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Introduction.

The Lie algebra A(M) formed by vector fields on a smooth manifold M
gives an important example of infinite dimensional Lie algebra and has a geo-
metric significance for the manifold theory. A basic theorem states that the
Lie algebra structure of A(M) completely determines the underlying smooth
structure of M. Namely, for two smooth manifolds M and N and for any Lie
algebra isomorphism ¢ of A(M) onto A(N), we can find a diffeomorphism @
of M onto N satisfying ¢=04 ([2], [5]). Our investigation starts from the
observation of this theorem. In this paper we shall consider not only iso-
morphisms but also homomorphisms of <A(M) into A(N) and study the rela-
tion between M and N.

There is a non-trivial homomorphism of A(M) into A(N) when N has
some bundle structure over a product manifold of copies of M. We shall
prove that if N is compact and there is a non-trivial homomorphism, then
N is necessarily related to M in such a manner; hence, in particular, we
have dim M<dim N, and M is also compact. We deduce these results from
the fact that any homomorphism is, in a sense, of local character and can be
expressed by the use of the jets of vector fields.

We shall describe an outline of this paper. In §1 we shall determine the
local form of a homomorphism. Let ¢ be a homomorphism of A(M) into
JA(N). For a generic point ¢ of N we can find a finite number of points
by, o+, Py of M and charts {U,; (x,)=(x3}, -, x2)} near p, and {U; (x4, ¥)} near
g with

(g, ¥) = (g, ==+, 2, ) =(x}, oy XD, oey XF, 92, e, 987,
which satisfy the following property :

For any Xe A(M) with X= ;fi(xy)axi on each U, we have

o) N =3 3 (At ¥ DrA)YE0)

o<lal =

on U for some integer & and vector fields Yi(y)= EY /(y)0,; where axi de-
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notes the vector field 0/0x..

If N is compact and ¢ is non-trivial, then N has a rahter restricted struc-
ture subject to M. The relation between M and N will be clarified in §2 as
follows: For any positive integer [, let M, be a smooth manifold formed by
all the sets of distinct / points of M and put N,={geN | ¢o(X) vanishes at ¢
for any XeA(M)}. Then N is a finite disjoint union of N, and some topo-
logical fibre bundles N, over M,. The bundle N, is closely related to the jet
bundle of the tangent bundle of M'=MX --- XM. Actually, we can construct
many examples of homomorphisms which yield such situations. However we
have no example such that N,#0 or N, is not a smooth bundle. Since the
behaviour of ¢(X) near ¢ depends only on the behaviour of X near py, -+, by,
we can consider the germ of ¢ at (q; py, -+, ). We say ¢ is transitive at ¢
if the image ¢(A(M)) is transitive at ¢g. In §3 we shall show that the classi-
fication of the transitive germs can be reduced to that of certain subalgebras

of é}g(n, h) where g(n, k) is the finite dimensional Lie algebra formed by the
h-jects of vector fields on R™ vanishing at 0. In §4 we shall prove that any
homomorphism of A(M) into A(N) is necessarily continuous in the C>-topology.
As a consequence, when N is compact, it follows from [4; Theorem 1.3.2] that
¢ induces a local homomorphism between the diffeomorphism groups of M
and N. This establishes an analogy to the corresponding theorem known for
finite dimensional Lie algebras and Lie groups.

Some of our results were announced in [3].

§1. Local normal form of a homomorphism.

For any smooth manifold M, we denote by A(M) the Lie algebra formed
by all the smooth vector fields on M under the usual bracket operation. Let
¢: AM)—AN) be a Lie algebra homomorphism. In this section we shall
give an explicit expression of ¢ in terms of local coordinate systems on M
and N. For this purpose, we first establish the following theorem concerning
a characterization of the subalgebra of A(M) with finite codimension, essentially
due to I. Amemiya [I]. We consider A(M) as a C*(M)-module under the
usual multiplication. For any point p of M, we put M,={feC~(M) | f(p)=0}.

THEOREM 1. Let B be a proper subalgebra of A(M) with codim $=d< oo,
Then we can find a finite number of points p,, .-+, b, of M such that the relation

A\ o, AMYD 8D ( M AM)
v=1 v=1

holds for h=2((d—nl)?+d—nl)+1 where n=dim M. Moreover we have [<d/n.
In order to prove this theorem, we need two lemmas. For any open set
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U of M, we put Ay={XeAM) | supp XCU}.

LEMMA 1. Let B be asin Theorem 1. Suppose that there are Ze A= A(M)
and geC=(M) such that Z(g)=1 on U. Then we can find a non-trivial poly-
nomial P with deg P<2(d*+d) such that P(g) AyC 3.

PrROOF. Put #'={Xe3|[X, Y]e8 for every Y= d}. For any X3,
ad X: Y—[X, Y] induces a linear transformation Ty: A/ B—A/B. Since B’
is the kernel of the map X—Ty of 2 into the space of endomorphisms of A/3,
we have codim #'=d?4d. Let 2@ be the space of all polynomials and put
P'={PeP | gP(g)Z, P(g)Z=®’}. Then we have codim &’ in $<2(d*+d) since
&£’ is the kernel of the map ?— A/ B'PH A/ B’ induced by the map P—gP(g)Z
®P(gZ. Hence we can find a non-trivial polynomial P2’ with deg P<
2(d*+d). For any X A; we have

$2[P(9)Z, gX1=g[P(g)Z, X1+ P(9)Z(9)X,

B>[gP(9)Z, X1=glP(9)Z, X1-X(gP(g)Z
and hence

*) 2> P(e)X+X(9)P(9)Z.

Substituting X(g)Z= Ay for X in (*), we obtain 835 2X(g)P(g)Z, which com-
bined with (*), gives 8= P(g)X. This completes the proof.

LEMMA 2. Let U, (v=1, 2, ---) be open sets of M such that U,s are disjoint
and locally finite and let (x,)=(x}, -+, x2) be a coordinate system on U,. Then
there are a finite number of integers vy, -, v, (IZ2(d*+d)) such that 8D Ay

For U’:Ly)U,—iLljl U,.

PRrROOF. Hereafter we shall denote by 615 the vector field 0/0xi. Choose
Ze AM) and g=C=(M) such that Z:B,i and g=x.+constant on every U,.
We may assume that v<g<v-+1on U, Since Z(g)=1 on U=UU,, by
1 we have P(g) AyCB for some polynomial P with deg P=<2(d*4-d). We can
take integers v,, -+, v; for which we have P(g)#0 on U’:U—igj1 U,,, Then

for any Y= Ay there is Xe Ay C Ay such that Y=P(g)X and hence Y 3,
which completes the proof.

PrROOF OF THEOREM 1. We say a point p of M is singular if for any
neighborhood U of p we have @D Ay;. Then by the number of
singular points is at most 2(d®+d). Let {p,, ---, p} be the set of singular

A
points. We show that 3D N H% Ay where m=2(d*+d) and U is some neigh-
y=1

borhood of the set {p,, ---, p;}. For each v let (x,) be a coordinate system on
some neighborhood U, of p, with p,=(0). Choose Z= A(M) and g=C~(M)
such that Z-——az;) and g=x! on each U,. Then by there is a poly-
nomial P(t)=t?(14at+ ---) (p=m) for which we have P(g) Ay C B for U'=JU,.
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Since 14+ag+ -+ #0 on some neighborhood U” of {p,, :-}, we have g’ Ay, C B
and hence g™ Ay.CB. For any geC>(M) which is a homogeneous polynomial
of (xf) of degree 1 on each U,, we have the same relation g™ A, C 3 for some
V. Since any homogeneous polynomial of degree mis a linear combination of
some m'th powers of homogeneous polynomials of degree 1, we have N\M%, Ay
C 9 for some U as desired. Next, we prove that 8D\ M%, A(M). For any
peM—{p,, ---}, by definition, we have 8D Ay, for some neighborhood U, of
p. Then {U}\J{U,}, covers M. According to the dimension theory, M admits
a finite open covering {U, U,, -+, U,,:} such that for each i=n-+1, Ui:\jJUij

where U, U;,, -+ satisfy the conditions in [Lemma 2 and each U;; is contained
in some U,. By there are a finite number of integers jj, j,, --- such
that .@DJ%’ for UQ:Ui—\k)U”k. Since .CBDJU“k, using the partition of unity

subordinate to the finite covering {U, Ui, Uj,, Uyj,, =+, Uy, =<} of M, we have
BONMG, A(M) as desired. Next, we show that "M, , AM)DB. Assume
the contrary. Then there is Z= % which does not vanish at some p,. We can
take a coordinate system (x!, ---, x™) on some neighborhood U of p, such that
Z=0, on U. Choose geC=(M) satisfying g=x' on U. Then by Lemma 1
we have 8D P(g) Ay for some polynomial P. For any Ye Ay, we have 8>
[P(9)Y, Z]l=—P(9)Z(g)Y+P(gLY, Z] and hence 8> —P'(g)Z(g) Y =—P'(9)Y,
which implies 3DOP(g)Ay. Applying the same argument successively, we
have 8D Ay, which contradicts the fact that p, is singular. Therefore we
have NMp, AM)DB. Since codimN\M,, AM) is nl, we have [=d/n. We
must show 8DNMEH A(M) instead of BDONMG, A(M). Choose (x,), Z and g

12
as in the proof of 8D N M3, Ay. Then the argument similar to the proof of
y=1

[Lemma 1 shows that there is a polynomial P with P(0)=0 and deg P<2(e*+¢)+1
=h where e=d—nl=codim 8 in N\M,, AM) such that we have P(@)N\Mp, Ay
3 for U=\UU,. Then the same argument as above shows that 8O N\MLHA(M),
which completes the proof of [Theorem 1.

Now, let ¢: AM)—JA(N) be a non-trivial Lie algebra homomorphism.
Throughout this paper we assume that M and N are connected and have no
boundary and dim M=n and dim N=d are positive. Put A (N)=M,; A(N) and
Nr={geN | o' A N)#AM)}. Then g N belongs to N* if and only if there
is Xe A(M) such that ¢(X)(q), the value of ¢(X) at ¢, +0. Hence N* is non-
empty open subset of N. For any g N* we have codim ¢ A,(N)=codim A,N)
=d< o, hence by [Theorem 1, there are points p,, -, p, of M such that

(1 fl\lmp,,J(M) Dt A(N)D A\ A AM)
yv= v=1

holds for h=2((d—nl)?*+d—mnl)+1.
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LEMMA 3. For any Xe A(M), ¢(X)(q) is determined by the h-jets of X at
ply Tty pl-

PROOF. For each v let (x,)=(x}, ---, xZ) be a coordinate system on some
neighborhood U, of p, and (a,) the coordinates of p,. For any multi-index
a=(a,, -+, a,), choose Y& (M) such that Y?y:xﬁ‘axgz(xxi)““- (x2)*0,: on
some neighborhood of p, and supp Y& U,. We assume that U,’s are disjgint.
If X= ; f:'(x,,)axi on each U,, we have

v,t la

X-3 3w a) 5 (5 Y e A AM) S o AN

Here we denote by D® the differential operator 0'“!/(dx*)* --- (0x™)*» where
la|=a,+ -+ 4-«a,. Therefore we have

@ PDD= % B, gy e S (H—a)te(Vi)@,

lal=

which completes the proof.

Note that the set {p,, ---, P} is uniquely determined by (1). The set
{ps, -+, b} is denoted by ¢(q) for geN*. Let k (<d/n) be the maximal num-
ber of p,’s when g ranges over N¥, and for each [k, let N, be the set of
points ¢'s of N* such that the number of the corresponding points is L.

ExAMPLE 1. Let ¢: A(R)—A(R?) be a homomorphism given by

@(f(0)35) = f(£)0,+ /(30 + (' (1) +1(3))(2)0.

where a(z) is a smooth function. For a point ¢=(qa, b, c)= R* we have
¢ Acap,0 (R = {f(x)0, | Fl@) = f(B) = (F(a)+ ' (B))a(c) = 0}

and hence
Mo N My ARY) D™  Agp,0y(R*) DM N\ MAR?) .

Therefore we obtain
¢((a, bv C)): {(1, b} When a+ b, = {a} When a=>b ,
Ni={(x,x,2)€ R’} and N,={(x,y,2)€ R® | x+ 3} .

Now we shall study the set ¢(g).

LEMMA 4. For each ISk, N,\UN,_|\J --- \UN, is an open subset of N*. Let
q be a point of N, with ¢(q)={py, -+, b} and U, a neighborhood of p, for each
v such that U,NU,=0 for v#p. Then there are a neighborhood U of q and a
continuous map ¢: UNN,—U,X - xU,CM'=MX -+ X M such that for any q¢'<
UNN,, ¢(a")=(p}, -, p}) implies ¢(q")={pi, -+, pi}.

Proor. Fix [=£k and g=N,. It suffices to show that there is a neighbor-
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hood U of ¢ such that for any ¢’€U there are points p, of U, for all v satis-
fying ¢(¢")D{p1, ---, pi}. Assume the contrary. Then there is a sequence of
points {g;} converging to ¢ such that for some fixed v/, ¢(@)NU,={ps, -,
DPimtNU,=0 for all 1 (0=m=k). Choose X A(M) satisfying supp XCU, and
X(p,)#0. Then by the definition of ¢ we have

Xe /%1 ML AM) C o Ag(N) and X & () Sy, AM) Do ALN) .
v= v=1

Therefore we obtain ¢(X)(¢;)=0 and ¢(X)(q)#0, which is a contradiction. This
completes the proof.

Now let ¢ be a point of Int N, the topological interior of N, in N. Then
implies the next

LEMMA 5. Let U and U, be the neighborhoods given in Lemma 4. Then
for any X AWM), o(X)|U, the restriction of ¢(X) to U, depends only on
X|UU,.

By this lemma we may restrict our consideration to U and \JU,. In the
following arguments we replace these neighborhoods by smaller ones if neces-

sary. Choose a coordinate system (x,)=(x{)=(x}, ---, x2) on U, for each v.
Since go(axi)(q)’s are linearly independent and [ga(axi), 90(82/,;)]:90[6%, GIZ;IEO,
we can choose a coordinate system (xx, ¥)=(x,, --+, x;, ¥)=(x1, ---, x7, -, x7, 3",

=+, ¥%7™) on U such that ¢(0,5)=0,; for all 7 and .

LEMMA 6. Let $i(xs,y) be the (i,v)-component of ¢(x, y)EUX -+ XU,
with respect to the above coordinate systems. Then ¢i(xy, v)=xi+ci(y) for some
continuous function ci. Moreover § is a smooth submersion on some open dense
subset of U.

PrOOF. For any point (a*, bye U, we have

X = (xi—giax, b))h+lax3 € ¢ ' Aar,n(N)
and hence

0= (0@ B= 3 ("T) (= Filas, B0 0 as, b)

We put (2%, -+, 29=(x%,3) and Y=3Y%,q for YeAWU). Put $i(xs, ¥)=
xi+ci(xy, ¥). Then ci(ax, b) satisfies the equations

Fi(cl, ax, b)= 2(h_:1)(—aﬁ'—cﬁ)"“"‘go((xi)sazg)q(a*, b)=0, g=1,--,d.

For any j and ¢ we have

”537‘— @((x)"043)%(ax, b) =L(0.1), p((x)*0,3)1%(ax, b)
“ . © v

= 05¢((x)"710,1)*(ax, b)
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where 0=1 when j=i and g=v and 6=0 otherwise. Using this equation we
have easily -B%Fg (ci, ax, b)=0, and hence F¢ is independent of (ax). Since
by Lemma 4 ci(as, b) is continuous and F{ is a polynomial with respect to cf,
it follows that ¢} is independent of (ax) as desired. Now we prove the second
part of the lemma. Let U, be a non-empty open subset of U. Since
(5 —Pilax, b0z €@ Acauy(N) and 0zs &€ 9™  Acau,(N) for any point (ax, b)
of U, we can find an integer m=h and a point (dx, e) of U, such that
(xi—Pilax, D)™ 0, € 97 Ay(N)  for any point (ax, b)) of U, and
(xi—Pidx, e))maxiego“k}lw,,e)(N). Then ¢} satisfies the equations F&(ci, a, b)
=0 and we have

O, ©), d, €)= —(mEDp((xi— i ds, )™02p)"(ds, ©) %0

for some ¢. Therefore by the inverse function theorem, ¢! is smooth on some
neighborhood of (dx, ¢). The same arguments for other (i, v)’s complete the
proof.

Now we can prove the main theorem of this section. For each [=Zk, put
Ni={g<Int N, | § is smooth near g}.

THEOREM 2. \J N} is dense in N*. Let q be a point of Ni with $(g)=
=1

{py, -+, b} and (x,)=(x}, -+, x2) a coordinate system on some neighborhood U,
of p, for each vy. Then there is a coordinate system (xx, ¥)=(xy, -+, X, ¥)=
(x}, -+, x2, -, x2, ¥, e, 2™ on some neighborhood U of q satisfying the fol-
lowing properties:

) FUICTU X -+ XUy, $lxs, 9)=(22)= (21, *++, 1) and ¢(043)=0ss.

ii) For any Xe A(M) with X|U,= Zifﬁ(x,,)axi we have

D YL,

=h

& p0I=3 & (et =

Here h=2((d—nl)?+d—nl)+1 and Y’s are fixed vector fields such that Y&(y)
=2 Y2(y)0,0 and satisfy the following relation:
g

4 [Ve, Y81=0 forvep and [YE, YE1=BY L —a, V7,

In the right hand side of the second equation we put YL=0 if |r|>h.
We use i instead of the multi-index @ such that a;=d;; (Kronecker’s 0).

REMARK 1. Note that the vector fields x,‘i‘a,i’s satisfy the same relation
as (4). It is easy to show that for all Y(v)’s satisfying the relation (4), the
map ¢: ANU,)—AU) given by (3) is a homomorphism.

PROOF OF THEOREM 2. It follows easily from [Lemma 4 and Lemma 6 that
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UN;/ is dense in N*. Let ¢ be as in the theorem. Then we can choose a
coordinate system (xx,y) satisfying i). For any point (x4 y) of U, since
J(x*y y):(x*) we have! bY (2)7

O(SAi)0:g)(00 )= B DYH)Z8(xs, 9)

where Z’s are suitable smooth vector fields. Since ¢(0,:)=0.i, we have Zj
:axf). We investigate Z’s for a>0. First, applying ¢ to the equation

we have [ax,,zm 0 so that Z&(xs, ¥)=Z2(y). Putting Z2 (y)_EZW(y)az,
EZW (y)ayp, we show that Z%,=0. Assume the contrary. Then there is

some Z?-g such that Z—-—(y);éO on some non-empty open set U/'CU. Applying
¢ to the equation

= 3 fix) D)0y~ 3 g8 DM i(x2)0ss
we have

() [t 3 DUADZ8M0u+ D290, Dlalut T DiatZio)]

<n

= le(fﬁD’gﬁazi—{— 2, 2 (a)DrszHa rgkZe,

~ D@D+ T 3 (5)DIakDM ).

o<llalsh 7=

We claim that Z%=0 on U’ for all @ and i. Suppose it is not true. Then
there is some Zfﬁzéo such that Z%=0 on U’ if |a|>]|a|, or |a|=|&| and

a;>a;. Comparing the coefficients of D*fiD*JgL in both sides of (*), we have

Z;;/;Z“_:O on U’, which is a contradiction. Therefore we obtain Z%=0 on

U’ for all a« and i. Next, comparing the coefficients of D“fﬁD"gﬁ 71 in both
I

sides of (*), we have Zi'-l—O on U’, which is a contradiction. Thus we have

proved that Z%;=0 and hence that Z&(y)= ZZ;"J’(y)ayp Putting Z&(y)=

71,— Y3(), it is easy to show that ¢ is a homomorphism if and only if (4)

holds. This completes the proof of
ExaMmpPLE 2. Let G(n, h) be a Lie group consisting of all h-jets at 0 of
diffeomorphisms of R™ fixing the origine 0 and g(n, ) its Lie algebra. We
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assume that the diffeomorphisms act on R" from the right, i.e., (gh)(p)=
h(g(p)) for any diffeomorphisms g, & and any point p of R™. Then we can
take {x%0,: | 0<]a|<h,i<n} as a basis of g(n, ) with the usual bracket
operation and the exponential mapping g(n, h)—G(n, h) is given by exp tX=the
h-jet of ExptX at 0 where ExptX is the 1-parameter group of local trans-
formations generated by X=3 X,x%0,:. Let J*'TM' be the (h—1)-jet bundle

of the tangent bundle TM! It is a G-bundle where G:E[}}G(n, h). Let P be
its associated principal G-bundle. For a right G-manifold F, put N=FX,P.
Then Diff (M), the group of all diffeomorphisms of M, acts on N naturally,
namely there is a homomorphism @ : Diff (M)—Diff (N), hence we get a homo-
morphism =0y : AM)—AN). ¢ is given as follows. For X A(M) let
ExptX be the l-parameter group of transformations generated by X (we
assume that the manifolds are compact). Then ¢(X)=@4(X) is the infinitesimal
transformation of @(Exp tX). Put Yﬁ,:p*(xﬁaxz)eull(F) where p: G—Diff (F)

is a homomorphism induced by the action of G on F and p«: ég(n, h—A(F)
is a homomorphism induced by p. Let U,X --- XU, X F=UCN be a local trivial
structure of N. Then it is easy to show that ¢ is given by the formula (3)
in Hence the map ¢ is the projection map N—M! in this case.

REMARK 2. Let VX -« XV, X F=VCN be another local trivial structure
of N and let g be a diffeomorphism of W=(U,NV)X --- X(UNV,)XF induced
by the transition function of N, and let ¢y and ¢y be homomorphisms of
AM) into AU X -+ XU, XF) and A(V,X --- XV ;X F) respectively given by
the formula (3). Then we have guloy(X)|W)=¢y(X)|W for all XeAM).
We shall use this fact in the proof of [Theorem 3 and [Theorem J.

In Example 2, the map ¢ can be defined globally N—M?, but this is not
true in general as shown in the next example.

ExaMPLE 3. Let o be a free involution of a manifold F and 7z a free
involution of MXMXF given by t(x, 3, 2)=(3, x,0(2)). Let ¢: A(M)—
AMXMXF) be a homomorphism given by

P(E 1 (1)) (x, ¥, 2) = D)0, + 2 ()0, .

Since 7xp(X)=¢(X), ¢ induces a homomorphism AM)— AMXMXF/7).
Clearly in this case the map ¢: MXMXF/t—MxM does not exist globally.

§ 2. Bundle structure of N,.

In this section we shall show that N, is a (topological) fibre bundle with
the projection map ¢ and study its bundle structure. It will be seen that N,
is closely related to N=FXP in Example 2 (cf. [Theorem 3). Now, put M(l)
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={(py =+, P)EM" | p,#p,; for i+j}CM'. Since the symmetric group S, acts
freely on M(l), we obtain a smooth manifold M,=M(l)/S, which consists of

k
all the sets of distinct [ points of M. Put M{k}:LU M; and give it the quo-
=1

tient topology induced by the natural map M*—M{k}.

PROPOSITION 1. i) Let X be a vector field on M with compact support and
q a point of N. Suppose that at q Expte(X) (cf. Example 2) is defined for
0<t<1. Then for any Ye AM) we have o((Exp X)sY)=(Exp o(X))x@(Y) at
the point Exp ¢(X)q. Moreover if q€N* we have Expo(X)geN* and
$(Exp p(X)q)=Exp X¢(g).

i) ¢ is a continuous map of N,into M,. If M is not compact then N*=N
and ¢ is a continuous map of N into M{k}.

REMARK 3. When dim M=dim N, the part ii) remains true even if M is
compact. We do not know whether this fact holds in general.

PrROOF OF PROPOSITION 1. First we prove i) under the following additional
assumption :

(*) ¢eN} and for each v, X(p,)+0 or X=0 on some neighborhood of p,.
Here ¢(@)={Dy, -+, ba}-

Choose U,, (x,), U and (x4, ») as in We may assume that X|U,=
axt for v<s and X|U,=0 for v>s for some s and hence that go(X)lU:Bz%—{—
+axsl. For brevity we put p,,=Exp tXp, and ¢,=Exp t¢(X)q. We can ex-
tend the coordinate system (xx, y) to some open set U’ containing all the
points ¢, (0=t=<1) so that Exp to(X)(xy, y)=(xi+2, x3, ==, x7, =+, xi+t, -, xlyy,
-, x%,9). Similarly we can extend (x,) (1=v=s) to some open set U;,. Then
we have go(X)]U’:ax}—l— +3x§ and XlUﬁzax’}. Note that U”’s are not neces-
sarily disjoint. For each ¢t (0=<t¢=<1), consider the following statement:

C.: q.=NI, ¢(q)=ExptX ¢(@)={pw, -+, Pr:} and the coordinate systems (x,)
and (x4, y) satisfy i) of on some neighborhoods of p,; and ¢,
respectively.

Since the set {t| C, is true} is open and contains a sufficiently small ¢, to prove
C, it suffices to show that if C, is true for f<s then C; is true. Take Yie
A(M) 1=<v=k) such that Yﬁ':azi on some neighborhood of p,; and supp Yi®p,,
for p#v. Then @(Yﬁ)z@,g on some neighborhood V of the set {g,| s—e<t<s}
for some ¢>0 and hence ¢(Y})(g,)#0, which implies that g, N*. Further we
have ¢(q;)>p,s. Really if ¢(q,)®p,; we can choose Y} so that supp YiN¢(gs)
=0 and hence that, in view of Lemma 3, ¢(Y})(¢;)=0, which is a contradiction.
Since p,y's are distinct and % is, by definition, the maximal number of p,’s, it
follows that ¢(¢)={pys ---, Prs} and hence ¢,=N,. By we may
restrict our consideration to some neighborhoods of p,; and ¢,. Since Ly X)gp(axg )
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=Lp(X), go(axi)]:go[X, azi]:O (we denote by L.y, the Lie derivative with
respect to ¢(X)) and go(axip)_:axi on V, we obtain go(aﬂ;):axg. By
we have @i(xy, y)=xi+ci(y) for some ¢}, and since ¢i(x, ¥)=xi on V, it follows
that ¢i(xx, ¥)=xi. Therefore we have ¢,€Nj and the coordinate systems (x,)
and (xx, y) satisfy i) of which completes the proof of C,. It remains
to prove that @((Exp X)s«Y)=(Exp ¢(X))«(Y) at g,, but this is clear since
Exp X and Exp ¢(X) are parallel translations and ¢ is given by (3) in

Now we prove i) in general case. If gcN,=N} we can, by
choose a sequence {¢;} in N{ converging to ¢ such that each ¢; satisfies the
assumption in i) and the assumption (*). Then we have @((Exp X)) )=
(Exp o(X))xp(Y) at ¢; and hence at ¢,. It follows that ¢ ' A (N)=
(Exp X)x(@ ' ALN)). Therefore if geN* then we have ¢,N* and ¢(g,)=
Exp X ¢(¢q). Note that we have ¢,<N, for 0<t<1 since g;,,=N{ converges to
g, and hence that if g€ N—N, then ¢, N—N,. Applying the above argument
to the manifold N—N,, we can prove i) for ¢€N,_,—N, and similarly for
geN,\ .- UN,=N*. For g N—N*, we have o((Exp X)«Y)=(Exp o(X))x¢(Y)
=0 at ¢,=¢q since ¢(Z)=0 on N—N* for any ZeA(M). This completes the
proof of i). ii) implies that ¢ is continuous on N,, We assume that
M is not compact. Let K be a compact set of N. We prove that L(K)=
{plp=d(qg) for some g KNN*} is relatively compact in M. Assume the con-
trary. Then there is a sequence {g;} in KN\N* converging to some point ¢’
of K such that the set {p;}; is discrete where ¢{(q,)={D:1, Dis, -=-}. We may
assume that p;,#p,, for all v and j<i. By [Lemma 3 we can choose Y& A(M)
such that |¢(Y)(g;)|=1, which is a contradiction. Here | | denotes the norm
of the vector with respect to some metric on M. Therefore L(K) is relatively
compact. Next, let {¢;} CN" be a sequence converging to a point ¢ of N and
K a compact neighborhood of g. We show g N*. Assume the contrary. Put
&(q)={Di1, Diz, ---}. Since L=L(K) is relatively compact, we may assume that
the sequence {p;;}; converges to some point p, of L. Since M is not compact,
we can choose Y A(M) such that supp Y is compact and Exp Y(U)NL=0
for some neighborhood U of p,. Since by assumption ¢& N*, we have ¢(Y )(q)
=0. So we may assume that at ¢; Expt¢(Y) is defined for 0=t=<1 and
Exp ¢(Y)g;€K for all i. Then by i) we have ¢(Exp ¢(Y)q;,)=Exp Y¢(q,)=
{Exp Y ps1, ---}. By the definition of L we have Exp Y p,; =L, which contradicts
the fact that Exp Y(U)N\L=0. Thus we have geN*. This implies that N*
is closed. Since N* is open and N is connected, we have N*=N. Next, we
show that ¢(g)=/{pi1, "} —=¢(@)={ps, =+, Pu} in M{k}. Assume the contrary.
Then we have two cases:

1) There is a subsequence {g;} of {¢;} such that the sequence {p/} con-

verges to a point p with p#p, for v=1, 2, ---, m.
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2) There is a neighborhood U of p, such that U®p,, for all i and v.

In case 1, we can choose Y= A(M) such that supp Y is compact and does
not contain p, for v=1, ---, m and that Exp Y(U)"\L=9 for some neighborhood
U of p. Then by we have ¢(Y)(¢)=0, which yields a contradiction
by the same argument as above. In case 2, we can choose Y& A(M) such
that supp YCU and Y(p,)#0. Then we have ¢(Y)(¢;)=0 for all i and ¢(Y)(q)
#0, which is a contradiction. Therefore we have that ¢(g;)—¢(q) in M{k},
which completes the proof of ii).

COROLLARY 1. Suppose that N is compact. Then M 1is also compact and
@ is injective. Moreover each non-empty N, is a (topological) fibre bundle over
M, with the projection map ¢.

PrOOF. First we show that M is compact. Assume the contrary. Then
by ¢ is continuous. Let ¢ be a point of N, (#0) with ¢(g)=
{ps, -+, pr}. For any point {pf, ---, pj} of M,, there are X,’s= A(M) such that
supp X;’s are compact and Exp X;{p,, .-+, put—1{0i, -, D/} in M{k} as i—oco
(recall that M is connected). Since ¢(N) is compact and ¢(Exp ¢(X,)q)=
Exp X:¢(¢)=¢(N), we have {pi, -+, pi} €¢(N) and hence ¢(N)=M{k}. Since
¢(N) is compact, so is M, which is a contradiction. Thereforé M is compact.
Next, let ¢ be a point of N,#0 with ¢(¢)={p,, -+, p;}. For any point {pf, ---, p}}
of M, there is X A(M) such that ¢(Exp o(X)q)=Exp ¢(¢)={pi, ---, pi}. Thus
¢ N,—M, is surjective. In particular ¢ : N,(+#0)—M, is surjective. The injec-
tivity of ¢ follows easily from this fact and the definition of ¢. It is clear
that Exp ¢(X) gives a homeomorphism of ¢ *{p,, -+, p;} onto ¢~ *{pi, -, bj}.
Now we give the local trivial structure of N,. Let U, be a neighborhood of
p, and (x,) a coordinate system on some neighborhood of U, (v< [). We assume
that U,s are disjoint and diffeomorphic to the unit disk {xeR" | |x|?<1} by
these coordinate systems. Choose Xie A(M) with XﬁlU,:@Ii and X}|U,=0
for p#v. Let (a,) be the coordinates of p, and put F,=¢ *{p,, -, p;}. Then
the local trivial structure of N, is given by the map Xy:U,X -+ XU, X F,—
Q' (U, X -« XU))CN, defined by Zy((x;)X -+ X(x)Xy)=Exp @(g(xﬁ—ai)XDy-

Here we consider U=U,;X --- XU, as a subset of M,. This completes the proof
of Corollary 1.

To express the transition functions of the bundle N,, we need some defini-
tions. We assume that M is oriented and dim M=n=3. Let WU={U} be an
open covering of M such that each intersection of finite U’s is a disk and
(xy)=(x%) a coordinate system on U. Let G*(n, k) be the connected component
of G(n, h) (cf. Example 2) containing the identity element 1 and G*(n, h) its
universal covering Lie group. Since G*(n, h) is homotopically equivalent to
SO(n), 5*(71, h) is a double covering of G*(n, h) and homotopically equivalent
to Spin(n). For any U and V with UNnV=0, let Jyy: UNV—G*(n, h) be a
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map given by [Jyy(xy)=the h-jet of the coordinate transformation x,(xy) at
(xy) and let fUV: UmV—»é*(n, h) be one of its liftings. Note that Jy, is a
transition function of J*'TM. Since Jyv(xp)Jyw(xy(xp))=Jyw(xy) for any (xgy)
eUNnVNW,there is an element eUVWeZZCé*‘(n, h) such that fUV(xU)fVW(xV(xU))
=Eyyw fuvz(x[,) for any (xy). Here Z, is the inverse image of 1 by the cover-
ing map G*(n, h)—G*(n, h). Note that {eyyw} gives the second Whitney class
of M, w,(M)eH*(M; Z,), and hence that if M has a spin structure we can
choose the liftings Jyy so that each eypp=1. Let U'={U}={U,X -
XU, | U,eU} be an open covering of M' and (xy)=(xy,, ---, Xy,) a coordinate
system on U. Finally let fUV : UmV——»GLE(N}*“(n, h) be a map given by ]~UV(xU)
:EBfUpV,,(xU,) and put sUVW:eBsUUVyWyEGL}(N}*(n, h). With these notations we
have the following

THEOREM 3. Assume that N is compact and M 1is oriented with dim M
=n=3, i) Let Z\N/', be the lifting of the bundle N, to M(l) by the map
M) —M()/S,=M,. Then there is a topological fibre bundle Nl over M' with
N,|M()=N,. .

ii) Put h=2((d—nl)*+d—nl)+1 where d=dim N. Then G=PG*(n, h) acts
on the fibre F, of the bundle N, from the right and hence we have a homomor-
phism p: G—Homeo (F;). The transition functions of N, are given by gyv(xg)=

p(fUV(xU))hUV, where hyy's are elements of the centralizer of p(G) in Homeo (Fy)
satisfying the relation hyyhyw=p(eyrw)hyw.

Nlé—ﬁlCNl L—>Ecﬁ
Voo A
M, «<— M() c M* M, «— M) M* «<— M!

REMARK 4. It would seem that the fibre F,is a smooth submanifold (with
corner) of N,. If this is true, it is easily seen that N, is a smooth fibre bundle
and that Homeo (F,) can be replaced by Diff (F;). Further note that for

any smooth right éé*(n, h)-manifold F, and for all hyy,’sDiff (F,) satisfying
the conditions in ii), {gyv} gives a smooth fibre bundle N, over M"
We can construct a local homomorphism @ : Diff (M)—Diff (f\fl) by using the
local trivial structure of N, and hence get a homomorphism ¢=0,: A(M)—

JA(NY. If p(GIBZZ):{l}CDiff (F,) (which means that EILBG"(n, h) acts on F,), @
can be extended to a global homomorphism Diff (M)—Diff (N,). In this case,
since p(eyyw)=1, we may put each Ayy=1. The homomorphism ¢ obtained in
this way is exactly the same one given in Example 2.

Since ¢(A(M)) 1is a subalgebra of JA(N) and by [Proposition I
Exp to(X)p(AM))Ce(AM)), it follows that for any point ¢ of N, there is a
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leaf L (CN,) containing ¢g. Clearly the map X—¢(X)|L gives a homomorphism
AM)—A(L). For this homomorphism we have a more precise theorem, namely

THEOREM 3. i) L is a smooth fibre bundle over M,. Let L be the lifting
of L to M(l). Then there is a smooth fibre bundle L over M* with L|M()=L.
Moreover there are a covering space M' of M' and a closed subgroup H of

G:é}é*(n, h) such that L is a fibre bundle over M' with connected fibre H\G
(homogeneous space).

ity The transition functions of the bundle L over M! are given by guv(xy)
:R(jUV(xU))L(kUV), where kyy's are elements of the group H\N(H) (N(H) is
the normalizer group of H in G) satisfying the relation kywkyyr=cyvwhkyw and
R and L are actions on H\G induced by the right and the left translations of G
respectively. Here U, V and W are elements of the open covering of M induced
by U

PrROOF OF THEOREM 3 AND THEOREM 3. We investigate the bundle N.
Let (p,, -, p,) be a point of UNM() where U=U,X -+ XU, €U", and let U)’s
be disjoint neighborhoods of p,’s respectively. Then the local trivial structure
of N,|U{x --- xU} given in gives a foliation of dim nl of N,|U{x
--- XU} and this foliation depends only on the coordinate system (xy). There-
fore we have a foliation of N,|U,x - XU;N\M(l) and each leaf is a covering
space of U, X -« XU NNM{U)=UNM(). Since UnM() is simply connected by
the assumption that dim M =3, each leaf is homeomorphic to UNM(/) and
hence we get a local trivial structure of N,|U~M(l). We first prove
3’. Since the groups generated by Exp X’s and Exp ¢(X)’s for Xe A(M) act
transitively on M, and L respectively and ¢(Exp ¢(X)q)=Exp X¢(q), it follows
that L is a bundle over M, and that, in view of ¢ is a smooth sub-
mersion of L onto M,. Therefore L=L; and the expression (3) of ¢ in Theo-
rem 2 holds good everywhere. Now we study the bundle L. Let (p1, =+, D)
be a point of UNM(l), (ay) its coordinates and F; the fibre over (p,, -+, D).
We give the local trivial structure of IN,lUmM(l)_—_(Ur\M(l))XFL as above.
Choose X% < A(M) such that supp X§»p, for p+#v and ngz(xm—a,h)aax% on
some neighborhood of p,. Put Y3=¢(X8)|F,. Then Y§ is a vector field on
F, by ii) of [Theorem 2. Moreover for X A(M) with X|U,= ;f%y(ny)ax%
we have

®) e0=2 B (fixius + B Dt (x)78)

Jlalzh

on ZI UNMU)=UNM())x F,. For another VeU" we get a similar expres-
sion of ¢ with Y& replaced by Y& € A(FL) where F7 is a fibre over some
point (p, ---, p1) of VAM(l). Then we have

LEMMA 7. There is a diffeomorphism g: F,—F7 such that g.Y%=Y% for
all a, 1 and v.
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Proor. Let (X,) be a coordinate system on some simply connected neigh-
borhood U, of {p,, p,} which is identical with (xy,) and (xy,) on some neigh-
borhoods of p, and p, respectively. Then we have a local trivial structure of
f] U,x - xU,AM() and the expression (5) of ¢. This trivial structure gives
the desired diffeomorphism.

By this lemma for all V%' we have the local trivial structure of
LIVAM)=(VAM({))X F; and the expression (5) with the same fibre F, and
the vector fields Y%’s. Now we investigate the transition function gyy(xy) of
L. Since Y¥'s satisfy the relation (4) in Theorem 2, the map X0, —Y§ gives

!
a homomorphism @g(n, h)—A(F.). Since Exp tp(X§) are defined for all {ER,
it follows that Exp tY% are also defined for all f& R and hence that there is

a homomorphism p:G:é}é*(n, h)—Diff (F.), namely, G acts on F;. Then
p(fUV(xU)) gives a diffeomorphism of (UNV)X F;. Let ¢y be a homomorphism
AM)— AU XF,) given by (5) and ¢y a similar one. Then we have
p(fUV(xU))*ng(X):goV(X) on (UNV)XF., by Remark 2. (Remark 2 remains

valid with €3G(n, k) replaced by ©G*(n, 1)) Put hyy(xp)=pFyr(x0)) oy ().
Then we have hyy(xy)xou(X)=¢y(X) on (UNV)XF, for all Xe AM). It
follows easily that Ayy(xy) is independent of xy and (Ayy)«Y$=Y§ for all a,
i and v, which implies that 4y, commutes with every element of p(G). Since
jUV(xU)jVW(x~V(xU)):5UVWjUW(xU)r we have hyyhyw=p(eyvw)hyw. Note that
guv(xy) = p(Juv(xp))hyy is defined for all xy,€UNV. Hence {gyv} gives a
bundle L over M’ as desired. The last part of i) of [Theorem 3 follows from
the facts that L is connected and that the action of G is transitive. Note that
for this bundle L over M!, the same fact as in [Cemma 7] holds. The action
of G on H\G is induced by the right translation and the centralizer of p(G)
in Diff (H\G) is isomorphic to the group H\N(H) and its action on H\G is
induced by the left translation of G. This completes the proof of Theorem
3’. Since the diffeomorphism Exp ¢(X%) of N gives a homeomorphism of the
fibre F, of the bundle N, follows from the above argument.

When éC—*(n, h) acts on F, or M has a spin structure, the relation Ayyhpw
=p(eyyw)hyw reduces to hyyhyw=hyw and hence {hy,} gives a locally con-
stant bundle over M‘. We give an example such that some p(eyyw)#1.

EXAMPLE 4. Assume that there is an element veTor H*(M; Z) reduced
to w,(M) (#0)eH*M ; Z,). For example, (4k+1)—dim real projective space
satisfies this condition. Let p; : 5+(n, 1)—GL(N, C) be a complex representation
such that p,(—1)=—Iy=—identity and let p,: GL(N, C)—Diff (S**"') be a
homomorphism induced by the action of GL(N, C)CGL(2N, R) on the sphere
S®¥-1 considered as the real Stiefel manifold V,y,. Put p:pzpl:é’f(n, 1)—
Diff (S*¥-'). Then p(—1)#1. Since veTor HXM ; Z), there is a locally con-
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stant complex line bundle whose first Chern class is v, where locally constant
means that the transition functions ky,’s are constant. The assumption assures
that there are complex numbers Ayy’s such that Ay =kyy and hyphew=cyvwhiw.
Here we consider eyyw < Z,={1, —1} as a complex number. Put hyy=p,(hyyly).
Then it commutes with all the elements of p(G~+(n, 1)) and we have hyyhyy=
pleyrw)hyw and some p(eyyw)+#1 as desired.

In Examples 1~4 we have N,=N, but this is not true in general. The
local trivial structure given in gives a foliation of N,JUNM()/S,.
In general the behaviour of each leaf near N,_; is not simple. Really we have

ExXAMPLE 5. Let ¢: A(R")—A(R"X R"XR™) be a homomorphism given by

P(Z 1 (0)0::)(x, ¥, 2) =2 [ ()04 +Z ()0 .

For this homomorphism, we have ¢(x, y, 2)={x, ¥} and hence N,=N. The leaf
of the foliation of N, (given by the natural coordinate system (x) of R"=M)
is given by z=constant. We shall deform this homomorphism. First put
(X,Y, Z)=(x—y,v,2). Then we have N,={(X, Y, Z)eR"XR"xR™| X+0} and

(S 08X, Y, Z) = DX+ Y)Y Noxi+ ST )y

> { O‘aj FIEX+Y)dt X904+ F(Y )0y .

Let (R, )=(R, 6, ---, 8™ ") be a polar coordinate system of R" such that R’=
|X|* and X‘=RS'f) for some S'. Then dyi=S'(0)dp+ X AP©) - dom for

some A™ Next, let (X, ¥, Z)=(X, Y, a(R, Z)) be another coordinate system
of N,. Then the leaf is given by Z_:a(D_(l, Z,) for some constant vector Z,.
Choose a smooth function R(r) with R/(r)>0 for r>2 and R(r)=0 for r<2.
Let ()?) and (7, §) be the coordinate systems of R" such that )?":rSi(ﬁ).
Then N, is diffeomorphic to {(X, 7, Z)e R"XR"XR™ | | X|=7>2} by the map
(R(r), 8, ¥, Z)—(r, 0, ¥, Z). In this coordinate system (r, 4, T, 7Z) we have on
N,
X90yi=R()/R'(r)SiS0,+ > S7 AT0pm

an

+SISR(r) Zapa*(R(r), Z(R(r), 2))dz+,

where Z(R,Z) denotes the inverse of Z=a(R, Z). Now we assume that
R()/R'(r) and R(r)dga*(R(r), Z(R(r), 7)) can be extended to smooth functions
g(r) and h*(r, Z) respectively such that g(r)=r and h*(, Z)=0 for r<1. For
example R(r)=exp (—exp1/(r—2)) and a*(R, Z)=log R+Z* satisfy these con-
ditions. Put

Pi=g(r)SS*,+ zsmgna,,erSiSi;hk(r, Z)0zk .
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Then it is a smooth vector field with respect to the coordinate systems ()?, 7)
and (r, 0, Z). Let ¢,: AR")—A(R"XR"XR™) be a map given by

(S @00, 7, Z) =2 9,7 (w)dt P{+Z (¥ )y

where v=(v', ---, v")=({R()S'(0)+7", ---). Then ¢,|N, is a homomorphism.
If |X|=r=2, then R(r)=0 and hence we have

P (Zf1(%)043) = %)ajfi(Y)sz + 2 /(Y )0 .

It is easy to show that P/’s satisfy. the relation (4) in Therefore
by Remark 1 ¢, is a homomorphism. For this homomorphism ¢,, we have
¢(X, ¥, Z)=1{Y,v} and hence N,={(X, ¥, Z)eR"xXR**XR™| |X|>2}, N,=
(X, 7,2)| 1X1=<2}, F,=R™JUR™ and F,=D"XR™ If we take a*(R, Z)=
log R+Z* then the leaf is given by Z*=a*(R, Z)=log R(|X|)+Z} for some
constant vector Z,.

§ 3. Classification of transitive germs of homomorphisms.

In this section we shall consider the classification of germs of homomor-
phisms. Let ¢: AM)—A(N) be a homomorphism and ¢ a point of N with
¢<q>:{pl; “';pl}° Then bY (1) in §1 we have

L ) .
) o, A/ () Sy AM) D o7 AN/ () s AM)

The left hand side of this formula is isomorphic to the algebra g*—‘é%(n, h)
and hence the right hand side, denoted by B, is considered as a subalgebra
of g. However, since the above isomorphism depends on the coordinate sys-
tems, B, is not well defined as a subalgebra of g. We say subalgebras B and

B’ of g are equivalent if Ad (g B=B’ for some g< é}G(n, h) and denote by
B(n, h, 1) the set of the equivalence classes of subalgebras of g. Then B,
gives an element of B(n, A, [), denoted by B, also. Now we say ¢ is transitive
at g if {p(X)eT,N| XeAM)}=T,N where T,N denotes the tangent space
of N at ¢. Then we have

LEMMA 8. If ¢ is transitive at q, then there is a neighborhood U of q
such that B,=B, for all ¢’€U.

PrROOF. By i) of we have ¢((Exp X)«Y)=(Exp ¢(X))xp(Y)
at the point ¢;=Exp ¢(X)g and hence ¢ ' A, (N)=(Exp X)x@ ' ALUN). Let
ge QLBG(n, h) be the h-jet of Exp X at {p,, -, »;}. Then we have Ad(g)B,
=B,,. The assumption of the lemma implies that {Exp ¢(X)q | Xe AM)}
covers some neighborhood of g.
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Let ¢ be transitive at g¢. Then g¢g<Int N/ and hence by there
are neighborhoods U and U, of ¢ and p, respectively such that ¢(X)|U de-
pends only on X|\JU,. Therefore we may consider the germ of ¢ at(q; py, -+, po)-
We say the germs ¢ and ¢’ at (q; py, -+, py) are equivalent if there are diffeo-
morphisms g: VV,—»UV, and h:V—-V’, where V,, V/, V and V’ are some
neighborhoods of p, and ¢ respectively, such that g{p,, ===, o} ={ps, ===, P},
h(g)=q and h«(p(X)|V)=¢'(g«(X|VV )|V’ for any XeA(M). We do not
require that ¢ and ¢’ are the restrictions of the global homomorphisms A(M)
—A(N). We denote by H,(n, I, d) the set of equivalence classes of transitive
germs at (q; py, -+, p,) (recall that dim M=n and dim N=d) and by B(n, h, [, ¢)

the set of equivalence classes of the subalgebras of é}g(n, h) of codim e. Then
we have

THEOREM 4. The correspondence ¢—B, gives a bijection H,(n,l, d)—
B(n, h, 1, ¢) where e=d—nl and h=2(e*+e)+1.

PRrOOF. We first show that the map is injective. Since codim ("M, A(JU,))
in A(VJU,) is equal to nl and ¢ is transitive at g, it follows that codim B,
=d—nl=e. By and i) of [Proposition 1, ¢ is a smooth submer-
sion on some neighborhood of ¢ and hence by we have the
expression (3) of ¢. We use the same notations as in Let (ay, b)
be the coordinates of ¢ and put F={(xs, ¥)€U | (x4)=(ax)}. Since the corre-

spondence x,‘i‘axi—»Yﬁ, gives a homomorphism f: g:ég(n, h—AF), G:ELBG(n, h)
acts locally on F in the following sense. There are a neighborhood V of
{1} XF in GXF and a map g: V—F such that g(exp X, ¢')=Exp f(X)q’ for
(exp X, ¢’)=V. Since ¢ is transitive, this action is transitive and hence F is
locally diffeomorphic to the germ of the homogeneous space H\G, where H is
a subgroup of G whose Lie algebra is {3 a;?‘,,xﬁ‘axi eg|X2atY(b)=0}=B,. More
precisely, there are an open set F/ of F containing ¢ and a neighborhood W
of 1 in G such that F’ is diffeomorphic to Hy\W, where Hy is a connected
component of HN\W containing 1. The right translation of G induces a homo-
morphism ¢, : g—A(Hwp\W) and go,(xga%) corresponds to YZ|F’ by the above
diffeomorphism. Since ¢ is determined by Yg’s, it is determined by Hy and
hence by B,. Thus the map ¢—B, is injective. On the other hand, for any
BeB(n, h,Il,e) we can construct Hy\W and get gol(xf}axi)edl(HW\W) and
hence a homomorphism ¢ : ANU,)—ANU,X(Hy\W)) given by the formula
(3). This completes the proof.

ExaMmPLE 6. For (n,l,d)=(1,1,2) we have H,1,1,2)=B(,51,1)=
{B,, B,, B;}. The subalgebras B;Cg(1,5) and the corresponding transitive
homomorphisms ¢: A(R")—J(R?) are given as follows.
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Bi={Sax.la=00,  p(f(09) =03+ (09,
B,= {3 600, a+a,=0, ¢(f(09.) =100+ (F (D+5pf (0",

By={ X a;x0,la,+a,=0}, ¢(f009.)=F00.+( () +5p/"@e”)3,

In general, the cardinality of B(n, h, [, ) is not finite. For example, in case
n=2, [=1 and d=2n, for any t=R put

v

B,={ > ahLx®0.i | Zang} ai=0 for k=1, ---, n} Cg(n, h)
=)

i=1 0<lalsh i

where h=2(n*+n)+1. Then B,=B; in B(n, h, [, n) if and only if t=s. The
corresponding transitive homomorphism ¢, : A(R™)—A(R?") is given by

PSS D0:0(x, ) = SF 000+ B D1y

+% Difi(x)ev~v* ;(H 0;1)0yk .

§4. Continuity of a homomorphism.

In H. Omori proved that if M and N are compact and ¢ : AM)—A(N)
is a homomorphism which is continuous in the C*-topology, then ¢ induces a
local homomorphism Diff (M)—Diff (N). We shall show that any homomorphism
¢ is continuous without the assumption of compactness of M and N.
3 implies the continuity of ¢ in the weak topology. does not imply
the continuity of ¢, because in general the local coordinate system (xx, ¥) on
a neighborhood U of ¢ does not fit with the given one (#)=(u”) on an open
set U, of N, that is, DF u?, Diu?, Dixi and DZy’ are not necessarily bounded
when ¢ tends to a point of (N—N{)NU,. Here D? denotes the differential
operator with respect to z. Recall that the C*-topology of A(N) is given by
the seminorms | |y, defined as follows. Let (#)=(u”) be a coordinate system
on a relatively compact open set U of N which can be extended to some
neighborhood of U. Then for Ye A(N) with Y =3 g%(u)d,» on U, we put

|Y|y,,= sup |D%gP(w)].
lal S7r,ucU,p

First we assume that M is compact. Then there is a finite open covering
{V,} of M satisfying the following properties :

i) Each V, is diffeomorphic to the unit disk {xR"| |x|*<1} by the
coordinate system (x,)=(x., -+, x7) on some neighborhood of 17,1.
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ii) Any set {py, -+, px} CM is contained in some V,, where & is the integer
defined in §1.

To prove the continuity of ¢ it suffices to show the next

LEMMA 9. For any seminorm | |y, there is a constant C such that for any
Xe (M) we have

Iq’(X)IU,TéC%)IX]Vﬂ,aT’*‘b’

where a=[d/n]=the integer part of d/n and b=2a((d—n)*+d—n-+1)—1.

PrOOF. Let o(X)|U=X¢?(X)(4)0,». Now we estimate Dfo?(X)(u) for
|B|<r. For any qeUNN{, choose an open set V, containing ¢(q)={p,, ---, pi}.
Applying to U,=V, and (x,)=(x,) (v=1,-,1), we can get a
coordinate system (xx, ¥) on some neighborhood U, of ¢ such that P(xx, V)=
(x5)=(xy, -+, x )€U, X -+ XU;=V,X -+ XV, and that for any X< A(M) with
X= sz(max@ on V, we have

o(X) s V=2 (F)dagt = D )V E))

on U,. It follows that

lalsh

DigP (X)W =3 3 DIf(x(w)ZIEw)

on U, where Z’s are smooth functions on U,. To eliminate' Z’s we need the
following lemma which will be proved at the end of this section.

LEMMA 10. Let @ : C*(RM—C>(R™[Z¢] (=the polynomial ring over C*(R™))
be a map given by

O(fx)=2X D*f(x)Z5 .

v=1 laish

A

Then we have

OUN =0+ B [ f 35, 0, xR

Jredg=1

k
m2=0 (——l)m

Jleee xd j +eet
) xfi oo xfm @ (xIme1 k)
150 <<i, Sk

Tyile=Ty s
v=l,esh
where

x(R)=1—t)x,+(1 =)t x+ -+ +(1f‘tk)tk—1 RN 2P 7% o FY PUSIELE A% SURIN

d(R) = 151152 oo £, dt, - dE, .

Put O(f(x))=P(f(x))(xx)= S S D7f(x)Zi(w). Then we have O(f(0)(xe(x))

v=1 lrlish+r
=DEp?( f(x,,)ax;-l Y(u). Here we consider f(x;,)a% as a vector field on M by
extending it suitably. For ueU,, the right hand side of the above equation is
independent of this extension. Applying to @ and substituting
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xx(u) for x«, we have
D" ( (5,033 ) () = F(x) Digp? (91 )(u)

(h+r4+1)—1

S S [0y, e 0 DR

k=1 Jx

k - . . .
mzo(_’l)miz xill ot x{vmn Dg@p<xﬁm+1+'“+]kaz; )(u) I Ty+le=Ty *
= £

Note that |x,|<1, that x(k)|,, -z, €V, and that Dﬁgap(xgm“'“”kaxz)(u) is
smooth on U and hence bounded on U. If we fix the extension of x,{m+1+"'+“8,z ,
there is a constant C%, not depending on geUNN{ such that we have

|D5§0p(f(xp)az}1>(u) I é C,Zul [f(x‘u)azzt | Vst
for ueU,, where t=I(h+r+1)—1. Putting C= EL Ci,;, we obtain
7
| DioP(X)(w)| = C%lXI Vit

for uc UN(UN?). Since UNF=N* and ¢(X)=0 on N—N*, it follows that the
above inequality holds for all ucU. By we have t=<ar+b, which
completes the proof of Lemma 9.

Next, we consider the case where M is not compact. Let ¢ be a point of
N=N* with ¢(@)={p,, -, »:}. Then by ii) of there are neigh-
borhoods U and U, of ¢ and p, respectively such that ¢(¢")={pi, -+, pu} VU,
for any ¢’eU. We may assume that there is an open set V which is diffeo-
morphic to the unit disk and contains \JU,. By the similar argument as above,
we can show that |[p(X)|y,=C|X|y q,+» and hence ¢ is continuous.

Thus we have proved

THEOREM 5. Any homomorphism ¢ : A(M)—A(N) is continuous in the C*-
topology.

By [Corollary 1] to [Proposition 1] in §2 and Theorem 1.3.2 in [4] we have

COROLLARY. If N is compact then ¢ induces a local homomorphism
Diff (M)—Diff (N).

PrOOF OF LEMMA 10. By the definition of @ we have

(6) @(f(x))—the right hand side of the desired equation

=3 3 ZeDi[ F0) )= B B o[ 81, 01, xR dE(R)

v=1 |

k . o .
B D S adpyimertit ]y,

Zy+le=Ty
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where s=I[(h+1)—1. Let S, be the symmetrization operator with respect to
Ji» =+, Ji. Then we have easily

k ‘ B )
Sk P G2 V> X{% v ximyImartotiv =S, T (3™ —x3) .
= v=1

1Si1< i Sk

The interior of [ ]in (6) is. equal to
FON—Fx)— B B o[ 01, 05, x WN0S T (v —x2)
)
= [ i frntty—m)dt—
= 3 [ 95, AA—t)m 1)t (55
— 2 [ 3, /-ty +tir)at(yh—x{)— X -
= Ej ‘f a“f((l t) Xt (t y—tx,))dt dt (vt —x] 1)"’

=3 j j 0,85, (A=) x4 (L—t)t, Xy o1, 9t Aty A1y ( 371 — x{1) (32— 242)

11 Jg

B
— E .ne
k=2

= B [ [0 B A=) o At ey

.71 .73+1

s+1 )
F oty - LY)dE(s+1)S,4 :E[l(yju_xxjxy) .

Since s+1=I(h+1) and |a|=<h, we have
Dy 1]

Y=xy EO ’
Ty4le=Ty

which completes the proof of
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