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1. Introduction.

Foliated manifolds are studied by C. Ehresmann, A. Haefliger, G. Reeb and
many people. Many of works are topological (non-riemannian) cases. The early
study olf riemannian case was done by B. L. Reinhart [24], that is, he defined
foliated manifolds with “bundle-like” metrics with respect to the foliations and
proved so-called Reeb stability theorem for this case. The foliated manifolds
with bundle-like metrics are studied by R. Hermann [4], A. M. Naveira [19],

J. S. Pasternack $[22, 23]$ , B. L. Reinhart $[24, 25]$ , R. Sacksteder [26], I. Vaisman
$[28, 29]$ and others.

The typical examples of foliated manifolds with bundle-like metrics are the
followings; (i) each fiber space under a suitable choice of metric, (ii) the foliation
of a riemannian manifold by orbits of a group of isometries having all its
orbits of the same dimension.

In this paper we discuss the behavior of geodesics in foliated manifolds with
bundle-like metrics. As a well-known and fundamental result in this direction,
we may state:

THEOREM (B. L. Reinhart [24]). A geodesic of a bundle-like metnc is ortho-
gonal to the leaf at one Point if and only if it is orthogonal to the leaf at every
point.

We discuss geodesics making constant angles with leaves, and these are
generalizations of [14]. We discuss focal points of leaves along transversal
geodesics, and, in the case of codimension 1, we have non-existence of focal
points of leaves along transversal geodesics. The relations between the Levi-
Civita connection and the second connection defined by I. Vaisman [28] are
discussed.

The topological obstructions for the existence of the foliation with a bundle-
like metric were studied by H. Kitahara and S. Yorozu [12], J. S. Pasternack
[22] and R. Sacksteder [26]. The existence of the complete bundle-like metric
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was discussed by H. Kitahara $[8, 9]$ .
We shall be in $C^{\infty}$-category. Latin indices run from 1 to $p$ , and Greek

indices run from $p+1$ to $p+q$, We use the Einstein’s summation convention
unless otherwise stated.

2. Foliated manifold.

Let $M$ be an $n$ dimensional connected riemannian manifold with a riemannian
metric $\langle, \rangle$ and the Levi-Civita connection $\nabla$ with respect to $\langle$ , $\rangle$ . Let $TM$

denote the tangent bundle (or, its total space) over $M$. For a subbundle $E$ of
$TM,$ $\Gamma(E)$ is a set of all sections of $E$.

DEFINITION 2.1. A sub-bundle $E$ of $TM$ is called integrable if, for any
$X,$ $Y\in\Gamma(E),$ $[X, Y]\in\Gamma(E)$ where $[, ]$ denotes the bracket operator.

DEFINITION 2.2. If $TM$ admits an integrable sub-bundle $E$ of fiber dimension
$p(=n-q, 0<p<n)$ , then $M$ is called a foliated manifold with a foliation $E$ of
codimension $q$ . The maximal connected integral manifolds of $E$ are called leaves.

Hereafter we assume that $M$ is a foliated manifold with a foliation $E$ of
codimension $q=n-P$ . For each point of $M$, we may find a coordinate neigh-
borhood $U$ with coordinates $(x^{1}, \cdots , x^{p}, x^{p+1}, \cdots , x^{p+q})$ such that (i) $|x^{i}|<1$ ,
$|x^{a}|<1$ , (ii) the integral manifolds of $E$ are given locally by $x^{p+1}=c^{p+1}$ , , $x^{p+q}$

$=c^{p+q}$ for constants $c^{\alpha}$ satisfying $|c^{\alpha}|<1$ . Such a coordinate chart $U(x^{i}, x^{\alpha})$ is
called flat.

If $U(x^{i}, x^{\alpha})$ and $\overline{U}(\overline{x}^{i},\overline{x}^{\alpha})$ are flat coordinate charts such that $U\cap\overline{U}\neq\emptyset$ ,

then $\partial/\partial x^{i}$ transforms by coordinate change into a combination of $\partial/\partial\overline{x}^{1},$ $\cdots$ ,
$\partial/\partial\overline{x}^{p}$ , since the tangent space to a leaf goes into the tangent space to the leaf.
Thus the coordinate transformation is of the form $\overline{x}^{i}=\overline{x}^{i}(x^{j}, x^{\beta})$ and $\overline{x}^{\alpha}=\overline{x}^{\alpha}(x^{\beta})$ .

In each flat coordinate chart $U(x^{i}, x^{\alpha})$ , we may choose l-forms $w^{1},$ $\cdots$ , $w^{p}$

such that $\{w^{1}, \cdots , w^{p}, dx^{p+1}, \cdots , dx^{p+q}\}$ is a basis for the cotangent space at
each point in $U$, and vectors $v_{p+1},$

$\cdots$ , $v_{p+q}$ such that { $\partial/\partial x^{1},$ $\cdots$ , $\partial/\partial x^{p},$
$v_{p+1},$

$\cdots$ ,
$v_{p+q}\}$ is the dual base for the tangent space. We have $w^{i}=dx^{i}+A_{\alpha}^{i}dx^{\alpha}$ and
$v_{a}=\partial/\partial_{X^{\alpha}}-A_{\alpha}^{i}\partial/\partial x^{i}$ for any functions $A_{\alpha}^{i}=A_{a}^{i}(x^{k}, x^{\tau})$ on $U$. If we transform
the flat coordinate chart $U(x^{i}, x^{a})$ into $\overline{U}(\overline{x}^{i},\overline{x}^{a})$ and choose $\overline{w}^{i}$ and $\overline{v}_{\alpha}$ in
$\overline{U}(\overline{x}^{i},\overline{x}^{\alpha})$ , then $\overline{w}^{i}$ transforms into. a combination of the $w^{j}$ and $\overline{v}_{\alpha}$ into a combi-
nation of the $v_{\beta}$ .

3. Bundle-like metric and examples.

Let $Q$ be $\cdot$ the quotient bundle $TM/E$ . The natural projection $\pi;TMarrow Q$

nduces a map $\pi;\Gamma(TM)arrow\Gamma(Q)$ .
DEFINITION 3.1. In each flat coordinate chart $U(x^{l}, x^{a})$ , a frame { $X_{1},$ $\cdots$ , $X_{p}$ ,

$X_{p+1},$ $\cdots$ , $X_{p+q}$} is an adapted frame to the foliation $E$ if $\{X_{1}, ’ , X_{p}\}$ and
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$t^{\sim}(X_{p+1}),$ $\cdots$ , $\pi(X_{p+q})$ } span $\Gamma(E|_{U})$ and $\Gamma(Q|_{U})$ respectively.
In each $U(x^{i}, x^{a})$ , frames $\{\partial/\partial x^{i}, \partial/\partial x^{\alpha}\}$ and $\{\partial/\partial x^{i}, v_{\alpha}\}$ are adapted frames

to $E$ (See [14], [22], [23], [24]).

DEFINITION 3.2. The adapted frame $\{\partial/\partial x^{i}, v_{\alpha}\}$ is called the basic adapted
frame to the foliation $E$ .

It holds that
(3.1) $\pi([X, v_{\alpha}])=0$ for any $X\in\Gamma(E|_{U})$ .

We may identify the quotient bundle $Q$ with the orthogonal complement
bundle $E^{\perp}$ to $E$ in $TM$ with respect to the riemannian metric $\langle$ , $\rangle$ , and we
have
(3.2) $TM\cong E\oplus Q\cong E\oplus E^{\perp}$

where $\oplus denotes$ the Whitney sum.
The riemannian metric $\langle, \rangle$ has a local expression $\langle, \rangle|_{U}=h_{ij}dx^{i}\cdot dx^{j}$

$+2h_{i\beta}dx^{i}\cdot dx^{\beta}+h_{\alpha\beta}dx^{a}\cdot dx^{\beta}$ in each flat coordinate chart $U(x^{i}, x^{\alpha})$ . We have
det $(h_{ij})>0$, thus we denote by $(\tilde{h}^{ij})$ the inverse matrix of $(h_{ij})$ . If we choose
$A_{\alpha}^{i}=h_{ja}\tilde{h}^{lj}$, then the frame $\{v_{p+1}, \cdots , v_{p+q}\}$ spans $\Gamma(E^{\perp}|_{U})$ . Thus we have
following local expression of $\langle, \rangle$ :

$\langle, \rangle|_{U}=g_{ij}(x^{k}, x^{\tau})w^{i}\cdot w^{j}+g_{\alpha\beta}(x^{k}, x^{\tau})dx^{\alpha}\cdot dx^{\beta}$

where $g_{ij}=h_{ij}$ and $g_{\alpha\beta}=h_{a\beta}-h_{ij}A_{\alpha}^{i}A_{\alpha}^{j}$ .
DEFINITION 3.3. The riemannian metric $\langle, \rangle$ is a bundle-like metric with

respect to the foliation $E$ if, in each flat coordinate chart $U(x^{i}, x^{\alpha})$ , it has a
local expression

$\langle, \rangle|_{U}=g_{ij}(x^{k}, x^{\tau})w^{i}\cdot w^{j}+g_{a\beta}(x^{\tau})dx^{a}\cdot dx^{\beta}$ ,

that is, $\partial\langle v_{\alpha}, v_{\beta}\rangle/\partial x^{i}=0$ for $1\leqq\forall i\leqq P$ and $p+1\leqq\forall\alpha,$ $\forall\beta\leqq p+q$ .
Now, we have the following theorem which will play an important role in

the next section.
THEOREM 3.1 (See [14]). The riemannian metnc $\langle, \rangle$ on a foliated manifold

$M$ with a foliation $E$ of codimenszon $q$ is a bundle-like metnc with respect to $E$

if and only if, for each flat coordinate chart $U(x^{l}, x^{\alpha})$ , there exists an orthonotmal
adapted frame $\{X_{i}, X_{\alpha}\}$ to $E$ such that

$\langle\nabla_{x_{\alpha}}X_{i}, X_{\beta}\rangle+\langle\nabla_{X}X_{i}\beta’ X_{a}\rangle=0$

for $1\leqq\forall i\leqq P$ and $p+1\leqq\forall\alpha,$ $\forall\beta\leqq p+q$ .
DEFINITION 3.4. A leaf $L$ in $M$ is called totally geodesic if $\nabla_{X}Y|_{m}\in T_{m}L$

for each point $m\in L$ , any flat coordinate chart $U(m\in U)$ and any $X,$ $Y\in\Gamma(E|_{U})$ ,
where $T_{m}L$ denotes the tangent space of $L$ at $m$ .

We remark that an immersed sub-manifold $N$ of a manifold $M$ with the.
Levi-Civita connection $\nabla$ is totally geodesic ( $=the$ second fundamentaI form of
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$N$ identically vanishes) if and only if $\nabla_{X}Y\in\Gamma(TN)$ for any $X,$ $Y\in\Gamma(TN)$ (See

[15]).

The foliated manifolds all leaves of which are totally geodesic are studied
by many people (See [2], [3], [5], [16]).

We are often able to find out the foliated manifolds with bundle-like metrics
in the study of differential geometry: (i) Let $M$ be a riemannian manifold acted
on by a group of isometries such that all orbits are of the same dimension. $M$

is a foliated manifold with orbits as its leaves, and the riemannian metric on $M$

is a bundle-like metric with respect to the foliation (See [5], [7], [22], [23], [24]).

(ii) Let $M$ be the tangent bundle $TN$ over a $q$ dimensional riemannian manifold
$N$. Then $M$ is a foliated manifold with fibers as leaves, and the Sasaki metric
(See [27]) on $TN$ is a bundle-like metric with respect to the foliation. (iii) Let
($0;Marrow B$ be a riemannian submersion (See [6], [20]). $M$ is a foliated manifold
with fibers $\varphi^{-1}(b)(b\in B)$ as leaves, and the riemannian metric on $M$ is a bundle-
like metric with respect to the foliation.

We remark that the canonical metric on $S^{3}$ is not bundle-like metric with
respect to the Reeb foliation.

4. Geodesic making constant angle with leaves.

Let $\gamma(s)$ (or $\gamma$) be a geodesic in $M$ parametrized by arc-length $s$ , that is,
$\nabla_{\dot{\gamma}(s)}\dot{\gamma}(s)--\sim 0$ where $\dot{\gamma}(s)$ denotes a tangent vector of $\gamma$ at $s$ .

For any point $\gamma(s)$ , we may choose a flat coordinate chart $U(x^{i}, x^{\alpha})$ such
that $\gamma(s)\in U$ and an orthonormal adapted frame $\{X_{i}, X_{a}\}$ to $E$ in $U$ . Let
$\{\theta^{i}, \theta^{a}\}$ be its dual adapted frame. Then we define $f=\{f_{U}\}$ by

(4.1) $f_{U}(s)=f_{U}( \gamma(s))=\sum_{i=1}^{p}[\theta^{i}(\dot{\gamma}(s))]^{2}$ .

LEMMA 4.1. The function $f=\{f_{U}\}$ defined by (4. 1) is independent of the
choice of U. $f$ is a differentiable function on $I_{\gamma}$ which is a range of parameter
$s$ of $\gamma$ .

The geometric meaning of $f(s)$ is a square of the length of orthographic
vector in $E_{\gamma(s)}$ of a vector $\dot{\gamma}(s)$ in $T_{\gamma(S)}M$. Let $\alpha(s)$ be an angle between the
orthographic vector of $\dot{\gamma}(s)$ and $\dot{\gamma}(s)$ . Then we have that $f(s)=[\cos\alpha(s)]^{2}$ .

DEFINITION 4.1. A geodesic $\gamma(s)$ parametrized by arc-length $s$ is called a
geodesic making constant angle with leaves if the function $f$ is a constant, that
is, $df(s)/ds=0$ for any $s\in I_{\gamma}$ .

THEOREM 4.1. Let $M$ be a foliated manifold with a foliation $E$ of co&-
menston $q(=n-p)$ and with a riemannian metnc $\langle$ , $\rangle$ . Supp0se that all leaves
are totally geodestc.

(i) If the metnc $\langle$ $\rangle$ is a bundle-like metric with respect to $E$ , then any
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geodestc in $M$ is a geodesic making constant angle with leaves.
(ii) If all geodestcs in $M$ are of making constant angle with leaves, then the

metnc $\langle, \rangle$ is a bundle-like metric with respect to $E$.
PROOF. (i) Let $\gamma(s)$ be a geodesic parametrized by arc-length $s$ . In a flat

coordinate chart $U(x^{i}, x^{\alpha})$ such that $\gamma(s)\in U$ for any fixed $s\in I_{\gamma}$ , by Theorem
3.1, we have an orthonormal adapted frame $\{X_{i}, X_{\alpha}\}$ to $E$ satisfying
$\langle\nabla_{x_{\alpha}}X_{i}, X_{\beta}\rangle+\langle\nabla_{x_{\beta}}X_{i}, X_{a}\rangle=0$ , that is,

(4.2) $\hat{\Gamma}_{\alpha i}^{\beta}+\hat{\Gamma}_{\beta i}^{\alpha}=0$

where $\nabla_{x_{A}}x_{B}--\hat{\Gamma}_{AB}^{c}X_{C}$ $(A, B, C=1,2, \cdots , p, p+1, \cdots , p+q)$ . And, by the
orthonormality of the frame, we have

(4.3) $\hat{\Gamma}_{AB}^{C}+\hat{\Gamma}_{AC}^{B}=0$ .
Then we have

$df(s)/ds= \frac{d}{ds}(\sum_{i=1}^{p}[\theta^{i}(\dot{\gamma}(s))]^{2})$

$=2 \sum_{i=1}^{p}(\theta^{i}(\dot{\gamma}(s)))\frac{d}{ds}(\theta^{i}(\dot{\gamma}(s)))$

and
$0=\theta^{i}(\nabla_{\dot{\gamma}(s)}\dot{\gamma}(s))$

$= \frac{d}{ds}(\theta^{i}(\dot{\gamma}(s)))$

$+\hat{\Gamma}_{jk}^{i}\theta^{j}(\dot{\gamma}(s))\theta^{k}(\dot{\gamma}(s))+\hat{\Gamma}_{J\beta}^{i}\theta^{j}(\dot{\gamma}(s))\theta^{\beta}(\dot{\gamma}(s))$

$+\hat{\Gamma}_{\beta j}^{i}\theta^{\beta}(\dot{\gamma}(s))\theta^{j}(\dot{\gamma}(s))+\hat{\Gamma}_{a\beta}^{i}\theta^{\alpha}(\dot{\gamma}(s))\theta^{\beta}(\dot{\gamma}(s))$

where $\{\theta^{i}, \theta^{\alpha}\}$ denotes the dual frame of $\{X_{i}, X_{\alpha}\}$ . Thus we have, by (4.2)

and (4.3),

$df(s)/ds=2 \sum_{i,j,\beta}\hat{\Gamma}_{ji}^{\beta}\theta^{i}(\dot{\gamma}(s))\theta^{j}(\dot{\gamma}(s))\theta^{\beta}(\dot{\gamma}(s))$ .

Since all leaves are totally geodesic, we have $\hat{\Gamma}_{ji}^{\beta}=0$ . Therefore we have
$df(s)/ds=0$ for any $s\in I_{\gamma}$ .

(ii) For any point $m\in M$, we take a flat coordinate chart $U(x^{i}, x^{a})$ at $m$

and any geodesic $\gamma(s)$ through $m$ making constant angle with leaves. By the
method of Schmidt’s orthonormalization, we may make the basic adapted frame
$\{\partial/\partial x^{l}, v_{\alpha}\}$ to $E$ into an adapted frame $\{\tilde{X}_{i},\tilde{X}_{a}\}$ to $E$ such that $\{\tilde{X}_{i}\}$ is mutually
orthonormal and $X_{\alpha}=v_{\alpha}$ . We set $\nabla_{\tilde{x}_{A}}\tilde{X}_{B}--\tilde{\Gamma}_{AB}^{c}\tilde{X}_{C}$ , we have

$\tilde{\Gamma}_{Ak}^{i}+\tilde{\Gamma}_{Ai}^{k}=0$ , $\tilde{\Gamma}_{j\beta}^{i}+\tilde{\Gamma}_{ji}^{\tau}g_{\beta\tau}=0$ , $\tilde{\Gamma}_{ji}^{\beta}=0$ .
Thus we have
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$0=df(s)/ds$

$=-2 \sum\tilde{\Gamma}_{\alpha\beta}^{i}\tilde{\theta}^{i}(\dot{\gamma}(s))\tilde{\theta}^{\alpha}(\dot{\gamma}(s))\tilde{\theta}^{\beta}(\dot{\gamma}(s))$

$i.\alpha.\beta$

for any $s\in I_{\gamma}$ , where $\{\tilde{\theta}^{i},\tilde{\theta}^{\alpha}\}$ denotes the dual frame of $\{\tilde{X}_{i},\tilde{X}_{a}\}$ . As the choice
of a geodesic $\gamma$ is arbitrary, we have, for each $i,\tilde{\Gamma}_{\alpha\beta}^{i}\tilde{\theta}^{\alpha}(\dot{\gamma}(s))\tilde{\theta}^{\beta}(\dot{\gamma}(s))=0$ . We set
$\dot{\gamma}(s)=f^{i}\tilde{X}_{i}+f^{\alpha}\tilde{X}_{\alpha}=f^{i}\tilde{X}_{i}+f^{\alpha}v_{\alpha}$ . Then we have

(4.4) $\tilde{\Gamma}_{\alpha\beta}^{i}f^{a}f^{\beta}=0$ $(\tilde{\theta}^{\alpha}(\dot{\gamma}(s))=f^{\alpha})$ .
Thus

$\tilde{X}_{i}\langle f^{a}\tilde{X}_{\alpha}, f^{\beta}\tilde{X}_{\beta}\rangle$

$=\langle\nabla_{J^{\alpha_{\tilde{X}_{\alpha}}}}\tilde{X}_{i}, f^{\beta}\tilde{X}_{\beta}\rangle+\langle[\tilde{X}_{i}, f^{a}\tilde{X}_{a}], f^{\beta}\tilde{X}_{\beta}\rangle$

$+\langle f^{\alpha}\tilde{X}_{a}, \nabla_{f^{\beta}\tilde{X}_{\beta}}\tilde{X}_{i}\rangle+\langle f^{a}\tilde{X}_{\alpha}, [\tilde{X}_{i}, f^{\beta}\tilde{X}_{\beta}]\rangle$

$=2f^{\alpha}f^{\beta}\tilde{\Gamma}_{\alpha i}^{\tau}g_{\tau\beta}+2f^{\alpha}\tilde{X}_{i}(f^{\beta})g_{\alpha\beta}$ .

Here we note that $[\tilde{X}_{i},\tilde{X}_{\alpha}]\in\Gamma(E|_{U})$ .
On the other hand, we have

$\tilde{X}_{i}\langle f^{\alpha}\tilde{X}_{a}, f^{\beta}\tilde{X}_{\beta}\rangle=\tilde{X}_{i}(f^{\alpha}f^{\beta}g_{\alpha\beta})$

$=2f^{a}\tilde{X}_{i}(f^{\beta})g_{a\beta}+f^{\alpha}f^{\beta}\tilde{X}_{i}(g_{a\beta})$ .
Thus we have

$2f^{\alpha}f^{\beta}\tilde{\Gamma}_{\alpha i}^{\tau}g_{\tau\beta}=f^{a}f^{\beta}\tilde{X}_{i}(g_{a\beta})$ .

Since $\langle\nabla_{\tilde{X}_{\alpha}}\tilde{X}_{\beta},\tilde{X}_{i}\rangle+\langle\tilde{X}_{\beta}, \nabla_{\tilde{x}_{a}}\tilde{X}_{i}\rangle=0$ , that is, $\tilde{\Gamma}_{\alpha\beta}^{t}+\tilde{\Gamma}_{\alpha i}^{\tau}g_{\tau\beta}=0$ , we have

$f^{\alpha}f^{\beta}\tilde{X}_{i}(g_{a\beta})=-2f^{\alpha}f^{\beta}\tilde{\Gamma}_{\alpha\beta}^{i}=0$ (from (4.4)).

As the choice of the geodesic $\gamma$ is arbitrary, we have $\tilde{X}_{i}(g_{a\beta})=0$ . By the con-

struction of $\tilde{X}_{i}$ , we have $\tilde{X}_{i}=\sum_{k=1}^{i}h_{i}^{k}\partial/\partial x^{k}$ ( $1\leqq\forall i\leqq P,$ $h_{i}^{k}$ are functions in $U$), and
thus we have

$\partial g_{\alpha\beta}/\partial_{X^{i}}=0$

for $1\leqq\forall i\leqq P$ and $p+1\leqq\forall\alpha,$ $\forall\beta\leqq p+q$ . Therefore the metric $\langle, \rangle$ is a bundle-
like metric with respect to $E$ . Q. E. D.

The condition that all leaves are totally geodesic is necessary:
EXAMPLE 4.1. Let $R^{2}$ be an $x-y$ plane with the flat metric. We set $M=R^{2}$

$-$ {$the$ origin point}, then $M$ is considered a foliated manifold whose leaves are
$L_{r}=\{(x, y)\in R^{2}|x^{2}+y^{2}=r^{2}\}$ for any $r>0$ and a metric $\langle, \rangle$ on $M$ is induced
from the flat metric on $R^{2}$ . All leaves are not totally geodesic. A geodesic
given by $y=constant=c$ is to be tangent to $L_{c}$ at $(0, c)$ and make an angle of
$\pi/3$ with the leaf $L_{2C}$ at $(\sqrt{3}c, c)$ .

For the geodesics orthogonal to the leaves, we may omit the condition that
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all leaves are totally geodesic.
THEOREM 4.2. Let $M$ be a foliated manifold with a foliation $E$ of codimension

$q(=n-p)$ and with a riemannian metric $\langle$ , $\rangle$ .
(i) (B. L. Reinhart [24]) If the riemannian metric $\langle, \rangle$ is a bundle-like

metric with respect to $E$, then any geodesic orthogonal to the leaf at some pojnt
on the geodesic is to be orthogonal to the leaves at all points on the geodestc.

(ii) If, for any point $m\in M$, all geodestcs that are to be orthogonal to the

leaf at $m$ are to be orthogonal to the leaves at all pojnts on the geodestcs, then
the metric $\langle, \rangle$ is a bundle-like metric with respect to $E$.

Theorem 4.2 (i) is a generalization of the corresponding results of Y. Muto
[17], B. O’Neill [21] and S. Sasaki [27].

PROOF. We give a proof of (ii). For any point $m\in M$, we take a flat
coordinate chart $U(x^{i}, x^{a})$ of the point $m$ . Let $\gamma(s)$ be any geodesic through $m$

orthogonal to the leaves. We take an adapted frame $\{X_{\dot{\tau}},\overline{X}_{a}\}$ to $E$ such that
$\overline{X}_{i}$ are mutually orthogonal and are given by the method of Schmidt’s orthogonali-
zation from $\partial/\partial x^{i}$ , and $X_{a}=v_{\alpha}$ . Let $\{\overline{\theta}^{i},\overline{\theta}^{\alpha}\}$ denote the dual frame of $\{\overline{X}_{\ell},\overline{X}_{\alpha}\}$ .
For eaclt $i$ , we have

$0=\overline{\theta}^{i}(\nabla_{\dot{\gamma}(s)}\dot{\gamma}(s))$

$= \frac{d}{ds}(\theta^{i}(\dot{\gamma}(s)))$

$+F_{jk}^{i}\overline{\theta}^{j}(\dot{\gamma}(s))\overline{\theta}^{k}(\dot{\gamma}(s))+\Gamma_{j\beta}^{i}\overline{\theta}^{j}(\dot{\gamma}(s))\overline{\theta}^{\beta}(\dot{\gamma}(s))$

$+F\beta_{f}\theta^{\beta}(\dot{\gamma}(s))\theta^{j}(\dot{\gamma}(s))+fi_{\alpha\beta}^{i}\theta^{\alpha}(\dot{\gamma}(s))\theta^{\beta}(\dot{\gamma}(s))$

$=F_{\alpha\beta}^{i}\overline{\theta}^{\alpha}(\dot{\gamma}(s))\overline{\theta}^{\beta}(\dot{\gamma}(s))$ .

By the same way as the proof of Theorem 4.1 (ii), we have that the metric
$\langle, \rangle$ is a bundle-like metric with respect to $E$. Q. E. D.

Theorems 4.1 and 4.2 are generalizations of [14].

DEFINITION 4.2. A geodesic $\gamma$ on $M$ is called a transversal geodesic if $\gamma$ is
to be orthogonal to the leaves at all points on $\gamma$ .

Even if $M$ admits only one transversal geodesic, then the metric $\langle, \rangle$ on
$M$ is not necessarily a bundle-like metric with respect to the foliation:

EXAMPLE 4.2. Let $R^{2}$ be a $u-v$ plane with the flat metric $\langle$ , $\rangle$ . $R^{2}$ is a
foliated manifold whose leaves are given by $\{(u, v)\in R^{2}|v=\cdot u^{2}+a\}$ for any $a\in R$ .
A geodesic given by $u=0$ is only one transversal gecdesic. We set

$f(u)= \frac{1}{2}(2u(4u^{2}+1)^{1/2}+\log(2u+(4u^{2}+1)^{1/2}))$

$x=f(u)$ , $y=v-u^{2}$ .
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Setting $w=dx+2u(4u^{2}+1)^{-1/2}dy$ , we have $\langle$ , $\rangle=du\cdot du+dv\cdot dv=w\cdot w+$

$(4u^{2}+1)^{-1}dy\cdot dy=w\cdot w+(4(f^{-1}(x))^{2}+1)^{-1}dy\cdot dy$ . Thus the metric $\langle, \rangle$ is not a
bundle-like metric with respect to the foliation.

5. Focal point of a leaf.

We recall that the bundle-like metric $\langle, \rangle$ on $M$ is locally expressed by

$\langle$ , $\rangle|_{U}=g_{ij}(x^{k}, x^{\tau})w^{i}\cdot w^{j}+g_{a\beta}(x^{\tau})dx^{a}\cdot dx^{\beta}$

in each flat coordinate chart $U(x^{i}, x^{\alpha})$ . Here and hereafter, vector fields, forms,
tensor fields etc. are locally expressed by the basic adapted frame $\{\partial/\partial x^{i}, v_{a}\}$

to $E$ and its dual $\{w^{i}, dx^{\alpha}\}$ , where $w^{i}=dx^{i}+A_{\alpha}^{i}dx^{a}$ and $v_{\alpha}=\partial/\partial x^{\alpha}-A_{\alpha}^{i}\partial/\partial x^{i}$ .
We set, in $U$ ,

$\nabla_{\partial/\partial x^{i}}\partial/\partial x^{j}=\Gamma_{\ell j}^{k}\partial/\partial x^{k}+\Gamma_{if}^{r}v_{\tau}$

$\nabla_{\partial/\partial x^{i}}v_{\beta}=\Gamma_{t\beta}^{k}\partial/\partial x^{k}+\Gamma_{i\beta}^{\tau}v_{\tau}$

$\nabla_{v_{\alpha}}\partial/\partial x^{j}=\Gamma_{\alpha j}^{k}\partial/\partial x^{k}+\Gamma_{\alpha f}^{\tau}v_{\tau}$

$\nabla_{v_{a}}v_{\beta}=\Gamma_{a\beta}^{k}\partial/\partial x^{k}+\Gamma_{\alpha\beta}^{\tau}v_{\tau}$

and
$[v_{\alpha}, v_{\beta}]=(\partial A_{\alpha}^{i}/\partial x^{\beta}-\partial A_{\beta}^{i}/\partial x^{a}+A_{\alpha}^{j}\partial A_{\beta}^{i}/\partial x^{j}-A\not\in\partial A_{\alpha}^{l}/\partial x^{j})\partial/\partial x^{i}$

$=B_{\alpha\beta}^{i}\partial/\partial x^{l}$ .

LEMMA 5.1. SuPpose that the metnc $\langle, \rangle$ is a bundle-like metnc with respect
to $E$ , then

$\Gamma_{ij}^{k}=\frac{1}{2}g^{kh}(\partial g_{hj}/\partial x^{i}+\partial g_{ih}/\partial x^{j}-\partial g_{ij}/\partial x^{h})$

$\Gamma_{ij}^{\tau}=\frac{1}{2}g^{\tau\epsilon}(g_{hj}\partial A_{\text{\’{e}}}^{h}/\partial x^{i}+g_{ih}\partial A_{\epsilon}^{h}/\partial x^{j}-v_{\epsilon}(g_{ij}))$

$\Gamma_{aj}^{k}=\frac{1}{2}g^{kh}(v_{a}(g_{hj})+g_{hl}\partial A_{\alpha}^{t}/\partial_{X^{j}}-g_{jt}\partial A_{a}^{t}/\partial x^{h})$

$\Gamma_{ja}^{k}=\Gamma_{aj}^{k}-\partial A_{\alpha}^{k}/\partial x^{j}$ $\Gamma_{\alpha\beta}^{k}=-\Gamma_{\beta^{k}a}=\frac{1}{2}B_{\alpha\beta}^{k}$

$\Gamma_{\alpha j}^{\tau}=\Gamma_{j\alpha}^{\tau}=-\frac{1}{2}g^{\tau\epsilon}B_{a\epsilon}^{h}g_{hj}$

$\Gamma_{\alpha\beta}^{\tau}=\frac{1}{2}g^{\tau\epsilon}(\partial g_{\epsilon\beta}/\partial x^{\alpha}+\partial g_{a\epsilon}/\partial x^{\beta}-\partial g_{a\beta}/\partial x^{\epsilon})$ .

By the decomposition (3.2), $TM\cong E\oplus E^{\perp}$ , any $Y\in\Gamma(TM)$ is decomposed as
$Y=Y_{E}+Y_{E}\perp$ , where $Y_{E}$ (resp. $Y_{E^{\perp}}$ ) denotes a $\Gamma(E)-$ (resp. $\Gamma(E^{\perp})-$) component of
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$Y$ . In a flat coordinate chart $U(x^{i}, x^{\alpha}),$ $Y_{E}$ and $Y_{E}\perp$ are locally expressed by
$Y_{E}=Y^{i}\partial/\partial x^{i}$ and $Y_{E}\perp=Y^{\alpha}v_{\alpha}$ respectively.

Let $\gamma(t)$ be a transversal geodesic in $M$ parametrized proportionally to arc-
length, then, setting $\dot{\gamma}(t)=X^{a}v_{a}$ in $U$, we have

(5.1) $X^{\alpha}v_{\alpha}(X^{\tau})+X^{\alpha}X^{\beta}\Gamma_{\alpha\beta}^{\tau}=0$ $(p+1\leqq\forall\tau\leqq p+q)$ .

According to B. O’Neill [21], we have
DEFINITION 5.1. If $Y(t)=Y=Y_{E}+Y_{E}\perp$ is a vector field along a transversal

geodesic $\gamma(t)$ in $M$, then

$\hat{Y}(t)=\hat{Y}=(\nabla_{f(t)}Y_{E})_{E}-(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}+2(\nabla_{f(t)}Y_{E^{\perp}})_{E}$

is called the derived vector field of $Y$ , and $\hat{Y}(t)\in\Gamma(E|_{\gamma(t)})$ .
Hereafter, we assume that $M$ has a bundle-like metric $\langle, \rangle$ with respect to $E$ .
PROPOSITION 5.1. For a vector field $Y$ along a transversal geodestc $\gamma(t)$ in

$M$, it holds that

(5.2) $(\nabla_{f(t)}\nabla_{f(t)}Y+R(Y,\dot{\gamma}(t))\dot{\gamma}(t))_{E}=(\nabla_{f(t)}\hat{Y})_{E}+(\nabla_{\hat{Y}}\dot{\gamma}(t))_{E}$ ,

(5.3) $(\nabla_{f(t)}\nabla_{f(t)}Y+R(Y,\dot{\gamma}(t))\dot{\gamma}(t))_{E}\perp$

$=(\nabla_{f(t)}(\nabla_{f(t)}Y_{E^{\perp}})_{E^{\perp}})_{E^{\perp}}-(\nabla_{f(t)}(\nabla_{Y_{E^{\perp}}}\dot{\gamma}(t))_{E^{\perp}})_{E^{\perp}}$

$-(\nabla_{(\subset Y_{E^{1.\gamma_{(t)I)}}E^{\perp}}}\dot{\gamma}(t))_{E^{\perp}}+2(\nabla_{f(t)}\hat{Y})_{E}\perp$

where $R$ denotes the curvature tensor of $\nabla$, that is, $R(V, W)Z=\nabla_{V}\nabla_{W}Z-\nabla_{W}\nabla_{V}Z$

$-\nabla_{[V.W]}Z$ .
This is proved by the direct calculation, taking notice of Lemma 5.1 and (5.1).

Let $\gamma:[0,1]arrow M$ be a transversal geodesic in $M$ parametrized proportionally
to arc-length. Let $L_{\gamma(t)}$ denote the leaf through a point $\gamma(t)$ and $T_{\gamma(t)}L$ the
tangent space to $L_{\gamma(t)}$ at $\gamma(t)$ .

A linear space $\mathcal{E}(L_{\gamma(0)}, L_{\gamma(1)})$ (resp. $\mathcal{E}(L_{\gamma(0)},$ $\gamma(1))$ ) consists of piece-wise dif-
ferentialole vector fields $Y(t)$ along $\gamma(t)$ orthogonal to $\gamma(t)$ satisfying $Y(0)\in T_{\gamma(0)}L$

and $Y(1)\in T_{\gamma(1)}L$ (resp. $Y(1)=0$). Then the index form $I$ on $\mathcal{E}(L_{\gamma(0)}, L_{\gamma(1)})$ is
given by

$I(Y, Z)= \frac{1}{L(\gamma)}[-\int_{0}^{1}\langle\nabla_{f(t)}\nabla_{f(t)}Y+R(Y,\dot{\gamma}(t))\dot{\gamma}(t), Z\rangle dt$

$+\langle\nabla_{\dot{\gamma}(t)}Y-S_{\dot{\gamma}(t)}Y, Z\rangle|_{0}^{1}$

$+k- 1\Sigma\langle(\nabla_{f(t)}Y)(t_{i}^{-})-(\nabla_{f(t)}Y)(t_{i}^{+}), Z(t_{i})\rangle]$ ,
$i=1$

where $L(\gamma)$ denotes the length of $\gamma,$
$S$ denotes the second fundamental form:

$\langle S_{\dot{\gamma}(t)}Y, Z\rangle=-\langle\nabla_{Y}Z,\dot{\gamma}(t)\rangle,$ $0<t_{1}<t_{2}<\cdots<t_{k- 1}<1$ are points where $Y$ is not dif-
ferentiable, and $(\nabla_{\dot{\gamma}(t)}Y)(t_{i}^{-})$ (resp. $(\nabla_{\dot{\gamma}(t)}Y)(t_{i}^{+})$ ) denotes the left (resp. right) limit
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of $\nabla_{\dot{\gamma}(t)}Y$ at $t_{i}$ (See [15], [18], [21]).

The following lemmas are easily proved.
LEMMA 5.2. Let $Y$ be a vector field along a transversal geodesic $\gamma(t)$ in $M$.

If $Y(0)\in T_{\gamma(0)}L$ , then

$\hat{Y}(0)=(\nabla_{\dot{\gamma}(t)}Y_{E})_{E}(0)-(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}(0)$ ,

$(\nabla_{\dot{\gamma}(t)}Y)_{E}(0)=(\nabla_{\dot{\gamma}(t)}Y_{E})_{E}(0)$ ,

$S_{\dot{\gamma}(t)}Y(0)=(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}(0)$ .

LEMMA 5.3. Let $Y$ be a tnece-wise differentiable vector field along a trans-
versal geodesic $\gamma(t)$ in $M$ and $0<t_{1}<t_{2}<\ldots<t_{k- 1}<1$ broken points of Y. Then,

for each $i(1\leqq i\leqq k-1)$ ,

$(\nabla_{f(t)}Y)(t_{i}^{-})-(\nabla_{f(t)}Y)(t_{i}^{+})=\hat{Y}(t_{i}^{-})-\hat{Y}(t_{i}^{+})+(\nabla_{f(t)}Y_{E^{\perp}})_{E^{\perp}}(t_{i}^{-})-(\nabla_{f(t)}Y_{E^{\perp}})_{E^{\perp}}(t_{i}^{+})$ .
From the above two lemmas, the index form $I$ on $\mathcal{E}(L_{\gamma(0)}, L_{\gamma(1)})$ is rewritten:

(5.4) $I(Y, Z)= \frac{1}{L(\gamma)}[-\int_{0}^{1}\langle\nabla_{\dot{\gamma}(t)}\nabla_{\dot{\gamma}(t)}Y+R(Y,\dot{\gamma}(t))\dot{\gamma}(t), Z\rangle dt$

$+ \langle\hat{Y}, Z\rangle|_{0}^{1}+\sum_{i=1}^{k-1}\langle\Delta\hat{Y}(t_{i}), Z(t_{i})\rangle$

$+ \sum_{i=1}^{k-1}\langle\Delta(\nabla_{f(t)}Y_{E^{\perp}})_{E^{\perp}}(t_{i})Z_{E^{\perp}}(t_{i})\rangle]$ ,

where $\Delta\hat{Y}(t_{\ell})=\hat{Y}(t_{i}^{-})-\hat{Y}(t_{i}^{+})$ and $\Delta(\nabla_{f(t)}Y_{E^{\perp}})_{E^{1}}(t_{i})=(\nabla_{\dot{\gamma}(t)}Y_{E^{\perp}})_{E^{1}}(t_{i}^{-})-(\nabla_{\dot{\gamma}(t)}Y_{E^{1}})_{E^{\perp}}(t_{i}^{+})$ .
DEFINITION 5.2. A vector field $Y$ along a geodesic $\gamma(t)$ is called a Jacobi field

along $\gamma$ if $Y$ satisfies the Jacobi equation: $\nabla_{f(t)}\nabla_{\dot{\gamma}(t)}Y+R(Y,\dot{\gamma}(t))\dot{\gamma}(t)=0$ .
Let $\gamma$ be a transversal geodesic in $M$ parametrized proportionally to arc-

length and $\mathcal{T}(\gamma)$ the linear space of all Jacobi fields along $\gamma$ orthogonal to $\gamma$ .
Then we consider the following subspaces of $\mathcal{T}(\gamma)$ ;

$\mathcal{T}_{L}(\gamma)=\{Y\in \mathcal{T}(\gamma);\hat{Y}=0\}$

$\mathcal{T}(\gamma;L)=$ { $Y\in \mathcal{T}(\gamma);Y(t)\in T_{\gamma(t)}L$ for any $t\in[0,1]$}

$\mathcal{T}(\gamma;L_{\gamma(0)}, L_{\gamma(1)})=$ { $Y\in \mathcal{T}(\gamma);Y(0)\in T_{\gamma(0)}L$ and $Y(1)\in T_{\gamma(1)}L$ }

$\mathcal{T}(\gamma;L_{\gamma(0)}, \gamma(1))=$ { $Y\in \mathcal{T}(\gamma);Y(0)\in T_{\gamma(0)}L$ and $Y(1)=0$}

$\mathcal{T}_{L}(\gamma;L)=\mathcal{T}_{L}(\gamma)\cap \mathcal{T}(\gamma;L)$

$\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, L_{\gamma(1)})=\mathcal{T}_{L}(\gamma)\cap \mathcal{T}(\gamma;L_{\gamma(0)}, L_{\gamma(1)})$

$\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))=\mathcal{T}_{L}(\gamma)\cap \mathcal{T}(\gamma;L_{\gamma(0)}, \gamma(1))$ .

LEMMA 5.4. The space $\mathcal{T}_{L}(\gamma;L)$ consists of all solutions $Y$ of
(5.5) $\nabla_{f(t)}Y=(\nabla_{f(t)}Y_{E})_{E^{1}}+(\nabla_{f(t)}Y_{E^{\perp}})_{E}+(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}$
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on $\gamma$ such that $Y(0)\in T_{\gamma(0)}$ L. Moreover dim $\mathcal{T}_{L}(\gamma;L)=p$ .
PROOF. If Y $=Y_{E}+Y_{E}\perp satisfies(5.5)andY_{E}\perp(0)=0$ , then we have $(\nabla_{f(t)}Y_{E}\perp)_{E}\perp$

$=0$, since $(\nabla_{\dot{\gamma}(t)}Y)_{E}\perp=(\nabla_{\dot{\gamma}(t)}Y_{E})_{E}\perp+(\nabla_{\dot{\gamma}(t)}Y_{E^{1}})_{E^{1}}$ . Then we have $Y_{E}\perp=0$ . Thus
$Y=Y_{E}$. Since $(\nabla_{f(t)}Y_{E})_{E}=(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}$ and $\hat{Y}_{E}=(\nabla_{\dot{\gamma}(t)}Y_{E})_{E}-(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}$, we have $\hat{Y}=0$ .
By Proposition 5.1, we have $\nabla_{\dot{\gamma}(t)}\nabla_{\dot{\gamma}(t)}Y+R(Y,\dot{\gamma}(t))\dot{\gamma}(t)=0$ . And we have $\langle Y,\dot{\gamma}(t)\rangle$

$=0$ . Therefore $Y\in \mathcal{T}_{L}(\gamma;L)$ .
Conversely, if $Y\in \mathcal{T}_{L}(\gamma;L)$ , then it is trivial that $Y$ satisfies (5.5).

And we easily have dim $\mathcal{T}_{L}(\gamma;L)=p$ . Q. E. D.
LEMMA 5.5. Let $Y$ be a Jacobi field along a transversal geodesic $\gamma$ . If, for

some $t_{1}\in[0,1],$ $Y(t_{1})=0$, then $Y\in \mathcal{T}_{L}(\gamma)$ .
PROOF. From (5.2), $Y$ satisfies $(\nabla_{f(t)}\hat{Y})_{E}+(\nabla_{\hat{Y}}\dot{\gamma}(t))_{E}=0$ . Thus we have

$\nabla_{\dot{\gamma}(t)}\hat{Y}=(\nabla_{\dot{\gamma}(t)}\hat{Y})_{E}\perp-(\nabla_{\hat{Y}}\dot{\gamma}(t))_{E}$ , $\hat{Y}(t_{1})=0$ .
Then we have $\hat{Y}=0$ . Therefore $Y\in \mathcal{T}_{L}(\gamma)$ . Q. E. D.

Then we have (See [15], [18])

PROPOSITION 5.2. A vector field $Y\in \mathcal{E}(L_{\gamma(0)}, L_{\gamma(1)})$ belongs to $\mathcal{T}_{L}(\gamma;L_{\gamma(0)},$ $L_{\gamma(1)}\rangle$

if and only if $I(Y, Z)=0$ for any $Z\in \mathcal{E}(L_{\gamma(0)}, L_{\gamma(1)})$ .
By $|:he$ same way, the nullspace of the index form $I$ on $\mathcal{E}(L_{\gamma(0)}, \gamma(1))$ is

$\mathcal{T}_{L}(\gamma;L_{i^{((0)}}, \gamma(1))$ . Thus we have
DEFINITION 5.3. Let $\gamma(t)$ be a transversal geodesic in $M$ parametrized pro-

portionally to arc-length. A point $\gamma(1)$ is a focal point of the leaf $L_{\gamma(0)}$ along $\gamma$

if there exists a non-zero vector field $Y$ belonging to $\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))$ .
PROPOSITION 5.3. Let $Y=Y_{E}+Y_{E}\perp$ be a vector field along a transversal

geodesic $\gamma$ in M. If $Y_{E}\in \mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))$ , then $Y_{E}=0$ .
DEFINITION 5.4. Let $\gamma(t)(t\in[0,1])$ be a transversal geodesic in $M$ and

$\alpha;[0,1]\cross(-\epsilon, \epsilon)arrow M(\epsilon>0)$ a variation of $\gamma$, that is, $\alpha(t, O)=\gamma(t)$ . The variation
$\alpha$ of $\gamma$ is a $(L_{\gamma(0)}, L_{\gamma(1)})$-geodesic variation of $\gamma$ if (i) for each $u\in(-\epsilon, \epsilon)$ , a curve
$\alpha_{u}(t)(=\alpha(t, u))$ is a geodesic, and (ii) two curves $\alpha^{0}(u)=\alpha(0, u)$ and $\alpha^{1}(u)=\alpha(1,$ $u\rangle$

are in $L_{\gamma(0)}$ and $L_{\gamma(1)}$ respectively.
PROPOSITION 5.4. Let $\gamma(t)(t\in[0,1])$ be a transversal geodesic in $M$ para-

metrized pr0portj0nally to arc-length and $\alpha:[0,1]\cross(-\epsilon, \epsilon)arrow M(\epsilon>0)a(L_{\gamma(0)}, L_{\gamma(1)})-$

geodestc vanation of $\gamma$ . Then the vanational vector field $Y(t)=\alpha_{*}(\partial/\partial u)(t, 0)$ along
$\gamma$ belongs to $\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, L_{\gamma(1)})$ .

PROOF. We have that $Y$ is a Jacobi field along $\gamma$ and $\langle Y(t),\dot{\gamma}(t)\rangle=0$ for any
$t\in[0,1]$ . By Lemma 5.2 and $[Y,\dot{\gamma}(t)]|_{t=0}=0$ , we have

$\hat{Y}(0)=(\nabla_{\dot{\gamma}(t)}Y_{E})_{E}(0)-(\nabla_{Y_{E}}\dot{\gamma}(t))_{E}(0)$

$=([\dot{\gamma}(t), Y_{E}])_{E}(0)=([\dot{\gamma}(t), Y])_{E}(0)$

$=0$ .

By Lemma 5.5, we have $Y\in \mathcal{T}_{L}(\gamma)$ , and $Y\in \mathcal{T}_{L}(\gamma;L_{\gamma(0)}, L_{\gamma(1)})$ . Q. E. D.
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The following proposition is easily proved.
PROPOSITION 5.5.

$\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))\oplus \mathcal{T}_{L}(\gamma;L)\subset \mathcal{T}_{L}(\gamma;L_{\gamma(0)}, L_{\gamma(1)})$

and dim $\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))\leqq q-1$ , where $\oplus denotes$ the direct sum.
THEOREM 5.1. Let $M$ be a foliated manifold with a foliation $E$ of co&men-

sion 1 and with a bundle-like metric with respect to E. For any pojnt $m\in M$,

there is not a focal point of the leaf $L_{m}$ through $m$ along every transversal
geodesic $\gamma$ starting from $m$ .

PROOF. By Proposition 5.5, we have dim $\mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))=0$ . Q. E. D.
EXAMPLE 5.1. Let $R^{3}$ be the set of triple $(x, y, z)$ of real numbers. $R^{3}$ is

considered a riemannian manifold with a riemannian metric $\langle$ , $\rangle=dx\cdot dx-$

$2zdx\cdot dy+(1+z^{2})dy\cdot dy+dz\cdot dz$ . Then $R^{3}$ is considered a fcliated manifold whose
leaves are orbits of a vector field $\partial/\partial x$ , and the metric is a bundle-like metric
with respect to the foliation, that is, $\langle$ , $\rangle=w\cdot w+dy\cdot dy+dz\cdot dz$ where $w=dx-$

$zdy$ . For any point $(x_{0}, y_{0}, z_{0})\in R^{3}$ , let $\gamma$ be an arbitrary transversal geodesic
starting from $(x_{0}, y_{0}, z_{0})$ and $L_{(x_{0}.y_{0},z_{0})}$ the leaf through the point $(x_{0}, y_{0}, z_{0})$ .
Then there is no focal point of the leaf $L_{(x_{0},y_{0},z_{0})}$ along $\gamma$ .

EXAMPLE 5.2. Let $R^{4}$ be identified with the quaternion number field $Q$, and
let 3-dimensional sphere $S^{3}\subset R^{4}$ be a set $\{a\in Q|\Vert a\Vert=1\}$ where $\Vert a\Vert^{2}=a\cdot\overline{a}$ and $\overline{a}$

denotes conjugate of $a$ . For any $a\in S^{3},$ $L_{a}$ denotes a set given by $\{(\cos\theta)\cdot a+$

$(\sin\theta)\cdot(i\cdot a)|0\leqq\theta\leqq 2\pi\}$ . Then $S^{3}$ is a foliated manifold by a family of the set
$L_{a}$ . The metric on $S^{3}$ induced from the flat metric on $R^{4}$ is a bundle-like metric
with respect to the foliation (See [3], [12], [14]). For any $a\in S^{3}$ , let $L_{a}$ be the
leaf through $a$ and $\gamma(s)$ a transversal geodesic parametrized by arc-length such
that $\gamma(0)=a$ . Then a point $\gamma(\pi/2)$ is a focal point of $L_{a}$ along $\gamma$ .

6. Clairaut’s foliation.

The following Clairaut’s theorem is a basic tool for studying geodesics on a
surface of revolution.

CLAIRAUT’S THEOREM. Let $r$ be the distance to the axis of revolution, and
let $\alpha$ be the angle between a geodesic and the meridians, viewed as a function of
the parameter of the geodesic. Then $r$ sin $\alpha=constant$ .

Then we have the following definition:
DEFINITION 6.1. Let $M$ be a foliated manifold with a foliation $E$ of codi-

mension $q$ and with a riemannian metric $\langle$ , $\rangle$ . The foliation $E$ is called the
Clairaut’s foliation if there exists a positive valued function $r:Marrow R$ such that,

for any geodesic $\gamma(t)$ parametrized proportionally to arc-length,

$r$ sin $\alpha=constant$ ,
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where $\alpha=\alpha(t)$ is defined by cos $\alpha(t)=\Vert X_{E^{1}}(t)\Vert/\Vert X(t)\Vert(0\leqq\alpha(t)\leqq\pi/2),\dot{\gamma}(t)=X(t)=$

$X_{E}(t)+X_{E^{1}}(t)$ and $\Vert X(t)\Vert=\langle X(i), X(t)\rangle^{1/2}$ . The function $r$ is called the girth of $E$

(See [1], [10]).

Let $\gamma(t)$ be a geodesic in $M$ parametrized proportionally to arc-length and
$\dot{\gamma}(t)=X(t)=X_{E}+X_{E}\perp$ . Setting $\rho^{2}=\Vert X(t)\Vert^{2}=constant$ , we have $\langle X_{E}, X_{E}\rangle=\rho^{2}\sin^{2}\alpha$

and $\langle X_{E}\perp, X_{E}\perp\rangle=\rho^{2}\cos^{2}\alpha$ .
R. L. Bishop [1] defined and studied Clairaut submersions, and H. Kitahara

[10] discussed the Clairaut’s foliations of codimension 1. We will discuss the
foliated manifold with a Clairaut’s foliation $E$ of codimension $q$ and with a
bundle-like metric with respect to $E$ .

Hereafter, let $M$ be a foliated manifold with a foliation $E$ of codimension $q$

and with a bundle-like metric with respect to $E$ .
DEFINITION 6.2. A function $f$ on $M$ is called a foliated function if $f$ is con-

stant on each leaf of $M$.
PROPOSITION 6.1. Let $M$ be a foliated manifold with a foliation $E$ of codimen-

szon $q$ and with a bundle-like metric $\langle, \rangle$ with respect to E. If $E$ is a Clairaut’s
foliation with the girth $r=e^{f}$ , where $f$ is a function on $M$, then $f$ is a foliated
function on $M$.

PROOF. Let $\gamma(t)$ be a geodesic parametrized proportionally to arc-length. By
assumption, $r$ sin $\alpha=constant$ , thus we have

$0= \frac{d}{dt}$ ( $r$ sin $\alpha$ ) $=r \frac{df}{dt}$ sin $\alpha+r$ cos $a\frac{d\alpha}{dt}$ .

Then we have

$0=( \frac{d}{dt}$ ( $r$ sin $\alpha$)) $\rho^{2}$ sin $\alpha$

$=r \frac{df}{dt}\langle X_{E}, X_{E}\rangle+r\langle\nabla_{\dot{\gamma}(t)}X_{E}, X_{E}\rangle$

$=r\langle$ $\dot{\gamma}(t),$ $\langle X_{E},$ $X_{E}\rangle$ grad $f\rangle$ $+r\langle\nabla_{\dot{\gamma}(t)}X_{E}, X_{E}\rangle$ ,

since $\frac{df}{dt}=\langle\dot{\gamma}(t), gradf\rangle$ and $\dot{\gamma}(t)=X_{E}+X_{E}\perp$ . Thus we have $\langle\dot{\gamma}(t), \langle X_{E}, X_{E}\rangle gradf\rangle$

$=-\langle\nabla_{\dot{\gamma}(t)}X_{E}, X_{E}\rangle$ . And we have

(6.1) $\langle\nabla_{f(t)}X_{E}, X_{E}\rangle=\langle X_{E^{1}}, \nabla_{f(t)}X_{E}\rangle$ ,

(6.2) $\langle X_{E^{1}}, \nabla_{\dot{\gamma}(t)}X_{E}\rangle=\langle X_{E^{1}}, \nabla_{X_{E}}X_{E}\rangle$ .

Thus

(6.3) $\langle$ $\dot{\gamma}(t),$ $\langle X_{E},$ $X_{E}\rangle$ grad $f\rangle$ $=-\langle X_{E^{1}}, \nabla_{x_{E}}X_{E}\rangle$ .

For any fixed point $m\in M$ and any non-zero vector $Y\in T_{m}L$ , we take a
geodesic $\gamma(t)$ such that $\gamma(0)=m$ and $\dot{\gamma}(0)=Y$ . Then we have, by (6.3) at $t=0$ ,
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\langle $Y,$ $\langle Y,$ $Y\rangle$ grad $f|_{m}\rangle$ $=0$ . Thus we have \langle $Y$ , grad $f|_{m}\rangle$ $=0$ .
Therefore, grad $f$ is orthogonal to the leaf at each point, and $f$ is a foliated

function on $M$. Q. E. D.
DEFINITION 6.3. Let $\{X_{i}, X_{\alpha}\}$ be an orthonormal adapted frame to $E$ . The

mean curvature vector $N_{m}$ at $m\in M$ of the leaf $L_{m}$ is defined by

$N_{m}= \frac{1}{n-q}\sum_{i.\alpha}\langle\nabla_{x_{i}}X_{i}|_{m}, X_{a}|_{m}\rangle X_{\alpha}|_{m}$ .

DEFINITION 6.4. A leaf is called totally umbilic if, for each point $m$ of the
leaf, it holds

$\langle X|_{m}, Y|_{m}\rangle N_{m}=(\nabla_{X}Y)_{E^{\perp}}|_{m}$

for any $X,$ $Y\in\Gamma(E|_{U})$ ( $U$ : flat coordinate chart at $m$ ).

PROPOSITION 6.2. Let $M$ be a foliated manifold with a foliation $E$ and with
a bundle-like metric $\langle, \rangle$ with respect to E. If $E$ is a Clairaut’s foliation with
the girth $r=e^{f}$ where $f$ is a function on M. Then the mean curvature vector $N$

of each leaf is $-gradf$ .
PROOF. For a geodesic $\gamma(t),\dot{\gamma}(t)=X_{E}+X_{E}\perp$ , we have

(6.4) \langle $X_{E}\perp,$ $\langle X_{E},$ $X_{E}\rangle$ grad $f\rangle$ $=-\langle X_{E}\perp, \nabla_{x_{E}}X_{E}\rangle$ ,

since grad $f$ is orthogonal to each leaf and (6.3).

For any fixed point $m\in M$ and any non-zero vector $Y^{\alpha}X_{a}|_{m}$ at $m$, we may
take geodesics $\gamma_{i}(t)$ ($i=1,2,$ $\cdots$ , p) such that $\gamma_{i}(0)=m$ and $\dot{\gamma}_{i}(0)=X_{i}|_{m}+Y^{a}X_{a}|_{m}$ ,
where $\{X_{i}, X_{\alpha}\}$ is an orthonormal adapted frame to $E$ . By (6.4), we have, for
each $i$,

\langle $Y^{\alpha}X_{\alpha}|_{m}$ , grad $f|_{m}\rangle$ $=-\langle Y^{\alpha}X_{a}|_{m}, \nabla_{x_{i}}X_{i}|_{m}\rangle$ .
And, for each $i$ and $\alpha$ ,

$\langle X_{\alpha}|_{m}, \nabla_{x_{l}}X_{i}|_{m}\rangle=-$ \langle $X_{\alpha}|_{m}$ , grad $f|_{m}\rangle$ .
Thus we have

$\sum_{i,}\langle X_{a}|_{m}, \nabla_{x_{i}}X_{i}|_{m}\rangle X_{a}|_{m}=-(n-q)\sum_{\alpha}$ \langle $X_{a}|_{m}$ , grad $f|_{m}\rangle$ $X_{a}|_{m}$

$=-(n-q)$ grad $f|_{m}$ .
Therefore, by the choice of $m$ , we have $N=-gradf$ . Q. E. D.

THEOREM 6.1. Let $M$ be a foliated manifold with a foliation $E$ of codimen-
sion $q$ and with a bundle-like metnc $\langle, \rangle$ with respect to E. Supp0se that all
leaves are totally umbilic and the mean curvature vector $N$ of each leaf is
$-gradf$, where $f$ is a function on M. Then $E$ is a Clairaut’s foliation with the
girth $r=e^{f}$ .

PROOF. Let $\gamma(t)$ be an arbitrary geodesic parametrized proportionally to arc-
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length and $\dot{\gamma}(t)=X=X_{E}+X_{E}\perp$ . We set

$\rho=\Vert\dot{\gamma}(t)\Vert(=constant)$ , cos $\alpha=\Vert X_{E}\perp\Vert/\Vert X\Vert$ , $r=e^{f}$ .
We have

$\langle$ $\dot{\gamma}(t),$ $\langle X_{E},$ $X_{E}\rangle$ grad $f\rangle$

$=$ \langle $X_{E}\perp,$ $\langle X_{E},$ $X_{E}\rangle$ grad $f\rangle$

$=-\langle X_{E}\perp, \langle X_{E}, X_{E}\rangle N\rangle$ (from that $N=-grad$ $f$)

$=-\langle X_{E}\perp, \nabla_{X_{E}}X_{E}\rangle$ (from that all leaves are totally umbilic)

$=-\langle X_{E}\perp, \nabla_{\dot{\gamma}(t)}X_{E}\rangle$ (from (6.2))

$=-\langle\nabla_{\dot{\gamma}(t)}X_{E}, X_{E}\rangle$ (from (6.1)).

Thus
$\langle X_{E}, X_{E}\rangle\langle$ $\dot{\gamma}(t)$ , grad $f\rangle$ $+\langle\nabla_{\dot{\gamma}(t)}X_{E}, X_{E}\rangle=0$ ,

that is,

$2 \frac{df}{dt}\rho^{2}\sin^{2}\alpha+\frac{d}{dt}(\rho^{2}\sin^{2}\alpha)=0$ .
Then we have

$2e^{f} \frac{df}{dt}\rho^{2}\sin^{2}\alpha+e^{f}\frac{d}{dt}(\rho^{2}\sin^{2}\alpha)=0$ ,

and

$2\rho^{2}$ sin $\alpha$( $\frac{dr}{dt}$ sin $\alpha+r\frac{d}{dt}(\sin\alpha))=0$ .

By the choice of $\gamma$, we have $d$ ( $r$ sin $\alpha$ )$/dt=0$ . Therefore, $E$ is a Clairaut’s folia-
tion with the girth $r=e^{f}$ . Q. E. D.

EXAMPLE 6.1. Let $R^{2}$ be an $x-y$ plane with the flat metric $\langle$ , $\rangle$ . We con-
sider $R^{2}-\{(0,0)\}$ a foliated manifold whose leaves are sets $L_{r}=\{(x, y)\in R^{2}|x^{2}$

$+y^{2}=r^{2}\}(r>0)$ . The metric $\langle, \rangle|_{R^{2-\{(0.0)\}}}$ is a bundle-like metric with respect
to the foliation. Then the foliation is a Clairaut’s foliation with the girth $r=$

$(x^{2}+y^{2})^{1/2}$ .

7. Second connection.

I. Vaisman proved the following theorem:
THEOREM (I. Vaisman [28, 29]). Let $M$ be a foliated manifold with a folia-

tion $E$ of codimension $q$ and with a riemannian metnc $\langle$ , $\rangle$ . Then there exists a
connection $D$ uniquely defined by the conditions:

(i) If $Y\in\Gamma(E)$ (resp. $\Gamma(E^{\perp})$ ), then $D_{X}Y\in\Gamma(E)$ (resp. $\Gamma(E^{\perp})$ ) for any $X\in$

$\Gamma(TM)$ .
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(ii) If $X,$ $Y,$ $Z\in\Gamma(E)$ (or $\Gamma(E^{\perp})$ ), then $X\langle Y, Z\rangle=\langle D_{X}Y, Z\rangle+\langle Y, D_{X}Z\rangle$ .
(iii) $(T(X, Y))_{E}=0$ if at least one of the arguments is in $\Gamma(E)$ , and $(T(X, Y))_{E}\perp$

$=0$ if at least one of the arguments is in $\Gamma(E^{\perp})$ . Here $T$ denotes the torsion
tensor of $D$ , that is, $T(X, Y)=D_{X}Y-D_{Y}X-[X, Y]$ .

This is proved by similar way to prove the existence and uniqueness of the
Levi-Civita connection on a manifold with a riemannian metric.

DEFINITION 7.1. The connection $D$ of the above theorem is called the second
connection on a foliated manifold.

The second connection is not metrical with respect to the riemannian metric
and has non-zero torsion in general. The foliated manifolds with second connec-
tions are studied by H. Kitahara [11], H. Kitahara and S. Yorozu [13], I. Vaisman
[28] and others.

Now, we have expressions of the second connection $D$ and its torsion tensor
$T$ by using the basic adapted frame $\{\partial/\partial x^{\ell}, v_{\alpha}\}$ to $E$ in a flat coordinate chart
$U(x^{i}, x^{a})$ .

LEMMA 7.1. It holds that

$D_{\partial/\partial x}\ell\partial/\partial x^{j}=\Gamma_{ij}^{k}\partial/\partial x^{k}$ $D_{v_{\alpha}}\partial/\partial x^{j}=\Gamma_{aj}^{k}\partial/\partial x^{k}$

$D_{\partial/\partial x^{i}}v_{\beta}=0$ $D_{v_{\alpha}}v_{\beta}=\Gamma_{\alpha\beta}^{\tau}v_{\tau}$ ,

where

$\Gamma_{ij}^{k}=\frac{1}{2}g^{kh}(\partial g_{hj}/\partial x^{i}+\partial g_{ih}/\partial_{X^{j}}-\partial g_{ij}/\partial x^{h})$

$\Gamma_{\alpha j}^{k}=\partial A_{\alpha}^{k}/\partial x^{j}$

$\Gamma_{\alpha\beta}^{\tau}=\frac{1}{2}g^{\tau\epsilon}(v_{\alpha}(g_{\epsilon\beta})+v_{\beta}(g_{\alpha\epsilon})-v_{\epsilon}(g_{\alpha\beta}))$ .

Moreover
$T(\partial/\partial x^{i}, \partial/\partial x^{j})=0$ $T(\partial/\partial x^{i}, v_{\beta})=0$

$T(v_{\alpha}, v_{\beta})=(\partial A_{\alpha}^{k}/\partial x^{\beta}-\partial A_{\beta}^{k}/\partial x^{\alpha}+A_{\alpha}^{h}\partial A_{\beta}^{k}/\partial x^{\hslash}-A_{\beta}^{h}\partial A_{a}^{k}/\partial x^{h})\partial/\partial x^{k}$

LEMMA 7.2. It holds that

$(\partial/\partial x^{i})\langle\partial/\partial x^{j}, \partial/\partial x^{k}\rangle=\langle D_{\partial/\partial x^{i}}\partial/\partial x^{j}, \partial/\partial x^{k}\rangle+\langle\partial/\partial x^{j}, D_{\partial/\partial x^{i}}\partial/\partial x^{k}\rangle$

$v_{\alpha}\langle v_{\beta}, v_{\tau}\rangle=\langle D_{v_{a}}v_{\beta}, v_{\tau}\rangle+\langle v_{\beta}, D_{v_{\alpha}}v_{\tau}\rangle$ .

Moreover, if the metric $\langle, \rangle$ is a bundle-like metric with respect to $E$ , then

$(\partial/\partial x^{i})\langle v_{a}, v_{\beta}\rangle=\langle D_{\partial/\partial x^{i}}v_{\alpha}, v_{\beta}\rangle+\langle v_{\alpha}, D_{\partial/\partial x^{i}}v_{\beta}\rangle$

$=0$ .
We discuss the relation between the second connection $D$ and the Levi-

Civita connection $\nabla$ .
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PROPOSITION 7.1. Let $M$ be a foliated manifold with a foliation $E$ of codimen-
sion $q$ and with a bundle-like metric $\langle, \rangle$ with respect to E. If all leaves are
totally geodesic and $E^{\perp}is$ integrable, then $\nabla=D$ .

PROOF. By the integrability of $E^{\perp}$ , we have $[v_{\alpha}, v_{\beta}]=B_{\alpha\beta}^{i}\partial/\partial x^{i}=0$ (See sec-
tion 5), that is, $B_{\alpha\beta}^{i}=0$ for every $i,$ $\alpha$ , B. Then we have

$\Gamma_{a\beta}^{k}=\Gamma\beta_{a}=\Gamma_{\alpha j}^{\tau}=\Gamma_{j\alpha}^{\tau}=0$

by Lemma 5.1.
Since all leaves are totally geodesic, we have $\Gamma_{ij}^{\tau}=0$ and, by Lemma 5.1,

(7.1) $v_{\epsilon}(g_{ij})=g_{kj}\partial A_{\epsilon}^{k}/\partial x^{i}+g_{ik}\partial A_{\epsilon}^{k}/\partial x^{j}$ .
Substituting above equality to the right side of the third equality in Lemma 5.1,
we have $\Gamma_{\alpha j}^{k}=\partial A_{\alpha}^{k}/\partial x^{j}$ . Thus we have $\Gamma_{j\alpha}^{k}=0$ .

Therefore we have

$\Gamma_{ij}^{k}=\Gamma_{ij}^{k}$ , $\Gamma_{\alpha j}^{k}=\Gamma_{aj}^{k}$ , $\Gamma_{\alpha\beta}^{\tau}=\Gamma_{\alpha\beta}^{\tau}$

and others vanish. Q. E. D.

8. Geodesic with respect to the second connection.

Hereafter, $M$ is a foliated manifold with a foliation $E$ of codimension $q$ and
with a bundle-like metric $\langle, \rangle$ with respect to $E$ .

Let $\gamma(t)$ be a curve in $M$. Locally, $\gamma(t)$ is expressed by $\gamma(t)=(\gamma^{i}(t), \gamma^{\alpha}(t))$ in
a flat coordinate chart $U(x^{i}, x^{a})$ , and

$\dot{\gamma}(t)=\dot{\gamma}^{i}(t)\partial/\partial_{X^{i}}+\dot{\gamma}^{\alpha}(t)\partial/\partial x^{\alpha}$

$=(\dot{\gamma}^{i}(t)+A_{\alpha}^{i}\dot{\gamma}^{a}(t))\partial/\partial x^{i}+\dot{\gamma}^{\alpha}(t)v_{\alpha}$ .

DEFINITION 8.1. A curve $\gamma(t)$ in $M$ is called a D-geodesic if $D_{\dot{\gamma}(t)}\dot{\gamma}(t)=0$ .
Such a parameter $t$ is called a D-affine parameter.

REMARK. To distinguish a geodesic with respect to the Levi-Civita connec-
tion $\nabla$ from a D-geodesic, we will use $\nabla$-geodesic” instead of “geodesic with
respect to $\nabla’$ .

Let $\gamma(u)$ be a D-geodesic in $M$ parametrized by a parameter $u=u(t)$ where
$t$ is a D-affine parameter. Then we have

$D_{\gamma’(u)}\gamma’(u)=-((d^{2}u/di^{2})/(du/dt)^{2})\gamma’(u)$

where $\gamma’(u)=(d\gamma^{i}/du+A_{a}^{i}d\gamma^{\alpha}/du)\partial/\partial x^{i}+(d\gamma^{\alpha}/du)v_{\alpha}$ .
Now, let $\gamma(t)$ be a D-geodesic parametrized by a D-affine parameter $t$ and

$\dot{\gamma}(t)=X=X_{E}+X_{E}\perp$ . Let $s$ be the arc-length along $\gamma$ . Then we have $ds/dt=$

$(\langle X_{E}, X_{E}\rangle+\langle X_{E}\perp, X_{E}\perp\rangle)^{1/2}$ and
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(8.1) $d^{2}s/dt^{2}= \frac{1}{2}(\langle X_{E}, X_{E}\rangle+\langle X_{E}\perp, X_{E}\perp\rangle)^{-1/2}[X(\langle X_{E}, X_{E}\rangle+\langle X_{E^{\perp}}, X_{E^{1}}\rangle)]$ .

By Lemma 7.2, we have

$X(\langle X_{E}, X_{E}\rangle+\langle X_{E}\perp, X_{E^{1}}\rangle)$

$=2\langle D_{x_{E}}X_{E}, X_{E}\rangle+X_{E}\perp\langle X_{E}, X_{E}\rangle+2\langle D_{x_{E}}X_{E}\perp, X_{E}\perp\rangle+2\langle D_{x_{E^{1}}}X_{E}\perp, X_{E}\perp\rangle$

$=2\langle D_{X}X, X_{E}\rangle+2\langle D_{X}X, X_{E}\perp\rangle+X_{E}\perp\langle X_{E}, X_{E}\rangle-2\langle D_{X_{E^{1}}}X_{E}, X_{E}\rangle$

$=X_{E}\perp\langle X_{E}, X_{E}\rangle-2\langle D_{x_{E}\perp}X_{E}, X_{E}\rangle$ .
Thus, setting $X_{E}=X^{i}\partial/\partial x^{i}$ and $X_{E}\perp=X^{a}v_{\alpha}$ , we have

(8.2) $X(\langle X_{E}, X_{E}\rangle+\langle X_{E}\perp, X_{E}\perp\rangle)=X^{\alpha}X^{j}(X^{i}v_{\alpha}(g_{ij})-2X^{k}g_{ij}\partial A_{a}^{t}/\partial x^{k})$ .
PROPOSITION 8.1. Let $M$ be a foliated manifold with a foliation $E$ of codimen-

sion $q$ and with a bundle-like metric with respect to E. Supp0se that all leaves
are totally geodestc. Then the arc-length parameter is a $D$-affine parameter.

PROOF. By the assumption, we have $v_{\alpha}(g_{ij})=g_{kj}\partial A_{\alpha}^{k}/\partial x^{i}+g_{tk}\partial A_{\alpha}^{k}/\partial x^{j}$ (See

(7.1)). By (8.2), we have

$X(\langle X_{E}, X_{E}\rangle+\langle X_{E^{1}}, X_{E^{1}}\rangle)$

$=X^{\alpha}X^{j}(X^{i}g_{kj}\partial A_{\alpha}^{k}/\partial x^{i}+X^{i}g_{ik}\partial A_{\alpha}^{k}/\partial x^{j}-2X^{k}g_{ij}\partial A_{\alpha}^{i}/\partial x^{k})$

$=X^{\alpha}X^{j}(X^{i}g_{\ell k}\partial A_{\alpha}^{k}/\partial x^{j}-X^{k}g_{ij}\partial A_{\alpha}^{i}/\partial x^{k})$

$=X^{\alpha}X^{j}X^{i}g_{ik}\partial A_{\alpha}^{k}/\partial x^{j}-X^{\alpha}X^{j}X^{k}g_{ij}\partial A_{\alpha}^{i}/\partial x^{k}$

$=0$ .
Thus, by (8.1), $d^{2}s/dt^{2}=0$ . Therefore we have $D_{\gamma’(S)}\gamma’(s)=0$ where ’ denotes the
derivative with respect to $s$ . Q. E. D.

DEFINITION 8.2. A D-geodesic $\gamma(t)$ in $M$ is called a transversal D-geodesic if
7 $(t)\in\Gamma(E^{\perp}|_{\gamma(t)})$ for every $t$ .

The following theorem is easily proved.
THEOREM 8.1. Let $M$ be a foliated manifold with a foliation $E$ of $co$dimen-

sion $q$ and with a bundle-like metric with respect to E. A curve $\gamma(t)$ in $M$ is a
transversal D-geodesic if and only if $\gamma(t)$ is a transversal $\nabla$-geodestc.

9. Jacobi field with respect to the second connection.

Let $M$ be as in the above section. We define a D-Jacobi field along a D-
geodesic in $M$.

DEFINITION 9.1. Let $\gamma(t)$ be a D-geodesic in $M$. A vector field $Y=Y(t)$

along $\gamma(t)$ is called a D-Jacobi field along $\gamma(t)$ if $Y$ satisfies the Jacobi equation:
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$D_{f(t)}D_{\gamma_{(t)}}Y+R_{D}(Y,\dot{\gamma}(t))\dot{\gamma}(t)+D_{\gamma_{(t)}}(T(Y,\dot{\gamma}(t)))=0$

where $R_{D}$ denotes the curvature tensor of $D$ and $T$ denotes the torsion tensor
of $D$ (See [15]).

We notice that

(9.1) $(D_{f(t)}(T(Y,\dot{\gamma}(t)))_{E}\perp=0$

by Lemma 7.1.
REMARK. We will use $\nabla$-Jacobi field” and $\nabla$-focal point” instead of “Jacobi

field” and “focal point” in section 5, respectively.
DEFINITION 9.2. A vector field $Y$ on $M$ is called transversal if $Y\in\Gamma(E^{\perp})$ .
By Lemma 7.1 and (9.1), we have
LEMMA 9.1. If $Y$ is a transversal D-Jacobi field along a transversal D-geodesic

$\gamma(t)$ in $M$, then
$D_{\gamma_{(t)}}D_{f(t)}Y+R_{D}(Y,\dot{\gamma}(t))\dot{\gamma}(t)=0$ .

Every transversal D-geodesic $\gamma(t)$ admits two D-Jacobi fields in a natural way.
One is given by $\dot{\gamma}(t)$ and the other is given by $t\dot{\gamma}(t)$ .

PROPOSITION 9.1. Let $M$ be a foliated manifold with a foliation $E$ of codimen-
szon $q$ and with a bundle-like metric with respect to E. Then every D-Jacobi field
$Y=Y(t)$ along a transversal D-geodeszc $\gamma(t)$ in $M$ is uniquely decomp0sed in the
following $fom:Y(t)=(at+b)\dot{\gamma}(t)+V(t)$ , where $a$ and $b$ are real constants, and $V(t)$

is a D-Jacobi field along $\gamma(t)$ orthogonal to $\gamma(t)$ .
PROPOSITION 9.2. Let $M$ be a foliated manifold with a foliation $E$ of codimen-

sion $q$ and with a bundle-like metnc $\langle, \rangle$ with respect to E. Let $\gamma(t)(t\in[0,1])$

be a transversal D-geodesic in $M$ and $Y$ a transversal D-Jacobi field along $\gamma(t)$ .
If $\langle R_{D}(Y,\dot{\gamma}(t))\dot{\gamma}(t), Y\rangle\leqq 0$ and $Y$ vanishes at two pojnts $\gamma(0)$ and $\gamma(1)$ , then $Y$

vanishes identically.
PROOF. We have

$\frac{d}{dt}\langle D_{f(t)}Y, Y\rangle=\langle D_{f(t)}D_{\dot{\gamma}(t)}Y, Y\rangle+\langle D_{\dot{\gamma}(t)}Y, D_{f(t)}Y\rangle$

$=-\langle R_{D}(Y,\dot{\gamma}(t))\dot{\gamma}(t), Y\rangle+\langle D_{\dot{\gamma}(t)}Y, D_{\dot{\gamma}(t)}Y\rangle$ ,

thus

$\int_{0}^{1}\{\langle D_{f(t)}Y, D_{f(t)}Y\rangle-\langle R_{D}(Y,\dot{\gamma}(t))\dot{\gamma}(t), Y\rangle\}dt$

$=\langle(D_{\dot{\gamma}(t)}Y)(1), Y(1)\rangle-\langle(D_{\dot{\gamma}(t)}Y)(O), Y(O)\rangle$

$=0$ .

Since $\langle R_{D}(Y,\dot{\gamma}(t))\dot{\gamma}(t), Y\rangle\leqq 0$ , we have $\langle D_{f(t)}Y, D_{f(t)}Y\rangle=0$ for any $t\in[0,1]$ .
Since $Y$ vanishes at $\gamma(0),$ $D_{f(t)}Y=0$ implies $Y=0$ for any $t\in[0,1]$ . Q. E. D.

Now we have the non-existence of $\nabla$-focal points of each leaf under a certain
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condition of $R_{D}$ .
For a point $m\in M$, a plane $\Pi$ in the tangent space $T_{m}M$ is called a trans-

versal plane if $\Pi$ is spanned by linearly independent vectors $X_{m},$ $Y_{m}$ such that
$X_{m},$ $Y_{m}\in E_{m}^{\perp}$ (that is, $X_{m}$ and $Y_{m}$ are transversal vectors). For each point $m\in M$

and each transversal plane $\Pi$ in $T_{m}M$, the transversal D-sectional curvature
$K(m, \Pi)$ is defined by

$K(m, \Pi)=\frac{\langle R_{D}(X_{m},Y_{m})Y_{m},X_{m}\rangle}{\langle X_{m},X_{m}\rangle\langle Y_{m},Y_{m}\rangle-\langle X_{m},Y_{m}\rangle^{2}}$

where $X_{m}$ and $Y_{m}$ are linearly independent vectors and span a transversal plane
$\Pi$ . If $K(m, \Pi)\leqq 0$ for each point $m\in M$ and for all transversal planes $\Pi$ in
$T_{m}M$, then $M$ is called to have non-positive transversal D-sectional curvature.

THEOREM 9.1. Let $M$ be a foliated manifold with a foliation $E$ of codimen-
ston $q$ and with a bundle-like metric $\langle, \rangle$ with respect to E. Supp0se that $M$ has
non-posttive transversal D-sectional curvature. Then, for any point $m\in M$, there
is not a $\nabla$-focal point of the leaf through $m$ along every transversal $\nabla$-geodestc
starting from $m$ .

PROOF. Let $\gamma(t)(t\in[0,1])$ be a transversal $\nabla$-geodesic starting from $m$ .
We assume that a point $\gamma(1)$ is a $\nabla$-focal point of the leaf $L_{m}$ through $m$ along $\gamma$ .
That is, we assume that there exists a non-zero $\nabla$-Jacobi field $Y\in \mathcal{T}_{L}(\gamma;L_{\gamma(0)}, \gamma(1))$ .
Then we have $Y_{E}\perp\neq 0$ by Proposition 5.3. Thus we have

$\hat{Y}=0$ , $Y(0)\in T_{\gamma(0)}L$ , $Y(1)=0$

and, by Proposition 5.1,

(9.2) $0=(\nabla_{f(t)}(\nabla_{f(t)}Y_{E^{\perp}})_{E^{1}})_{E^{1}}-(\nabla_{f(t)}(\nabla_{Y_{E^{1}}}\dot{\gamma}(t))_{E^{1}})_{E^{1}}-(\nabla_{(\zeta Y_{E^{\perp,\dagger(t)1)}E^{1}}}\dot{\gamma}(t))_{E}\perp$ .

The transversal $\nabla$-geodesic $\gamma$ is also a transversal D-geodesic by Theorem 8.1.
By Lemma 5.1 and Lemma 7.1, (9.2) implies

$0=D_{f(t)}D_{f(t)}Y_{E}\perp-D_{f(t)}D_{Y_{E^{1}}}\dot{\gamma}(t)-D_{(\ddagger Y_{E^{\perp,f(t)l)}E}}\perp\dot{\gamma}(t)$

$=D_{f(t)}D_{\dot{\gamma}(t)}Y_{E}\perp+R_{D}(Y_{E}\perp,\dot{\gamma}(t))\dot{\gamma}(t)$ .
Thus $Y_{E}\perp$ is a transversal D-Jacobi field along $\gamma$ and satisfies $Y_{E^{1}}(0)=Y_{E^{1}}(1)=0$ .
By $\langle R_{D}(Y_{E}\perp,\dot{\gamma}(t))\dot{\gamma}(t), Y_{E}\perp\rangle\leqq 0$ and Proposition 9.2, we have $Y_{E}\perp=0$ . This is a
contradiction. Q. E. D.

See Example 5.1.
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