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1. Introduction.

X will be a metric space with a metric d. A homeomorphism f of X onto
itself is expansive if there exists a positive number C (called expansive con-
stant) such that for each pair (x, y) of distinct points of X, there is an integer
n for which d(f™(x), f*(y))>C.

There is a question what manifolds admit such homeomorphisms. Several
examples of existence and non-existence of expansive homeomorphisms are known.
An open interval, a 1-sphere and a closed 2-disk do not admit expansive homeo-
morphisms (Bryant [1], Jakobsen and Utz [2]). An open 2n-ball (r=1) and an
r-dimensional torus (r=2) admit expansive homeomorphisms (Reddy [3]). In
this paper, we prove the followings.

THEOREM 1. Let M be a closed n-manifold (n=1), and J be an open interval.
Then there exists an expansive homeomorphism of MX].

THEOREM 2. If M is a closed n-manifold (n=1), there exist an expansive
homeomorphism of Int (M*{point}). Where P*Q is the join of P and Q, and
Int M is the interior of M.

COROLLARY. There exists an expansive homeomorphism of an open n-ball
(n=2).

The auther thanks Prof. K. Kobayashi for his helpful advices.

2. Proof of Theorem 1.

Let M be a closed n-manifold with a metric d. J=(0, 2) and R" be an open
interval with a standard metric d; and an n-dimensional Euclidean space with
a standard metric d,, respectively. And put U(x, e)={yesM| d(y, x)<e},
U.(z, 6)={y=R" | d.(y, 2)<d}. We define the metric p of MXJ to be dXd,
(where dXxd,(x, t), (3, s))=d(x, y)+d(t, s) and x, yeM and ¢, s€]), and I,
(E=0) to be Ikz[?j_—l, %] (heN) and I,=[1, 2). Put Ay=MxI,.

First, we define several homeomorphisms of A;. We will use these homeo-
morphisms for constructing an expansive homeomorphism of MxJ. For any
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element x of M, there is a neighborhood W, which is homeomorphic to R"”. a,
is the homeomorphism from W, to R" There is a positive number ¢, such
that cl(U(x, 3e,))CW.. Where cl(Y) is the closure of Y. For this e, there
exist positive numbers { and & such that U,(a.(x), O)Ca(U(x, e;)) and U (a(x), &)
Da(U(x, 3¢z)). We denote V,=a7'(Unla(x), ) and U.=a7'(U(a(x), &)
Since {V.} is an open covering of M, we can choose a finite covering {V.,, Va,
oy, Vet Weput Vi=V,, U=U,;, W;=W,, and a;=a;,

Now, for any non-negative integer k2, we define a finite open covering of M
as follows. For any element x of M, there is some V; such that x& V;. There
are positive numbers s, ¢ (s<t) such that a;(x)eU,(aix), s)SU.(ay(x), )T

ai(VimU<x, k—}—l ) Put O,=a7 (U ,(a;(x), s)) and éx:azl(Un(ai{x), t)). Since

{0} is an open covering, we can choose a finite covering {O;,;} 1=j=<0a(k) for
some integer o(k). Put O~k,,-:(3, if O, ;=0,.

For each O,,,, there is V; that Os. ;C Vi, We fix one of them, namely V,.
Then we can define a homeomorphism, 7, ;, of M satisfying the following con-
ditions,

1y fk.j]ok,j:identity,
2) fk,j(ék.j):Up,
3) fk,j[M—'Wp:identity,

4) fk,]- is isotopic to identity.
Now, we define a homeomorphism, f;, ;, of A, (MXI,) that f, (x, t):(fk,j(x), )
(xeM, tel,). For simplicity, we change the double suffix to single suffix. Put
E-
fi=f4s ; where 1= Zola(q)—l— j. For each f;, we define several homeomorphisms
q=
of Ay, /7, /%, f1, fT*, as follows.
a) f7luxw=identity, f7|uxwa=Si|luxw= and f7 is isotopic to identity.
b) fi=fio(fD)L
¢) fiofiof7luxwa=identity, f{of 0/ 7| uxm=Ss|uxin and
f¥ is isotopic to identity.
d) fit=(D) (D e (fH ™
Next we define homeomorphisms Z% (jeNU{0}, 1<i<m). Put D=
{xeR"|dn(x, 0)=<1} and D,={x=R"|d,(x, 0)=3}. For each integer j, we define
. 1 1 L-—1 1 L
a function hy(t) f [—,l]t R as follows, when =+~ —+ <t<mfp
unction £ ,(t) from 5 0 as follows, when 2+8(]+1)*t—2+8(]+1)
(where L is a integer and 1< L<4(7+1))
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8j+D(t— (5 + S(Lj;}) ) it L=1 (mod.4)
~8G+0(t—(5+ 8(]LT1)>) if L=2 (mod.4)

M ~8(j+1)(t—(%+?(l}—;%->> if L=3 (mod. 4)
8(j+1)(t—(—é—+§(j—if)) if L=0 (mod.4).

Let Z;: DyxI,—D; be a function satisfying the following conditions. For (x, 1)
=(X1, Xz, >+, Xp, HED X1, Zj(x: H=(x1+hi(t), xs ==+, xn) and Zjla(szII):
identity and Z; is homotopic to the projection from D;XI; to D,. For each i
(1=i=m), there is a homeomorphism j3; from U; to Int D; and p,(Vy)=Int D,.
Where we can choose §; satisfying that there exists a positive number d; for
each x, yeU; for which 0:d.(B:(x), Bi(y))=d(x, y). We define a homeomor-
phisms Z% of A; (1=i<m, jeNU{0}) as follows,

_ (BT Zi(Bi(x), 1), 1) if xeU;
Zix, t)=
(x, 1) if x€U;.
Let g, be a homeomorphisms from A; to A, (where & is positive integer)
2t E—1 .
such that g(x, t)—(x, R+ 1) + PR ) Then, we define a homeomorphism

f of MxJ by the following.
Flags Ao—> Adw Ayt (x, ) — (x, %(t—Z)—i—Z)
f]AjN+1:ng+zof;O(ng+1)_l
flAjN+2:ng+3of9'O(ng+2>—l
Flajnes=8in+0F70(gin+a)™
Flajyea=8in+s0f 7 0(ginen)™
Flajyss=8in+69(Z5)0(g n+s)"

/1 AjN+6:ng+7o(Z})‘lo(ngH)‘l

f‘AjN+N-—1:ng+NOZ§nO(ng-HV—l)_l
flAjN+N:ng+N+1°(Z§'n>_lO(ng+N)‘1

where N=4+2m and ; is non-negative integer. Since f|,, agrees f|4,,, on
ArNAr+r, f can be well defined on M X]J.
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Now, we will show that this homeomorphism f is expansive. First, we
define an expansive constant C. It is easy to check that there exists a positive
constant C, such that for each ¢, s of I; and x of Int D,, there is an integer j
1

for which d.(Zix, t), Z{x, s))>C,. We put C=—é— min{es,, €z, ) €2y R
min (05, =+, 0m) X Co}.

We will show that each pair (x, ¢) and (y, s) of MXJ (where (x, t)#(y, s)),
there exists an integer L for which p(f%(x, t), f*(y, s))>C. To do this, we
need the following assertion.

ASSERTION.

(1) For each pair (x, y) of distinct points of M, there is some
O;.; such that x€0, ; and y& O, ;.

2) fI¥*x, t)=g;n+sf#(x, ) for (x, )EA.
(3) fIN*(x, )=gin+ei+:(x, 1) for (x, H)e A, QZiZm+2).
(4) [fiNr2aaDA g, f):ng+2(i+1)+zz§'(xy t) for (x, HeA, 1=Zi<m).

(5) P(V,xI,, U,xI)>C, where §(Y, Z)=min{p(y, 2) | y€Y, z€Z}
and A° is the complement of A in M (1=p=m).

(6) For any integers L and L', p(g.(x, t), gr.(y, $))=d(x, ¥)
(where (x, t), (¥, s)EAy.

(2)-(6) are clear. We will show only (1). For O, there is zeM that
ék,jCU(z, %) by definition. If both x and y contained in O~k,,~, d(x, y)=d(x, 2)

+d(z, y)<—llc;+—1—:£. Since {O:,;} is an open covering of M, there is O, ;

Ek
that x=0,,; for any k. Specially, we choose %k that greater than Then,

2
5 9 d(x, y)
if O, ; which contains x contains y, d(x, y)<?< d(x, ¥). This is a contradic-

tion. (1) is established.

For any element (x, t)eMX]J, there is some integer ¢ that f%x, 1) A,.
We may assume (x, t)eA4;. And if (y, s) is contained in A,, there is a positive
integer » that f"(y, s)€ A;. Then f"(x, t)e A,+1. Thus, we may assume (y, s)
€A, (k=1).

Case 1; (y, s)=A, (E=3)

1

o((x, 1), (3, NZ(A, Ad=5>5=C.

Case 2; (y, s)EA,
First, we prove the case x+y. By assertion (1), there is some O, ; such that

~ k-
x€0; ; and y&E Oy, ;. We put K= E:a(q)—}—j. By assertion (2),
q=
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fNK+2<x9 t):gNK+3fK<x: t)

FrE(y, S)=gnr+sSk(y, s).

Then, fx(x, t) is contained in O, ;XI,CV,XI, and fg(y, s) is not contained in
U,XI, (for some p). Thus,

p(fEN*2(x, 1), FEV*™(y, 5))
=p(gvr+sfk(x, 1), gnr+sfx(y, )
= p(gnr+s(VpX11), gnr+o(UsX11)
=5(V,xI,, UsXI)>C.

Now, we may assume x=y, then t+s. There exists V, which contains x.
Then, there is some integer j for which dn(Zja,(x), 1), Z{ay(x), s)>Co. By
assertion (4),

p(ij+2(p+1)+1(x’ t), ij+2(p+1)+1<x’ S))
:p(ng+2(p+1)+ZZ§?<x} i), ng+2(p+1)+ZZ§)(x: s))
=p(Z8(x, t), Z7(x, s)>0,XCoz=C.

Case 3; (y, s)€4.,
Put (y/, s")=/"%y, s)€A;. There is V, which contains y’. Let y; be an ele-
ment of M that (y; s")=Z%(y’, s’). Since there are integers j and j’ that
d(y;, y5:)>2C, there exists an integer j that d(y;, x)>C. Then, fI¥+2@D(x ¢)
=gjin+2prn+1(x, 1) and JINFHRPID(y | g)e= fINFHDFDH (g, S’)=ng+ch+1>+sz(y’, s’)

=gin+2cpin+2(¥j 8'). Thus,

p(ij+2(p+1)(x’ t), ij+2(p+1)(y’ S))

:P<ng+2(p+1)+1<X, t), Zinvecprn+2( Vi s")
=d(x, y)>C.

This completes the proof.

3. Proof of Theorem 2 and the corollary.

We can see that Int (M*{p}) is MX(0, 2]/~, where (x, t)~(y, s) means
t=s=2 or (x, t)=(y, s). We consider the following diagram.
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M x(0, 2)——f—» M0, 2)
X %
M0, 2] Mx(0, 2]
| %

M0, 2]/~ MXx(0, 2]/~

where 7 is the injection and =z is the natural projection. We define a homeo-
morphism g of M Xx(0, 2]/~ as follows,

{ g(m(x, 2))=n(x, 2)
g(rm(x, t)=nmifi™(x, t) if t+#2.

It is easy to check that g is expansive. has proved.
To prove the corollary, we put M=S" (an n-sphere) in Then,
Int (M*{p}) is the open (n-+1)-ball, this show that the corollary is established.
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