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1. Introduction.

In 1966, D. Scott and R. Solovay reformulated the theory of P. J. Cohen’s
forcing in terms of Boolean valued models and they also introduced Boolean valued
analysis as an application of Boolean valued model theory to analysis. Recently,
G. Takeuti developed the Boolean valued analysis extensively in connection with
operator theory, harmonic analysis and operator algebras [6], [7], [8], [9], [10].

In this paper, we study Boolean valued analysis of Hilbert space theory.
Let $\mathcal{M}$ be a commutative $W^{*}$-algebra and $\mathcal{B}$ the complete Boolean algebra of
projections in $\mathcal{M}$ . We construct an embedding $Harrow\tilde{H}$ of any non-degenerate
normal $*$-representation of $\mathcal{M}$ on a Hilbert space $H$, which we call a normal $\mathcal{M}-$

module $H$ in this paper, in Scott-Solovay’s Boolean valued model $V^{(\mathcal{B})}$ of set
theory as a Hilbert space $\tilde{H}$ in $V^{(\mathcal{B})}$ and study functorial properties of this em-
bedding. We prove that this embedding is an equivalence between the category
of normal $\mathcal{M}$-modules and the category of Hilbert spaces in $V^{(\mathcal{B})}$ and that the
multiplicity function of a normal $\mathcal{M}$-module $H$ coincides with the dimension of
$\tilde{H}$ in $V^{(\mathcal{B})}$ , which is a cardinal in $V^{(\mathcal{B})}$ . Thus the Hahn-Hellinger spectral
multiplicity theory can be reduced to the Boolean valued interpretation of the
simple statement that two Hilbert spaces are isomorphic if and only if they have
the same dimension. These results also shed some lights on Takeuti’s transfer
theorem of von Neumann algebras to factors in $V^{(\mathcal{B})}[10]$ , where he constructed
Hilbert spaces in $V^{(\mathcal{B})}$ by enlarging original Hilbert spaces. In particular, our
results improve his machinery in the point that we need not enlarge original
Hilbert spaces in order to obtain Hilbert spaces in $V^{(\mathcal{B})}$ ; only we have to do is
to change the truth value of the equality between vectors.

In Section 2, we give necessary preliminaries. In Section 3, it is shown that
$L^{p}$-spaces on the spectrum of $\mathcal{M}$ is the complex numbers in $V^{(\mathcal{B})}$ . Later develop-
ment depends much on this fact. In Section 4, we construct the embedding
$Harrow\tilde{H}$. In Section 5, we prove its functorial properties. In Section 6, the con-
nection with multiplicity theory is established.

The author wishes to express his gratitude to Professor G. Takeuti for the
use of his results appearing in his preprint.
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2. Preliminaries.

Let $\mathcal{M}$ be an abelian $W^{*}$-algebra, $i$ . $e$ . a commutative $c*$-algebra which is a
dual space as a Banach space, or equivalently which admits a faithful representa-
tion as a von Neumann algebra on a Hilbert space. For the basic theorems and
terminology of the theory of operator algebras, we refer the reader to Sakai [4]

and Takesaki [5]. Let $\mathcal{B}$ be the set of projections in $\mathcal{M}$ . Then $\mathcal{B}$ is a com-
plete Boolean algebra by defining the Boolean operations as $b_{1}\vee b_{2}=b_{1}+b_{2}-b_{1}b_{2}$ ,
$b_{1}\wedge b_{2}=b_{1}b_{2}$ and $7b=1-b$ , whose maximum element is the unit 1 of $\mathcal{M}$ and
whose minimum element is $0$ of $\mathcal{M}$ .

Scott-Solovay’s Boolean valued model $V^{(\mathcal{B})}$ of set theory is defined in the
following way [11; p. 59, p. 121]. For an ordinal $\alpha$ , we define $V_{\alpha}^{(\mathcal{B})}$ by trans-
finite induction as follows:

(1) $V_{0}^{(\mathcal{B})}=\emptyset$ ,

(2) $V_{a+1}^{(\mathcal{B})}=$ { $u|u;\mathcal{D}(u)arrow \mathcal{B}$ and $\mathcal{D}(u)\subseteqq V_{a}^{(\mathcal{B})}$ },

(3) $V_{\alpha}^{(\mathcal{B})}= \bigcup_{\xi<\alpha}V_{\xi}^{(\mathcal{B})}$ , for a limit ordinal $\alpha$ .
Then we define $V^{(\mathcal{B})}= \bigcup_{\alpha\in 0n}V_{\alpha}^{(\mathcal{B})}$ , where $On$ is the class of all ordinal numbers.
For $u,$

$v\in V^{(\mathcal{B})}$ , the truth values $\ovalbox{\tt\small REJECT} u\in v\ovalbox{\tt\small REJECT}$ and $\ovalbox{\tt\small REJECT} u=v\ovalbox{\tt\small REJECT}$ are defined as functions
from $V^{(\mathcal{B})}\cross V^{(\mathcal{B})}$ to $\mathcal{B}$ satisfying the following properties:

(1) $\ovalbox{\tt\small REJECT} u\in v\ovalbox{\tt\small REJECT}=\sup_{y\in \mathcal{D}(v)}(v(y)\wedge\ovalbox{\tt\small REJECT} u=y\ovalbox{\tt\small REJECT})$ ,

(2) $[u=v \ovalbox{\tt\small REJECT}=\inf_{x\in \mathcal{D}(u)}(u(x)\Rightarrow Ix\in v\ovalbox{\tt\small REJECT})\wedge\inf_{y\in \mathcal{D}(v)}(v(y)=\Rightarrow\ovalbox{\tt\small REJECT} y\in u\ovalbox{\tt\small REJECT})$ .
We also use $\wedge,$ $\vee,$ $7and\Rightarrow as$ logical connectives. Let $\phi$ be a formula in set
theory with predicate symbols $\in$ and $=$ . If $\phi$ contains no free variables and
all the constants in $\phi$ are members in $V^{(\mathcal{B})}$ , we define the truth value $\ovalbox{\tt\small REJECT}\phi\ovalbox{\tt\small REJECT}$ of
$\phi$ by the following recursive rules.

(1) $\ovalbox{\tt\small REJECT} 7\phi\ovalbox{\tt\small REJECT}=7\ovalbox{\tt\small REJECT}\phi\ovalbox{\tt\small REJECT}$ ,

(2) $\ovalbox{\tt\small REJECT}\phi_{1}\wedge\phi_{2}\ovalbox{\tt\small REJECT}=[\phi_{1}\ovalbox{\tt\small REJECT}\wedge[\phi_{2}\ovalbox{\tt\small REJECT}$ ,

(3) $[\phi_{1}\vee\phi_{2}\ovalbox{\tt\small REJECT}=\ovalbox{\tt\small REJECT}\phi_{1}\ovalbox{\tt\small REJECT}\vee\ovalbox{\tt\small REJECT}\phi_{2}\ovalbox{\tt\small REJECT}$ ,

(4) $\ovalbox{\tt\small REJECT}\forall x\phi(x)\ovalbox{\tt\small REJECT}=\inf_{u\in V^{(\mathcal{B})}}\ovalbox{\tt\small REJECT}\phi(u)\ovalbox{\tt\small REJECT}$ ,

(5) $[ \exists x\phi(x)\ovalbox{\tt\small REJECT}=\sup_{u\in V^{(\mathcal{B})\ovalbox{\tt\small REJECT}\phi(u)\ovalbox{\tt\small REJECT}}}$ .
The basic theorem of Scott-Solovay’s Boolean valued model theory is the follow-
ing [11].

THEOREM 2.1. If $\phi$ is a theorem of $ZFC$, then [ $\phi\ovalbox{\tt\small REJECT}=1$ is also a theorem of
$ZFC$ .

The original universe $V$ of ZFC can be embedded in $V^{(\mathcal{B})}$ by the following
operation v defined by the $\in$ -recursion: For $y\in V,$ $\mathcal{D}(\check{y})=\{\check{x}|x\in y\}$ and $\check{y}$ is a
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constant function whose value is 1 in $\mathcal{B}$ . A family $\{b_{a}\}$ of elements of $\mathcal{B}$ is
called a partition of unity if $\sup_{\alpha}b_{\alpha}=1$ and $b_{a}\wedge b_{\beta}=0$ for any $\alpha\neq\beta$ . Let $\{b_{\alpha}\}$

be a partition of unity and let $\{u_{\alpha}\}$ be a family of $\mathcal{B}$-valued sets in $V^{(\mathcal{B})}$ . Then
there is an element $u\in V^{(\mathcal{B})}$ such that $\ovalbox{\tt\small REJECT} u=u_{\alpha}\ovalbox{\tt\small REJECT}\geqq b_{\alpha}$ for any $\alpha$ . Moreover if
there is another $u’$ such that $\ovalbox{\tt\small REJECT} u’=u_{\alpha}\ovalbox{\tt\small REJECT}\geqq b_{a}$ for any $\alpha$ then [ $u=u’J_{\rfloor}=1$ . We
denote this $u$ by $\Sigma_{a}u_{\alpha}b_{\alpha}$ or $u_{1}b_{1}+u_{2}b_{2}+\cdots+u_{n}b_{n}$ if $\alpha=1,2,$ $\cdots$ , $n$ .

Let $\phi(x)$ be a formula with only $x$ as a free variable and such that there is
$v_{0}\in V^{(\mathcal{B})}$ with [ $\phi(v_{0})\ovalbox{\tt\small REJECT}=1$ . Let $X=\{x|\phi(x)\}$ . We define the interpretation $X^{(\mathcal{B})}$

of $X$ with respect to $V^{(\mathcal{B})}$ as $X^{(\mathcal{B})}=\{u\in V^{(\mathcal{B})}|[\phi(u)\ovalbox{\tt\small REJECT}=1\}$ . Then it is known
[6; p. 14] that

$[ \forall x\in X\psi(x)\ovalbox{\tt\small REJECT}=\inf_{u\in x^{(\mathcal{B})}}[\psi(u)\ovalbox{\tt\small REJECT}$ ,

$\ovalbox{\tt\small REJECT}\exists\chi\in X\psi(x)\ovalbox{\tt\small REJECT}=\sup_{u\in x^{(\mathcal{B})\ovalbox{\tt\small REJECT}\psi(u)\ovalbox{\tt\small REJECT}}}$ .

If $X$ is a set, by choosing a representative from an equivalence class $\{v\in V^{(\mathcal{B})}|$

[ $u=v\ovalbox{\tt\small REJECT}=1$ }, we can consider $X^{(\mathcal{B})}$ as a set [6; p. 14, Remark]. Then we have
$X^{(\mathcal{B})}\cross\{1\}\in V^{(\mathcal{B})}$ and that $\ovalbox{\tt\small REJECT} X=X^{(\mathcal{B})}\cross\{1\}\ovalbox{\tt\small REJECT}=1$ .

Our special interest of this paper is the following situation. A lot of estab-
lished notions in functional analysis are concerned with bounded objects such
as Banach spaces of bounded functions or integrable functions and Banach alge-
bras of bounded operators. Nevertheless $X^{(\mathcal{B})}$ is in general larger than such
spaces. Thus it is important to Pnd a well known bounded object $Y$ which is
considered as a subset of $X^{(\mathcal{B})}$ such that [ $Y\cross\{1\}=X\ovalbox{\tt\small REJECT}=1$ . In this case we have
again

$\ovalbox{\tt\small REJECT}\forall x\in X\psi(x)\ovalbox{\tt\small REJECT}=\inf_{u\in Y}[\psi(u)\ovalbox{\tt\small REJECT}$ ,

$[ \exists x\in X\psi(x)\ovalbox{\tt\small REJECT}=\sup_{u\in Y}[\psi(u)\ovalbox{\tt\small REJECT}$ ,

by [11; Theorem 13.13, p. 125].

Let $d\subseteqq V^{(\mathcal{B})}$ . A function $g:darrow V^{(\mathcal{B})}$ is called extensional if for any $x,$ $x’$

$\in d,$ [ $x=x’\ovalbox{\tt\small REJECT}\leqq[g(x)=g(x’)\ovalbox{\tt\small REJECT}$ . A $\mathcal{B}$-valued set $u\in V^{(\mathcal{B})}$ is called definite if for any
$x\in \mathcal{D}(u),$ $u(x)=1$ and called separated if [ $x=y\ovalbox{\tt\small REJECT}=1$ implies that $x=y$ for any
$x,$ $y\in \mathcal{D}(u)$ . Then the following theorem is known [11].

THEOREM 2.2. Let $u,$
$v\in V^{(\mathcal{B})}$ be definite. Then there is a bijective corre-

spondence between $\mathcal{B}$-valued sets $f$ such that [ $f:uarrow v\ovalbox{\tt\small REJECT}=1$ and extensional maps
$g;\mathcal{D}(u)arrow v^{(\mathcal{B})}$ where $v^{(\mathcal{B})}=\{u|[u\in v\ovalbox{\tt\small REJECT}=1\}$ . The correspondence is given by the
relation [ $f(x)=g(x)\ovalbox{\tt\small REJECT}=1$ for any $x\in \mathcal{D}(u)$ .

Now we have a characterization of extensional maps.
THEOREM 2.3. Let $u,$

$v\in V^{(\mathcal{B})}$ be definite and separated, and let $g:\mathcal{D}(u)arrow$

$\mathcal{D}(v)$ . Then $g$ is extenstonal if and only if $g(xb+y(7b))=g(x)b+g(y)(7b)$ for
any $x,$ $y\in \mathcal{D}(u),$ $b\in \mathcal{B}$ .

PROOF. Let $x,$ $y\in \mathcal{D}(u)$ and $b\in \mathcal{B}$ . Suppose that $g$ is extensional. Then by
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Theorem 2.2, there is some $f\in V^{(\mathcal{B})}$ such that [ $f:uarrow v\ovalbox{\tt\small REJECT}=1$ and that $[f(x)=g(x)\ovalbox{\tt\small REJECT}$

$=1$ for any $x\in \mathcal{D}(u)$ . Then we have $b\leqq\ovalbox{\tt\small REJECT} xb+y(7b)=x\ovalbox{\tt\small REJECT}\leqq\ovalbox{\tt\small REJECT} f(xb+y(7b))=f(x)\ovalbox{\tt\small REJECT}$ .
Similarly, we have $7b\leqq[f(xb+y(7b))=f(y)\ovalbox{\tt\small REJECT}$ . It follows that $[f(xb+y(7b))=$

$f(x)b+f(y)(7b)I=1$ so that $g(xb+y(7b))=g(x)b+g(y)(7b)$ . Conversely, suppose
that $g(xb+y(7b))=g(x)b+g(y)(7b)$ and that $b=[x=y\ovalbox{\tt\small REJECT}$ . Then we have $b\leqq$

$\ovalbox{\tt\small REJECT} x=xb+y(7b)\ovalbox{\tt\small REJECT}$ and that $b\leqq\ovalbox{\tt\small REJECT} x=y\ovalbox{\tt\small REJECT}\wedge\ovalbox{\tt\small REJECT} x=xb+y(7b)\ovalbox{\tt\small REJECT}\leqq\ovalbox{\tt\small REJECT} y=xb+y(7b)\ovalbox{\tt\small REJECT}$ . Thus
we have $\ovalbox{\tt\small REJECT} y=xb+y(7b)\ovalbox{\tt\small REJECT}=1$ so that $g(y)=g(x)b+g(y)(7b)$ . Therefore we have
$b\leqq\ovalbox{\tt\small REJECT} g(y)=g(x)\ovalbox{\tt\small REJECT}$ . QED

For further results and terminology of Scott-Solovay’s Boolean valued model
theory, we shall refer the reader to Takeuti and Zaring [11].

Now we can construct the set $Q$ of rational numbers in the model $V^{(\mathcal{B})}$ as
in [6; p. 11], and we have [ $Q=\check{Q}\ovalbox{\tt\small REJECT}=1$ . We define a real number to be the
lower half line without the end point of a Dedekind cut. Therefore the formal
definition of ‘a is a real number’ is expressed by

$a\subseteqq Q\wedge\exists s\in Q(s\in a)\wedge\exists s\in Q(s\not\in a)$

$\wedge\forall s\in Q(s\in a\Leftrightarrow\exists t\in Q(s<t\wedge t\in a))$ .

We define $R^{(\mathcal{B})}$ to be the interpretation of the set $R$ of real numbers in $V^{(\mathcal{B})}$

and $C^{(\mathcal{B})}$ to be the interpretation of the set $C$ of complex numbers in $V^{(\mathcal{B})},$ $i.e$ .
$R^{(\mathcal{B})}=$ { $u\in V^{(\mathcal{B})}|\ovalbox{\tt\small REJECT} u$ is a real number] $=1$ },

$C^{(\mathcal{B})}=$ { $u\in V^{(\mathcal{B})}|\ovalbox{\tt\small REJECT} u$ is a complex number] $=1$ }.

For further information about Boolean valued analysis in the case $\mathcal{B}$ is a pro-
jection algebra or $\mathcal{B}$ is a measure algebra, we shall refer the reader to Takeuti
[6].

By a (left) normal $\mathcal{M}$-module $H$ we will mean the Hilbert space $H$ of a non-
degenerate normal $*$-representation of $\mathcal{M}$ with the corresponding action of $\mathcal{M}$ .
Usually we write the action of a normal $\mathcal{M}$-module $H$ as $\pi(a)\xi$ for $a\in \mathcal{M},$ $\xi\in H$.
If $H$ and $K$ are normal $\mathcal{M}$-modules then we will denote by Hom $(H, K)$ the
Banach space of bounded $\mathcal{M}$-module maps from $H$ to $K$, in other words the
space of all intertwining operators between the representations of $\mathcal{M}$ on $H$ and
$K$. We say that $U\in Hom(H, K)$ is a unitary $\mathcal{M}$-module map if $U$ is a unitary
transformation from $H$ onto $K$. Two normal $\mathcal{M}$-modules $H$ and $K$ are called
unitarily equivalent if there is a unitary $\mathcal{M}$-module map $U\in Hom(H, K)$ . The
classification of all normal $\mathcal{M}$-modules up to unitary equivalence is carried out
by the multiplicity theory. In the present context, the multiplicity function of a
normal $\mathcal{M}$-module is the function $m$ from the class of all cardinals to $\mathcal{B}$ such
that if $\alpha\neq\beta$ then $m(\alpha)m(\beta)=0$ and that $\sup_{\alpha}m(\alpha)=1$ . Then to any normal $\mathcal{M}-$

module $H$ corresponds a unique multiplicity function $m$ such that $\pi(m(\alpha))H$ has
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a uniform multiplicity $\alpha$ if $\alpha\neq 0$ and that $H$ is the direct sum of all $\pi(m(\alpha))H’ s$ .
In this case, there is a family $\{\nu_{a}\}$ of localizable measures on the spectrum $\Omega$ of
$\mathcal{M}$ with disjoint supports $\Omega_{\alpha}$ such that $[\Omega_{\alpha}]=m(\alpha)$ and that

$H\cong\Sigma_{\alpha}^{\oplus}L^{2}(\Omega_{a}, \nu_{a})\otimes l^{2}(\alpha)$

as unitary equivalence of normal $\mathcal{M}$-modules. Thus for any multiplicity function
$m$ there is a normal $\mathcal{M}$-module $H$ whose multiplicity function is $m$ and two
normal .St-modules are unitarily equivalent if and only if they have the same
multiplicity function. For the more detail, see [1], in particular [1; Theorem
64.5, p. 102].

3. Real and complex numbers in the model.

In order to obtain convenient representations of real numbers and complex
numbers in $V^{(\mathcal{B})}$ , consider the spectrum $\Omega$ of $\mathcal{M}$ . By the Gelfand representation
theorem $\mathcal{M}$ is isomorphic to the commutative $c*$-algebra $C(\Omega)$ of all continuous
functions on $\Omega$ . Since $\mathcal{M}$ is a $W^{*}$-algebra, $\Omega$ is a hyperstonean space, $i$ . $e$ . $\Omega$ is
a compact Hausdorff space such that the closure of every open set is open and
that it admits sufficiently many positive normal measures [5; Theorem 1.18, $p$ .
109]. Then $\mathcal{B}$ is isomorphic to the Boolean algebra of clopen subsets of $\Omega$ by

the obvious correspondence between projections in $C(\Omega)$ and clopen subsets of
$\Omega$ . Thus $\Omega$ is identical with the Stone representation space of the Boolean
algebra $\mathcal{B}$ on account of the uniqueness of the Stone representation space among
totally disconnected compact Hausdorff spaces. In the hyperstonean space $\Omega$ ,
every regular open set is clopen and every meager set is nowhere dense [5; $p$ .
108]. Let $S$ be the Borel a-field of $\Omega$ and let $\mathcal{I}$ be the a-ideal of meager (or

nowhere dense) Borel subsets of $\Omega$ . Then the countable suprema and countable
infima in the quotient Boolean algebra $S/\mathcal{I}$ are inherited from those in $S$ and by
Loomis’ theorem [2; Theorem 13, p. 102] $\mathcal{B}$ is $\sigma$-isomorphic to $S/\mathcal{I}$ . In the
sequel, we denote by $[S]$ for any $S$ in $S$ the corresponding element in $\mathcal{B}$ by

the a-isomorphism $\mathcal{B}\cong S/\mathcal{I}$. By the similar argument as in [6; pp. 53-54], we
can show that there is a correspondence between $R^{(\mathcal{B})}$ and the set $B_{R}(\Omega)$ of all
real Borel functions on $\Omega$ such that $u\in V^{(\mathcal{B})}$ corresponds to $f\in B_{R}(\Omega)$ if and only
if [ $\check{r}\in u\ovalbox{\tt\small REJECT}=[\{\omega\in\Omega|r<f(\omega)\}]$ for any $r\in Q$ . This correspondence between $R^{(\mathcal{B})}$

and $B_{R}(\Omega)$ is one-to-one in the following sense: If $f$ and $g$ in $B_{R}(\Omega)$ correspond
to the same $u\in R^{(\mathcal{B})}$ then $f$ and $g$ are equal except on a nowhere dense set,
$i$ . $e$ . $\{\omega\in\Omega|f(\omega)\neq g(\omega)\}$ is nowhere dense. If $u$ and $v$ in $R^{(\mathcal{B})}$ correspond to the
same $f\in B_{R}(\Omega)$ , then [ $u=v\ovalbox{\tt\small REJECT}=1$ . Further properties of this correspondence can
be shown analogously as in [6; Chapter 2, \S 2]. Now it is straightforward that
the above correspondence can be extended to the analogous correspondence be-
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tween $C^{(\mathcal{B})}$ and the set $B(\Omega)$ of all (complex) Borel functions on $\Omega$ by the rela-
tion $C^{(\mathcal{B})}=R^{(\mathcal{B})}+iR^{(\mathcal{B})}$ .

Let $\{\mu_{a}\}$ be a maximal family of positive normal measures on $\Omega$ with dis-
joint supports $\Gamma_{\alpha}$ . Put $\Gamma=\bigcup_{\alpha}\Gamma_{\alpha}$ and $\mu=\sum_{\alpha}\mu_{\alpha}$ . Then $\Gamma$ is a dense open subset
of $\Omega$ and $\mu$ is a positive Radon measure on $\Gamma$ such that $C(\Omega)$ , as well as $\mathcal{M}$, is
isomorphic to the algebra $L^{\infty}(\Gamma, \mu)$ of all essentially bounded $\mu$-measurable func-
tions on $\Gamma$ by the unique continuous extension to $\Omega$ of bounded continuous repre-
sentatives in $L^{\infty}(\Gamma, \mu)$ [$5$ ; Theorem 1.18, p. 109]. Since a subset $S$ of $\Omega$ is no-
where dense if and only if $\mu_{\alpha}(S)=0$ for any $\mu_{\alpha}$ [$5$ ; Proposition 1.15, p. 108] and
since $\Omega-\Gamma$ is nowhere dense, the correspondence between $C^{(\mathcal{B})}$ and $B(\Omega)$ can
be modified as the correspondence between $C^{(\mathcal{B})}$ and the set $L(\Gamma, \mu)$ of $\mu$-meas-
urable functions on $\Gamma$ such that if $f$ and $g$ in $L(\Gamma, \mu)$ correspond to $u$ and $v$ in
$C^{(\mathcal{B})}$ then $\{\omega\in\Gamma|f(\omega)\neq g(\omega)\}$ is $\mu$-null if and only if [ $u=v\ovalbox{\tt\small REJECT}=1$ . In the sequel,
we shall identify $C^{(\mathcal{B})}$ and $L(\Gamma, \mu)$ by the above correspondence, and hence we
shall regard $L^{\infty}(\Gamma, \mu)$ and $L^{p}(\Gamma, \mu)$ as subsets of $C^{(\mathcal{B})}$ where $L^{p}(\Gamma, \mu)$ is the
space of the $P$ -th power $\mu$-integrable functions on $\Gamma$ for $1\leqq P<\infty$ .

Now we have the following.
THEOREM 3.1. We have [ $C=L^{p}(\Gamma, \mu)\cross\{1\}\ovalbox{\tt\small REJECT}=1$ for $1\leqq p\leqq\infty$ .
PROOF. Since the family $\{\mu_{\alpha}\}$ of finite measures has disjoint supports $\{\Gamma_{\alpha}\}$ ,

we have a partition $\{[\Gamma_{\alpha}]\}$ of unity of $\mathcal{B}$ . Then by [6; Proposition 2.7] we can
assume that $\mu$ is a finite measure. Then we have $L^{\infty}(\Gamma, \mu)\subseteqq L^{p}(\Gamma, \mu)$ for $1\leqq p$

$<\infty$ so that we have only to show the case $p=\infty$ . Let $f$ be an element in
$C^{(\mathcal{B})}$ . For $n=0,1,2,$ $\cdots$ , put $b_{n}=[\{\omega\in\Gamma|n\leqq|f(\omega)|<n+1\}]$ . Then $\{b_{n}\}$ is a
partition of unity in $\mathcal{B}$ . For any $n$ , define a function $g_{n}$ in $L^{\infty}(\Gamma, \mu)$ by $g_{n}(\omega)$

$=f(\omega)$ if $n\leqq|f(\omega)|<n+1$ and by $g_{n}(\omega)=0$ otherwise. Then we have

$\ovalbox{\tt\small REJECT} f\in L^{\infty}(\Gamma, \mu)\cross\{1\}\ovalbox{\tt\small REJECT}=\sup_{g\in L^{\infty}(\Gamma,\mu)}\ovalbox{\tt\small REJECT} f=g\ovalbox{\tt\small REJECT}$

$\geqq[f=g_{n}\ovalbox{\tt\small REJECT}=[\{\omega\in\Gamma|f(\omega)=g_{n}(\omega)\}]\geqq b_{n}$ ,

for every $n$ . Thus we have $\ovalbox{\tt\small REJECT} f\in L^{\infty}(\Gamma, \mu)\cross\{1\}\ovalbox{\tt\small REJECT}=1$ and consequently

$\ovalbox{\tt\small REJECT} C\subseteqq L^{\infty}(\Gamma, \mu)\cross\{1\}\ovalbox{\tt\small REJECT}=\inf_{f\in C^{(\mathcal{B})}}\ovalbox{\tt\small REJECT} f\in L^{\infty}(\Gamma, \mu)\cross\{1\}\ovalbox{\tt\small REJECT}=1$ .
Since )$\ovalbox{\tt\small REJECT} L^{\infty}(\Gamma, \mu)\cross\{1\}\subseteqq C\ovalbox{\tt\small REJECT}=1$ is obvious, we complete the proof. QED

The above theorem has the following technical usefulness. Let $\phi(x)$ be a
formula with only $x$ as a free variable. It is known [11; Theorem 13.13, p. 125]
that for any $u\in V^{(\mathcal{B})}$

$[ \forall x\in u\phi(x)\ovalbox{\tt\small REJECT}=\inf_{x\in \mathcal{D}(u)}(u(x)\Rightarrow[\phi(x)\ovalbox{\tt\small REJECT})$ .
Then by the above theorem, we have

$\ovalbox{\tt\small REJECT}\forall x\in C\phi(x)\ovalbox{\tt\small REJECT}=[(\forall x\in L^{p}(\Gamma, \mu)\cross\{1\})\phi(x)\ovalbox{\tt\small REJECT}=\inf_{x\in L^{p}(\Gamma,\mu)}\ovalbox{\tt\small REJECT}\phi(x)\ovalbox{\tt\small REJECT}$ ,



Boolean valued interpretatjOn 615

since if $u=L^{p}(\Gamma, \mu)\cross\{1\}$ then $\mathcal{D}(u)=L^{p}(\Gamma, \mu)$ and $u(x)=1$ for all $x\in \mathcal{D}(u)$ .
Similarly, we have

$\ovalbox{\tt\small REJECT}\exists x\in C\phi(x)\ovalbox{\tt\small REJECT}=\sup_{x\in L^{p}(\Gamma.\mu)}\ovalbox{\tt\small REJECT}\phi(x)\ovalbox{\tt\small REJECT}$ .
Furthermore, by the maximum principle [11; Theorem 16.2, p. 148], if

$\sup_{x\in L}p_{(\Gamma,\mu)}[\phi(x)\ovalbox{\tt\small REJECT}=1$ then there is some $x\in L(\Gamma, \mu)$ such that $\ovalbox{\tt\small REJECT}\phi(x)\ovalbox{\tt\small REJECT}=1$ . This
fact will be seen as a useful technique in analysis, if we can clarify the meaning
of $[\phi(x)\ovalbox{\tt\small REJECT}=1$ .

In the following sections, we identify two functions on $\Gamma$ which are equal
almost everywhere and also identify two elements $u$ and $v$ in $C^{(\mathcal{B})}$ such that
$\ovalbox{\tt\small REJECT} u=v\ovalbox{\tt\small REJECT}=1$ . Formally, this can be justified by regarding $L(\Gamma, \mu)$ as the quotient
space of all $\mu$-measurable functions by the set of all $\mu$-null functions and by

extracting one element from $\{u|[u=v\ovalbox{\tt\small REJECT}=1\}$ by a method mentioned in [6; p. 14].

Thus we can say that $f=g$ if and only if $u=v$ when $f$ and $g$ in $L(\Gamma, \mu)$ cor-
respond to $u$ and $v$ in $C^{(\mathcal{B})}$ respectively, and so we shall again identify $L(\Gamma, \mu)$

and $C^{(\mathcal{B})}$ . We shall also identify $\mathcal{M}$ and $L^{\infty}(\Gamma, \mu)$ by the correspondence men-
tioned above.

4. The construction of Hilbert spaces in the model.

Let $\langle H, \pi\rangle$ be a normal $\mathcal{M}$-module. Then $\pi(\mathcal{M})$ is a von Neumann algebra
on $H$. For any $\xi,$

$\eta$ in $H$, the function $Barrow(\pi([B])\xi|\eta)$ on $S$ is a finite signed
measure absolutely continuous with respect to $\mu$ , so that by the Radon-Nikodym
theorem there is a $\mu$-integrable function $F(\xi, \eta)$ on $\Gamma$ uniquely up to almost
everywhere such that

$( \pi(a)\xi|\eta)=\int_{\Gamma}a(\omega)F(\xi, \eta)(\omega)\mu(d\omega)$ ,

for every $a$ in $L^{\infty}(\Gamma, \mu)$ . Then it is easy to see that for any $a,$ $b\in L^{\infty}(\Gamma, \mu)$ and
$\xi,$

$\eta,$
$\zeta\in H$,

(F1) $F(\pi(a)\xi+\pi(b)\eta, \zeta)(\omega)=a(\omega)F(\xi, \zeta)(\omega)+b(\omega)F(\eta, \zeta)(\omega)$ $a$ . $e.$ ,

(F2) $\overline{F(\xi,\eta)(\omega)}=F(\eta, \xi)(\omega)$ $a$ . $e.$ ,

(F3) $F(\xi, \xi)(\omega)\geqq 0$ $a$ . $e.$ ,

(F4) $\xi=0$ if and only if $F(\xi, \xi)(\omega)=0$ $a$ . $e$ .
Roughly speaking, this shows that $F$ has the properties similar to the inner

product if we consider $C^{(\mathcal{B})}$ as the scalars. Now we proceed to construct a
Hilbert space in $V^{(\mathcal{B})}$ by embedding $H$ and $F$ into $V^{(\mathcal{B})}$ .

For this purpose we use the following lemmas analogous with the Schwarz
inequality and with the Riesz representation theorem.

LEMMA 4.1. For any $\xi,$ $\eta\in H$, we have
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(1) $|F(\xi, \eta)(\omega)|\leqq F(\xi, \xi)(\omega)^{1/2}F(\eta, \eta)(\omega)^{1/2}$ $a.e.$ ,

(2) $F(\xi-\eta, \xi-\eta)(\omega)^{1/2}\leqq F(\xi, \xi)(\omega)^{1/2}+F(\eta, \eta)(\omega)^{1/2}$ $a$ . $e$ .
PROOF. Let $t$ be a real number. Define a bounded $\mu$-measurable function $a$

on $\Gamma$ by the relation $a(\omega)=t|F(\xi, \eta)(\omega)|/F(\xi, \eta)(\omega)$ , if $F(\xi, \eta)(\omega)\neq 0$ and $a(\omega)=t$ ,

if $F(\xi, \eta)(\omega)=0$ . Put $B=\{\omega\in\Gamma|F(\xi, \eta)(\omega)\neq 0\}$ . Then since $F(\pi(a)\xi+\eta, \pi(a)\xi$

$+\eta)(\omega)\geqq 0a$ . $e.$ , the routine computations leads that

$F(\xi, \xi)(\omega)t^{2}+2|F(\xi, \eta)(\omega)|t+F(\eta, \eta)(\omega)\geqq 0$

almost everywhere on $B$ . Thus the relation (1) follows immediately. Now the
relation (2) follows from the routine computations using the relation (1). QED

LEMMA 4.2. Let $G:Harrow L(\Gamma, \mu)$ be a function with the following Properties:
(1) For any $a\in L^{\infty}(\Gamma, \mu)$ and $\xi\in H,$ $G(\pi(a)\xi)(\omega)=a(\omega)G(\xi)(\omega)$ $a.e$ .
(2) For any $\xi,$ $\eta\in H,$ $G(\xi+\eta)(\omega)=G(\xi)(\omega)+G(\eta)(\omega)$ $a.e$ .
(3) There is some $g\in L^{2}(\Gamma, \mu)$ such that for any $\xi\in H$.

$|G(\xi)(\omega)|\leqq g(\omega)F(\xi, \xi)(\omega)^{1/2}$ $a.e$ .

Then there is some $\zeta\in H$ such that for any $\xi\in H$,

$G(\xi)(\omega)=F(\xi, \zeta)(\omega)$ $a.e$ .

PROOF. Since $F(\wedge\wedge, \xi)\in L^{1}(\Gamma, \mu)$ , by the condition (3) we have $G(\xi)\in L^{1}(\Gamma, \mu)$ .
Define a function $\phi:Harrow C$ by the relation

$\phi(\xi)=\int_{\Gamma}G(\xi)(\omega)\mu(d\omega)$ ,

for any $\xi\in H$. Then $\phi$ is a linear $funct_{\perp}^{:}ona1$ on $H$. Let $g\in L^{2}(\Gamma, \mu)$ be as in
(3). Then we have

$| \phi(\xi)|\leqq\int_{\Gamma}|G(\xi)(\omega)|\mu(d\omega)\leqq\int_{\Gamma}g(\omega)F(\xi, \xi)(\omega)^{1/2}\mu(d\omega)$

$\leqq(\int_{\Gamma}g(\omega)^{2}\mu(d\omega))^{1/2}(\int_{\Gamma}F(\xi, \xi)(\omega)\mu(d\omega))^{1/2}$

$=( \int_{\Gamma}g(\omega)^{2}\mu(d\omega))^{1/2}\Vert\xi\Vert$ .

Thus $\phi$ is bounded and hence by the Riesz representation theorem there is some
$\zeta\in H$ such that for any $\xi\in H,$ $\phi(\xi)=(\xi|\zeta)$ . Then we have for any $a\in L^{\infty}(\Gamma, \mu)$ ,

$\int_{\Gamma}a(\omega)G(\xi)(\omega)\mu(d\omega)=\int_{\Gamma}G(\pi(a)\xi)(\omega)\mu(d\omega)$

$= \phi(\pi(a)\xi)=(\pi(a)\xi|\zeta)=\int_{\Gamma}a(\omega)F(\xi, \zeta)(\omega)\mu(d\omega)$ .
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Therefore we have $G(\xi)(\omega)=F(\xi, \zeta)(\omega)a$ . $e$ . for any $\xi\in H$. QED
THEOREM 4.3. For any $\xi\in H$, define a $\mathcal{B}$-valued set $\xi\in V^{(\mathcal{B})}$ by the relation

$\mathcal{D}(\xi)=\{\xi|\xi\in H\}$ and $\xi(\check{\eta})=\ovalbox{\tt\small REJECT} F(\xi-\eta, \xi-\eta)=0\ovalbox{\tt\small REJECT}$ ,

for any $\eta\in H$. Let $H\in V^{(\mathcal{B})}$ be a $\mathcal{B}$-valued set such that

$\tilde{H}=\{\xi|\xi\in H\}\cross\{1\}$ .
Then $\tilde{H}$ is a Hilbert space in $V^{(\mathcal{B})}$ with addition $\xi+\eta=(\xi+\eta)^{\sim}$ , scalar multiPlica-
tion $a\xi=(\pi(a)\xi)^{\sim}and$ inner product $(\xi|\eta)=F(\xi, \eta)^{\sim}$ . Precisely, there are $\mathcal{B}$-valued
sets $A,$ $S$ , and $I\in V^{(\mathcal{B})}$ such that

$[A:\tilde{H}\cross\tilde{H}arrow\tilde{H}\wedge S:C\cross\tilde{H}arrow\tilde{H}\wedge I:\tilde{H}\cross\tilde{H}arrow C$

$\Lambda\langle\tilde{H}, A, S, I\rangle$ is a Hilbert space with addition $A$ ,

scalar muliiplication $S$ and inner prOduct $I\ovalbox{\tt\small REJECT}=1$ ,

and that for any $\xi,$ $\eta\in H$ and $a\in \mathcal{M}$ ,

$\ovalbox{\tt\small REJECT} A(\xi,\tilde{\eta})=(\xi+\eta)^{\sim}\Lambda S(a, \xi)=(\pi(a)\xi)^{\sim}\wedge I(\xi,\tilde{\eta})=F(\xi, \eta)\ovalbox{\tt\small REJECT}=1$ .

The correspOndence $\xiarrow\xi$ is bijective in the sense that $\xi=\eta$ if and only if $\ovalbox{\tt\small REJECT}\xi=\tilde{\eta}\ovalbox{\tt\small REJECT}$

$=1$ for any $\xi,$ $\eta\in H$.
PROOF. Since the addition on $H$ is an internal operation, it is easy to see

that [ $\langle\check{H},$ $+\rangle$ is an abelian group] $=1$ and that $\ovalbox{\tt\small REJECT}\check{\xi}\dagger\check{\eta}=(\xi+\eta)^{\vee}\ovalbox{\tt\small REJECT}=1$ for any $\xi,$
$\eta$

$\in H$. In the sequel, we shall also write $\check{\xi}+\check{\eta}$ instead of $\check{\xi}+\check{\eta}$ and identify $\check{H}\cross\check{H}$

with $(H\cross H)^{\vee}$ . Since the function $(\check{\xi},\check{\eta})arrow F(\xi, \eta)$ on $\mathcal{D}(\check{H})\cross \mathcal{D}(\check{H})$ into $C^{(\mathcal{B})}$ is
obviously extensional, it follows from Theorem 2.2 that there is some $I_{0}\in V^{(\mathcal{B})}$

such that [ $I_{0}$ : $\check{H}\cross\check{H}arrow C\ovalbox{\tt\small REJECT}=1$ and that $\ovalbox{\tt\small REJECT} I_{0}(\check{\xi},\check{\eta})=F(\xi, \eta)\ovalbox{\tt\small REJECT}=1$ for any $\xi,$ $\eta\in H$.
Now, it is obvious that $I_{0}$ inherits the properties $(F1)-(F3)$ of $F$. Let $N\in V^{(\mathcal{B})}$

be such that $N=\{\check{\xi}\in\check{H}|I_{0}(\check{\xi},\check{\xi})=0\}\cross\{1\}$ . By the relation (2) of Lemma 4.1, for
any $\xi,$ $\eta\in H$,

$[\{\omega\in\Gamma|F(\xi, \xi)(\omega)=0\}]\wedge[\{\omega\in\Gamma|F(\eta, \eta)=0\}]$

$\leqq[\{\omega\in\Gamma|F(\xi-\eta, \xi-\eta)(\omega)=0\}]$ .
Thus we have

$[\forall u,$ $\forall v\in\check{H}(I_{0}(u, u)=0\Lambda I_{0}(v, v)=0\Rightarrow I_{0}(u-v, u-v)=0)\ovalbox{\tt\small REJECT}=1$ ,

so that [ $N$ is a subgroup of $\check{H}\ovalbox{\tt\small REJECT}=1$ . Therefore we have

$\ovalbox{\tt\small REJECT}$ ( $\check{H}/N$ is an abelian group)

$\Lambda\forall u,$ $\forall v\in\check{H}(u+N=v+NeI_{0}(u-v, u-v)=0)\ovalbox{\tt\small REJECT}=1$ .

Next we shall define a scalar multiplication on $\check{H}/N$. For any $a,$
$b\in \mathcal{M}$ and $\xi$ ,
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$\eta\in H$ we have that

$\ovalbox{\tt\small REJECT} a=b\ovalbox{\tt\small REJECT}[\check{\xi}+N=\check{\eta}+N\ovalbox{\tt\small REJECT}$

$=\ovalbox{\tt\small REJECT} a=b\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} I_{0}(\check{\xi}-\check{\eta},\check{\xi}-\check{\eta})=0\ovalbox{\tt\small REJECT}$

$=\ovalbox{\tt\small REJECT} a=b\ovalbox{\tt\small REJECT}[F(\xi-\eta, \xi-\eta)=0\ovalbox{\tt\small REJECT}$

$\leqq\ovalbox{\tt\small REJECT} a=b\ovalbox{\tt\small REJECT}[F(\xi, \xi)-F(\xi, \eta)-F(\eta, \xi)+F(\eta, \eta)=0\ovalbox{\tt\small REJECT}$

$\leqq\ovalbox{\tt\small REJECT} aa^{*}F(\xi, \xi)-ab^{*}F(\xi, \eta)-ba^{*}F(\eta, \xi)+bb^{*}F(\eta, \eta)=0\ovalbox{\tt\small REJECT}$

$=\ovalbox{\tt\small REJECT} F(\pi(a)\xi, \pi(a)\xi)-F(\pi(a)\xi, \pi(b)\eta)$

$-F(\pi(b)\eta, \pi(a)\xi)+F(\pi(b)\eta, \pi(b)\eta)=0\ovalbox{\tt\small REJECT}$

$=[F(\pi(a)\xi-\pi(b)\eta, \pi(a)\xi-\pi(b)\eta)=0\ovalbox{\tt\small REJECT}$

$=\ovalbox{\tt\small REJECT}(\pi(a)\xi)^{\vee}+N=(\pi(b)\eta)^{\vee}+N\ovalbox{\tt\small REJECT}$ .

Since [ $C=\mathcal{M}\cross\{1\}\ovalbox{\tt\small REJECT}=1$ by Theorem 3.1, we can conclude that there is some
$S\in V^{(\mathcal{B})}$ such that [ $S:C\cross\check{H}/Narrow\check{H}/N\ovalbox{\tt\small REJECT}=1$ and that $[S(a,\check{\xi}+N)=(\pi(a)\xi)^{\vee}+N\ovalbox{\tt\small REJECT}=1$

for any $a\in \mathcal{M}$ and $\xi\in H$, by the argument similar to the proof of [11; Theorem
16.8, p. 151]. Then it is easy to see that $S$ has the properties of scalar multi-
plication on $\check{H}/N$ in $V^{(\mathcal{B})}$ . Denote by $A$ and $I$ the quotient maps $+/N\vee$ and $I_{0}/N$

in $V^{(\mathcal{B})}$ induced from $+\vee$ and $I_{0}$ . Then we can now easily check that

$\ovalbox{\tt\small REJECT}\langle\check{H}/N, A, S, I\rangle$ is a pre-Hilbert space with addition $A$,

scalar multiplication $S$ and inner product $I\ovalbox{\tt\small REJECT}=1$ .

In the following, we shall also write $u+v$ and $au$ instead of $A(u, v)$ and $S(a, u)$ ,

respectively. Next we shall show the completeness of $\check{H}/S$ . For this pur-
pose, we use a theorem in ZFC such that every pre-Hilbert space which satisfies
the Riesz representation theorem is a Hilbert space. Suppose that [ $f$ is a bounded
linear functional in $\check{H}/N\ovalbox{\tt\small REJECT}=1$ . Then it is easy to see that there is some $g\in V^{(\mathcal{B}}$ )

such that $\ovalbox{\tt\small REJECT} g:\check{H}arrow C\ovalbox{\tt\small REJECT}=1$ and that [ $g(\check{\xi})=f(\check{\xi}+N)\ovalbox{\tt\small REJECT}=1$ for any $\xi\in H$. Then by
Theorem 2.2, there is a function $G:Harrow C^{(\mathcal{B})}$ such that [ $G(\xi)=f(\check{\xi}+N)\ovalbox{\tt\small REJECT}=1$ for
any $\xi\in H$. Then for any $a\in \mathcal{M}$ and $\xi\in H$, we have $[G(\pi(a)\xi)=f((\pi(a)\xi)^{\vee}+N)$

$=f(a(\check{\xi}+N))=af(\check{\xi}+N)=aG(\xi)\ovalbox{\tt\small REJECT}=1$ , whence $G(\pi(a)\xi)(\omega)=a(\omega)G(\xi)(\omega)a$ . $e$ . for
any $a\in L^{\infty}(\Gamma, \mu)$ and $\xi\in H$. Similarly, we have $G(\xi+\eta)(\omega)=G(\xi)(\omega)+G(\eta)(\omega)$

$a$ . $e$ . for any $\xi,$ $\eta\in H$. Since $\ovalbox{\tt\small REJECT} f$ is $bounded\ovalbox{\tt\small REJECT}=1$ , we have $[\exists h\in C,$ $\forall u\in\check{H}/N$,
$|f(u)|\leqq hI(u, u)^{1/2}\ovalbox{\tt\small REJECT}=1$ , so that there is some $h\in L(\Gamma, \mu)$ such that for any $\xi\in H$,
$|G(\xi)(\omega)|\leqq h(\omega)F(\xi, \xi)(\omega)^{1/2}a$ . $e$ . By the similar argument as in the proof of Theo-
rem 3.1, we can show that there is a partition $\{B_{\alpha}\}$ of $\Gamma$ such that $\chi_{B_{a}}h$ is in
$L^{2}(\Gamma, \mu)$ , for any $\alpha$ . Let $G_{\alpha}$ : $Harrow L(\Gamma, \mu)$ be such that



Boolean valued interpretatjOn 619

$G_{a}(\xi)(\omega)=x_{B_{\alpha}}(\omega)h(\omega)G(\xi)(\omega)$ .
Then it is easy to see that $G_{a}$ satisfies the assumptions of Lemma 4.2. Thus
there is a vector $\zeta_{\alpha}\in H$ such that

$G_{\alpha}(\xi)(\omega)=F(\xi, \zeta_{\alpha})(\omega)$ $a$ . $e$ .
and hence we have that

$[B_{\alpha}]\leqq[\{\omega\in\Gamma|G(\xi)(\omega)=F(\xi, \zeta_{\alpha})(\omega)\}]$

$=\ovalbox{\tt\small REJECT} f(\xi+N)=I(\check{\xi}+N,\check{\zeta}_{\alpha}+N)\ovalbox{\tt\small REJECT}$ ,

for any $\alpha$ and $\xi\in H$. It follows that

$[\exists y\in\check{H},$ $\forall x\in\check{H}f(x+N)=I(x+N, y+N)\ovalbox{\tt\small REJECT}$

$\geqq\sup_{\alpha}\ovalbox{\tt\small REJECT}\forall x\in\check{H}f(x+N)=I(x+N,\check{\zeta}_{\alpha}+N)\ovalbox{\tt\small REJECT}$

$= \sup_{a}\inf_{\xi\in H}[f(\xi+N)=I(\xi+N,\check{\zeta}_{\alpha}+N)\ovalbox{\tt\small REJECT}$

$\geqq\sup_{\alpha}[B_{a}]=1$ .
Therefore we have that

$[\exists v\in\check{H}/N,$ $\forall u\in\check{H}/Nf(u)=I(u, v)J=1$ .
This concludes that [ $\check{H}/N$ is a Hilbert spaceJ $=1$ . Since it is easy to check that
$\xi=\eta$ if and only if [ $\check{\xi}+N=\check{\eta}+NI=1$ , in order to complete the proof we have
only to show that [$\xi=\xi+NJ=1$ for any $\xi\in H$ and that [ $\tilde{H}=\check{H}/N\ovalbox{\tt\small REJECT}=1$ . Since
$\mathcal{D}(\xi)=\mathcal{D}(\check{H})$ , any $\xi$ is extensional. For any $\xi\in H$, we have that

$[\xi\subseteqq\xi+N\ovalbox{\tt\small REJECT}=[\forall \mathcal{U}\in\xi(u\in\check{\xi}+N)\ovalbox{\tt\small REJECT}$

$= \inf_{u\in \mathcal{D}(\tilde{\xi})}\xi(u)\Rightarrow\ovalbox{\tt\small REJECT} u\in\check{\xi}+N\ovalbox{\tt\small REJECT}$

$= \inf_{\eta\in H}\xi(\check{\eta})\Rightarrow[\check{\eta}+N=\check{\xi}+N\ovalbox{\tt\small REJECT}$

$= \inf_{\eta\in H}[F(\xi-\eta, \xi-\eta)=0\ovalbox{\tt\small REJECT}\Rightarrow[F(\eta-\xi, \eta-\xi)=0\ovalbox{\tt\small REJECT}$

$=1$ ,

andIthat
$\ovalbox{\tt\small REJECT}\check{\xi}+N\subseteqq\xi J=\ovalbox{\tt\small REJECT}\forall u\in\check{\xi}+N(u\in\xi)\ovalbox{\tt\small REJECT}$

$=[\forall u\in\check{H}(I_{0}(u-\check{\xi}, u-\check{\xi})=0\Rightarrow \mathcal{U}\in\xi)\ovalbox{\tt\small REJECT}$

$= \inf_{\eta\in H}\ovalbox{\tt\small REJECT} F(\eta-\xi, \eta-\xi)=0\ovalbox{\tt\small REJECT}\Rightarrow[\check{\eta}\in\xi\ovalbox{\tt\small REJECT}$

$= \inf_{\eta\in H}[F(\eta-\xi, \eta-\xi)=0\ovalbox{\tt\small REJECT}\Rightarrow\xi(\check{\eta})$

$=1$ .
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Thus we have [ $\xi=\check{\xi}+N\ovalbox{\tt\small REJECT}=1$ for any $\xi\in H$. From this, we can verify that
[ $\tilde{H}=\check{H}/N\ovalbox{\tt\small REJECT}=1$ by routine computations. QED

DEFINITION 4.4. Let $H$ be a normal $\mathcal{M}$-module. The Hilbert space $\tilde{H}$ in
$V^{(\mathcal{B})}$ constructed by Theorem 4.3 is called the Boolean embedding of $H$ in $V^{(\mathcal{B})}$ .

5. Interpretation of Hilbert spaces in $V^{(\mathcal{B})}$ .
Let $X$ be a Hilbert space in $V^{(\mathcal{B})},$ $i$ . $e$ . [X is a Hilbert space] $=1$ . Denote

by $(\cdot|\cdot)_{\mathcal{B}}$ the inner product on $X$ in $V^{(\mathcal{B})}$ and by $\Vert\cdot\Vert_{\mathcal{B}}$ the norm on $X$ in $V^{(\mathcal{B})}$ .
Let $X^{(\mathcal{B})}$ be the interpretation of $X,$ $i$ . $e$ . $X^{(\mathcal{B})}=\{\xi\in V^{(\mathcal{B})}|[\xi\in XI=1\}$ , where $\dot{\xi}$ is
some representative from $\{\eta\in V^{(\mathcal{B})}|\ovalbox{\tt\small REJECT}\xi=\eta\ovalbox{\tt\small REJECT}=1\}$ . Let $\xi,$ $\eta\in X^{(\mathcal{B})}$ . Then $(\xi|\eta)_{\mathcal{B}}$

$\in C^{(\mathcal{B})}$ and $\Vert\xi\Vert_{\mathcal{B}}\in C^{(\mathcal{B})}$ . By the identification $C^{(\mathcal{B})}\cong L(\Gamma, \mu),$ $(\xi|\eta)_{\mathcal{B}}$ and $\Vert\xi\Vert_{\mathcal{B}}$

can be identified with $\mu$-measurable functions $(\xi|\eta)_{\mathcal{B}}(\omega)$ and $\Vert\xi\Vert_{\mathcal{B}}(\omega)$ on $\Gamma$ respec-
tively and we have $\Vert\xi\Vert_{\mathcal{B}}(\omega)^{2}=(\xi|\xi)_{\mathcal{B}}(\omega)a$ . $e$ . Thus $X^{(\mathcal{B})}$ is an $L(\Gamma, \mu)$-module
with $L(\Gamma, \mu)$-valued inner product. Now let

$X_{2}^{(\mathcal{B})}=\{\xi\in X^{(\mathcal{B})}|\Vert\xi\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)\}$ .
Then it is shown in Takeuti [10] that $X_{2}^{(\mathcal{B})}$ is a normal $\mathcal{M}$-module by defining

the scalar multiplication $\alpha\xi=\check{\alpha}\xi$ , the inner product $( \xi|\eta)=\int_{\Gamma}(\xi|\eta)_{\mathcal{B}}(\omega)\mu(d\omega)$ and

the action $\pi(a)\xi=a\xi$ for any $\xi,$ $\eta\in X_{2}^{(\mathcal{B})},$ $\alpha\in C,$ $a\in \mathcal{M}$ .
THEOREM 5.1. Let $X$ be a Hilbert sPace in $V^{(\mathcal{B})}$ . Then we have $[X_{2}^{(\mathcal{B})}\cross\{1\}$

$=X\ovalbox{\tt\small REJECT}=1$ .
PROOF. Let $\xi\in X^{(\mathcal{B})}$ . Then it is easy to see that there is a partition $\{B_{\alpha}\}$

of $\Gamma$ such that $\Vert[B_{\alpha}]\xi\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)$ for every $\alpha$ . Thus it follows from the piece-
wise argument as in the proof of Theorem 3.1 that $[X^{(\mathcal{B})}\cross\{1\}\subseteqq X_{2}^{(\mathcal{B})}\cross\{1\}\ovalbox{\tt\small REJECT}=1$ .
Thus the conclusion follows immediately. QED

Let $X$ and $Y$ be two Hilbert spaces in $V^{(\mathcal{B})}$ . Let $f$ be a mapping from $X$

into $Y$ in $V^{(\mathcal{B})}$ , $i$ . $e$ . [ $f:Xarrow Y\ovalbox{\tt\small REJECT}=1$ . Then there corresponds a unique exten-
sional map $f^{(\mathcal{B})}$ : $X^{(\mathcal{B})}arrow Y^{(\mathcal{B})}$ such that [ $f^{(\mathcal{B})}(\xi)=f(\xi)\ovalbox{\tt\small REJECT}=1$ for every $\xi\in X^{(\mathcal{B})}$ . Let

$\mathcal{L}^{(\mathcal{B})}(X, Y)=$ { $f^{(\mathcal{B}}$ ‘ $|[f$ is a bounded linear map from $X$ into $Y\ovalbox{\tt\small REJECT}=1$ }.

THEOREM 5.2. Let $T$ be a map from $X^{(\mathcal{B})}$ into $Y^{(\mathcal{B})}$ . Then $T\in \mathcal{L}^{(\mathcal{B})}(X, Y)$

if and only if $T$ satisfies the following conditions $(L1)-(L2)$ .
(L1) $T$ is an $\mathcal{M}$-module map.
(L2) There is some $a\in L(\Gamma, \mu)$ such that for every $\xi\in X_{2}^{(\mathcal{B})}$

$\Vert T\xi\Vert_{\mathcal{B}}(\omega)\leqq a(\omega)\Vert\xi\Vert_{\mathcal{B}}(\omega)$ $a.e$ .

PROOF. The necessity of the conditions $(L1)-(L2)$ is obvious. We prove
sufficiency. Let $\xi,$ $\eta\in X^{(\mathcal{B})}$ and let $b\in \mathcal{B}$ . Since $\mathcal{B}\subseteqq \mathcal{M}$ , we can consider that
$b\in \mathcal{M}\subseteqq C^{(\mathcal{B})}$ . Then we have [ $b=1\ovalbox{\tt\small REJECT}=b$ so that $b=[b=1\ovalbox{\tt\small REJECT}\leqq[b\xi+(1-b)\eta=\xi I$
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Similarly, we have $7b\leqq[b\xi+(1-b)\eta=\eta\ovalbox{\tt\small REJECT}$ . It follows that $[b\xi+(1-b)\eta=$

$\xi b+\eta(7b)\ovalbox{\tt\small REJECT}=1$ with respect to the partition $\{b, 7b\}$ of unity. Since $T$ is an
$\mathcal{M}$-module map, we have $T(b\xi+(1-b)\eta)=bT(\xi)+(1-b)T(\eta)$ . Thus by Theorem
2.3, $T$ is extensional, and hence there is some $f\in V^{t\mathcal{B})}$ such that $[f:Xarrow YI=1$

and that $f^{(\mathcal{B})}=T$ . Since [ $\mathcal{M}\cross\{1\}=C\ovalbox{\tt\small REJECT}=1$ and since [ $X_{2}^{(\mathcal{B})}\cross\{1\}=X\ovalbox{\tt\small REJECT}=1$ , it is
easy to see that (L1) implies the linearity of $f$ in $V^{(\mathcal{B})}$ and that (L2) implies the
boundedness of $f$ in $V^{(\mathcal{B})}$ . QED

Let $f^{(\mathcal{B})}\in X^{(\mathcal{B})}(X, Y)$ and let $\Vert f\Vert_{\mathcal{B}}\in R^{(\mathcal{B})}$ be the bound of $f$ in $V^{(\mathcal{B})}$ . Then
it is easy to see that

$\Vert f\Vert_{\mathcal{B}}=\inf$ { $a\in R^{(\mathcal{B})}|\Vert f(\xi)\Vert_{\mathcal{B}}(\omega)\leqq a(\omega)\Vert\xi\Vert_{\mathcal{B}}(\omega)a$ . $e$ . for any $\xi\in X^{(\mathcal{B})}$ },

where the infimum is taken with respect to the ordering on $R^{(\mathcal{B})}$ such that $a\leqq b$

if and only if $a(\omega)\leqq b(\omega)a$ . $e$ . Now define two subsets of $\mathcal{L}^{(\mathcal{B})}(X, Y)$ as follows:

$X_{\infty}^{(\mathcal{B})}(X, Y)=\{f^{(\mathcal{B})}\in \mathcal{L}^{(\mathcal{B})}(X, Y)|\Vert f\Vert_{\mathcal{B}}\in L^{\infty}(\Gamma, \mu)\}$ ,

$\mathcal{L}_{2}^{(\mathcal{B})}(X, Y)=\{f^{(\mathcal{B})}\in \mathcal{L}^{(\mathcal{B})}(X, Y)|\Vert f\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)\}$ .
Recall that Hom $(X_{2}^{(\mathcal{B})}, Y_{2}^{(\mathcal{B})})$ is the set of bounded $\mathcal{M}$-module maps from a normal
$\mathcal{M}$-module $X_{2}^{(\mathcal{B})}$ into a normal $\mathcal{M}$-module $Y_{2}^{(\mathcal{B})}$ .

THEOREM 5.3. For any $f^{(\mathcal{B})}\in X_{\infty}^{(\mathcal{B})}(X, Y)$ , the restriction $f^{(\mathcal{B})}|x_{2}^{(\mathcal{B})}$ of $f^{(\mathcal{B})}$

on $X_{2}^{(\mathcal{B})}$ is a bounded $\mathcal{M}\cdot module$ map from $X_{2}^{(\mathcal{B})}$ to $Y_{2}^{(\mathcal{B})}$ . The correspOndence
$f^{(\mathcal{B})}arrow f^{(\mathcal{B})}|_{x_{2}^{(\mathcal{B})}}$ is a bijection from $\mathcal{L}_{\infty}^{(\mathcal{B})}(X, Y)$ onto Hom $(X_{2}^{(\mathcal{B})}, Y_{2}^{(\mathcal{B})})$ .

PROOF. Let $f^{(\mathcal{B})}\in \mathcal{L}_{\infty}^{(\mathcal{B})}(X, Y)$ and let $T$ be $f^{(\mathcal{B})}|_{x_{2}^{(\mathcal{B})}}$ . Then obviously $T$

is an $\mathcal{M}$-module map. Let $\xi\in X_{2}^{(\mathcal{B})}$ . Then we have $\Vert T\xi\Vert_{\mathcal{B}}(\omega)=\Vert f(\xi)\Vert_{\mathcal{B}}(\omega)\leqq$

$\Vert f\Vert_{\mathcal{B}}(\omega)\Vert\xi\Vert_{\mathcal{B}}(\omega)a$ . $e$ . Since $\Vert f\Vert_{\mathcal{B}}\in L^{\infty}(\Gamma, \mu)$ and since $\Vert\xi\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)$ , we have
$\Vert f(\xi)\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)$ so that $T\xi\in Y_{2}^{(\mathcal{B})}$ . Furthermore we have

$\Vert T\xi\Vert^{2}=\int_{\Gamma}\Vert T\xi\Vert_{\mathcal{B}}(\omega)^{2}\mu(d\omega)$

$\leqq\int_{\Gamma}\Vert f\Vert_{\mathcal{B}}(\omega)^{2}\Vert\xi\Vert_{\mathcal{B}}(\omega)^{2}\mu(d\omega)$

$\leqq\Vert\Vert f\Vert_{\mathcal{B}}\Vert_{\infty}^{2}\int_{\Gamma}\Vert\xi\Vert_{\mathcal{B}}(\omega)^{2}\mu(d\omega)$

$=\Vert\Vert f\Vert_{\mathcal{B}}\Vert_{\infty}^{2}\Vert\xi\Vert^{2}$ ,

where $\Vert_{i}|f\Vert_{\mathcal{B}}\Vert_{\infty}$ is the essential supremum norm of $\Vert f\Vert_{\mathcal{B}}\in L^{\infty}(\Gamma, \mu)$ . Thus $T$ is
a bounded $\mathcal{M}$-module map from $X_{2}^{(\mathcal{B})}$ into $Y_{2}^{(\mathcal{B})}$ . Suppose that $f,$ $g\in \mathcal{L}_{\infty}^{(\mathcal{B})}(X, Y)$

and that $f^{(\mathcal{B})}(\xi)=g^{(\mathcal{B})}(\xi)$ for every $\xi\in X_{2}^{(\mathcal{B})}$ . Then it follows from $[X_{2}^{(\mathcal{B})}\cross\{1\}$

$=X\ovalbox{\tt\small REJECT}=1$ that [$f=gJ=1$ , so that $f^{(\mathcal{B})}=g^{(\mathcal{B})}$ . Thus the correspondence $f^{(\mathcal{B})}arrow$

$f^{(\mathcal{B})}|_{x_{2}^{(\mathcal{B})}}$ is injective. Now we have only to show that the correspondence is
surjective. Let $T\in Hom(X_{2}^{(\mathcal{B})}, Y_{2}^{(\mathcal{B})})$ . By the similar argument as in the proof of
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Theorem 5.2, $T$ is extensional. Thus by Theorem 2.2 and Theorem 5.1, there
is some $f\in V^{(\mathcal{B})}$ such that $\ovalbox{\tt\small REJECT} f:Xarrow Y\ovalbox{\tt\small REJECT}=1$ and that [ $f(\xi)=T\xi\ovalbox{\tt\small REJECT}=1$ for any $\xi\in X_{2}^{(\mathcal{B})}$ .
In order to show that $\Vert f\Vert_{\mathcal{B}}\in L^{\infty}(\Gamma, \mu)$ , let $\xi\in X_{2}^{(\mathcal{B})}$ and let $B$ be a Borel set in
$||f\Vert_{\mathcal{B}}\in L^{\infty}(\Gamma, \mu)$ . Since $T\xi\in Y_{2}^{(\mathcal{B})}$ , we have $\Vert T\xi\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)$ and hence

$\int_{B}\Vert f(\xi)\Vert_{\mathcal{B}}(\omega)^{2}\mu(d\omega)$

$= \int_{\Gamma}\Vert[B]f(\xi)\Vert_{\mathcal{B}}(\omega)^{2}\mu(d\omega)$

$=\Vert\pi([B])T\xi\Vert^{2}$

$=\Vert T\pi([B])\xi\Vert^{2}$

$\leqq\Vert T\Vert^{2}\Vert\pi([B])\xi\Vert^{2}$

$= \Vert T\Vert^{2}\int_{B}\Vert\xi$ il $\mathcal{B}(\omega)^{2}\mu(d\omega)$

$= \int_{B}\Vert T\Vert^{2}\Vert\xi$ il $\mathcal{B}(\omega)^{2}\mu(d\omega)$ .

It follows that $\Vert f(\xi)\Vert_{\mathcal{B}}(\omega)\leqq\Vert T\Vert\Vert\xi\Vert_{\mathcal{B}}(\omega)a$ . $e.$ , for any $\xi\in X_{2}^{(\mathcal{B})}$ . Since $[X_{2}^{(\mathcal{B})}\cross\{1\}$

$=XI=1$ and since $\ovalbox{\tt\small REJECT} T\xi=f(\xi)\ovalbox{\tt\small REJECT}=1$ for any $\xi\in X_{2}^{(\mathcal{B})}$ , we have $[\forall x\in X\Vert f(x)\Vert_{\mathcal{B}}\leqq$

$\Vert T\Vert^{\vee}\Vert x\Vert_{\mathcal{B}}\ovalbox{\tt\small REJECT}=1$ . Thus $f^{(\mathcal{B})}\in X_{\infty}^{(\mathcal{B})}(X, Y)$ . Therefore, the correspondence $f^{(\mathcal{B})}arrow$

$f^{(\mathcal{B})}|x_{2}^{(\mathcal{B})}$ is surjective. QED

We shall now turn to the Hilbert space $\tilde{H}$ in $V^{(\mathcal{B}}$ ‘ which is the Boolean
embedding of a normal $\mathcal{M}$-module $H$. Then $\tilde{H}_{2}^{(\mathcal{B})}$ is another normal $\mathcal{M}$-module.
First we shall show how these two are connected each other.

THEOREM 5.4. Let $H$ be a normal $\mathcal{M}$-module and let $\tilde{H}$ be the Boolean em-
bedding of $H$ in $V^{(\mathcal{B})}$ . Then the relation $U_{H}\xi=\tilde{\xi}$ for any $\xi\in H$ defines a unitary
$\mathcal{M}$-module map $U_{H}$ from $H$ onto $\tilde{H}_{2}^{(\mathcal{B})}$ .

PROOF. Let $\xi\in H$. Then $F(\xi, \xi)\in L^{1}(\Gamma, \mu)$ and $\Vert U_{H}\xi\Vert_{\mathcal{B}}=\Vert\xi\Vert_{\mathcal{B}}=(\tilde{\xi}|\tilde{\xi})_{9}^{1/2}=$

$F(\xi, \xi)^{1/2}$ . It follows that $U_{H}\xi\in\tilde{H}_{2}^{(\mathcal{B})}$ and that $\Vert U_{H}\xi\Vert=\Vert\xi\Vert$ . Since $U_{H}$ is obviously
an $\mathcal{M}$-module map, we have only to show that $U_{H}$ is surjective. Let $\eta\in\tilde{H}_{2}^{(\mathcal{B})}$ .
Then $\Vert\eta\Vert_{\mathcal{B}}\in L^{2}(\Gamma, \mu)$ . Define a mapping $f:Harrow L(\Gamma, \mu)$ by the relation $f(\xi)=$

$(\xi|\eta)_{\mathcal{B}}$ for any $\xi\in H$. Then by the Schwarz inequality in $V^{(\mathcal{B})}$ we have for
any $\xi\in H$,

$|f(\xi)(\omega)|=|(\xi|\eta)_{\mathcal{B}}(\omega)|\leqq\Vert\tilde{\xi}\Vert_{\mathcal{B}}(\omega)\Vert\eta\Vert_{\mathcal{B}}(\omega)$

$=\Vert\eta\Vert_{\mathcal{B}}(\omega)F(\xi, \xi)(\omega)^{1/2}$ $a$ . $e$ . ,

so that $f$ satisfies the assumptions of Lemma 4.2. Thus there is some $\zeta\in H$ such
that for any $\xi\in H,$ $f(\xi)=F(\xi, \zeta)$ . $lt$ follows that [ $(\tilde{\xi}|\eta)_{\mathcal{B}}=(\xi|\zeta)_{\mathcal{B}}\ovalbox{\tt\small REJECT}=1$ for any
$\xi\in H$, so that $\ovalbox{\tt\small REJECT}\eta=\zeta\ovalbox{\tt\small REJECT}=1$ . Since $\eta\in\tilde{H}^{(\mathcal{B})}$ , we have $\eta=U_{H}\zeta$ . Therefore, $U_{H}$ is
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surjective. QED
In general, the set $\tilde{H}_{2}^{(\mathcal{B})}$ depends on the selection of the representatives from

$\{v\in V^{(\mathcal{B})}|[u=v\ovalbox{\tt\small REJECT}=1\}$ . However by the proof of the above theorem, we can
choose such a selection as $\tilde{H}_{2}^{(\mathcal{B})}=\mathcal{D}(\tilde{H})$ , that is, for any $u\in\tilde{H}_{2}^{(\mathcal{B})}$ there is exactly
one $\xi\in H$ such that $[\xi=u\ovalbox{\tt\small REJECT}=1$ .

Let $H$ and $K$ be two normal $\mathcal{M}$-modules and denote $\tilde{H}$ and $\tilde{K}$ be their
Boolean embeddings, respectively. By the above remark, we can assume $\mathcal{D}(\tilde{H})$

$=\tilde{H}_{2}^{(\mathcal{B})}$ and $\mathcal{D}(\tilde{K})=\tilde{K}_{2}^{(\mathcal{B})}$ . Let $T\in Hom(H, K)$ and define a map $T_{0}$ : $\mathcal{D}(\tilde{H})arrow \mathcal{D}(\tilde{K})$

by the relation $T_{0}\xi=(T\xi)^{\sim}$ for any $\xi\in H$. Then $T_{0}=U_{K}TU_{H^{-1}}$ and that $T_{0}\in$

$Hom(\tilde{H}_{2}^{(\mathcal{B})},\tilde{K}_{2}^{(\mathcal{B})})$ by Theorem 5.4. Therefore from Theorem 4.3 there is a $\mathcal{B}-$

valued set fi $\in V^{(\mathcal{B})}$ uniquely in $V^{(\mathcal{B})}$ such that $\ovalbox{\tt\small REJECT}\hat{T}$ is a bounded linear $map\ovalbox{\tt\small REJECT}=1$ ,

that $\ovalbox{\tt\small REJECT}\hat{T}\xi=(T\xi)^{\sim}\ovalbox{\tt\small REJECT}=1$ for any $\xi\in H$ and that $\Vert\hat{T}\Vert_{\mathcal{B}}\in \mathcal{M}$ . We call this $\hat{T}$ the
Boolean embedding of $T$ .

Now we can summarize the functorial properties of the Boolean embedding
$Harrow\tilde{H}$ and $Tarrow\tilde{T}$ . Let $Hilbert_{\infty}^{(\mathcal{B})}$ be the category of Hilbert spaces in $V^{(\mathcal{B})}$ and
bounded linear maps $f$ in $V^{(\mathcal{B})}$ such that $\Vert f\Vert_{\mathcal{B}}\in \mathcal{M}$ , and let $Normod- \mathcal{M}$ be the
category of normal $\mathcal{M}$-modules and bounded $\mathcal{M}$-module maps. Then the following
theorem can be verified without any difficulties (see, [3; Theorem IV. 1, p. 91]).

THEOREM 5.5. The Boolean embedding $E:Harrow\tilde{H},$ $E:Tarrow\tilde{T}$ is a functor
$Normod- \mathcal{M}arrow Hilbert_{\infty}^{(\mathcal{B})}$ which is an equivalence of the two categories. Its adjoint
functor is $R:Xarrow X_{2}^{(\mathcal{B})},$ $R:farrow f^{(\mathcal{B})}|_{x_{2}^{(\mathcal{B})}}$ obtained in Theorem 5.3. The natural
isomorphism $RE\cong 1$ on $Normod- \mathcal{M}$ is $\{U_{H}|H\in Normod- \mathcal{M}\}$ obtained in Theorem 5.4.

6. Boolean valued interpretation of Hilbert space theory.

With any Hilbert space $X$ in $V^{(\mathcal{B})}$ , we can associate a cardinal in $V^{(\mathcal{B})},$ $i$ . $e$ .
the dimension dim(X) of $X$ in $V^{(\mathcal{B})}$ . Let $X$ and $Y$ be two Hilbert spaces in
$V^{(\mathcal{B})}$ . Denote by $X\cong Y$ the relation that $X$ and $Y$ are isomorphic as Hilbert
spaces. Then by the interpretation in the usual Hilbert space theory we have
$\ovalbox{\tt\small REJECT} X\cong Y\ovalbox{\tt\small REJECT}=\ovalbox{\tt\small REJECT}\dim(X)=\dim(Y)\ovalbox{\tt\small REJECT}$ .

Now we have the following.
THEOREM 6.1. Let $H$ and $K$ be two normal $\mathcal{M}$-modules. Then the following

conditions are equivalent.

(1) $H$ and $K$ are unitarily equivalent.

(2) $\ovalbox{\tt\small REJECT}\tilde{H}\cong\tilde{m}=1$ .
(3) $\ovalbox{\tt\small REJECT}\dim(\tilde{H})=\dim(\tilde{K})\ovalbox{\tt\small REJECT}=1$ .
PROOF. We have only to show the equivalence of (1) and (2). By the func-

torial properties of the functor $Harrow\tilde{H}$, it suffices to show that if $T:Harrow K$ is a
unitary $\mathcal{M}$-module map then $\hat{T}$ : $\tilde{H}arrow\tilde{K}$ is a unitary in $V^{(\mathcal{B})}$ . This follows from
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the relations

$\int_{\Gamma}a(\omega)(\hat{T}\xi, T\xi)_{\mathcal{B}}(\omega)\mu(d\omega)=(\pi(a)T\xi, T\xi)$

$=(T \pi(a)\xi, T\xi)=(\pi(a)\xi, \xi)=\int_{\Gamma}a(\omega)(\xi, \xi)_{\mathcal{B}}(\omega)\mu(d\omega)$

for any $\xi\in H,$ $a\in \mathcal{M}$ . QED

Recall that $\mu$ is a sum of finite measures $\mu_{i}$ with disjoint supports $\Gamma_{i}$ such
that $\bigcup_{i}\Gamma_{i}=\Gamma$ Let $\alpha$ be a cardinal. We have [Card $(\check{\alpha})geqq[\Gamma_{i}]$ for any $i$ , since
the Boolean algebra $[\Gamma_{i}]\mathcal{B}$ satisfies the countable chain condition [11; Corollary
17.5, p. 162]. It follows that [Card $(\check{\alpha})\ovalbox{\tt\small REJECT}=1$ , that is, cardinals are absolute in
$V^{(\mathcal{B})}$ . Denote by $l^{2}(\check{\alpha})$ the $l^{2}$-space over $\check{\alpha}$ in $V^{(\mathcal{B})}$ . Then $\ovalbox{\tt\small REJECT}\dim(l^{2}(\check{\alpha}))=\check{\alpha}\ovalbox{\tt\small REJECT}=1$ by

the interpretation of the usual theory. Let $b_{\alpha}=\ovalbox{\tt\small REJECT}\dim(X)=\check{\alpha}\ovalbox{\tt\small REJECT}$ . Then $b_{\alpha}=$

[ $X\cong l^{2}(\check{\alpha})J$ . Thus $\ovalbox{\tt\small REJECT}\dim(X)=\sum_{\alpha}\check{\alpha}b_{\alpha}\ovalbox{\tt\small REJECT}=1$ and $\ovalbox{\tt\small REJECT} X\cong\sum_{\alpha}l^{2}(\check{\alpha})b_{\alpha}\ovalbox{\tt\small REJECT}=1$ . In order to
clarify the above decomposition of $X$ in $V^{(\mathcal{B})}$ , we examine the $l^{2}$-spaces in $V^{(\mathcal{B})}$ .

THEOREM 6.2. Let $\alpha$ be a cardinal. Then we have

$l^{2}(\check{\alpha})_{2}^{(\mathcal{B})}\cong L^{2}(\Gamma)\mu)\otimes l^{2}(\alpha)$

as unitary equivalence of normal $\mathcal{M}$-modules.
PROOF. By the definition of $l^{2}$-spaces we have $[f \in l^{2}(\check{\alpha})\ovalbox{\tt\small REJECT}=[f:\check{\alpha}arrow C\wedge\sum_{\beta<\alpha}\vee$

$|f^{(\mathcal{B})}(\beta)|^{2}<\infty\ovalbox{\tt\small REJECT}$ . Since every function from $\mathcal{D}(\check{\alpha})$ is extensional, there is a bijec-
tive correspondence between $\mathcal{B}$-valued sets $f\in V^{(\mathcal{B})}$ such that $\ovalbox{\tt\small REJECT} f\in l^{2}(\check{\alpha})\ovalbox{\tt\small REJECT}=1$ and
functions $f^{(\mathcal{B}}$ ‘ : $\alphaarrow C^{(\mathcal{B})}$ such that there is some $g\in L(\Gamma, \mu)$ for which $\Sigma_{i=1}^{n}$

$|f^{(\mathcal{B})}(\beta_{i})(\omega)|^{2}\leqq g(\omega)a$ . $e$ . for any finite sequences $\beta_{1},$ $\beta_{2},$ $\cdots$ , $\beta_{n}<\alpha$ . In the above
correspondence, we have $\Vert f\Vert_{\mathcal{B}}=\sup\{(\sum_{i=1}^{n}|f^{(\mathcal{B})}(\beta_{i})|^{2})^{1/2}|n\in\omega, \beta_{1}, \beta_{2}, \cdots, \beta_{n}\in\alpha\}$ ,

where the supremum is taken with respect to the ordering $\leqq a$ . $e$ . in $L(\Gamma, \mu)$ .
Let $f\in l^{2}(\check{\alpha})_{2}^{(\mathcal{B})}$ . Then $\Sigma_{i=1}^{n}|f^{(\mathcal{B})}(\beta_{i})|^{2}\leqq\Vert f\Vert_{\mathcal{B}^{2}}\in L^{1}(\Gamma, \mu)$ for any $\beta_{1},$ $\beta_{2},$ $\cdots$ , $\beta_{n}$

$\in\alpha$ . Thus we have

$\Sigma_{\ell=1}^{n}\Vert f^{(\mathcal{B})}(\beta_{i})\Vert_{2}^{2}=\Sigma_{t=1}^{n}\int_{\Gamma}|f^{(\mathcal{B})}(\beta_{i})(\omega)|^{2}\mu(d\omega)$

$= \int_{\Gamma}\Sigma_{\ell=1}^{n}|f^{(\mathcal{B})}(\beta_{i})(\omega)|^{2}\mu(d\omega)\leqq\int_{\Gamma}\Vert f\Vert_{\mathcal{B}}(\omega)^{2}\mu(d\omega)$ .

It follows that $f^{(\mathcal{B})}\in l^{2}(\alpha;L^{2}(\Gamma, \mu))\cong l^{2}(\alpha)\otimes L^{2}(\Gamma, \mu)$ . Conversely, let $f^{(\mathcal{B})}\in$

$l^{2}(\alpha;L^{2}(\Gamma, \mu))$ . Then

$\Sigma_{\beta<\alpha}\int_{\Gamma}|f^{(\mathcal{B})}(\beta)(\omega)|^{2}\mu(d\omega)<\infty$ ,

so that by Fubini’s theorem $\Sigma_{\beta<\alpha}|f^{(\mathcal{B})}(\beta)(\omega)|^{2}\in L^{1}(\Gamma, \mu)$ . Since $\Sigma_{i=1}^{n}|f^{(\mathcal{B})}(\beta_{i})(\omega)|^{2}$

$\leqq\Sigma_{\beta<\alpha}|f^{(\mathcal{B})}(\beta)(\omega)|^{2}a$ . $e$ . for any $\beta_{1},$ $\beta_{2},$ $\cdots$ , $\beta_{n}$ , we have that $\Vert f\Vert_{\mathcal{B}}^{2}\leqq\Sigma_{\beta<a}$

$|f^{(\mathcal{B})}(\beta)(\omega)|^{2}$ . It follows that $f\in l^{2}(\check{\alpha})_{2}^{(\mathcal{B})}$ . Now the conclusion can be checked
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in a straightforward way by the obvious correspondence $l^{2}(\alpha;L^{2}(\Gamma, \mu))\cong$

$L^{2}(\Gamma, \mu)\otimes l^{2}(\alpha)$ . QED
Now we have the following.
THEOREM 6.3. Let $X$ be a Hilbert space in $V^{(\mathcal{B})}$ with $\ovalbox{\tt\small REJECT}\dim(X)=\sum_{a}\check{\alpha}b_{\alpha}\ovalbox{\tt\small REJECT}=1$ .

Then there is a family $\{\nu_{\alpha}\}$ of measures on $\Omega$ with disjoint suppOrts $\Omega_{\alpha}$ such
that $[\Omega_{\alpha}]=b_{\alpha}$ and that

$X_{2}^{(\mathcal{B})}\cong\Sigma_{\alpha}^{\oplus}L^{2}(\Omega_{a}, \nu_{\alpha})\otimes l^{2}(\alpha)$

as unitary equivalence of normal $\mathcal{M}$-modules.
PROOF. Let $\Omega_{\alpha}$ be the clopen subsets of $\Omega$ corresponding to $b_{\alpha}$ by the Stone

representation. Then the family $\{\Omega_{\alpha}\}$ is disjoint, $[\Omega_{a}]=b_{\alpha}$ and $( \bigcup_{\alpha}\Omega_{\alpha})^{-}=\Omega$ .
Let $\nu_{a}$ be the restriction of $\mu$ on $\Omega_{a}$ . Then $b_{a}\mathcal{M}\cong L^{\infty}(\Omega_{a}, \nu_{\alpha})$ . Since $[\dim(X)$

$=\check{\alpha}\ovalbox{\tt\small REJECT}=b_{\alpha}$ , by Theorem 6.2 we have $\ovalbox{\tt\small REJECT} l^{2}(\check{\alpha})\cong L^{2}(\Omega_{a}, \nu_{a} ; l^{2}(\alpha))^{\sim}\ovalbox{\tt\small REJECT}=b_{\alpha}$ . Obviously
we can embed $L^{2}(\Omega_{\alpha}, \nu_{\alpha} ; l^{2}(\alpha))$ in $\sum_{\alpha}^{\oplus}L^{2}(\Omega_{a}, \nu_{\alpha})\otimes l^{2}(\alpha)$ as a closed submodule by
putting $f(\omega, \beta)=0$ for $\omega\in\Omega-\Omega_{\alpha}$ and $\beta<\alpha$ . Write $H=\Sigma_{\alpha}^{\oplus}L^{2}(\Omega_{\alpha}, \nu_{\alpha})\otimes l^{2}(\alpha)$ .
For any $a\in \mathcal{M}$ and $f,$ $g\in H$, we have

$( \pi(a)f|g)=\Sigma_{\alpha}\int_{\Omega_{\alpha}}\Sigma_{\beta<\alpha}a(\omega)f(\omega, \beta)\overline{g(\omega,\beta)}\nu_{\alpha}(d\omega)$

$= \int_{\Omega}a(\omega)\Sigma_{\beta}f(\omega, \beta)\overline{g(\omega,\beta)}\mu(d\omega)$ ,

where $\Sigma_{\beta}$ means $\Sigma_{\beta<\alpha}$ if $\omega\in\Omega_{\alpha}$ . Thus $(f|g)_{\mathcal{B}}(\omega)=\Sigma_{\beta}f(\omega, \beta)\overline{g(\omega,\beta)}$ for any
$f,$ $g\in H$. Let $f\in H$ and let $g(\omega, \beta)=f(\omega, \beta)$ if $\omega\in\Omega_{\alpha}$ and $g(\omega, \beta)=0$ if $\omega\not\in\Omega_{a}$

for a fixed $\alpha$ . Then $g\in L^{2}(\Omega_{\alpha}, \nu_{\alpha} ; l^{2}(\alpha))\subseteqq H$ and that $(\tilde{f}-\tilde{g}|f-\tilde{g})_{\mathcal{B}}(\omega)=0$ for
any $\omega\in\Omega_{\alpha}$ . It follows that $\ovalbox{\tt\small REJECT}\tilde{H}\subseteqq L^{2}(\Omega_{\alpha}, \nu_{\alpha} ; l^{2}(\alpha))^{\sim}\ovalbox{\tt\small REJECT}\geqq[\Omega_{\alpha}]$ . Since obviously
$\ovalbox{\tt\small REJECT}\tilde{H}\supseteqq L^{2}(\Omega_{\alpha}, \nu_{\alpha} ; l^{2}(\alpha))^{\sim}\=[\Omega_{a}]$ so that $\ovalbox{\tt\small REJECT} X\cong\tilde{H}\ovalbox{\tt\small REJECT}=b_{\alpha}$ for any $\alpha$ . Thus $[X\cong\tilde{H}\ovalbox{\tt\small REJECT}=1$ .
Therefore $X_{2}^{(\mathcal{B})}\cong\Sigma_{\alpha}^{\oplus}L^{2}(\Omega_{\alpha}, \nu_{a})\otimes l^{2}(\alpha)$ by Theorem 5.4. QED

The following corollary is an immediate consequence of Theorem 6.1 and
Theorem 6.3 (for the multiplicity functions see Section 2).

COROLLARY 6.4. Let $H$ be a normal $\mathcal{M}$-module with the multiplicity function
$m$ . Then $\ovalbox{\tt\small REJECT}\dim(\tilde{H})=\Sigma_{\alpha}\check{\alpha}m(\alpha)\ovalbox{\tt\small REJECT}=1$ .

Appendix.

In the following, we shall consider the relation between Takeuti’s construc-
tion of Hilbert spaces in $V^{(\mathcal{B})}$ obtained in [10; Section 1] and ours. Let $\mathcal{M}$ be
a von Neumann algebra on a Hilbert space $\mathcal{H},$ $\mathcal{Z}_{0}$ a von Neumann algebra in-
cluded in its center and $\mathcal{B}$ the complete Boolean algebra of projections in $\mathcal{Z}_{0}$ .
Let $\Omega$ be the spectrum of $\mathcal{Z}_{0}$ and assume that $\mathcal{Z}_{0}\cong L^{\infty}(\Omega, \mu)$ where $\mu$ is a Radon
measure on $\Omega$ . Then we have $C^{(\mathcal{B})}\cong L(\Omega, \mu)$ . In view of our construction in
Section 4, we can present Takeuti’s construction in the following manner. Let
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$(C\cross\check{\mathcal{H}})^{(\mathcal{B})}$ be the set of all $\langle f,\check{\xi}\rangle^{(\mathcal{B})}\in V^{(\mathcal{B})}$ where $f\in C^{(\mathcal{B})}$ and $\xi\in \mathcal{H}$ ; in the
sequel, $\langle f,\check{\xi}\rangle^{(\mathcal{B})}$ is denoted by $f\oplus\check{\xi}$ . It is known [11; p. 135] that $[(C\cross\check{\mathcal{H}})^{(\mathcal{B})}$

$\cross\{1\}=C\cross\check{\mathcal{H}}\ovalbox{\tt\small REJECT}=1$ . For any $\xi,$ $\eta\in \mathcal{H}$ , we can dePne $F(\xi, \eta)\in L^{1}(\Omega, \mu)$ as in
Section 4 for the normal $\mathcal{Z}_{0}$-module $\mathcal{H}$ . Obviously, [ $C\cross\check{\mathcal{H}}$ is an abelian $group\ovalbox{\tt\small REJECT}$

$=1$ . It is shown that there is some $I_{0}\in V^{(\mathcal{B})}$ such that [ $I_{0}$ : $(C\cross\check{\mathcal{H}})\cross(C\cross\check{\mathcal{H}})arrow C\ovalbox{\tt\small REJECT}$

$=1$ and that [ $I_{0}(f\oplus\check{\xi}, g\oplus\check{\eta})=f\overline{g}F(\xi, \eta)\ovalbox{\tt\small REJECT}=1$ for any $f,$ $g\in C^{(\mathcal{B})}$ and $\xi,$
$\eta\in \mathcal{H}$ .

Let $N\in V^{(\mathcal{B})}$ be such that

$N=\{f\oplus\xi\in(C\cross\check{\mathcal{H}})^{(\mathcal{B})}|I_{0}(f\oplus\xi, g\oplus\check{\eta})=0\}\cross\{1\}$ .

Then it is shown in [10] that

[ $(C\cross\check{\mathcal{H}})^{(\mathcal{B})}\cross\{1\}/N$ is a Hilbert space with inner product $I_{0}/N\ovalbox{\tt\small REJECT}=1$ .
In this case, we have an equivalence relation $\equiv$ on $(C\cross\check{\mathcal{H}})^{(\mathcal{B})}$ such that $f\oplus\check{\xi}\equiv$

$g\oplus\check{\eta}$ if and only if $\ovalbox{\tt\small REJECT}(f\oplus\check{\xi})+N=(g\oplus\check{\eta})+N\ovalbox{\tt\small REJECT}=1$ . Then it is easy to see that
$f\oplus\check{\xi}\equiv g\oplus\check{\eta}$ if and only if

$f(\omega)F(\xi, \zeta)(\omega)=g(\omega)F(\eta, \zeta)(\omega)$ $a.e$ .

for any $\zeta\in \mathcal{H}$ . Denote by $f\check{\xi}$ the equivalence class of $f\oplus\check{\xi}$ and by $C^{(\mathcal{B})}\check{\mathcal{H}}$ the
quotient space $(C\cross\check{\mathcal{H}})^{(\mathcal{B})}/\equiv$ . Now we can state a precise construction of
$(C\cross\check{\mathcal{H}})^{(\mathcal{B})}\cross\{1\}/N$. For any $f\check{\xi}\in C^{(\mathcal{B})}\check{\mathcal{H}}$ , define a $\mathcal{B}$-valued set $f\xi\in V^{(\mathcal{B})}\sim$ by
$\mathcal{D}(f\xi)=\{\check{\xi}|\xi\in \mathcal{H}\}$ and

$f\xi(\check{\zeta})=\ovalbox{\tt\small REJECT} I_{0}(f\oplus\check{\xi}-1\oplus\check{\zeta}\sim, f\oplus\check{\xi}-1\oplus\check{\zeta})=0\ovalbox{\tt\small REJECT}$ ,

for any $\zeta\in \mathcal{H}$ . Let $C^{(\mathcal{B})}\tilde{\mathcal{H}}\in V^{(\mathcal{B})}$ be a $\mathcal{B}$-valued set such that

$C^{(\mathcal{B})}\tilde{\mathcal{H}}=\{f\xi|f\in C^{(\mathcal{B})}\sim, \xi\in \mathcal{H}\}\cross\{1\}$ .

Then the correspondence $f\check{\xi}arrow f\xi\sim$ is one-to-one and that $\ovalbox{\tt\small REJECT}(C\cross\check{\mathcal{H}})^{(\mathcal{B})}\cross\{1\}/N=$

$C^{(\mathcal{B})}\overline{\mathcal{H}}\ovalbox{\tt\small REJECT}=1$ . The proof of the above facts is similar to the proof of Theorem
4.3. Thus the definition of $C^{(\mathcal{B})}\overline{\mathcal{H}}$ is a precise expression of Takeuti’s construc-
tion of Hilbert spaces in $V^{(\mathcal{B})}$ , although the definition of $C^{(\mathcal{B})}\tilde{\mathcal{H}}$ is tacit in [10].

Let $\tilde{\mathcal{H}}$ be the Boolean embedding of the $\mathcal{Z}_{0}$-module $\mathcal{H}$ in $V^{(\mathcal{B})}$ dePned as
Definition 4.4. Then the relation of Takeuti’s construction $C^{(\mathcal{B})}\tilde{\mathcal{H}}$ and our con-
struction $\tilde{\mathcal{H}}$ is as follows.

THEOREM A. 1. By a suitable selection of the representatives from $\{v\in V^{(\mathcal{B})}|$

$\ovalbox{\tt\small REJECT} u=v\ovalbox{\tt\small REJECT}=1\}$ , we have
$C^{(\mathcal{B})}\tilde{\mathcal{H}}=\tilde{\mathcal{H}}^{(\mathcal{B})}\cross\{1\}$ .

PROOF. By the similar argument as in the proof of Theorem 5.4, for any
$u\in(C^{(\mathcal{B})}\tilde{\mathcal{H}})_{2}^{(\mathcal{B})}$ there is a unique $\xi\in \mathcal{H}$ such that $\ovalbox{\tt\small REJECT} 1\xi=u\ovalbox{\tt\small REJECT}=1\sim$ . By definition we
have $\sim 1\xi=\xi$, where $\xi$ is dePned in Theorem 4.3. Thus we have $(C^{(\mathcal{B})}\tilde{\mathcal{H}})_{2}^{(\mathcal{B})}=$
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$\mathcal{D}(\tilde{\mathcal{H}})$ . Then by Theorem 5.1, we have $\ovalbox{\tt\small REJECT} C^{(\mathcal{B})}\tilde{\mathcal{H}}=\tilde{\mathcal{H}}\ovalbox{\tt\small REJECT}=1$ and hence we can
assume that $\mathcal{D}(C^{(\mathcal{B})}\overline{\mathcal{H}})\subseteqq\tilde{\mathcal{H}}^{(\mathcal{B})}$ . Let $u\in\tilde{\mathcal{H}}^{(\mathcal{B})}$ . Then $\Vert u\Vert_{\mathcal{B}}\in L(\Omega, \mu)$ . Let $v\in\tilde{\mathcal{H}}^{(\mathcal{B})}$

be such that [ $v=(1/1+\Vert u\Vert_{\mathcal{B}})u\ovalbox{\tt\small REJECT}=1$ . Then $\Vert v\Vert_{\mathcal{B}}\in L^{\infty}(\Omega, \mu)$ and hence $\Vert v\Vert_{\mathcal{B}}\in$

$L^{2}(\Omega, \mu)$ since $\Omega$ is compact. It follows that there is some $\xi\in H$ such that
[ $v=\xi\ovalbox{\tt\small REJECT}=1$ . Let $f=1+\Vert u\Vert_{\mathcal{B}}$ . Then we have [ $u=f\xi\ovalbox{\tt\small REJECT}=1$ . Now it is straight-

forward to prove that [ $f\xi=f\xi\ovalbox{\tt\small REJECT}=1\sim$ . Therefore, we have $\mathcal{D}(C^{(\mathcal{B})}\tilde{\mathcal{H}})=\tilde{\mathcal{H}}^{(\mathcal{B})}$ so
that $C^{(\mathcal{B})}\tilde{\mathcal{H}}=\tilde{\mathcal{H}}^{(\mathcal{B})}\cross\{1\}$ . QED
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