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Consider a subregion W of a Riemann surface R with an analytic relative
boundary W, compact or noncompact. We denote by H(W ; dW) the class of
continuous functions v on R harmonic on W and vanishing on R—W. The
operator ¢ from a domain in H(W ; 0W) into H(R) given by

— 11 Q2
(1) ”v’}}F}EH”

is referred to as the extremization relative to (R, W) in the Kuramochi termino-
logy, where {2} is the directed net of regular subregions of R and H# is the
harmonic function on £ with boundary values v on 082. Let HX(W;0W) be
the subclass of H(W ; W) consisting of members with the property X=D or
BD where D means the finiteness of the Dirichlet integral

(2) Da(v) = j dvntdu,

B the boundedness, and BD both B and D. As a consequence of the Dirichlet
principle the domain of g contains HX(W ;W) and the range of py=
p|HX(W; 0W) is contained in HX(R) (X=D and BD), i.e.

(3) pp: HD(W ; W) —> HD(R)
and also
4) tep: HBD(W ; 0W) — HBD(R)

are linear operators, which are injective, positive, and isometric with respect
to the supremum norm on K; and the former is an extension of the latter.
Here we recall the following theorem of Royden: the classes HBD(W ; oW)
and HBD(R) are dense in HD(W ; 0W) and HD(R), respectively, with respect
to the Dirichlet seminorm Dg(-)? and the supremum seminorms supg|-| for
all compact subsets K of R. In view of this we naturally come up with the
following
QUESTION. Does the surjectiveness of ppp imply that of pp?
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The answer is trivially in the affirmative for surfaces R with HD(R)=
HBD(R) and the question should be asked for surfaces R not in this degenerate
category. The primary purpose of this paper is to show that the answer to
the above question is in general in the negative. Namely we shall prove the
following

MAIN THEOREM. On any Riemann surface R not in the class Ugy with
HD(R)—HBD(R)+#0, there exists a subregion W with an analytic relative boundary
such that pgp is surjective and yet pp is not.

Here the Constantinescu-Cornea class Uzp of Riemann surfaces R is defined
as follows: Let fﬁ)(R) be the class of nonnegative harmonic functions # on
R such that there exists a decreasing sequence {u,} in HD(R) with u=lim u,

on K. A function u in H7)(R) is said to be minimal if u>0 and u=v=0 for
any v in H’E(R) implies the existence of a constant ¢, in [0, 1] such that
v=cy,u. Then Ugy is defined to be the class of hyperbolic Riemann surfaces
R such that ]ﬁ)(R) contains a minimal function. Planer hyperbolic Riemann
surfaces or hyperbolic Riemann surfaces of finite genus are examples of R
such that ReUgzy and HD(R)—HBD(R)+0. Although the restriction HD(R)—
HBD(R)+9 is essential for the validity of the conclusion of the above theorem,
we do not know whether any additional restriction is really needed. From
the proof in the sequel we see that the condition ‘R&Ugzp and HD(R)—HBD(R)
#@’ can be weakened as ‘there exists an he HD(R)—HBD(R) and a sequence
{z¥} of distinct points in the Royden harmonic boundary such that each z}
has vanishing harmonic measure and lim A(z;f)=c0’. A sufficient condition for

o
this is ‘the existence of an infinite sequence of distinct points with vanishing
capacities in the Royden harmonic boundary’. The pfogram of the proof is
as follows. First in nos. 1-7 we develope a general theory. Necessary and
sufficient conditions on W for gzp to be surjective is given in no. 2. Under
the assumption that ppp is surjective, we shall show in no. 7 that the con-
dition

(5) -—jawhz*a’w < o

is necessary and sufficient for a nonnegative 1= HD(R) to belong to the range
po(HD(W ; 0W)), where w is the relative harmonic measure of W. This result
is derived as a result of more general assertion in no. 4: A general he HD(R)
belongs to up,(HD(W ; 0W)) if and only if Dp(wh)<oo, where upp is supposed
to be surjective. The significance of the condition (5) reveals itself if one
observes the Parreau inclusion HD<HM,. Based on this general theory the
construction of the required W in our theorem will be carried over in nos.

8-14. The subregion W has the form R— _OIXJ- where {X,} is a sequence of
J=
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closure disjoint regular subregions of R.

As an application of the main theorem and actually of the construction
of W we give an example of a density P on R, i.e. a nonnegative locally
Holder continuous second order differential P=P(z)dxdy (z=x-+1y) on a Rie-
mann surface K. We denote by PX(R) the class of solutions v of Av=Pv
(i.e. d*dv=vP) on R with the property X=D, BD, E or BE, where E means

the finiteness of the energy integral ER(u):f (dun*du+u®P). The reduction
R

operator T is an opzrator from a domain of the solution space P(R) of Av=Pv
on R into H(R) given, as (1), by
(6) Tv=1lmHZ.

0-R
The domain of T contains PX(R) and Ty=T|PX(R) is an operator from PX(R)
into HX(R) (X=D, BD, E, BE; E=D for H), which is linear, injective, positive,
and isometric with respect to the supremum norm on R. Since PBY(R) is
dense in PY(R) as in the case of harmonic functions, there arises the question
whether the surjectiveness of Tjzy implies that for Ty (Y=D, E). We shall
give a negative answer to this question. A density is said to be Green energy
finite (finite, resp.) on R if

(7N JRxRG(z, P (z)P(L)dxdydédn < oo (jRP(z)dxa’y < o0, resp.)

where G(z, {) is the harmonic Green’s function on R and {=&+i7y. The con-
dition (7) is known to imply the surjectiveness of Tzp (Tzg, resp.). Using the

subregion W=R— U X; in the main theorem we shall construct in nos. 15-19
i=1

a density P on R with P=0 on W and with the following property:

COROLLARY. On any Riemann surface R not in the class Ugp with HD(R)
—HBD(R)+0, there exists a both Green energy finite and finite density P on R
such that Tp and Tz are not suvjective.

1. Throughout this paper we assume that R is hyperbolic. Otherwise
HD(R)=HBD(R)=R (the real numbers) and HD(W ; oW)=HBD(W ;dW)=R
or {0}, which are of no interest from our present view point. We say that
an open subset Z of R has a piecewise analytic (analytic, resp.) relative
boundary 0Z if for each z€0Z there exists a parametric disk V about z such
that (0Z)N\V is a piecewise analytic (analytic, resp.) simple arc connecting two
distinct points of dV in V. An open subset Z of R is said to be normal if
0Z=0(R—Z) is piecewise analytic. An open subset Z of R is said to be regular
if Z is relatively compact and 0Z=0(R—Z) is analytic. For convenience we
say in this paper that an open subset Z of R is stuffed if R—Z has no com-
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pact component. We use this notion in such contexts as stuffed normal and
stuffed regular open subsets. We need to consider the Royden compactification
R* of R. Hereafter we use the bar A to mean the closure of a subset AC R*
with respect to R* but by the notation 0A for a subset ACR* we mean the
relative boundary d(ANR) of ANR with respect to R. We denote by A the
Royden harmonic boundary of K. A neighborhood U* of a point z*< A is said
to be normal if U=U*NR is a normal subset of K. If moreover R—U has
no compact component (i.e. U is stuffed), then we say that U* is stuffed
normal. The set of normal neighborhoods of z*< A forms a base of neigh-
borhoods of z*. We denote by ANI(R) the class of continuous Tonelli functions
on R with finite Dirichlet integrals over K. Each function in ]\71(1?) is a con-
tinuous mapping of R* into [—oo, ]. Let Z be R or a normal open subset
of R. We set MAUK(R):{]‘EM(R) ; FIAUK=0} where K=R—Z. Then I\7IAUK(R)
is complete with respect to the convergence in the Dirichlet seminorm Dg(-)"?
and supremum seminorms on each compact subset of K. We denote by
HD(Z; R) the subclass of M(R) consisting of those f which are harmonic on
Z. The orthogonal decomposition of M(R) states that

(8) M(R)=HD(Z; RY® M ryx(R)

where HD(Z; R)mANJAUK(R):{O} and HD(Z; R) lMQUK(R) (orthogonal) in the
Dirichlet inner product Dg(u, v):deu A*dv. The bounded members in A7I(R)

form the Royden algebra M(R). On setting HBD(Z; R)=HD(Z; R)nM(R) and
Mau(R)=M Ay (RYNM(R), (8) takes the form

) M(R)=HBD(Z; RY® M x(R).

Another fact we shall frequently make use of is the maximum principle: Let
s be a superharmonic function on an open subset Z bounded from below. If
lim inf s(z)=m for each z*=(dZ)\J(ZNA), then s=m on Z. In particular any

usHD(Z; R) takes its maximum and minimum on (6Z)~(ZNA). For the
detail of the theory of Royden compactification and, in particular, the orthogonal
decomposition and the maximum principle, we refer to the monograph of
Sario-Nakai [7, Chap. III].

2. Hereafter till no. 7 we denote by W a general normal subregion of R
with an analytic relative boundary oW. We discuss in this no. 2 the conditions
to assure the surjectiveness of pzp: HBD(W; 0W)—HBD(R). The relative
harmonic measure w of the ideal boundary of W is defined by

(10) o= lim )&,
2-R
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where lyng is the boundary function on 9(WN£2) such that lyng=1 on
@2)N\W and 1lyng=0 on (OW)NR2. We extend ® to a continuous function on
R by setting w=0 on R—W. We maintain the following

THEOREM. The following five conditions are equivalent by pairs: (a) The
extremization pgp: HBD(W ; 0W)—HBD(R) is surjective; (b) There exists a v
in HBD(W ; 0W) with pppv=1; (c) The relative harmonic measure w belongs to
HBD(W ; 0W) and pppw=1; (d) There exists a continuous Tonelli potential p
on R with Dp(p)<oco such that p=1 on R—W; (e) The closure W is a neigh-
borhood of the harmonic boundary A.

The implication from (a) to (b) is trivial. Next let v be the function in
(b) and observe that v=pgpv+(v—pspv) is the decomposition in (9) with Z=R,
i.e. v—pugpv=v—1€Msr(R) or v=1 on A. On the other hand, since 0=w<1

on R,
lim inf (w(z)—w(z))=0

for every z* in (dW)U(WNA) and a fortiori the maximum principle yields
v=w on R. Repeating the same argument for 1—v, we also see that 1=v on
R. By we deduce that ®=v on R. Therefore ®=v on R and the condi-
tion (c) is valid. To derive (d) from (c), let p=1—w, which is a continuous
Tonelli superharmonic function on R with Dg(p)<oo. Observe that Hg=1—H2
for every regular subregion {2 of R. Therefore ggH;?:l—yBDw:O, i,e. pis
a potential on R. Clearly p=1=1 on R—W. Next assume (d). Since peMA(R),
p is [0, coJ-valued continuous on R* and p—=0 on A. Set U*={z*e R ; p(z*)<1},
which is a neighborhood of A and U¥*~\RCW. A fortiori U*C W and W is a
neighborhood of A, i.e. (e) is derived. The final step is the deduction of (a)
from (e). Let u be an arbitrary element in HBD(R). There exists an f= M(R)
such that f=u on A and f=0 on R*—W. Let f=v-++g be the decomposition
in (9) with Z=W. Then clearly v=f=u on A and v=/=0 on R*— . There-
fore ve HBD(W ; 0W). Again observe that v=ppp,v+(—pppv) is the decom-
position in (9) with Z=R. In particular, pggpv=v=u on A. The maximum
principle applied to gzpv—u on R implies that pzpv=u, i.e. (a) is deduced.

3. The next purpose is to characterize the image pp,(HD(W ;aW)) in
HD(R). We first prove the existence of universal constants a and b in (0, o)
such that '

(11) Dr(wv) = aDg(v), Dr(@w(v—ppv)) = bDR((v)

for every v in HD(W ; 0W). Here we stress that no assumption is made on
the relative harmonic measure w. Intuitively we feel that constants a and b
depend on the relative shape of (R, W),; for this reason we are especially
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interested in the fact that ¢ and 0 are completely free from (R, W). The
above inequalities as well as the theorem in the next no. are motivated by
works of Singer [8, 97.

For the proof we set w=1—w. Let {R,} be an exhaustion of R by regular
subregions and w, be the harmonic function on WNR, with boundary values
1 on @W)N\R, and 0 on (dR,)NW. We extend w, to R, by setting w,=1 on
R,—WNR,. Then w=lim w, uniformly on each compact subset of R. We

n—oo

denote by D,(-) the Dirichlet integral over R,. Although w, is not of finite
Dirichlet integral, we have D, (w,v)<co. It is not difficult to check this directly
but the following indirect method may also be one of the simplest. Let f, be
a harmonic function on W\ R, with boundary values 0 on (0R,)"\W and a C!
function ¢, on (OW)NR, such that 0=¢,<1, ¢,=0 in a neighborhood of
(OW)N(OR,) on OW)NR,, and }8132 v,=1 on (0W)NR,. Then Dyng,(fr)<oo

(=1, 2, ---) and w,= gimfk uniformly on each compact subset of WNR,. By
the Stokes formula '

Dwnmalfr)=—=[ _ fuwd(*d(fu))
=2 j fevdfs A*dv
WORn
=2 fuld(fyw)—fadv) N¥dv
WNRn .

=—2[  fd(fw)nrdv+2f  fidvA*dy.
WNRnp WNORn
By 0<f,<1 on WNR, and the Schwarz inequality
DWﬂRy;(fk”) = 2DWﬂRn(fkv>1/2 -D,(v)'*4-2D,(v) .
This inequality assures that lirrk} sup Dywnr,(frv)<+co. The Fatou lemma yields
D (w,v) = Dwngr,(W,v) = 1'11? inf DWﬂRn(ka) <o,

Once w,v is seen to be of finite Dirichlet integral we can repeat the same
procedure replacing f,v by w,v to conclude that

Dn(wnv> é ZDn<wnU)l/2' Dn(v)]/2+2Dn(v) .

This implies that D,(w,v)"?<(1++/3)D,(v)"%. On letting n—oco, the Fatou
lemma yields Dgz(wv)*< (14 v/3)Dg(v)"®. Thus the first of is valid with
a=(2++/3)%

The proof for the second of is similar to the above. Let v,=HJ* and
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set g,=v—V,. Then lim g,=v—ppv uniformly on each compact subset of R

and lim D,(g,)=Dr(v—ppv). Again D,(w,)=c0 but D,(@,g,)<co where w,=

1—w,. This can be seen as in the case of D,(w,v)<co (see also the computa-
tion below). The Stokes formula yields

Dn(wngn) = DWﬂRn<wngn)

= —f wngnd<*d(wngn>)
WNRnp

I

_"Zj wngndwn/\*dgn

WNRn

=2 0 (dw.8.)—w.dg,) A*dg,
WNRy

= —Zf @ d(@,8n) N¥dgy+2 j wndgy N*dg, .
WNRp WNRp
By 0<w,<1 on WNR, and the Schwarz inequality

Dn(wngn) = 2Dn(a)ngn.)1/2’ Dn(gn>l/2+2Dn(gn) .

Then Dn(wngn>l/,2:<:(1+ \/:;)Dn(gn)l/z and DR(w(U_#Dv))1/2§<]—+ '\/3>DR(F—,UDU>1/2y
i.e. the second of is valid for b=(1+~/3)2

4. In this no. 4 we assume that ppp, is surjective. By the theorem in
no. 2, the assumption is equivalent to that Dgz(w)<co and ppp,w=1. As an
application of we first obtain the following

THEOREM. Under the assumption that pgp is surjective, a function u in
the class HD(R) belongs to the image pp,(HD(W ; 0W)) if and only if

(12) Dp(wp) <eco.

That the condition is necessary follows instantly from since u=
v—(v—ppv) for a ve HD(W ; 0W) with u=p,v. Conversely assume the condi-
tion is valid. Let wu=v-f be the orthogonal decomposition of wu in (8)
with Z=W. Once more apply (8) with Z=R to v to deduce v=ppv+g. Then
ou=pupv+(f+g) is the decomposition in (8) with Z=R and a fortiori wu=pyv
on A. Since w=1 on A, u=ypv on A, which implies with the maximum prin-
ciple that u=p,v on R, i.e. uspu,(HD(W ; 0W)).

5. We naxt try to reformulate ths above theorem to a more manageable
form for ths practical application. For this reason we need to select a con-
venient ssqusnce approximating the function w=1—w. We fix an exhaustion
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{R,} as in no. 3 and we still assume that Dz(w)=Dg(w)<oco. The approxi-
mating sequence {w,} of w in no. 3 has a drawback Dyng,(w,)=c0 even if
Dp(w)<oo. Our main modification is to make the approximating functions
Dirichlet finite.

To each pair (m, n) of positive integers m<n we associate the harmonic
function wy,, on WNR, with boundary values w,, ,=1 on (OW)"\R,, *dw, =0
on (OW)N(R,~R,), and wy ,=0 on (GR,)NW. We extend w,,, to WJIW by
setting Wy, ,=0 on (WUJOW)N\(R—R,). For each fixed m, {wn,} (n=1,2, )
forms an increasing sequence which converges to a harmonic function wg .
on W with boundary values w, .=1 on (0W)"\R,, and *dw,.=0 on (W)
(R—R,). The property 0<w,,<1 on W is inherited by w,,., and therefore
{Wn,y (m=1,2, ) is again an increasing sequence of harmonic functions on
W. Since WpSwW,SW,, WpSW,.=w and thus we have

(13) w=lim Wy = lim (lim w,, ,)

m~—oo Mm—oo n—o0

uniformly on each compact subset of W\JdW. Observe that

DW<wm,m wm,n+k>:DlVﬂRn+k(wm,ny wm,n+k)

— *
- f wm,n dwm,n+k
OWNRy+p)

:f wm,n+k*dwm,n+k
OWNRp+p)

= DWﬁRn+ k(wm,n+k) = DW(wm,n+k)

and similary

-DW<wm,m wm+k,n):j~,\ wm+k,n*dwm,n
G(WNRR)

:f wm,n*dwm,n
8(WNRR)

= DW(wm,n) .

In VieVV Of this and Dw<wm,n_’wm,n+k):Dw(wm,n)+DW(u'm,n+k)—ZDW(wm,ny wm,n+k)
we deduce that

(14) DW(wm,n'"wm,er) = DW<wm,n)_‘DW<wm,n+k>
and similarly

(15) DW(wm,n_wm+k,n) - DW(wm+k,n)‘—DW<wm,n) .
From it follows that
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(16) lim Dy (Wo— Wy w)=0.

n—oo

Using this we deduce from that
DW<wm,°°—wm+ k,oo> =Dy (W k,oo)—DW(wm,oc) .

On the other hand, on approximating w by f, in M(R) in Dg(-)"* with f,=1
on OW)NR, and f,=0 on R—R, (n=1,2, --+) (cf. [7], Chap. III), we see that
Dyw(w, Wy e)=Dw(Wy,~). The Schwarz inequality yields

Dy(Wp,) < Dy(w) .

Therefore we conclude that

17 Hm Dy (W, —w) = lim (lim Dy (w,, ,—w))=0.

M-—o0 N—00

Since Dy (wy, s, w):f
@W>NRy

the Lebesgue-Fatou theorem we conclude that

Wa,n*dw, we have Dy(wp, e, w):jawwm,w*dw. By

(18) Dy(w)= jaw*dw (i. e. Dy(w)= ——Lw*dw) )

In particular, *dw or —*dw is a finite positive mass distribution on W in the
case Dg(w)< oo,

6. We still assume that Dg(w)=Dg(w)<oco. For any ucHBD(R) the
Stokes formula implies that

Dy (W, n1t) = Diyngy(Wi,nth)

={  wpardwan)— [ wpud(*d(wn,u)
OWNRY WNRn
- jl wm,nu*d(wm,nu)-“zj wm,nwam,n/\ *du .
dWNRR) WNRy
Here W 2 U*d(W, ,u) is the sum of
AWNRY
j‘ W U FAW = ‘f WHdw,
HWNRR) GWINRy,
and
j. we, u*du :5 d(w3,u*du)
HWNR) WNRp

:25 wm,nudwm,n/\*du+f Wi, duN*du .
WNRp

WNRp

Putting these together we obtain
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DW(wm,nu):J‘ uz*dwm,n—}—j wi duN*du .

@WINRp, WNRn

Since u is bounded in addition to Dy (u)< oo, implies that Dy (W, t—Wp i)
—( as n—oo. Thus the Lebesgue-Fatou theorem applied to the above as n—oo
yields

Dy (W cout) :j uz*dwm,m—i—fww%l,mduA*du.

OW)INEp,

Similarly, as above, we deduce by letting m-—oo that
_— 2% 2 E3
(19) Dy (wu) = jawu dw+jww duA*du
for every u€ HBD(R) if Dp(w)<co. Here the proof for
i KW == 2
7lnlg}cj‘(aw>mzmu Wm, fawu v

may be in order. Let u*<K on dW. Observe that *dw,, .=*dw=0 on (0W)N\R,
and therefore

An=| |t
fcawmzamu i, j.awu w
< 2(% % 2%
:5(3W)0Rmu( W dw)+~f<aw>nce—ﬁm)u dw
ng (¥dw, . —*dw)+ K| _ *dw
(aW}ﬁRm (3W)ﬂ(R-Rm)
=K Wbt o~ K| *dw+2K | o
dWNRR) ow GWIN(R-Rp)
= K(Dy (W, W) — Do (w))+2K | _ *dw
i OWIN(R-Rp)
for every n>m. On letting n—co
Ay < KDy (W ) — Dy (w)) +2K j *dw .

OWINR-By)

By and [18), the last two terms and therefore A, tend to zero as m—oco.

7. For two functions f and g on R we denote by fUg (fng, resp.) the
pointwise maximum (minimum, resp.) of f and g on K. We also denote by
u\Vv (uAv, resp.) the least harmonic majorant (the greatest harmonic minorant,
resp.) of two harmonic functions u and v on R or on W if it exists. The
classes HX(R) and HX(W ; oW) (X=D, BD) form vector lattices with lattice
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operations vV and A (cf. e.g. Sario-Nakai [7, Chap. III]). We assume that pzp
is surjective. Then pp(HBD(W ; 0W))=ppp(HBD(W ; 0W))=HBD(R) and a
fortiori the range of y¢p contains HBD(R). For u and v in HX(R) or HX(W ; 0W)
(X=D, BD), uvv and uAv are characterized by

(20) (uvv)[A=|A)V(v]4), (uAv)|[A=u][A)N(v]|A)

(cf. [7, p. 177]). This with the identity v=ppv on A for every ve HD(W ; 0W)
assures that yp,(HD(W :0W)) is a vector sublattice of HD(R) and pp is a vector
lattice isomorphism from HD(W ; 0W) onto pp,(HD(W ; dW)). In particular we
see that a function % in HD(R) belongs to the range of y, if and only if both
the positive part u*=uV0 and the negative part u"=uAQ of u belong to the
range of p,. We maintain

THEOREM. Under the assumption that ppp is surjective, a nonnegative func-
tion u in HD(R) belongs to the range up(HD(W ; 0W)) if and only if

(21) | _jaw ut*dw < oo .

We are not successful in proving the above theorem for not necessarily
nonnegative u. In other words we do not know whether the integrability of
(u*+u~)® on 0W with respect to —*dw is equivalent to when u changes
its sign on R. First we prove the sufficiency of [2I). Let u,=uAn. Since
De(u.)=Dp(unn)<Dg(u), we use to deduce

Dy (wuy)= | uitdwt j _widuy A *du,

< j | utdw - Da(u)

Thus Dy(wu)=< lil;l"l Lnf Dy(wu,)<oco and Dg(wu)?< Dg(u)*+ D gp(wu) < 2D g(u)"?
+Dy(wu)*<co. By the theorem in no. 4 we deduce that u belongs to the
range of pp. Conversely assume that u belongs to the range pp, i.e. u=ppv
for a ve HD(W; 0W). Let u,=uAn as above and v,=vA(nw). Then u, (v,
resp.) converges increasingly to u (v, resp.) and Dg(u,—u) (Dg(v,—v), resp.)
—(0 as n—oo. Observe that ppv,=u,, Dp(u,)<Dg(u), and Dx(v,)<2Dg(v) for
large n. By we see that

DR(wun)l/z é Dk(wvn)l/z +DR<w(vn - #Dvn)l/z é CDR(vn)1/2

where c=a"?+b'"2. Therefore Dg(wu,)*<(1+c)Dg(v,)"2=2(1+c)Dg(v)*?. Again
by applied to u,, we have
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j w2*dw = Dyy(wi,)— f widu, N*du,,
ow w
é DW(wun>+DW(un)
< 4(1+4¢)’Dg(v)+Dr(u)=K < 0.

By the Lebesgue-Fatou theorem
‘f u?*dw = lim f wWrdw=K< oo,
ow aw

i.e. is deduced.

8. Having finished the general discussions we proceed to the proof of the
main theorem stated in the introduction. We need to prepare an elementary
lemma. Let Y be a stuffed regular open subset and F be a regular subregion
of R such that YCF. We give the orientation to dY positively with respect
to Y. Let

F=F(F,Y)={uc HF-7)NC(F); u|7=0} .

Then there exists a finite positive constant c=c(F, Y) such that

(22)

k
= f *dulgcmaxlul
Jj=1 —an oF

k
for every ue & where Y= Y, is the decomposition of Y into closure disjoint
Jj=1

regular subregions Y;. For the proof let G(z, {)=Gpr-7(z, {) be the harmonic
Green’s function on F—¥. Then

u(2)= ——e | uC)dG(z O)

27C 3

for every u= < and a fortiori
()= ——e || w0 a6z, )

for every z=dY. Therefore

Jor, 2] =g | [ 0y, a0 0)

={ e s

*dc(fayj*de(z, C))l} max ||

and a fortiori

C:Jé _217&1:' *dcqayj*de(z’ C)ﬂ
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is the required constant c¢(F, Y).

9. Let U* be a stuffed normal neighborhood of a point z*eA. We fix
an exhaustion {R,} of R such that UNR, is a stuffed normal open subset of
R for each n=1,2, ---, where U=U*"R. Let Y be a stuffed normal open

k

subset of R which is the union U Y; of a finite number %2 of closure disjoint
Jj=1

regular subregions Y; and such that YN\U*=0. We denote by w,=w(-, YU

(UNR,)) the continuous function on R* such that w,=1 on YU(UNR,), w,=0
on A, and harmonic on R—YJ(UNR,). Thus w,eMA(R). We maintain

(23) Egrolo f—&(UnR )*dw(" YU(UNR,))=co.

For the proof let g, be the continuous function on R* such that g,=1 on
YU(UANR,), g€,=0 on R*—R,,, and harmonic on R,—YJ(UNR,) (m>n). Then
w,= lim g,, uniformly on each compact subset of R and lim Dz(w,—g,)=0 (see

m—oo M—r00

e.g. [7, p. 162]). By the Stokes formula

Da(gn)= *dg,,

(—aY)U(—aUNRY))

and on letting m—co we deduce

Dp(w,) = j *dw, .

(VU= NELD)
Let F be a regular subregion of R such that YCF and FAU=0. Since {w,}

is increasing on R, w.= lim w, exists on R, w.=1 on YU(U’(\R), and harmonic

n—00

on R—YUU. In particular, w.—w, converges uniformly to zero on F and
Wo—wW, e F(F, Y). Therefore

*dw, = Dp(wa) +[ *dw,

j —3UNRY

= DR(wn)+jay*dwm —}—Ly*d(wn—ww)

k
2 Da(wn)+ [ rdw.— 3 |[ td(w,—w.)|
= v,

By using the constant c=c(F, V) in we deduce

5 ) *dwn;DR(wnH-f *dWwe—c max|w,—we.|.
—3(U Ry oy aF

Therefore to prove we only have to show that lim Dg(w,)=o0. By the

n—oo
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Dirichlet principle, {Dg(w,)} is increasing as n—oo (cf. e. g. [7, p. 162]). Con-
trary to the assertion assume that lim Dg(w,)<oo. Since w..= lim w, uniformly

T—00 n—oco

on each compact subset of R and w,€Mx(R), the Kawamura lemma (cf. [7,
p. 1537]) implies that w.=MA(R) and a fortiori w.. is continuous on R* and
w.=0 on A. In particular, w.(z*)=0. On the other hand, w.=1 on U and
the continuity of w., implies that w.=1 on U* and hence w.(z*)=1, a con-
tradiction.

10. We shall next show that for any given positive numbers a and S
with @< 8 there exists a stuffed regular open subset X with XU such that

(24) a< j_aX*dw<-, YUX)<B.

Here Y may be empty. First we use to find an X,=UUR, such that
j ox *dw(., YUX,)>pB. Let X, consist of a finite number / of closure disjoint
- o

relatively compact stuffed normal subregions X,;. Fix a point z,€ X,; for each
Jj=1, -+, 1 and consider a function Gy(2) on X, such that G,] X,; is the Green’s
function on X,; with pole z; for each j=1, ---,[. Let

Xi={zeX,; G2)>1}

for t=[0, o), which is a stuffed regular open subset except possibly for a
finite number of ¢ in (0, o). Consider the function

A= *dw(-, YUX).
-0x¢
We set w,—=w(-, YUX,). As in no. 9 we deduce

ft)=Da(w)+[ *dw,

for t<[0, co) and therefore
| AD— At =1 D)~ Dol [ #dCaw—,
= | Dp(w,)—Dg(w,,)| +c¢ m%Xlwt_wtol

for t and ¢, in [0, c0), where F and ¢ are as in no. 9. Observe that w,—w,,

as t—t, uniformly on each compact subset of R. By the Dirichlet principle,

Dp(w,)— Dgp(w,,) (t—t,) (cf. [7, p. 162]). Therefore %11}1 f(H=f(t,), i.e. f is con-
aadti}

tinuous on [0, o). Let w=w(-,Y). Since DR(u)):LY*dw, we have, as above,
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| /)| = | Dp(w,)—Dgp(w)| +c H}?%X]wz"w |

Since lim w,=w uniformly on each compact subset of R—{z, -, 2} and

t—oo
Eim Dp(w,)=Dg(w), we conclude that f(co)= lim f(t)=0. Therefore f({) is con-
—ro0 t—o0
tinuous on [0, co] with f(0)>8 and f(c0)=0. The intermediate value theorem

yields the existence of a t,&(0, ) such that f(t,)e(«, 8) and X=X,, is a
stuffed regular open subset of R.

11. We assume that R&Ugp and therefore any component of A contains
at least two points (cf. [7, Chap. IIIJ). In this no. we start with fixing a

4
stuffed regular open subset Y= U Y; of R such that Y; (j=1, -+, [) are closure
J=1

disjoint subregions of K. We also fix a point z2*=A. We shall prove that for
any positive number ¢ there exists a stuffed normal neighborhood U* of z*
with YN\U*=0 and

e ]1,, s U, maut 1<

for every stuffed regular open subset X with XcU=U*~\R. In the proof of
this assertion the assumption R< Ugyp is essentially made use of. Actually we
only use the fact that the harmonic measure of z* is zero. For the proof let
P(z, £*) be the harmonic kernel and g be the harmonic measure on A (cf. [7,
p. 1717). Since R« Ugp is characterized by p({{*})=0 for every {*<A (cf.
[7, p. 187]), we obtain
V!\l—?:) AﬂV*P(Z’ 77*>d#(c*)—0

uniformly on each compact subset of R where {V*} is the directed net of
normal neighborhoods V* of z* with ¥ V*=0 such that V* does not contain
any dividing cycle of R, which can be assumed by the fact that any com-
ponent of A contains at least two points. If R—V*"\R has compact component

E; 1<j<p=co), then V*U(\JE,) is open in R* for every q<p and thus
Jj=1
U*:V*U(kaEj):\pj(V*U(oEj)) is again open. Hence U* is a stuffed
Jj=1 g=1 Jj=1 -
normal neighborhood of z* with Yn\U*=0 and AnNU*=ANV* Therefore

lim U*P(z, {*)dp(*)=0

U-—{z:}Y AN

uniformly on each compact subset of R where_{U *} is the directed net of
stuffed normal neighborhoods U* of z* with Y\U*=#. We can thus find a
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decreasing sequence {U}} in {U*} such that
lim [, P(z, ()dp(C9) =0.

Note that, however, (F\ UNNA2{z*} (cf. e.g. [7, p. 156]). Let k,, be the
n=1

continuous function on R*—(I_?*—R)mé_l—]n (U,=U¥NR) such that k,,=1 on
U.N(R—Rp), kam=0 on A—U,, and harmonic on R—U,N(R—R,). Then

Lig}ok”:m = JAﬂU;; P, £9du(CF)

uniformly on each compact subset of K. Thus lim (lim k,,,)=0 uniformly on

7—o00 M—00

each compact subset of K. We can thus find an increasing sequence {m(n)}
(n=1, 2, ---) of positive integers such that lim k,=0 (k,=ky muy) uniformly on

Nn-—o00

each compact subset of K. By the maximum principle,
U/(’, Y)é W(', YUX)é U/(', Y)+kn

for every stuffed regular open subset X with XCU,\(R—R,wm). Let F be a
regular subregion of R with YCF and FN(U;N(R—R,u))=0. Then

>

J=1

j *dw(-, YUX)—-j *dw(-, Y)|Zcsupk,
—BYJ' -an oF

for every stuffed regular open subset X with XCU,N\(R—R ), where c=
¢(F,Y) is the constant in [22). Since sup k,—0 as n—co, we can choose the
F

required U* in to be U*¥ N\ (R*—R ) such that ¢ sup k,<e.

12. In addition to R<Ugp we assume that HD(R)—HBD(R)+#. Since
HD(R) forms a lattice, we can find an & in HD(R)—HBD(R) such that A>0.
This function 2 will be fixed throughout the proof. By the maximum principle
we can select a sequence {z;} of distinct points in A and a sequence {«,} of
positive numbers with n<a, and 3«a,<a,,, (n=1, 2, --) such that A(z})=2a,
(n=1, 2, -~-). We can choose a sequence {V,}} of stuffed normal neighborhood
VX of z¥ (n=1,2, --+) such that V} N\ Vi =0 (n#m), h>a, on V) (n=1,2, ---),
and V,=V "R does not contain any dividing cycle of R»0. This can be
found by induction. First let V* be a normal neighborhood of z¥ such that
a,<h<3a, on V* and V* does not contain {z}¥} (n=2) and V* does not con-
tain any dividing cycle #0 of R. If V=V*"\R has a compact component
E in its complement R—V, then E is the closure of a regular subregion E°
and 3a,>h>a, on 0E°. By the maximum principle, we must have 3a,>h>a,
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on E. Thus V* can be replaced by V*UE and repeating this process we can
deform V* to a stuffed normal neighborhood Vi with the required pro-
perty. Assume that V¥, ---, V. have already been chosen as required and

(_\nj Vﬁ)m{z}‘}jgnﬂzﬂ. Let V* be a normal neighborhood of z},; such that

Jj=1

Sa,,,>h>a,,, on V* and V*~\( U VJ*)U{zf}jzn+2):ﬂ and V* does not contain
Jj=1

any dividing cycle »#0 of R. Let E be a compact component of R—V*NR,
if there exists any. Then as above 3«a,,,>h>a,,, on E. By the choice of
{a,}, ENV¥=0 (j=1, ---, n) and thus the deformed stuffed normal neighbor-
hood V3, by adding all E’s to V* satisfies the required condition.

We shall next construct a sequence {X,} of stuffed regular open subsets
X, of R (n=1,2, ) such that X,N\X,=0 (n#m),

k
(26) a;t <j *dw(-, U X)) <2a;2  (j=1, -, k)
—an n=1
for every k=1,2, -+, X,CV,=V*NR, and in particular

(27) hX,>a,

for every n=1, 2, ---. The construction of {X,} is again by induction. First
let X, be a stuffed regular open subset of R with X,CV,=V#~R such that

o < j *dw(., X,) < 2052 .
-9x1

The existence is assured by (24). Suppose that X, ---, X, have already been
3

chosen. We set Y=_\{ X;. Let U* be as in no. 11 for z*=z%,; and for ¢>0
j=

less than 1mi_nk(min (2a3*—B;, Bj—a;?)) where
=j=
#qu(-, \J X
ﬁj_j~6Xj w(.’ngl n)

fOI‘ ]:1, ey k. Set U?+1:U*mvlj(+l and Uk+1:Uf+1mR. Then UIT-H (CV}?:,O
is a stuffed normal neighborhood of z¥, and implies that

k
o< [ rdu(, (YX)UX)<25" (=1, 0, )
—6Xj n=1

for every stuffed regular open subset X with XCU,. By we can choose
a stuffed regular open subset X=X,,, with X,,,CU, such that

aii1<f ;

k
*dw(-, (nyl X)\U X)) <2033 .

Xp+1

This completes the induction.
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13. We are coming to the final stage of the proof of the main theorem
stated in the introduction. As a required subregion W we take

(28) W=R—\UX,.
n=1

k
Since {w(-, ngn)} (k=1, 2, --+) is increasing as can be seen by the maximum

principle, we can define
= k
(29) w('y \‘Jl Xn): llzim w('y QIX'IL)
where the convergence is uniform on each compact subsets of R. The func-

tion is 1 on \U X,, continuous superharmonic on R, and harmonic on W.
n=1

- -] k
For simplicity we set w.=w(-, QIX,L) and w,=w(-, \_le,,). Then using the
fact that w,e MA(R) (k=1, 2, ---) (cf. no. 9) we deduce

Dalwery—w)= 3 {[ (1w dwip—wi)+ D (w0}
J=k+1 ™ -0X;

k+p

— . *
=3l o L B

Since 0<1—w,<1 and *dw,,,>0 on —0X], implies that

a

k+p 2 +p .o
Dp(Whip—wp)=2 2 a2 X j72.
J=k+1 J=k+1

On letting p—oc and by using the Fatou lemma we conclude that

Dr(wa—w) =2 3
J=r+1
for every k. Therefore
oo k
(30) lim Da(w(-, J Xp)—u(-, U X)) =0.
Similarly, as above, we have
k k ko
De(wp) =3 *dw, =2 Y aj?=23j7?
Jj=1 —BXj J=1 Jj=1

and therefore
Da(w)=2 3572,
J=1

By [29), [30), and w,=Ma(R), we see that w.=Mu(R). Therefore 1—w.<
HBD(W ; 0W) and ppp(l—w.)=1—w.=1 on A. By in no. 2, ppp is
surjective and
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(31) w=1l—w=uw(-, len)

where o is the relative harmonic measure of the ideal boundary of W.

14. The last task to complete the proof is to show that y, is not surjec-
tive. We shall show that A yup,(HD(W ; 0W)), where h is the one introduced
in no. 12. By the theorem in no. 7, we have to show that

(32) { s, ngl X,)=oo

which is equivalent to that he pp,(HD(W ; dW)). As a consequence of we
have

33) o= [, rdw(, UX)S20G0 (=12, ).

These two relations will also be used in the application. To prove [32), by
and [(33), we proceed as follows:

j B dw.= 3 h*dw.,
aw

J=1Y -0x;

[\%
M

a?-jl *dWe
-ox

1 J

J

v

2 e yT2 —
2 a;-ajP=o00,
Jj=1

The proof of the main theorem in the introduction is herewith complete.

15. We proceed to the proof of the corollary stated in the introduction.
Royden proved that the finiteness of P implies the surjectiveness of the
reduction operator Tgz: PBE(R)—HBD(R). That the converse of this is
‘almost true’ is shown by Glasner-Katz [1] Precisely, Tz is surjective if and
only if

[ P(a)dxdy< oo
R—E

for a BD-negligible subset ECR, i.e. the closed subset E of R such that there
exists a subregion W with analytic relative boundary ¢W with ECR—W and
tsp: HBD(W; 0W)—HBD(R) is surjective. That the Green energy finiteness
of P implies the surjectiveness of Tzp: PBD(R)—HBD(R) is shown in [2].
Actually Tpp is surjective if and only if

(35) Gz, P(2)p(Q)dxdydEdn < oo

j(R-E)X(R—E
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for a BD-negligible set ECR (cf. e.g. [3]). Singer [9] showed the existence
of a density P on R={|z|<1} with and nonsurjective Tp. Similarly it
was shown in the existence of a finite (i.e. (34) with £F=0) density P on
R={|z| <1} with nonsurjective Tz. Moreover, as a generalization of the above
two assertions, the existence of a both finite and Green energy finite density
P on R={|z| <1} with nonsurjective Tz and T, was shown in [5] Our pre-
sent corollary stated in the introduction is a generalization of the above three
works. The proof is given in nos. 16-19.

16. The construction of a density P on R as stated in the corollary is

immediate if we use h and W=R— D X; determined in nos. 12 and 13 for the
J=1

proof of the main theorem. We use the function w.=w(-, U X ;). Since w.
J=1

is harmonic on W and w.|0W=1, w..|]W can be continued harmonically to a
region W~ containing W\UdW. We denote by wx the harmonic extension of
Wo| W to W™, Let ¢; be chosen in (0, 1/2) so small that the level line

L={ze X;n\W"; wi(z)=1+n}

consists of a finite number of mutually disjoint analytic Jordan curves in X;
and [, is homologous to 06X, in X; for each »=(0, 2¢;] (=1, 2, ---). We denote
by Y; (Z;, resp.) the stuffed regular open set of R bounded by I (/. resp.).
Then Z,CY; and 7,CX, (j=1,2, ). Let f=w3on R— Q 7, and f=1+¢, on
Jj=
Y; (j=1,2, ---). By choosing ¢; small enough we can assume that Dg(f)<oco.
The function f is superharmonic on R and harmonic on R— Ol Y,. By apply-
]:

ing the regularization (cf. e.g. Tsuji [10], Yosida [1I], [7, p. 150]) to f on
each X;—Z; (j=1, 2, ), we obtain a C* superharmonic function g on R such
that

gl WU Z)=F.

We can also make D Xj_zj(g— f) as small as we wish by choclsing the regulari-
zation g close enough to f (see [7, p. 150]) in each X,—Z; (j=1, 2, ---) and
thus we can assume that Dg(g)<oco. The property of w. being in Ma(R) is
inherited by g:g=Mx(R), and a fortiori g|A=0. Since g=f=w.. on W, the
following is identical with [33):

(36) aqfs|  rdgsteit  (=1,2,).
o4

17. As the final step of our construction we consider the function
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(37 ' e(z) =1—g(2)/2
on R. Then e(z) is a Dirichlet finite C” subharmonic function on R and
(38) 1/4<e(2)< 1

on R. Since g|A=0, e|A=1. The inequality yields
(39) 2a7°< | *de<daz®  (j=1,2,-).
an

Finally we give the required density P on R as follows:
(40) P(z)dxdy=(Ae(z)/e(z))dxdy,

which vanishes on W. We ascertain that the P is a finite density on R:

j P(2)dxdy=4 j Ae(z)dxdy

—42 j Ae(z)dxa’y 42 j

iI/\

<4340 <16 557
=1 =1

Since e M(R), we can apply the orthogonal decomposition (9) with Z=R to ¢
to obtain e=Fk-+q where k= HBD(R) and g=Ms(R). Here k]A=e|A=1 and
thus by the maximum principle, k=1 on R, i.e. e=14+¢. Then —g=1—e>0
is superharmonic on R and vanishes on A. Again by the maximum principle,
—q is a potential on R. The Riesz theorem implies that

—g=—f G(, O(—Al—aq(O)dedn =5 G(-, OP(Qe(dsdr,
where G(z, {) is the harmonic Green’s function on K. Thus
(41) e(2)=1———| Gz, DP(Qe(Q)dedy.
In view of we in particular see that
(42) | 6z 0P@dedy <8r
for every ze R. Therefore
J.. .6z OPR)P(Qdxdydsdy
- j R( f G, OP(L)dédy)P(2)dxdy

<8r j P(2)dxdy < oo,
R
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i.e. we have shown that the P is a Green energy finite density on R.

18. The proof of the corollary will be complete if we show the nonsurijec-
tiveness of Tp: PD(R)—HD(R) and Tg: PE(R)—HD(R). Since PD(R)DPE(R)
and Tp is an extension of Tg, we only have to prove that T, is not surjective.
Let eg be the solution of Au=Pu on a regular subregion £ of R with boundary
values 1 on 0£. The directed net {eg} is increasing and }}_fg eg is a solution

of Au=Pu on R which is referred to as the P-unit on R. We maintain that
e(z) in is the P-unit on R, i.e.

(43) e(z)= lim eg(2)

uniformly on each compact subset of R. Let Gg(z, {) be the harmonic Green's
function on £. Since 1—eg is a potential on £, we deduce, as we deduced

(41), that
eg()=1-— | Galz, OP(Deg(O)dedy .

In view of [(42), eg<1, and that Gg(z, {) converges to G(z, {) increasingly as
2—R, we can apply the Lebesgue convergence theorem to the above identity
as £2—R to deduce

uz)=1-— | Glz, OPQu(Q)dzdy

when u=lime¢g. Then, on setting v=e—u, the subtraction of the above from
-R

2
gives

W)=z | Gz, OPOu(Qdsdy

and by the Schwarz inequality with [42), we deduce
2 2
(44) s [ Gl OPQW(L)dEdy.

Here Av=_Pv and hence Av*=2(Pv*+ |grad v|*)=0, i.e. v* is subharmonic on R.
The right hand side of is a potential majorizing a nonnegative subharmonic
function on R and therefore we must have v*=0 on R, i.e. e=u, proving

19. We need to recall the Singer P-unit criterion [8]: ueTy(PD(R)) im-
plies that Dgz(eu)<oo. The proof of this part is rather simple but the converse,
which is also shown by Singer [9], is not easy to prove. However we only
need the implication of Dg(eu)< oo from ueTo(PD(R)). We claim the nonsur-
jectiveness of Tp by showing the heTH(PD(R)), i.e.



(45)
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Dalehy=co,

where h is the positive function in HD(R)—HBD(R) fixed in no. 12. Recall
that e=1—w./2 on W and w.=1—w, where w is the relative harmonic mea-
sure of the ideal boundary of W. Hence

Dyy(eh)"* 2 5Dy (wah)*— Dy ()
= 3-Diy(wh)! 5Dy ()"
=5 Uwl@ ) 5 w(h)

= 3-Da(wh)*—-5-Dalh)'"

We have seen in no. 14 that he up,(HD(W ; 0W)). By the theorem in no. 4 we
must have Dg(wh)=co. Therefore by the above inequality we see that Dy(eh)

=co. A fortiori Dg(eh)=Dy(eh) implies [45). The proof of the corollary is
herewith complete.
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