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1. Introduction.

The aim of this paper is to give a complete classification of type I AW*-
algebras using Boolean valued analysis. The structure theory of type I AW*-
algebras was instituted by Kaplansky [6] as a purely algebraic generalization of
type I von Neumann algebras. The structure theory of type I von Neumann
algebras leads an essentially unique direct sum decomposition into homogeneous
von Neumann algebras. Thus a complete system of #-isomorphism invariants
for such an algebra is obtained as a set of cardinals together with partition of
unity consisting of central projections up to automorphism of the center. Kap-
lansky’s theory of type I AW*-algebras succeeded in decomposing every type I
AW*.algebra into homogeneous AW#*-algebras, but his theory was not completed
as he stated [6; p. 460], “One detail has resisted complete solution thus far: the
uniqueness of the cardinal number attached to a homogeneous AW#*-algebra of
type L1.”

In this paper, we shall show that the solution of the above cardinal unique-
ness problem is negative, as conjectured by Kaplansky [7; p. 843, footnote].
This means that we cannot insure the uniqueness of the direct sum decomposi-
tion of type I AW*-algebras into homogeneous algebras. Thus the structure of
*-isomorphism invariants for type I AW*-algebras is supposed to be more com-
plicated. However, as we shall show in this paper, it is a surprising fact that
we can find #-isomorphism invariants for such algebras in the objects already
studied in the field of mathematical logic. Precisely, we shall show that cardinal
numbers in Scott-Solovay’s Boolean valued universe of sets constitute %-isomor-
phism invariants of type I AW#*-algebras.

Boolean valued analysis is our method which bridges the gap between the
results of mathematical logic and the problems of analysis. This new method
of analysis was introduced by D. Scott and R. Solovay when they reformulated
the theory of P.J.Cohen’s forcing in terms of Boolean valued models of set
theory in 1966. Recently, Boolean valued analysis was developed by G. Takeuti
in operator theory, harmonic analysis and operator algebras ([12], [13], [14],
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[15]) and by the author in multiplicity theory [8] In particular, Professor
Takeuti introduced in a useful machinery into the theory of operator alge-
bras which reduces the problems of abelian von Neumann algebras to Hilbert
spaces and von Neumann algebras to factors as a transfer principle. This
machinery is refined in [8], the relation with multiplicity theory is obtained and
in it is applied to C*-algebras. Our main tools in this paper are also along
with these lines. However, the Boolean valued analysis developed so far has
made a limitation on Boolean algebras to be measure algebras. For our present
purpose, we have to eliminate such a limitation. The required counterexample
for the cardinal uniqueness problem will be constructed from a Boolean algebra
which is not a measure algebra but constructed from a notion of forcing. Thus
we shall develop Boolean valued analysis in its full generality in this paper.

In Section 2, necessary preliminaries on Scott-Solovay’s Boolean valued uni-
verse V® of set theory are given, where B is a complete Boolean algebra. In
Section 3, representations of real numbers and complex numbers in V® are
obtained. In particular, the bounded part of complex numbers in V‘® is a com-
mutative AW*-algebra such that B is isomorphic to the complete Boolean alge-
bra of its projections, and conversely every commutative AW*-algebra Z is
x-isomorphic to the bounded part of complex numbers in V®, where B is the
complete Boolean algebra of projections in Z. In the following, let B be the
complete Boolean algebra of projections in a commutative AW#*-algebra Z. In
Sections 4 and 5, it is shown that the bounded part of every Hilbert space in
V® is an AW*-module over Z and conversely every AW%*-module X over Z
corresponds to a Hilbert space in V® whose bounded part is isomorphic to X.

The above correspondence is a functor which is an equivalence between the
category of AW*-modules over Z and bounded Z-linear maps and the category
of Hilbert spaces in V® and linear operators in V® with operator bounds in
Z. Combining the result obtained in [8], we can show that if Z is a W*-algebra
then the above category of AW*-modules over Z is also equivalent to the cate-
gory of non-degenerate normal #-representations of Z on Hilbert spaces and
bounded intertwining operators. In Section 6, we shall obtain a complete system
of isomorphism invariants for AW*-modules. It is shown that there is a one-
to-one correspondence between isomorphism classes of AW*-modules over Z and
cardinals in V®_ In this section, we shall also settle the cardinal uniqueness
problem of homogeneous AW#*-algebras negatively. Precisely, we shall prove
that for any infinite cardinals ¢ and S with a<p, there is an AW*-algebra
which is 7-homogeneous simultaneously for all cardinal 7 such that a<y=<p. In
Section 7, we shall obtain a complete system of *-isomorphism invariants for
type I AW*.algebras. Every automorphism of B can be extended canonically to
an automorphism of V®, We say that two cardinals in V® are congruent if



Type I AW*.algebras 591

there is an automorphism of B whose canonical extension shifts one to another.
Then we shall show that there is a one-to-one correspondence between *-iso-
morphism classes of type | AW*-algebras with center isomorphic to Z and con-
gruence classes of cardinals in V®, The exact relation between such invari-
ants and direct sum decompositions of type I AW*-algebras into homogeneous
algebras will be also established.

The author wishes to express his gratitude to Professor G. Takeuti for his
stimulating communications and warm encouragement for this work. He is also
grateful to Professor H. Umegaki for his useful comments and constant encour-
agement.

2. Preliminaries.

Let B be a complete Boolean algebra. Scott-Solovay’s Boolean valued model
V® of set theory is defined in the following way [16; p.59, p.121]. For an
ordinal a, we define V/® by transfinite induction as follows :

() ViP=0,
2) VP={u|u:dom(u)>B and dom(u)gﬂy ViP}.

Then we define V® = \J V& where On is the class of all ordinal numbers.:
as0n

We call elements of V® B-valued sets. For u, veV ®, the truth values [u sv]
and [u=v] are defined as functions from V® XV ® to B satisfying the follow-
ing properties :

(1) [[uev]]=yegglg(w(v(y)/\[[u:y]]).
2) [uzvﬂzzeggnf(u)(u(x)é[[x SHIA ye§?£<w wy)=lyeul),

where (b;=b,)=(7b,)\Vb, for any b;, b B. Let ¢ be a formula in set theory
with predicate symbols & and =. If ¢ contains no free variables and all the
constants in ¢ are members in V® we define the truth value [¢] of ¢ by the
following recursive rules.

(1) [7el=71¢],

@) [o1A@:1=le:IA[¢.],
@) [e1Veo:l=lpilVIe.],
4 i[(Vx)go(X)]]—:u ei:,lfm[[go(u)]],

(5) [(Ax)e(x)]= sup [p)].

ucy B

The basic theorem of Scott-Solovay’s Boolean valued model theory is the follow-
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ing [16].

THEOREM 2.1 (Scott-Solovay). If ¢ is a theorem of ZFC, then [p]=1 is
also a theorem of ZFC. ‘

The original universe V of ZFC can be embedded in V‘® by the following
operation ~ defined by the -recursion: For yeV, j={x|x=y}x{l}. We say
conventionally that an element u= V® satisfying some property exists uniquely
if there is another u’ satisfying the same property then [u=u']=1. A family
{b.} of elements of B is called a partition of unity if sup.b.=1 and b, Abg=0
for any a#fB. Let {b,} be a partition of unity and let {u,} be a family of B-
valued sets in V®, Then there is a unique element u € V® such that [u=u,]
=b, for any a. We denote this u by Ju.b, or ub:P --- Pu,b, if a varies
over {1, 2, -+, n}.

Let ¢(x) be a formula with only x as a free variable and such that there is
2,€V® with [p(v,)]=1. Let X={x|p(x)}. We define the interpretation X®
of X with respect to V® as

XP={ucV®|[p(x)]=1},

where # is some representative from the equivalence class {v=V® |[u=v]=1}.
In the sequel, we shall omit the symbol * in #, conventionally. Then it is known
[12; p. 14] that

(V= X)g(x)]= inf (g,
[(@xeX)g(x)]= sup [w].

If Xis asetin V® then X®Px {1} €V® and [X=X®x {1}]=1. Let XeV®
be definite. Then it is easy to see that X®={3u.b, | {b.} is a partition of
unity and u,=dom(X)}.

Let ¢(x, y) be a formula with only x and y as free variables such that (i)
(3x, y)elx, y), and (i) (Vx, v, 2)p(x, Y)Ae(x, z)=y=2z hold. Let F={{x, y>|
¢(x, y)} and dem (F)={x|(3y)p(x, y)}. We define the interpretation F(-)p of
the function F with respect to V® as follows: For any ucdom (F)®, F(u)g
is a unique v V® such that [¢(u, v)]=1 or equivalently F(-)z: dom (F)®—-V®
such that [F(u)sg=F(u)]=1 for any ucsdom(F)®, Let dSV®. A function
g:d—-V® is called extensional if for any x, x’ed, [x=x"]=[g(x)=g(x")]. A
B-valued set uV® is called definite if for any xe=dom(u), u(x)=1. Then it
is known that for definite u, veV‘®, there is a bijective correspondence
between functions f in V® such that [f:u—v]=1 and extensional maps
g :dom(u)—v®, The correspondence is given by the relation [f(x)=g(x)]=1
for any x=dom(u). In this case, dom(x)Sdom(f)® and g(x)=f(x)z for any
x<dom (u).
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LEMMA 2.2. Let R be a ring with unit in V®, {.e., [R is a ring with unit]
=1. Then R® is a ring with unit and there is an embedding j from B into the
center of R® such that

(1) jB)x=xbPO(7 D),

2) jb)je)=jbANc),

@) JB)+jle)=5bVe)t+jbNe),

4) J(7b)=1—j(b), for any x€R®, b, ceB.

PRrROOF. It is easy to see that R‘® is a ring. For any beB, consider the
partition <b, 7b> of unity and the family <J, 0> in R‘®, where I is the unit of
R® and 0 is the zero of R‘®, and let j(b)=IbPO(7b). Then it is easy to see
that j: B—>R“® has the required properties. QED

A subset S of an R‘“®.-module is called B-convex if bx+(1—b)y<S for any
b=B and x, yeS. ‘

LEMMA 2.3. Let M and N be unital R-modules in V®. Then M® and
N® are unital R®-modules. If M is definite and if dom(M) is B-convex then
every mapping f from dom (M) into N® such that f(bx-+(1—b)y)=bf(x)+
(1—=b)f(y) for any x, yedom(M), b= B is extensional.

ProoF. It is obvious that M® and N‘® are unital R®-modules. Let
f:dom(M)—>N® satisfy the required properties. Let x, yedom (M) and bsB.
Then it is easy to see that bx+(1—b)y=xbPy(7b) and that bf(x)+1—b)f(y)
=f(x)bDf(y)7b). Thus by [8; Theorem 2.3] f is extensional. QED

3. Real and complex numbers in V&,

Let B be a complete Boolean algebra and V® be Scott-Solovay’s Boolean
valued universe of ZFC. It is known that natural numbers NV and rational num-
bers @ are absolute in V&, i.e., [N:JV]]:I and [Q=Q]=1. In this section,
we shall consider real numbers and complex numbers in V®,

We define a real number to be the lower half line of a Dedekind cut with-
out the end point. That is, the formula ‘a is a real number’ is expressed as
follows :

aSQNTseQ)ssalNEBseQ)sEal
AVseQ)[ssa = (FteQ) s<tAtsa]].

Denote by R and C the sets of all real numbers and complex numbers, respec-
tively. Let R® be the interpretation of R in V®, i e,

R®={ycV® | [u is a real number]=1},

and let C® be the interpretation of C in V®, i, e,
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CE®B={y=V® | [y is a complex number]=1}.
Then C(B):R(B>+;R(B).

Let L be a normed linear space in V®, Denote by L® the interpretatior
of L. The bounded part LE® of L™ is defined as follows :

L®={y=L®|IM<R, [|u|<M]=1} .

LEMMA 3.1. [L&¥ < {l}=L]=1.

PROOF. Obviously, [L®x{l}=L]=1 and we have only to show that
[LPX{D2L®x{1}]=1. LetxeL®. Then [(AneN)n=<|x|<n+1]=1, and
hence {b,} is a partition of unity of B where

=[x <(n+1)7],

for any neN. Let x, be such that x,=xb,P0(7b,). Then it is easy to see
that x= ENx,,bn and x,=L&%. Thus the conclusion follows immediately. QED
ne

Now we shall obtain representations of R‘®, R¥®, C® and C& coherent
with the representations of B. Let £ be a topological space and B the complete
Boolean algebra of all regular open subsets of £. In the sequel, we shall use
the following notations for any subset A of £ : A°=£—A, A-=the closure of
A, A°=the interior of A. We shall say that a subset A of £ is congruent with
a subset B of £ and write A~B if (A—B)U(B—A) is a meager set.

LEMMA 3.2. Let {A;} be a family of open sets. Then (\JA:°) =(JA:) .
T T
PROOF. Since A; is open, A;SA;° and hence (UAi)"g(LijA?)". Since
?
(\JA7;°)" is the smallest closed set containing all A;’s, the conclusion follows

from the obvious relation 47°S(\JA;)” for all 2. QED

LEMMA 3.3. Let | be an extended real valued lower semicontinuous function
on 2 and let a=V®. Suppose that

[$ead]={wsR|s<flw) °,

for all s€Q. Then we have the following :
1) [(BssQ)scal=R if and only if {wsQ]|f(w)=—oc} is nowhere dense.
(2) [As=Q)stal=2R if and only if gv{wE.Qlf(w)§n}° is dense.

PrOOF. (1): By the easy computations, we have

=0 Flor=—s0} " =(| we2s< f)h)"

=\ we|s<f@)} °)°, by Lemma 3.2
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=[(Fs=@)ssa]®
=[73seQ)s=da].

Thus {w=| f(w)=—c0} is nowhere dense if and only if [(Is=Q)s=a]=41.
(2) : By the easy computations, we have

[(HSEQ)Séfa]:(SKE%{wEQIS<f(w)})c°‘°)‘°
:(sg{wegle(m)}“)”’, by Lemma 3.2
=(Ylo=l]f@=s}")"
=(|J =2 f@)=n}") .

It follows that [(ds=Q)s#a]=2 if and only if B wel] f(w)=s}° is dense.

QED

Let LC(Q) be the space of all extended real valued lower semicontinuous
functions on £ satisfying that

(1) {wef|f(w)=-—oo} is nowhere dense,

(2) ngv {we Q] f(w)=<n}° is dense.

THEOREM 3.4. The relation
3.D Bea]l={wel|s<flw)}”°,

for all s€Q, sets up a surjective mapping @ : f—a from LC(2) onto R® such
that O(f)=0(g) if and only if {w=R|f(w)*g(w)} is meager. Moreover, f is
bounded if and only if O(f)=RP.

PRrROOF. Let feLC(2). Let acsV® be such that dom(a)=dom(Q) and that
aBd)={wsl]|s<f(w)} ° for any s=Q. Then obviously, [§sa]l={ws2|s<f(w)}"°
for any s=Q. Then we have

[i=a)= o= ] s<f@)
=(\J o=Qit<f@)

=( Uql[fea]])"’ , by Lemma 3.2

<ie
=[3teQ)E<tAtead]],

whence [(VseQ)sca=(TFteQ)[s<tAtea]]=£2. Thus by Lemma 33, we have
[a is a real number]=4, and hence there is a unique @(f)=R® satisfying the
relation Conversely, let asR®. Let f: 2R be an extended real valued
function such that

f(w)zsup{SEQleKLtjeql[fEtl]l} ,
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for all w=@Q. Then for any r=Q and we 0,
r<flo) & r<sup{stewes<gQ[fea]}

= (3s, teQ)r<s<tAovs[f=al]
= @te@)r<trnowelisad]
== we \J [fed,

r<t€Q

whence {wel]|s< f(w)}:mueql[tea]]. Thus f is lower semicontinuous. Since

asRP, (wel|s<f(w)} °=[§€a] for any s=Q. By feLC).
It follows that @ is surjective. By the relation [3.1), it is obvious that O(f)=
D(g) if and only if {we?]| f(w)+g(w)} is meager. QED

. A topological space 2 is called a Baire space if every meager open subset
is empty. All locally compact Hausdorff spaces and complete metric spaces are
Baire spaces. Let ®(Q) be the space of all complex valued Borel functions on
2 and let 71(2) be the space of all functions in B(£2) vanishing outside a meager
Borel set. Then ®(£) is a #-algebra and 71(92) is a *-ideal of B(£2) by the
pointwise operations. Let B(£2) be the quotient space B(L2)/J(2). On the other
hand, C® is also a x-algebra by the operations defined in V®,

THEOREM 3.5. Let 2 be a Baire space. Then there is a =-isomorphism
between B(L2) and C®. v

PROOF. Since C®=R®+;R®, we have only to show the existence of an
isomorphism between the real part of B(2) and R®. Let f:2—R be a Borel
function. For any s=@Q, let B; be a unique regular open set such that B~
{wel|s<f(w)}. Let g:2—R be such that

g(w)zsup{SEQlweKktéQBz} .

Then {we.le<g(w)}:<‘}éth and g is an extended real valued lower semi-
$

continuous function. We have
{wEQIg(w):*OO}_":(sEﬂQBﬁ)"
~ sl flo)=st=90,
whence {ws2|glw)=—:} °=¢@ by the Baire property of 2. We have
: (kn){60‘5!-?h‘,’(cc))én}°)_=(LnJB§°)~ '

Nknj wel| fwn}=202,

whence, \U{w=2|glw)=n}° is dense by [the Baire property of 2. It follows
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that ge LC(Q). Conversely, let ge LC(2). Then
{oel|gl@)=0} =(J{wc2|gl@)=n})

~U e gw)=n) =g,

whence {wef|glw)=x or g(w)=—co} is a meager Borel set. Thus there is a
real valued Borel function f which differs from g only on a meager set. It
follows that the correspondence @ obtained in can be extended to
all real valued Borel functions in such a way that @(f)=®@(g) if and only if
{wef| f(w)+g(w)} is meager. Now it is easy to see that this extension induces
an isomorphism between the real part of B(2) and R*®. QED

A topological space is called a Stonean space if it is a compact Hausdorff
space in which the closure of every open set is open. In Stonean spaces every
regular open set is clopen and the Stone representation space of the complete
Boolean algebra B of regular open subsets is homeomorphic to the original space.
Denote by C(£2) the space of all complex valued continuous functions on Q. If
2 is a Stonean space then C(f) is a commutative AW#*-algebra. Conversely, the
maximal ideal space £ of any commutative AW*-algebra Z is a Stonean space
and by the Gelfand isomorphism Z is *-isomorphic to C(£2). In this case, the
Stone representation space of the complete Boolean algebra of projections in Z
is also homeomorphic to £.

THEOREM 3.6. Let 2 be a Stonean space. Then there is a *-isomorphism
D between C(2) and CP satisfying

{wel]s<flw)} *=[3<O(f)],

for all real valued f=C(2) and s=qQ.

Proor. It is known [11; p. 104] that every bounded real valued lower
semicontinuous function on a Stonean space coincides with a unique continuous
function except on a meager set. Thus the restriction of @ obtained in [Theorem
3.4 on bounded real valued continuous functions is one-to-one and onto R{P. In
this case, obviously @ is an isomorphism and its complexification is the required
*-isomorphism. QED

COROLLARY 3.7. Every commutative AW*-algebra Z is *-isomorphic to C&P,
where B is the complete Boolean algebra of projections in Z.

PrOOF. Immediate from QED

In the sequel, we shall denote by Z the x-algebra C®, where B is the
complete Boolean algebra of projections in a commutative AW#*-algebra Z. Then
Z is a *-subalgebra of 7 and coincides with the bounded part of Z.
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4, AW+*-modules and Hilbert spaces in V&,

Let Z be a commutative AW*-algebra and B the complete Boolean algebra
of projections in Z. We identify Z with C{¥ and Z with C® ; only notations
Z and Z will be used hereafter.

A unital Z-module X is called a pre-C*-module if there is defined on X a
Z-valued inner product such that

1) (x, »)=(, 0)*,
(2) (x, x)=0 and is 0 only for x=0,
@) (ax+y, 2)=alx, 2)+(, 2),

for all x, y, z€X and a=Z. A pre-C*-module X over Z is called a C*-module
if it is complete with respect to the norm |:|| on X defined by |x|=|(x, x)]*/
for all xX. A pre-C*-module X is called se/f-dual if every bounded Z-linear
map f:X—Z is of the form f(-)=(-, y) for some y in X. A C*-module X
over Z is called an AW*-module if for any partition {b,} of unity in B and
norm bounded family {x,} in X there is in X an element x with b,x=b,x,
for any a« (cf. [7]). It should be remarked that the condition (a) in the defini-
tion of AW*-modules in [7; p.482] is satisfied automatically for any pre-C*-
module over Z. It is easily shown that every self-dual pre-C*-module is a C*-
module. It is shown in [7; Theorem 5] that every AW*-module is self-dual.

Let X and Y be two C*-modules over Z. Denote by Hom(X, Y) the space
of all bounded Z-linear maps T which possess the bounded adjoints with respect
to Z-valued inner product, and denote Hom(X, X) by End(X). A Z-linear map
T is called unitary if it preserves the Z-valued inner product. It is known [9;
Proposition 3.4] that if X is self-dual then Hom(X, Y) is the space of all bounded
Z-linear maps. If X is an AW*-module then End(X) is a type I AW*-algebra
with center isomorphic to Z and every type I AW#*algebra with center isomor-
phic to Z arises in this way [7].

Let H be a Hilbert space in V®, i.e., [H is a Hilbert space]=1. Denote
by (-, -)p the inner product on H in V® and by |-|s the norm on H in V®.
Let H® be the interpretation of H and H{ the bounded part of H*®, Then

H®={xeV®|[xeH]=1},
HP={xeHP||xls=2},

and for any x, yeH®, (x, v)scZ and |x|z=Z. By Lemma 3.1, we have
[H® x {1} =H]=1.

Let W be another Hilbert space in V®, We can identify B-valued sets f
such that [f: H—W]=1 with the corresponding extensional maps 7 : H® W ®
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such that [f(x)=f(x)]=1 for all xeH®, Let L(H, W)® be the set of all
bounded linear maps f: H—W in V‘®, Denote by | f|lz the operator bound of
feL(H, W)® in V®_  Then it is easy to see that

[flg=inf{acR® | || f(x)|p=d|lx|p for all x in H®} .
Let .L(H, W) be the set of all f=.L(H, W)*® such that | f||z=Z.

THEOREM 4.1. Let H and W be Hilbert spaces in V®. Then we have the
following.

1) HP (and W) is an AW*-module.

(2) Every bounded Z-linear map f:HE WP can be uniquely extended to
feLH, WY& and every f=L(H, W)& arises in this way.

(8) Under the extension of (2), Hom(H®, W)= r(H, W)P,

ProOF. Let x, yeH® and a<Z. Then |(x, y)s|=|xlslyle lax|s=
lalgllxllg and |x-+ylle=|xlp+lylls by the direct interpretation. Thus it is easy
to see that H® is a pre-C*module. Let f:H®Z WP be a bounded Z-linear
map. Then by f is extensional, and hence we have a unique ex-
tension f:H®—-W® of f. Since H® and W® are pre-C*-modules, we have
(f(x), fx)e=|fl*x, x)p for any x in H from [9; Theorem 2.8]. Thus itis
easy to see that fe.L(H, W)&®. Conversely, let fe.L£(H, W)¥. Then for
any x<HP, we have (f(x), f(x))s=|fl5(x, x)s, so that f(x)eW® and f is a
bounded Z-linear map. This concludes (2). Let f:H® —Z be a bounded Z-linear
map. Then fe.£(H, C)¥ by (2). Thus by the Riesz Theorem in V®, there
is some yeH® such that f(x)p=(x, y)p for any x in H®. Since f is bounded,
it is easy to see that ye H®. It follows that H® is self-dual and hence it is
a C*module. Since H® is self-dual, every bounded Z-linear map has its bounded
adjoint so that we have Hom(H®, WP)=_(H, W)& by (2). Thus (3) holds.
Let {b,} be a partition of unity in B and {x,} be a norm bounded family in
H®, Let x:%}xaba. Then it is easily seen that b,x=b,x, for any a. Let

r<R be such that sup.|x.[s<7. Then [|x.|<¥]=1 and hence [|x|=<¥]=b.
for any a. Thus x=H®. Therefore, H® is an AW*-module and hence (1)
holds. QED

5. Construction of Hilbert spaces in V®,

Let S be a set. A kernel K:SXS—C is called positive definite if the
following inequality

G.1) 3 it K(xy, x,)=0
» J=

[ 1

holds for every choice of x,, --, x, in S and for every choice of complex
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numbers c¢,, -, ¢;. In the sequel, we call a function K :SxXS—Z7 as a Z-kernel
and identify it with KeV® such that [K:SxS—C]=1 and that ﬂ:k(f, P)=
K(x, y)1=1 for any x, yeS. A Z-kernel K is called positive definite if the
following inequality

(5.2) 3 itK(xy, x)=0

i, j=1

holds for every choice of x;, -+, x,<S, and for every choice of complex
numbers ¢, **+, Cpe

PROPOSITION 5.1. A Z-kernel K on SXS is a positive definite kernel in V®,
i.e., [k:éx§—>0 is positive definite]=1, if and only if K is a positive definite
7-kernel.

PRrROOF. The necessity is obvious. To prove the sufficiency, note that a C-
valued kernel is positive definite if the inequality (5.1) holds for rational complex
numbers ¢y, -+, Cu. Since [[é+zv'é:Q+z'Q]]:1 by the absoluteness of rational
numbers, the sufficiency follows from the partition argument (i.e., for rational
complex numbers ¢y, -+, ¢, in V® there is a partition {b,} of unity and
rational complex numbers {d.., -, dao} for any a such that

|2 ctte, xa= 3

i, =1

dealyaK(xs, 1) 2ba )
QED

It should be noticed that the above proposition relaxes the condition for
positive definiteness appeared in [13; Ch. 4, Theorem 1.4].

THEOREM 5.2. Let K be a positive definite Z-kernel on SXS. For any
xES, define X V® by the relations

dom(¥)=dom(S)  and *(P)=[K(x, x)+K(y, y)=2 R K(x, )]

for any yeS. Let S be such that S= {#| xS} x{1}. Then there is a Hilbert
space H in VB such that [[§§H]]:1 and that (%, §)p=K(x, y) for any x, yES.

ProoF. Since K is a positive definite kernel in V®, by the interpretation
of the usual theory of positive definite kernels [1], we have

[(3H)3J]) H is a Hilbert space
AT :S—HAVx, yeS)K(x, v)=(J(x), J(y)sl=1.

Thus it is sufficient to show that there is a one-to-one correspondence between
S and {J(x)|x€S} in V®, To show this we have only to prove that [ (&)=
J3]=[x=7] for any x, yX. It is easy to see that

¥ =1J®)—JF), J(x)—J(3))s=0]
=[J(X)=J(3)]=0
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for any x, yS. Thus we have
[J®)=J(3)]
=[(VzeS)[J(H)=Jz) & J§)=Jz)]]
=if{([J(H)=/@)] & [JG=]@D

= inf(%(2) & F(2)
=[i=3],

for any x, yeS. QED
We call SeV® obtained in the above theorem the Boolean embedding of S
with respect to a positive definite Z-kernel K, and J:S—H the embedding map.
Obviously, a Z-valued inner product of a pre-C*-module is a positive definite
Z-kernel. Applying [Theorem 5.2 to it, we have that for any pre-C*module X
there is a Hilbert space H in V® such that [XSH]=1.

THEOREM 5.3. Let X be a self-dual C*-module over Z and X be its Boolean
embedding with respect to the Z-valued inner product of X. Then X is a Hilbert
space in VB and the relation Uxx=23% for any x<X defines a unitary Z-linear
map Ux from X onto X®.

PrROOF. Denote by K the Z-valued inner product of X. Let H be a Hilbert
space in V® obtained in Since (%, 7)p=K(x, v) for any x, yeX,
it is easy to check that the addition and action of Z on X coincide with those
of X. T hus, we have [[)? is a linear subspace of H]=1, under the operation
defined on X. Let f€V® be a bounded linear functional on X in V®. Then
there is a partition {b,} of unity such that ||b,.f||p=Z for any a. It is easy to
see that the function g:X—Z defined by g(x)=b.f(x) for x=X is a bounded
Z-linear map on X. By the self-duality of X there is some y,=X such that
g(x)=K(x, v,) for any x=X. It follows that [§,€X]=1 and [(VxeX)f(x)=
(x, Ja)pl=b, for any a. This shows that for yzgyaba, we have [y=X and

(Vxe)?)f(x):(x, yel=1. Therefore X is a self-dual inner product space in
V® and hence [[X' is a Hilbert space]=1. Since it is obvious that Uy is a
unitary Z-linear map from X into X%, we have only to show that Uy is
surjective. Let yeX{&. Then obviously, the function f such that f(x)=(%, y)s
for x=X is a bounded Z-linear map on X. Thus there is some z=X such that
(%, v)p=K(x, 2)=(%, 2)p for any x=X. This shows that [z=y]=1 and hence
Uy is surjective. QED

By the above theorem we obtain the following characterization of AW*-
modules.
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THEOREM 5.4. A pre-C*-module over Z is an AW*-module if and only if it
is self-dual.

Proor. The necessity is proved in [7; Theorem 5]. The sufficiency follows
immediately from Theorem 4.2, (1) and QED

Let X and Y be two AW*-modules, X and ¥ be their Boolean embeddings,
respectively. In general, the set X® depends on the selection of the represent-
atives from {eV®|[u=v]=1} for usV® such that [ueX]=1. However,
by the proof of for any ucX® there is exactly one x=X such
that [u=Z%]=1. Thus we can choose the representatives in such a way that
Xéf):dom()?). By the same reason, we can suppose that v® :dom(?). Let
T<Hom(X, Y) and define amap T,: dom()? )—>dom()7) by the relation ToX¥=(Tx)"
for any xX. Then T,=UyTUZ and that T,€Hom(X®, Y&¥) by
5.3. Therefore, from [Theorem 4.1, (3) there is a unique T'e.(X, ¥)® such
that [T#=(Tx)"]=1 for any xX. We call this T the Boolean embedding of
T. By [9; Remark 2.9], we have |[T|=||T|sl=inf reR||T|z<r} and it is
easy to see that (T*)~=(T)*.

Let Hilbert® be the category of Hilbert spaces in V® and bounded linear
maps f in V® such that ||flz=Z and let AW*-mod? be the category of AW*-
modules over Z and bounded Z-linear maps. Then the following theorem
summarizes the functorial properties of Boolean embeddings.

THEOREM 5.5. The Boolean embedding E : X—>)?, E :T—-T is a functor from
AW+*-mod? to Hilbert® which is an equivalence of these two categories, and
which satisfies the following properties:

() E@T+S)=aE(T)+E(S),
2) E(TH=ET)*,
@ HMEMDIel=ITI,
(4) T is a unitary Z-linear map if and only if
LE(T) is a unitary transformation]=1,

for any asZ, and T, SeHom(X, Y) and X, Y AW*-mod?. Its adjoint functor
isR:H-H®P, R: f—f|ug® obtained in [Theorem 4.1, (3). The natural isomorphism
RE=1 on AW*-mod? is {Ux| X< AW*-mod?} obtained in

Consider the case that a commutative AW*-algebra Z is a von Neumann
algebra. As in and [8], we denote by Normod-Z the category of non-
degenerate normal *-representations of Z on Hilbert spaces and bounded inter-
twining operators. Then we have the following.

THEOREM 5.6. Let Z be a commutative von Neumann algebra. Then the two
categories AW*-mod? and Normod-Z are equivalent.
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PrOOF. By [8; Theorem 5.5], we have obtained that Hilbert{® is equivalent
to Normod-Z. Thus the assertion follows immediately from QED

6. A classification of AW*-modules.

Let Z be a commutative AW*-algebra and B be the complete Boolean algebra
of projections in Z.

For any set S in V®, denote by card(S)s the cardinality of S in V®,
For any Hilbert space H in V®, denote by dim(H)g the dimension of H in V®,
By the direct interpretation, we have that card(S)z=card(S’)g if and only if
[There is a bijection from S to S’]=1 and that dim(H)p—dim(W)g if and only
if [There is a unitary transformation from H onto W]=1.

We say that two AW*-modules X and Y over Z are unitarily equivalent if
there is a unitary Z-linear map from X onto Y. Denote by (*S) the [*-space
of S, i.e., the set of square summable complex valued functions on S. Denote
by [*(S)® the interpretation of [%(S) and /%(S)¥ the bounded part of [2(S)®, i.e.,

PS)P={xeV® | [x:5-C and sf:‘_,slx(s)lz<<>0]]:1} ,

B(S)E = {xiS)® | AMeR, [§S|x<s>;2<m=1} :

By the direct interpretation, {3(S)‘®’ is a Hilbert space in V® and by Theorem
4.2, IX(S)¥® is an AW*-module over Z.
Now we shall obtain a complete system of unitary invariants of AW*-modules
For any AW*.module X over Z, denote by Dim(X) the Z-dimension of X
defined by

Dim(X)=dim(X ),

where X is the Boolean embedding of X (cf. [Iheorem 5.2, [Theorem 5.3).

THEOREM 6.1. Two AW*-modules are unitarily equivalent if and only if
they have the same Z-dimension. For any cardinal a in V®, there is an AW*-
module X whose Z-dimension is a. _

PrROOF. Let X and Y be AW*-modules over Z. Suppose that there is a
unitary Z-linear map U from X onto Y. Then it follows from

[U is a unitary transformation from X onto V=1,

and hence dim()?)g—:dim(?)g. Thus Dim(X)=Dim(Y’). Conversely, suppose that
Dim(X)=Dim(Y). Then we have

[(3U) U is a unitary transformation from X onto }N’]]:l.
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Let T be such that T=U|y®. Then by we have that Uy'TUy is a
unitary Z-linear map from X onto Y. Thus X and Y are unitarily equivalent.
The rest of the assertions follows immediately from the fact that Dim(/%(a))=a
for any cardinal « in V®. QED

A base of an AW*-module X over Z is a family {e;} such that (1) <e;, e;>=1
for any 7, (2) <es, e;p=0 if i#7, (3) for any x= X, if {x, ¢;>=0 for any 7 then
x=0. For a cardinal «, an AW*-module is called a-homogeneous if it has a
base with cardinality «.

THEOREM 6.2 An AW*-module X over Z is a-homogeneous if and only if
Dim(X)=card(&)g.

PrROOF. Let X be an a-homogeneous AW*-module over Z, and {e;} be a
base of X with cardinality «. Consider the Boolean embedding X and the
embedding map J< V® (cf. [Theorem 5.2). Denote by K the Z-valued inner
product of X. Let e be the corresponding family in V® to {e;}, i.e., [e:d—
X]]:l and [[e(f)zeﬂlzl for any /€a. By the proof of Theorem 5.2, [[j:X'—»
X1=1 and [K(e;, ¢;))=(J(e(@), J(e())]=1 for any 7, j€a. It follows that {J(e(z)}
is a base of X indexed by & in V‘®, Thus l[dim(ff )y=card(&)]=1. Conversely,
let X be an AW#*-module over Z such that Dim(X)=card(d)g. Let e V® bhe
a base of X in V®, Then it is easy to see that {e(f)lz‘ Ea} is a base of the
AW*.module X with cardinality @. Since X and X are unitarily equivalent,
X is a-homogeneous. QED

In [6], Kaplansky showed that the cardinality of the base of an AW*-module
over Z is unique if Z satisfies the countable chain condition locally but he
conjectured that the uniqueness may fail otherwise [7; p. 844, footnote]. Now
we shall construct examples in which the uniqueness fails, using some known
results on forcing.

THEOREM 6.3. For any pair of infinite cardinals a and B with a<p, there
is an AW*-module which is y-homogeneous for any cardinal y such that a<y=p.

Proor. Let P be the set of all functions p such that

(1) dom(p)Sea and card(dom(p))<ea,

(2) ran(p)&B,
and let p=gq if and only if p is an extension of ¢ for p, g P. For any peP,
let [p] be such that [pl={gsP|g=p}, and define the topology on P whose
open base is {{[p]|p=P}. Let B be the Boolean algebra of all regular open
subsets of P, and consider the Boolean valued universe V®. It is easily seen
that [p]e B for any p=P, and so we suppose that PS B by the identification
[p] with p. Let FeV® be such that dom(F Y=dom(P), and that F($)=[p] for
every pP. Then by [4; Theorem 43 (b)],

[F is a generic filter of P over M]=1,
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where M is a predicate defined by M(a)= ‘ejvl[azy'c]. Since [M is a standard

transitive model of ZFC]=1, interpreting the forcing argument [4; p. 183], we
have
[\UF is a function from & onto S]=1.

Let 7 be a cardinal such that a<y<fB. Then [aSFE ,é]]zl. It follows that
I[card(c'x):card(f')zcard(‘é)]]=l. Let X be an AW*-module such that X=0[*&)®.
Then Dim(X)=dim(/*(&))p=card(d)s=card(7)s. Therefore the AW*-module X is
7-homqgeneous by QED

COROLLARY 6.4. For any pair of infinite cardinals a and B with a<p,
there is an AW*-algebra which is y-homogeneous for any cardinal 7y such that
asyr<p.

PrROOF. Since End(X) is an R-homogeneous AW*-algebra if X is an WR-
homogeneous AW*-module [7; Theorem 7], the assertion follows immediately
from QED

7. A classification of type I AW+*-algebras.

Let Abea typel AW*algebra, Z be its center, B be the complete Boolean
algebra of all central projections in A.

Let = be an automorphism of B. Then n can be extended to an automor-
phism 7 : V®-V® such that for every formula ¢ and uy, =+, u,€V®,

r(lo(uy, -, un))=[o(x(uy), -, 7(us))],

(cf. [16; Theorem 19.3]). In particular, if « is a cardinal in V‘®, then =n(a)
is also a cardinal in V®., Two cardinals « and 8 in V‘® are called congruent,
if there is an automorphism = of B such that [a==(8)]=1.

It was shown by Kaplansky that a type I AW*-algebra A with center
isomorphic to Z is isomorphic to End(X) for some AW*-module X over Z.
The following theorem provides easily a complete system of x-isomorphism
invariants of type I AW*algebras.

THEOREM 7.1. Let X and Y be two AW*-modules over Z. Then End(X)
and End(Y) are *-isomorphic if and only if Dim(X) and Dim(Y) are congruent.

PROOF. Suppose that Dim(X) and Dim(Y) are congruent. Then there is a
cardinal « in V® and an automorphism =z of B such that Dim(X)=« and
Dim(Y)=n(a). Thus we have only to show that L{Xa))¥ and L{¥m(a))P®
are x-isomorphic. Obviously, [L(%(z(a)))=r(L({*(a)))]=1 and hence = is a one-
to-one correspondence between L((((a)® and L(¥(x(a))®. It is easy to see
that m(T+S)=n(T)+=(S), a(TS)=n(T)xn(S), n(¢T)=¢zx(T), n(T*)=n(T)* and
that |#(T)|g==(IT|p), for any T, Se.L(¥a))®, c=C. It follows that « is a
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x-isomorphism from L(*(a))¥ onto L x(a))®. Conversely, suppose that
End(X) and End(Y) are *-isomorphic. Let a=Dim(X) and A=Dim(Y). Then
there is a s-isomorphism @ from L(*(a))¥ onto L(*(B)¥. Then their centers
coincide with the bounded parts of scalar multiplications on /%-spaces in V.
Let = be an automorphism on B such that z(b)=@(b) for any be B. Then we
can extend 7 to V®, so that n(a)=®(a) for any acZ. Let ¥ be a map from
L(P((a)® into LB such that ¥ (T)=O(xXT)) for any T e L (m(a)SP.
Then for any a=Z and T L(*(n(a))®, we have

U(aT)=0(x"*aT)=D(x a)r (T)=P(x Y a)¥(T)=a¥(T).

For any T, Se.L({x(a))P, it is easy to see that ¥(TS)=¥(T¥(S), ¥(T+S)=
YU(T)+¥(S) and that ¥(T*)=¥(T)*. Thus ¥ is an extensional map and [¥ is
a =-isomorphism from L(*(z(a))) onto .L(*(8))]=1. Interpreting the theorem
that every =-isomorphism of type I factor is spacial, we have [¥ is implimented
by a unitary transformation from /*(z(a)) onto [*(f)]=1. It follows that
[r(a)=p]=1. QED

For any cardinal «, donote by [« the congruence class of a, i.e.,
Lal={rla)|r= Aut(B)} .

For any type I AW#*-algebra A with center isomorphic to Z, denote by Deg(A)
the degree of A defined by
Deg(A)=[Dim(X)],

where X is an AW#*module over Z such that A is x-isomorphic to End(X).
By [Theorem 7.1, Deg(A) is uniquely defined. '

THEOREM 7.2. Two type I AW*-algebras are x-isomorphic if and only if
their centers are x-isomorphic and they have the same degree. For any non-zero
cardinal a in V®, there is a type I AW*-algebra A wilh center isomorphic to Z
such that Deg(A)=[a].

PrROOF. Obvious consequence of the previous results. QED

For a cardinal «, a type I AW*-algebra is a-homogeneous if there is a partition
of unity with equivalent abelian projections whose cardinality is a.

THEOREM 7.3. A type I AW*-algebra A is a-homogeneous if and only if
Deg[ A]=[card(&)z].

ProOF. A type I AW*-algebra A is a-homogeneous if and only if it is *-
isomorphic with End(X) for an a-homogeneous AW#*-module over the center of
A. In this case, Dim(X)=card(&)g. Thus A is a-homogeneous if and only if
Deg(A)=[card(a)z]. QED

It is known that every type I AW*-algebra admits a direct sum decom-
position into homogeneous subalgebras. Let A be a type I AW*.algebra and B
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the complete Boolean algebra of central projections of A. A cardinal series of
A is a family {a;,b;|7€p} of cardinals a; and central projections b; of A
indexed by a cardinal 8 such that
(1) a;<ay, for any 7, jeB with i<},
(2) {b;liepB} is a partition of unity of B.
A cardinal series {a;,b;| 7=} is called a decomposition series if
3) A=3 A,
1€8

where A; is an «a;-homogeneous subalgebra and b; is the unit of A;.

If A satisfies countable chain condition locally, then decomposition series of
A are essentially unique in the following sense: If {af, bi|7<p’} is another
decomposition series of A. Then g=p’, a;=ai for any 7€ and there is an
automorphism z of B such that b;==(b}) for any /=f8. In general, the situation
is not so simple as shown in Our next theorem determines all
possible decomposition series of A in terms of our invariants.

THEOREM 7.4. Let A be a type I AWH*-algebra. Then a cardinal series
{ai, b;lic B} of A is a decomposition series of A if and only if

Deg[A]:[card(i‘;Qﬁo’zibi)B] .

For the proof of the above theorem, we shall use the following lemma,
although we shall omit its tedious proof (cf. [8; Theorem 6.3]).

LEMMA 7.5. Let S€V®, S,eV® for icl, and {b;|icI} be a partition of
unity of B. If l[S: %Sibi]]::l then

u>m$922m&wm,

2) ‘[(12(5))‘9)gi§£(12(si>)§°bi8)-

IiROOF OF THEOREM 7.4. Let {a;,b;|i<= 8} be a cardinal series of a typel
AW+*-algebra A and B the complete Boolean algebra of central projections in A.
Then we have a direct sum decomposition

®
A= 2 A;,
i€h

where A; is an a;-homogeneous subalgebra and b; is the unit of A; for any

i€f. By [Theorem 7.3 and [Lemma 7.5, (2), we have
]
~ X \\(biB) ~ “ h.
Az 3 r@ane® = o(r(Zadb))

(B)

.
oo

Thus Deg[A]z[card(Z d,;b,-)B]. Conversely, suppose that

ics
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Deg[ A= [card(gﬂaiboﬁf] .

Then we have by (2),

S

Az 3 L) .

i€B
Let A; be the image of L(I*(a;))Q*® by the above *-isomorphism. Then A=
%ﬂA;. In this case A; is a;-homogeneous and there is an automorphism z of
1€

B such that the unit of A} is n(b;). Let ! the inverse of z. Then by [6;
Theorem 7.1[], #~* can be extended to a *-automorphism A on A. Let A;=A(A4j).

<)
Then we obtain the required direct sum decomposition A= ;ﬁAi, where A; is
T

a;-homogeneous and b; is the unit of A;. QED
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