.

Throughout this section we presuppose the assumptions (A), (C)g, (CI);-3
and (H),, and we consider the linear Cauchy problem

(CP), u+Atu = f@), 0<t=T, ul@)==x,
where f:[0, T]—E.

THEOREM 6.1. Suppose that f =C*([0, T], E) for some a<(0, 1). Then (CP),
has for each x=E a unique solution.
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Proor. It follows from (U3) and the remarks at the end of Section 4 that
it suffices to show that the function

8 o= U, f@de,  o0si=T,

is a solution of (CP),. Since U is a parabolic fundamental solution for
{B(t) | 0<t<T} on E&-!, we know from the results of Sobolevskii and Tanabe
(e. g. [22, Theorem 5.2.3]), that v is a solution of the evolution equation ¢--B(t)v
=f(t), 0<t<T, in EF-1. Hence it suffices to verify that

[t — B(t)v(t)-:B(t)S:U t, of(r) dr] e C(0, T], E).
Observe that
Bw) = | Anue, ot @—foldc+an| ve, or e

for 0<t<T, and that the first summand is continuous as a function from [0, T
to E, due to
”A(I)U(tx T)[f(f)"‘f(t)] ” é c(t_r)a_l ’ (t; T)ETA ’

as follows from (U3). Hence it remains to show that
[t — w(t):=AW| U, 2 f(t)dr] e C(0, T, E).
Let t=(0, T] be fixed and observe that
gut) = S:-EU(t, Df (t)dr —> g(t) 1= S:U(t, D f(t)dr

in Ef as ¢—0 in (0, t), due to the fact that U X(E, E?, B), as follows from
(5.6), and (5.14). Hence, since B(t)e.L(E8, Ef-Y),

B)g.(t) — B()g) = wt)  in EF,

as ¢—0 in (0, t). But
Bzt = | BoUE 0ftdc = UG, 0F©—-UE, t—of @),

which shows that B(t)g.(t) — U(t, 0)f()— f () in Ef-'. Thus w()=U(, 0)f(t)—f(?)
for 0<t<T, which implies weC((0, T], E) by (Ul. O

We prove also a second existence theorem for (CP),, where we impose more
“regularity in space” instead of imposing time regularity as in [Theorem 6.1l

THEOREM 6.2. Let 0<0<1 and E4:=(E, E®)y, where (-, -)g denotes either
the complex interpolation functor [-, 1 or any one of the real interpolation
Sunctors (-, *)g, 5, 1S p=oco, respectively. Moreover suppose that f €C([0, T, Ey).
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Then (CP), has for each xE a unique solution.

Proor. It suffices again to show that the function v defined by (1) is a
solution of (CP),. Since U is a fundamental solution for {B(?) | 0=¢{<T} on
E#-1 and since EyC.E=[E#-!, Ef],_,, it follows from [5, Theorem 4.1] that v
is a solution of the evolution equation v-+B@)v=f(¢), 0<t<T, in Ef-'. Hence

i) = FO—-BO| UC Of@dr,  0<t=T,
in Ef-1, and it remains to show that |
[m B(t)S:U(t, ?) f(r)dz‘] e C(0, T1, E).

For this it suffices to prove that BUe X(Ey, E, a) for some a<1.

It follows from the reiteration theorem for the complex interpolation method
[6, Theorem 4.6.1] and the commutativity theorem [24, Theorem 1.10.2] (cf.
also [6, Theorem 4.7.2]) that

Eﬁ = ([Eﬂ—l’ Eﬁ]l—ﬁ; Eﬁ)f) = (Eﬂ—l) Eﬂ)r] ’

where 7:=1—p(1—@). Hence we obtain from [5, Theorem 3.2 (iii)] that BU<
K(Eqy, E, 1—0). O

7. Remarks on parabolic differential operators.

Let £ be a bounded domain in R™ of class C? and suppose that 0Q2=1",JUI",,
where I'\\I"';=@ and I, is open and closed in 0.

Let M denote either 2 or I, Then we write a=C™s(MX [0, T]), where
rei{0, 1} and 0<s<l1, provided a(-, )eC"(M, R) for 0<t<T, and a(x, -)&
C¥[0, T], R) uniformly with respect to x&M. Moreover we use the summa-
tion convention throughout.

We let

Au = —Dja; (-, )Dyu)+a,(-, HDu+a (-, thu ,
where
ajp = apy, a;CYP@%[0,TY), k=1, -, n,

and a,=C**(2 %[0, T]) for some pe(1/2, 1), and where
ajk(x: t)E]Ek > O V(x’ t) S Q'X[O; T]) S:: (51: Tty Sn) S Rn\{o}-

We let
U on I,
B(u = ou

m"{“ﬁo(', Hu on I,
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where B,&C»*(I';x[0, T]) and v,(t) is the outer conormal with respect to the
matrix (a;.(-, t)). Finally we assume that ¢,=0, 8,=0 and that either I',+ @
or a,+0, if B,=0.

Let 1<p<co be fixed and put E:= L2, R), W :=W(R, R), 0<s=<2, and

W2 aw:={usWji| 3t)u=0}.
Moreover let

o) Al u := At)u YueW? aq, -

Then it is well known that {A(¢) | 0<t<T} satisfies assumption (A). It follows
from the results of Seeley [17, 18] that A¥()e.L(E), that ||A*(#)||<Zc(e) for
>0, |7|<¢ and t=[0, T], and that

DAY () =W o= {uceW} | ull,=0}.

It is known (e.g. [2, Theorem 7.1]) that A’(¢) is induced by the formally
adjoint elliptic boundary value problem (A#(t), $*(t)), which is of the same form
as (A@), ®8({)). Hence Seeley’s results imply

D((AV*®) =Wy ,o,  where p’':=p/(p—1).

Consequently we deduce from Propositions and the validity of assump-
tions (C),;, and (CI),/s.
For ueWj , and veW,, , let

alt, u, v) ::Sg[ajk(', HDuDv+va,-, )Dau+a-, t)uv]dx—!—gr Bo(+, yuvda
1
and observe that
[t i a<t) *y .>] € CP([O: T]; ‘[Z(Wé,ﬁy é',O; R)) ’

where .£%(--) is the Banach space of all continuous bilinear forms on W} o X W ,.
Since

alt, u, v) = SQUA(t)udx VueW? au, veWh

by Gauss’ theorem, it follows from that
a(t) u} v) = <U, A1/2(t)u>

forallueWj ,=E'* and veW) ,=(E-'?)". This implies the validity of assump-
tion (H),. Hence Theorems 44, 61 and are applicable to the family
{A@®) | 0=t=<T} defined by (1) in L,(2, R) for 1<p< oo,

Suppose now that £ is a bounded domain of class C*™ and

ADu = (~l)"‘|a§maa(~, HD*u



114 H. AMANN

is a differential operator of order 2m acting on N-vector valued functions
u:82—-C¥. Moreover suppose that

B(t):={8°1t) | 1=0=mN}
is a system of boundary operators of the form
B(tu = é} b (-, HD*u

such that (A(t), 8(), 2), 0<t<T, is for each t a strongly O-regular elliptic
boundary value problem of order 2m in the sense of [3, Section 13], uniformly
with respect to t<[0, 7). Then, by adding a sufficiently large constant w,(p)
to a,, it follows from [3, Theorems 12.2 and 13.1] that we can assume that
{A(t) | 0=t<T} satisfies assumption (A) in E:=L,(£2, CV), 1<p<oo, where
ABu :=A@)u for all

ueWirg, = {ueWin(Q, C¥) | 3@t)u=0}.

Moreover, Seeley’s results are again applicable to give A" ({)e L(E), || A¥(®)|
=<c(e) for ¢>0, |t|=Ze, and t=[0, T] and

(2) D(A**™ (@) = W% s k=1, 2, -+, 2m,
where
3 W5 aw = {ucWi(2, CY) | 3°®)u=0 for m,<s—1/p}

for 0<s=<2m (cf. [3, Theorem 13.3]).
Suppose now that there exists a “formally adjoint” system (A*(t), B%(), Q),
0=t=<T, such that the corresponding L, -realization A*{), given by

A¥th = A* (v VUEW?&",Q*(L) ,

is also a strongly O-regular elliptic boundary value problem of order 2m, uni-

formly with respect to {<[0, 7], and such that A’(t)=A#*{¢). Then it follows
that

(4) D((A/)k/mn(z)) - W}%',Q#(t) » k:]'J 2) Ty 2m .

Observe that this is always the case if N=1 (cf. [15, Theorem II.8.4] for the
case p=2. A similar result holds for p+#2.). It is also easily seen that this is
the case if N>1 and m=1, provided (A(f), B(t), ) is a second order system of
the form treated in [4, Section 6].

By using (2), (3) and (4) we deduce from Propositions and 4.2 the
validity of the assumptions (C)s and (Cl),-5, provided B=k/2m for some ke
{1, 2, -, 2m—1} and the boundary operators B°(t) having orders m,<k, and
(B¥)(t) having orders m¥ <2m—Fk, are independent of t<[0, T].
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Finally suppose that there exists a function
[t—alt, -, )] < C(0, T], LAWY, g0y, Wi G200y, C))
for some p=(1—*k/2m, 1) such that

(5) a(t, u, v) =<, Auy YusWitgy, v=Wilie.

Then condition (H), is satisfied. Clearly (5) is deduced in practical cases from
an appropriate “Green’s formula”.
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