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§1. Introduction and statement of results.

Let G be a compact Lie group and hq{ ) be an equivariant multiplicative
cohomology theory. Let M and N be closed G-manifolds of class C3. Then
for a G-map f: M—N, we defined an “equivariant Gysin homomorphism”

fi:he(M) —> hg(N)

under certain conditions and obtained equivariant Riemann-Roch type theorems
in general [13],[14]. When N is a point, f, is called an “index homomorphism”
and is denoted by Ind. On the other hand, we got a localization theorem.
Consequently by virtue of the functorial property of our equivariant Gysin
homomorphism, we have many equations between invariants of a G-manifold
and fixed point data.

In the present paper, we shall confine ourselves to two special cases. Let
G—EG—BG be the universal principal G-bundle.

Case 1. G=T™ (torus), hG(M):H*(EGéM: R) where R is the real num-

ber field, manifolds are oriented G-manifolds of class C2.

Case 2. G=(Z,)", hG(M):H*(EG>(§M; Z,), manifolds are non oriented G-
manifolds of class C8,

The greater part of the results in Case 1 will be those in [12]. The
results in Case 2 will be analogous to those in Case 1 and include the main
theorems of [17], [18].

First we shall show that our f, has the functorial property and is an
he(¥)-module homomorphism where * stands for a point. Now we consider
the set SChg(x) of Euler classes of the vector bundles EG;SR’”-»BG where

G acts on R™ by representations ¢ : G—O(m) without trivial direct summand.
Then S is a multiplicative set of hg(x). It follows that we get a localization
S-the(M) and an induced homomorphism
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S7fr: ST he(M) —> S he(N)

for a G-map f: M—N (see Bourbaki [6] for notion and notation).

Let F, be a component of the fixed point set of a G-manifold M and
i,:F,~M be the inclusion. As in the case of the equivariant K-theory [2],
there exists the following isomorphism,

S M¥ ST the(M) —> XS he(Fy)
7 “

where the summation is taken over all the components F, of the fixed point
set (Lemma 3.1). Denote by N, the normal bundle of F, in M. In Case 1, N,
has a complex vector bundle structure such that T" acts on N, as complex
vector bundle automorphism. It follows that a fiber of N, has the orientation
induced by the complex structure. We then orient ', so that the orientation
of a fiber followed by that of F, yields the orientation of N, where N, has
the orientation of a tubular neighborhood of F, in M.
Then we have
¥u(x)=Xe(N,)-x  for xEhe(F,)

where Xg(V,) denotes the Euler class of the bundle EG)éNﬂ — BGXF, (Lemmal

2.2). One verifies that %s(N,) is a unit in S'hg(F,) (Cemma 35). By the
functorial property of our f,, we shall have the following commutative dia-
gram (Lemma 3.6):

S~1he(M) S Ind
n

S-1i%
(*) % XG(N/z) /
#2 S'th(Fﬂ) S-*Ind

It will be shown that the local index is given by the generalized slant
products /[F,] by the orientation classes [F,] chosen above. Thus we shall
-obtain the following theorem on which our results in the present paper are
based.

THEOREM 1.1. For any xS *he(M), we have

S The(*).

S=1*(x)
- S Ind x=3 =5 /[F.].
Al
In the following, we shall apply the equation to suitable elements x<
S 'he(M) and have many relations between global invariants and local in-
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variants.

We shall first deal with Case 1. Let M be an oriented T"-manifold of
class C®. Denote by ET? the product S?™*!'x ... xS?™*! of n-copies of the
(2m-1)-sphere. Then the torus T™ acts on ET7 naturally and the orbit space
BTr=ET2/T™ is the product CP™X --- X CP™ of n-copies of the m-dimensional
complex projective space. Hereafter we abbreviate the coefficients of equi-
variant cohomology theories. Consider the fiber bundle

P
M— ET}: X M — BT},
™

and the usual Gysin map (the Poincaré dual of the homology homomorphism)

P,: H¥ET2 X M) —> H*(BT2).
TN

Then we shall show that our Ind and the Gysin map P, are related by the
following commutative diagram (Lemma 4.1)

Ind
H*(ET™ X M) - H*(BT™)

(k) j* 7¥

/ 1‘3"
H*(ET%, 25 M) - H*(BT3,)

where j¥ and j¥ are induced by the natural inclusions. Denote by TM the
tangent bundle of M and by L( ) the Hirzebruch L-genus [1I]. Then the
strictly multiplicative property of the L-genus (see Borel-Hirzebruch [5]) im-
plies that

P(L(ET: X TM))e H(BTz).

It follows from the diagram (xx) above that
Ind L(ET™ Xx TM)e H(BT™).
TN
Thus we shall show (Theorem 4.3)
Ind L(ET™ x TM)=Index of M
"

where “Index of M” denotes the Thom-Hirzebruch index of an oriented mani-
fold M.
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Remark that this information corresponds to that of the analytic index of
the Atiyah-Singer theory [4].

On the other hand, the local index can be expressed in terms of the L-
genus of the fixed point set, of the Chern class of the normal bundle of the
fixed point set and of the weights of the normal representations.

By combining the global index and the local index, we obtain the Atiyah-
Singer G-signature theorem [4] in C* category.

THEOREM 1.2. Let M be an oriented T™manifold of class C®. Denote by
F, each component of the fixed point set and by N, the normal bundle of F, in
M. Let

N,= %} N,(2)

be the decomposition of N, determined by the normal representation of T™ where
A=+ o FAnln, EZ and t; corvespond to the camonical genervators of the
representation ring R(T™). We regard an irreducible representation A=A+ --
+Antn also as an element of H*BT™). Finally let L( ) be the Hirzebruch L-
genus. Then we can orient each F, so that we have the equation:

o4 +zf‘p+e—(x+zf‘p

Index of M= 3 L(TF,) p(
]

i e(2+xf_“1)__e-(x+zzp

JIFD.

Here the summation is taken over all the components of the fixed point set and
the total Chern class of the bundle N,(R) is written formally as TI(1+x%,) and
/LF,] denotes the slant product. '

CorOLLARY 1.3 [107], [12], [15], [16]. We can orient each F, so that we get

Index of M=3] Index of F,.
I

Denote by dim F the maximum of {dim F,}. We can replace 1 by a
suitably chosen complex number in and have

COROLLARY 1.4. Let M be a semi-free S*-manifold of class C3. If Index of
M 1s non zero, then dim F=dim M/2.

More generally we can apply our as follows. Let &—M be a
T"-vector bundle of dimension 2% (resp. 2k+1). Let f(x, ---, x,) be a sym-
metric formal power series of (x.)?% -+, (x.)? x;-+ x;, (resp. (xy)? -+, (x)%)
over R. Set §,=&|F,. Let

&Z?Ey(p)

be the decomposition of £, determined by the representation of 7" where p
run through the irreducible representations of T". Denote by p, the trivial
real irreducible representation of 7™ which corresponds to the zero of H*(BT™).
Then for p+#p, £.(p) has a complex vector bundle structure. We express the
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total Pontrjagin class of ET™ 12<n5 (resp. £,4(po)) formally as IT(1+(x,)?) (resp.
TI(1+(x5,)%). When dim =2k, we denote by x,- x, (resp. xh, - x50, the
Euler class of ET”%E (resp. £.(po)) where a=dimé§,(p,)/2. Similarly for

P+ po, we express the total Chern class of §,(p) formally as IT(1+x%,). Then
we have
THEOREM 1.5.

_ FCo ) ol )
Ind fCx, -+, x)=3( G lith

where f(---, p+xb,, ---) means that we replace {x;|1=1, ---, k} by {p+x},.lp, 1}
in f(xy, -+, x) and x%; arve those given in Theorem 1.2. The constant term of
Ind f(xy, -+, x4) is the evaluation f(xi, ---, xx)[M] where the (non equivariant)
total Pontrjagin class (resp. the Euler class) of §—M is written formally as
II(A4(x)*) (resp. xi--- x; when dim §=2k).
" Let f(t) be a formal power series of t* over R with leading term 1 and
K( ) be the multiplicative sequence belonging to f(t) [11]. Then as a special
case of we have
THEOREM 1.6.
) T1f(z5) LAt 263)
Ind K(ET T>§ITM)—§( H(H‘xil)

)/[F,,]

where the total Pontrjagin class of TF, is written formally as I1(1+(2,)*) and
x%2 are those given in Theorem 1.2. '

Let w be a partition (i, ---, 1, of & and s, be the characteristic class
defined by using Pontrjagin classes [19]. Let M be an oriented 7™-manifold
of class C?® and of dimension 4. Then we have

PROPOSITION 1.7.

Sy (LI +(25)) 50y TT (L+(A+ 1%, 2)%)
o lM]=2 X - -

: F,].
# ojo=0 ]X_Ii@‘}“xizl) z ﬂ]

REMARK 1.8. Quite similar formulae hold for Stiefel-Whitney classes in-
stead of Pontrjagin classes. Hence [Proposition 1.7] gives an explicit way to
compute the bordism class [M] of the oriented bordism group from the fixed
point data.

In particular, we have

ProPOSITION 1.9. When an action is non-trivial,

%(2+x21)2k
Sk[M]:§<W>/EFﬂ] .
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ReEMARK 1.10. It is pointed out by D. Zagier that there is an interesting
relation between Proposition 1.9 and a residue formula when M=CP™ and
Tr=S"

Let M be an oriented T"-manifold of dimension 4% and u be the number
of the subgroups H of T" satisfying:

(1) T»/H=S?
(2) H is an isotropy group at some point of M.

Let 2=Cu-+1Da+b, 0=b=2u. When 0=b=Zu, we set v=4a. When u<b=2u,
we set v=4a-}2.

ProproOSITION 1.11. [If s,[M]1+#0, then dim F=v.

PROPOSITION 1.12. Let M be an oriented semi-free S'-manifold of class C®.
Suppose that M satisfies one of the following conditions:

(a) dim M: odd, dim F<(2/5)dim M,
(b) dim M : even, dim F<(1/4) dim M.

Then M bounds as S*-manifold.
PROPOSITION 1.13. Let M be an oriented T™manifold of class C®. Then
X(M)=2A(F,) where X( ) denotes the ordinary Euler number.
°

Next we deal with Case 2. Except for [Theorem 1.2, quite analogous
theorems hold in this case too. Hence we only describe some of them in the
following.

Let M be an unoriented (Z,)"-manifold of class C®. Denote by F, each
component of the fixed point set of M and by N, the normal bundle of F, in
M. Let §—M be a (Z,)"-vector bundle of dimension k. Set §,=&|F,. Let

§u= %) §p)  (resp. N,= 2N, (%))

be the decomposition of &, (resp. N,) determined by the representation of
(Z,)". We express the total Stiefel-Whitney classes of

EZy X &  &lp) and N

formally as
];[(l+xi) , l_i[(l+xf1,,) and IiI(H—fo)

respectively. Let f(x,, -, x») be a symmetric formal power series over Z,.
Regarding irreducible representations p and 2 as elements of HY(B(Z,)"; Z,),
we have the main theorem of [18].

THEOREM 1.14.

(S o b )
Ind f(x,, -, x)= 3 [+ )/LF.
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REMARK 1.15. The constant term of the left hand side is f(xi, -, xx)[M]
where the (non equivariant) total Stiefel-Whitney class of é&—M is written
formally as TT(1+ x7).

Let f(xy, ---, x,) be a symmetric polynomial over Z, of degree at most
dim M.

THEOREM 1.16. If there exists a homomorphism A: H(B(Z)"; Z,)—Z, such
that AQQ)=1 for all p, 2 with N,(2)+0, then

S, Alp)+ 2k, o)
H(H—xix)

Fxd, -, xé)[MJZ%} LF.].
In particular, we have the main theorem of [17].

COROLLARY 1.17. Let M be a Z,-manifold of dimension k and f(xy, -+, x;)
be a symmetric polynomial over Z, of degree at most k. Then

S+, o, 24, )
IiI(l+y};)

flx, -, XZ)EM]=§ [F,]

where the total Stiefel-Whitney classes of TM, N, and TF, are written formally
as

M+x),  TIA+3)  and T+

respectively.

The present paper is organized as follows. In §2 we define our equivari-
ant Gysin homomorphism and investigate fundamental properties of it. Theo-
rem 1.1 is proved in §3. In §4 we shall analyze the global index and show
that

Ind L(ET™ T><n TM)=Index of M.

By combining the above, we shall give proofs of and of Corol-
laries 1.3 and 14 in §5. Propositions .11 and are proved in §6. Since
the proofs of the rest of the results are analogous, they are omitted.

The author wishes to thank Professor A. Hattori for his kind and helpful
suggestions. Thanks are also due to Professors C. Kosniowski and R.E. Stong
for sending their preprints to the author.

§2. Equivariant Gysin homomorphism.

Let G, he( ), M, N be those of Case 1 or of Case 2in §1. Then for a G-
map f: M—N, we define our equivariant Gysin homomorphism

fri he(M) —> he(N)
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as follows. Since f is G-homotopic to a differentiable G-map f’ of class C?,
we first define our Gysin homomorphism f| and then define f, to be fi. The
forthcoming will assure that f, is independent of the choice of
f’. Therefore we may assume that f itself is differentiable of class C’. As
is well-known, there is a G-embedding e of M in some G-vector space V. For
the proof, see Palais [20]. Choose a G-invariant Riemannian metric on NXV
and let v be an invariant open tubular neighborhood of (fXxe)(M) in NXV.
Here we need the assumption C®. Then v may be identified with the normal
G-vector bundle of (fXe)(M) in NX V. For a G-vector bundle §, we denote
by D) (resp. S(§)) the disk bundle (resp. sphere bundle) associated with &.
Denote by D(V) (resp. S(V)) the unit disk (resp. unit sphere) in V. Here we
may assume without loss of generality that D(v) is in NXInt D(V). Then
the homomorphism f, is defined by the composition of the following three
homomorphisms which we explain in a moment :

11 ho(M) —> he(D()/S())
22 he(D)/SW) —> ha((NX D(V))/(NXS(V)))
@51 h(NX D(V)/(NXS(V))) —> he(N).

Explanation: Here Ag( ) denotes the reduced cohomology ring as usual. Let
tM)E Rg(D(TM)/S(TM)) (resp. t(N)€ha(D(TN)/S(TN)) be the orientation
class of the manifold M (resp. N) where TM and TN denote the tangent G-
vector bundles. Fix an orientation class ¢(V)ehg(D(TV)/S(TV)) of V. It is
easy to see that we can choose a canonical orientation class ¢(v)€hs(D()/SO))
such that

tM)Xtw)=(fxe)x(t(N)Xt(V)).

Then the homomorphism ¢, is defined to be the Thom isomorphism by mak-
ing use of the Thom class ¢#(v). The homomorphism ¢, is the induced homo-
morphism by the natural collapsing map

(NXDV)/(NXS(V)) —> D»)/S»).

The homomorphism ¢, is again defined by the Thom isomorphism using #(V)
in the manner of the definition of ¢,.

DEFINITION 2.1. When N is a point %, f, is called an index homomorphism
and denoted by

Ind: he(M) —> he(>) .

LEMMA 2.2. The equivariant Gysin homomorphism is independent of all
choices made and has the following properties:

1) f, depends only on the G-homotopy class of f
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i) fi is an he(x)-module homomorphism

ii)y (fgh=r1-&

iv) filx-f*N=fx)-y for x€he(M), yEhe(N)

v) if fis a G-embedding of class C* with a normal bundle v, then f*f(x)
=Xe(v):x for xehg(M) where Xs(v) denotes the equivariant Euler class of v.

ProoOF. Easy and omitted.

§3. Localization.

We consider the subset S of hq(x) consisting of Euler classes of G-vector
bundles EGXR™—BG where G acts on R™ by representations ¢: G—0O(m)
14

without trivial direct summand. Then S is a multiplicative set of hg(*) and
we get a localization S-'h4(M). '

For a G-manifold M, we denote by F, each component of the fixed point
set of M and by i,: F,—M the inclusion map.

LEmMA 3.1 [9]. The following homomorphism

257 ST he(M) — X S 1he(F,)
Iz ]

is an isomorphism where the summation is taken over all the components F, of
the fixed point set.

In the following, we consider Case 1 first. Let ¢: T"—O(m) be a repre-
sentation without trivial direct summand. Then by representation theory
(see Adams [1]), m is even, say 2k, and ¢ comes from a unitary representation

o: T —> U(k).

Let T* be the maximal torus of U(k) consisting of diagonal matrices. In
view of the maximal tori theorem of E. Cartan (see Weil [22]), we may as-
sume that ¢(T™)CT* Then ¢ induces the homomorphism ¢* of HYT*) in
HYT™. Let {t;|i=1, 2, ---, n} (resp. {t/|i=1, 2, ---, k}) be the canonical base
of H(T™) (resp. H*(T*)). The elements w;=¢*(t;) will be called the weights
of ¢ and can be written as

n
(Ui:,zlaijtj, ai;€Z.
=

According to Borel-Hirzebruch [5], the total Chern class c(ET">4<JC”) of the
complex vector bundle
ET™ x C¥ —> BT"
¢

is given by

o(ET™ x €)=11(+0)= L0+ Haut).
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It follows that the Euler class X(ET™ >9§ C*) is given by
k n
XET™ X C¥)=TI(2 at;).
& i=1 j=1
Since ¢ has no trivial direct summand, w;#0 for all i, that is,
k n
I1(2 a:®)#0.
i=1 j=1
Conversely, for a (kXn)-matrix (a;;) satisfying

1IC

k
(ZUZ)#O, a“EZ,
i=1 j

A=

we can construct a homomorphism

O T — TECU(R),
such that

PX(thH)= %}1 a;;t;  for all i.
j=

The representation ¢ has no trivial direct summand. Therefore we have shown
the following

LEMMA 3.2. The set S consists of those elements
k

1

n
L (j=1 aqjty)

k n
where a;; satisfy ]]l(zlaijz)i(), a;;€Z and k may vary.
i=1 j=

Since S does not contain the zero element by Lemma 32 and since H*(BT™)
is an integral domain, the localization map

H*(BT™) —> S'H*(BT™)
is injective.

Next we study the fixed point set and its normal bundle. As introduced
in §1, we denote by F, a component of the fixed point set and by N, its
normal bundle. As is well-known the normal bundle N, has a complex vector
bundle structure such that the group T" acts on N, as complex vector bundle
automorphism. It follows from that N, has the following decomposition

Ny: j‘/': lV#(Z), *Np('z):E,ul®Vl

where A run through the complex irreducible representations, V; denote their
representation spaces and E,; denote complex vector bundles. We now show
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the following
LemMmA 3.3.
ET" % N,= 3 (ET" VIRE,;

where & denotes the external tensor product and ET™ >T<n V. denotes the A-z2xten-
sion of the principal T™-bundle ET*—BT™.
PrROOF. Obviously we have

ET”% N,= ;(ET" X N,(2)).
Hence it will suffice to show that
ET" X (Eu@®V)=(ET" X VOB Eys .
But this is easily seen by the following correspondence

X (yR2) — (x xRy

for xeET", yeE,;, z€V,.

For a complex vector bundle & we denote by c¢(&) the total Chern class
of £.

LEMMA 34. The total Chern class and the Euler class of the bundle
ET”% N,—»BT"XF, are given by

C(ET™ % No= LA+t i+ - F Ant ot 252)
Aen(NJ=UET" % N)=TT(Qutit -+ 2t ot xler)

Here we identified 2 with the element A,t,+ -+ +2A,t, of HX(BT™) by the follow-
ing translations

transgression
— HYT™) —> H:BT™)

{ complex irreducible

representations

and the total Chern class of the complex vector bundle E,; is written formally
as ];[(1—}—::}',;).

PROOF. will follow from by the arguments of
Borel-Hirzebruch [5]. '

We are now ready to prove that the Euler class Xr»(N,) is a unit in
S"*H*(BT"XF,). It follows from Lemma 3.4 that Xr-(N,) has the form
11'[£(2+x2;). Since the representations A4 are non trivial, 2 are in z*(S) where

7:BT"XF,—~BT" is the projection. Consider the formal equation
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_ X\, [ (= Xury
1=11 (1+% {J_Zo 2 }-

Since F, is of finite dimension, we have the equation

- Xur). [ & (= XuaY
=m (50 {55
in STTH¥(BT"XF,) where m=[dim M/2]. It follows that

Ay, A
1=XTn(N,u) 1;[ 777(;1—2)_

in STTH¥(BT"XF,) where A(y, ) is given by
Alg, D= T 3 "~ xka)'t € HYBT" % F,)

and n(y, AH)=0m+1)dimcE ;.

Thus we have shown the following

LEMMA 3.5. Each equivariant Euler class Xrn(N,) ts a unit in STH¥(BT™XF,)
for any component F,,.

We are now ready to prove

LEMMA 3.6. The following diagram

STH¥(ET™ X M)
rn

S-!Ind
5 S-1%
o XTn(NI,.) S"IH*<BT7L)
! S-11nd
;S“IH*(BT” xXF,)
commutes.

Proor. It follows from (V) in Lemma 2.2 that for an element x=>x, of
S H¥(BT"XF,), we have *
7

D) x )= Ara(Ny) %,
] ] ] ]

Since Xra(N,) is a unit in ST'H*(BT"X F,) and since > S~'}% is an isomorphism
)

of the localized rings by Lemma 31, 3S-%,, is also an isomorphism and its
. .. “
inverse is given by
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-1k
xTn(Np) |
Hence follows from the functorial property (iii) of Lemma 2.2

LEMMA 3.7. Let F be an oriented manifold on which T™ acts trivially. Then
our localized index homomorphism

(S M=
2 7

S-'Ind: ST'H¥BT"XF) — S™*H¥(BT™)

is given by the gemeralized slant product /[F] where [F] denotes the orientation
class of F.

PrROOF. Let FCR™ be a T"embedding where T" acts on R™ trivially.
Denote by tXxx (€H¥(BT"XF)) the cross product of ¢t (€ H*BT")) and x
(e H*(F)). Let f:F—x be the constant map. In view of we may
use R™ as V in §2 and have easily that

Ind (¢ X x)=f,(x)t

where f, denotes the classical Gysin map

fii H¥(F) — H*(x).
It follows by definition that
flot=txx/[F].
Since any element of H*(BT™ X F) can be written as the sum of elements of
the form ¢ X x, Ind is given by the slant product /[F]. Since the slant pro-

duct /[F] is an H*(BT™)-module homomorphism, it induces naturally the lo-
calized homomorphism

S'H¥(BT"XF) —> ST'H¥(BT™)

which is denoted also by /[F]. Hence S-'Ind is given by this generalized
slant product /[F].

PrROOF OF THEOREM 1.1. Combining Lemmas 3.6l and 8.7, we have [Theoreml|
1.1 in Case 1. The proof of in Case 2 is quite similar.

§4. The global index.

In this section, we are concerned with toral actions on oriented manifolds
and analyze the global index, which will give an information corresponding
to that of the analytic index of the Atiyah-Singer G-signature theorem.

First, we show the following

LEMMA 4.1. Let M be an oriented T™manifold, then the diagram
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HAET™ M) Ind H*(BT™)
i it
P— \
HXET} X M) : = H*(BT%)

commutes, where j¥ and j¥ are induced by the natural inclusions and P, is the
classical Gysin map. Here BT?, (=CP™X --- XCP™) has a canonical orientation
class and the orientation class of ET? ;<nM is the induced one from BT? and M.

Proor. First we consider four homomorphisms :

4

H*(ET”T>§‘ M) ﬁ) H*(ET”T>7<1 D(), ET™ X S()) *Eb-Z)

7

HXET» 5 D(V), BT y (D(V)—lnt D) ~>

H*(ET”I?% D(V), ET™ X S(V)) ﬁ H*BT™),

where ¢; and ¢, are those in §2 and ¢; is an excision isomorphism and ¢7 is
induced by the natural inclusion. The composition @3 °¢; is nothing but ¢,
in §2.

Similarly we define ¢, ¢35, ¢4, ¢ using ET}, instead of ET". Let
Ja: ET3, bt D(y) — ET™ % D(v)
and
Js: ETH, %, D(V) — ET™ %, D(V)
be the natural inclusions. Then we have

]-?fi—1°¢i=¢i°jzk for =1, 3,
and

JFege=¢re g5,  jEedi=¢i - jf.
If we denote by Ind, the composition ¢;° ¢y ;e ¢,, then we have
Ind,, - j¥=jf-Ind.

Next we show that Ind, is equal to the Gysin map P,. For an oriented
manifold X (with or without boundary), we denote by [ X] the orientation
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class. Let p,: ETZ ;%D(”)—*ET% ;<nM be the projection. Then we show that

the following diagram is commutative

Ul

H*(ET, X M) H*(ET?, X D(v), ET?, T>§L S@))
) NLET?, X M] NLET, T>r<z D)1
‘ Drx
Hy(ET% % M)— H(ET%, % Do)

where N denote the cap products.
Denote by = the Thom class of the Thom isomorphism ¢,. Notice that

PieNLET R X D) D=LET7 X M]
by Thom It follows that, for any x€ H*(ET?Z, % M), we have
Pud(pFxIOINLETR X DO)I} = pus {p¥xN(ENLET R X D)D)}
=xNPultNLETE X D))
=xNLETH X M1,

that is, the diagram (1) commutes where U denotes the cup product. Next
we show that the following diagram
HYET} X D), ETh %, S0)

&
HXET? X D(V), T, % (D(V)—Int D))
@ NLET} % DO)] MRLET X D(V)]

H(ET% % D(V))

] ex
Hy(ET% X D))
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commutes, where e, is induced by the natural inclusion and %, is induced by
the natural inclusion :

B:(ET5 > D(V), ET3 % S(V))

(ETfnT>§ D(V), ET;:,% (D(V)—Int D(v))).

Let

¢: (ET% % D), ET?, %, S(v))
(ET?"% D(V), ET?, X (D(V)—=Int D(v)))
be the natural inclusion, then we have
E*[ETZITXH D(V)]=8[ET7, X DW)].
Hence for any x€ H¥ET?, T>1<Z D(V), ET%LT>§L (D(V)—Int D(v}))), we have
ex(¢y xNLET S X D) )=ex(8*xNLETS X D)])
=xNeLETy X D)]
=xNELETS 3 DOV,

that is, the diagram (2) commutes.
Similar arguments prove that the following two diagrams commute :

H*ET3, x D(V), ET5, X (D(V)—Int D))

"

ABLETS 3 D(V)] 2

3
@ H¥ET > D(V), ET7, % S(V))

, ALETS 3 D(V)]

HW(ET3 x D(V)
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HYET4 5 D(V), ET4 3 S(V) e HBTL)
(1) NLET?, % D(V)] NLBT%]
D o '
H(ET3 % D(V)) = H«(BT%)

where p, is the projection.
Let 7: ET’,;T>§z M——>ET;’,LT>§L D(v) be the zero section map. Then (p)! is

given by iy and the composition p,ce-i is nothing but the projection
P: ET:‘,L;%M——>BT:',L.
It follows that the composition
(NEBTRD) ™ e paxeese i NLETR X M1)

is the Gysin homomorphism P,.
Putting the commutative diagrams (1)-(4) together, we obtain the required
equation

Pi=gyoll oo by
Thus we have shown that
j¥oInd=Ind, - j¥=P,- j¥.

This makes the proof of complete.
LEMMA 4.2. Ind L(ET”% TM) is in HY(BT™).

PROOF. According to Chern [7], the Gysin homomorphism P, is equivalent
to the integration over the fiber (see Borel-Hirzebruch [5]) of the fiber bundle

P: ET"’”%M—-) BT%,.

It is easy to see that the bundle
ET&;%TM—»ET:;;%M

is equivalent to the bundle along the fiber of the fiber bundle
P: ET”,,LT>7<z M— BT?Z,.

It follows from Borel-Hirzebruch that the L-genus is strictly multiplica-
tive for the fiber bundle above, that is,
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P,L(ET%, X, TM)s H(BT2).

Obviously there is a natural bundle map:

ET?, X TM = FT" T>< TM™
hao n

ETZ, T>§l M ET™ pas M.
Hence, by Lemma 4.1, we have
j¥ Ind L(ET™ % TM)=P j¥L(ET" % TM)
=P, L(ETz, % TM)

which belongs to H%(BT%). Since m is arbitrary, we may conclude that
Ind L(ETn% TM)eHYBT").
This completes the proof of Lemma 4.2.

THEOREM 4.3.
Ind L(ET"T>§L TM)=Index of M.

PrOOF. Taking 0 as m in Lemma 4.1, we have the following commutative
diagram

I
HXET™ % M) nd - H*(BT™)
JE JF
| 2
HYET; ¢ M) ! — H*BTY).

Notice that ET? ;<n M=M, BTi=+ where * denotes a point. Hence the Gysin

homomorphism
ﬁ! : HiimM(pT7 1?% M)=Z — H'(x)=Z

is the identity map and is trivial for other dimensions. Obviously the bundle

ETS';%TM——»ET{,’;%M
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is equivalent to the tangent bundle TM—M, Hence we have:
j¥Ind L(ET™ % TM)=P j¥L(ET" ;<nTM)
=P, L(TM)
=L(M)[M]

=Index of M.
Since Ind L(ET"T>§ TM)=H(BT") by Lemma 4.2 and since

j¥: H(BT™)=Z —> H(x)=Z
is the identity map, we may conclude that
Ind L(ET™ T>§L TM)=Index of M,
by the natural identifications.

This makes the proof of complete.

§5. G-signature theorem.

In this section we prove G-signature and Corollaries 1.3 and
14. In view of the total Pontrjagin class of the bundle

ET™ PaS N,—> BT"XF,

is given by
P(ET™ X N=TL1+Q@+x5.2)).

Therefore, in the localized ring S-*H*(BT™), we have

Index of M=Ind L(ET™ % ™M) by
WL(ET™"XTM)
=%) ¥ (1\773 /LF,] by Theorem 1.1,
rn ¢

L(TF,)- L(ET”T>§LN#)
XTn(N/J>

=§ /LF,]

e(2+xzi_)+e—(1+xi‘p

SIL(TF,)-TI(

2

VIFD.

e(2+xi1)_e—(l+z§‘p

This makes the proof of complete.
PROOF OF COROLLARY 1.3. Since the number of the irreducible representa-
tions 4 which appear as normal representations are finite, we can find a
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sequence a=(a,, -+, a,) of integers such that
(A, a)=2,a,+ -+ +2,0,#0

for every irreducible representations A which appear in normal representations.
We can choose a complex structure of N, so that (4, a)>0 for every 4. Ac-
cordingly F, is oriented. Note that the formula in holds even
if we regard ¢; as real numbers satisfying A=334;t;#0. Set f;=a;t. Then
we have '
tooo SR, @IEHTHRY 5= (R, AIE4T,0)

Therefore [Corollary 1.3 is an immediate consequence of

PrROOF OF COROLLARY 1.4. In this case, A=t and we extend the coefficients
R to C. As in the manner of the proof of we can put A=+/—1r/2.

Then we have

Index of M=3 L(TF,){(IIx.)-+higher term}/[F,].
3 i

Hence if dim M—dim F,>dim F, for every component F,, Index of M must

vanish. This completes the proof of Corollary 1.4

§ 6. Dimension of fixed point set.

In this section, we prove Propositions .11 and

PROOF OF PROPOSITION 1.11. Let B be the set of the irreducible repre-
sentations p which appear as N,(p) for some N,. Denote by u’ the order of
the set B. Let k=Qu’+1)a’+0b’, 0=0'=<2u’. When 0=b'<u’, we set c=2a’,
d=a’+b’. When u'<b'=2u’, we set c=2a’+1, d=a’+b'—u’. In both cases,
k=u’-c+d and min{c, 2d} =c. Since u'=Zu, 2c=v.

We now consider

2k
fo, x)= 2 (x)* IL(— >+ (x4)%)°
=1 PEB
=s,(x)+terms of lower degree in x,

which is inspired by [1I7]. As before, we regard each element p of B as an
element of H*BT™) and express the total Pontrjagin class of ET”TXnTM

formally as TI(1+(x)?). We also use the notations z, x%; asin §1. We then
have

Ind f(p, x)=s,[M]#0.
Note that
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[ 497))
i£f(p, 5= 3 (64 TL(— 0™+ )"

+ 2 (At 2% I (= p*+ @A+ 2,0)°)°
where d(¢)=dim F,/2. Hence the term of least degree of H*(F,) part in

i flp, x)
H(Z—l- x4

is of degree at least ¢. It follows that dim F=2c.

This completes the proof of [Proposition 1.11].

PROOF OF PROPOSITION 1.12. Let M™ be a semi-free S'-manifold. Then
M bounds as semi-free S'-manifold if and only if 3 (F,, N,) represents the
zero element of g

S Qn-ss(BUR)).

Since Hy«(BU(k)) has no torsion, any element of Zk).Qm_zk(BU(k)) is characterized

by bordism Stiefel-Whitney numbers and by bordism Pontrjagin numbers [8].
Now for any pair of partitions w=(i,, ---, i,) and &’'=(j,, -**, Js), We con-
sider

Fanar (0= (= 13 () ()0 e (— £ ()P ()
RSt ()Y G e (= £ () (33,

where the summations are taken as these are smallest symmetric polynomials
containing the given terms.
As usual, the total Pontrjagin class of ESI§<1TM (resp. TF) is expressed

formally as TI(14+(x,)%) (resp. TI(1+(2%)?). Similarly the total Chern class of
N, is expressed formally as JI(1+x}). Denote by ¢ the first Chern class of
the bundle S'—ES'—BS* where we identify S* with U(l) canonically. Then
the term of least degree of H*(F,) part in

Vi w0 ()

IiI(t +x3)

is of degree at least 2|w|-+|w’| and

i:':fw,w’ (JC)

IOt + x%) =¢(1)su((2)?): S (x,)+terms of higher degree,

where c¢(t) is a non zero rational function of ¢ and
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solZ)D=2(Z)71 - (2h)?ir
and

Sar (X )= 22(xL,)1 - (x8,)5.
Here the summations are taken as above.
The term of highest degree in f,, . (x) is of degree

6lol+2{lo[+r+5+ 3} []7]}

Since 1+[—]—23] <j;, we have

6lol+2{lo/| +r+5+ B[ 2]} =8lul +4]0/].

Note that any bordism Pontrjagin numbers of > (F,, N,) can be written as a
“

linear combination of s,((z,)%):Sw (x)[F,]. Therefore if dim F<dim M/4, any
bordism Pontrjagin numbers must vanish.

A similar argument works for bordism Stiefel-Whitney numbers. Let

w=(ly, -+, ;) and @'=(jy, -, Js) be partitions such that none of the i{;cw is
of the form 27—1 and all j; are even. Then

2/l +r+2(0f | +5Z 2 (lo] +]a’ ]
and we make use of
Foar ()= DA 2040 2 (Lo ) )
XA (L x e xft*t e (L Yo xlet).

Notice that in our situation we have only to consider the partitions as
above.

When dim M is odd, each dim F, is also odd. Hence every bordism Pon-
trjagin number of (F,, N,) vanishes.
This makes the proof of Proposition 1.12 complete.
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