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\S 1. Introduction.

Recently many results about the holomorphic continuation of solutions of
a partial differential equation in a complex domain are obtained. Let $\Omega$ be a
domain in $C^{n}$ with a smooth boundary, denoted by $\partial\Omega$ and $P(z, D)$ be a linear
partial differential operator whose coefficients are holomorphic in some neigh-
borhood of a given point $ p\in\partial\Omega$ . The main results already obtained are the
following:

(i) if the boundary $\partial\Omega$ is non-characteristic with respect to $P(z, D)$ at $p$ ,
then every holomorphic solution $u(z)$ of $P(z, D)u(z)=0$ in $\Omega$ is holo-
morphic at $p$ . (Zerner [5].)

(ii) if the boundary $\partial\Omega$ is simply characteristic at $p$ and the normal cur-
vature in some direction in the complex bi-characteristic curve is
negative, then every solution $u(z)$ of $P(z, D)u(z)=0$ in $\Omega$ is holomor-
phic at $p$ . (Tsuno [3].)

(iii) if the boundary $\partial\Omega$ is strictly pseudo-convex and simPly characteristic
at $p$ and the normal curvature in every direction in the complex
bicharacteristic curve is positive, then under some additional condi-
tions we can construct a solution $u(z)$ of $P(z, D)u(z)=0$ in $\Omega$ which
is not holomorphic at $p$ . (Tsuno [3].)

(iv) if the boundary $\partial\Omega$ is real-analytic, P. Pallu de La Barri\‘ere ([1] and
his thesis) studied the existence and prolongation of holomorphic
solutions in the framework of the hyperfunction theory and obtained
the following result as an application (Th\’eor\‘eme 4.1 in his thesis):

under the same situation of our theorem in the next section, if the
holomorphic function $P_{m}(z, grad_{z}\Phi(z))$ has at most simPle zero on the
hypersurface $\{\Phi(z)=0\}$ , then every solution $u(z)$ of $P(z, D)u(z)=0$ in
$\Omega$ ,is holomorphic at $0$.

In this paper we are concerned with the case where the boundary $\partial\Omega$ is
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a level surface of a pluri-harmonic function and $ p\in\partial\Omega$ is a general charac-
teristic point with respect to $P(z, D)$ .

The author would like to thank Mr. J. Noguchi for valuable discussion.

\S 2. Theorem and its proof.

Let $U$ be an open ball containing $0$ in $C^{n}$ with the coordinates $(z_{1}, \cdots , z_{n})$

and $\phi(z)$ be a non-degenerate real valued $C^{2}$ function in $U$ which satisfies the
equation

$\partial\partial\phi=0$ .
Such a function $\phi$ is called pluri-harmonic and it is well known that the pluri-
harmonic function $\phi(z)$ is locally the real part of a holomorphic function $\Phi(z)$ .
(R. C. Gunning and H. Rossi [2], p. 271.) Thus we may assume that $\phi(z)=$

${\rm Re}\Phi(z)$ in $U$ and $\phi(0)=0$ , and set

$\Omega=\{z\in U|\phi(z)<0\}$ .
Let $P(z, D)=\sum_{|\alpha|\leqq m}a_{a}(z)(\partial/\partial z)^{a}$ be a linear differential operator whose co-

efficients are holomorphic in $U$ and denote by $P_{m}(z, \xi)$ the principal part
$P_{m}(z, \xi)=\sum_{|\alpha|=m}a_{a}(z)\xi^{a}$ of $P(z, \xi)$ . From Zerner’s theorem [5] if $P_{m}(0, grad_{z}\Phi(0))$

$\neq 0$ where $grad_{z}\Phi=(\partial\Phi/\partial z_{1}, \cdots , \partial\Phi/\partial z_{n})$ , every holomorphic solution $u(z)$ of
$P(z, D)u(z)=0$ in $\Omega$ is holomorphic at $0$ . Therefore we study in this paper
the case where the origin is characteristic with respect to $P(z, D)$ . That is,

we assume that
$P_{m}(0, grad_{z}\Phi(0))=0$ .

Then we have the following theorem.
THEOREM. If the holomorphic function $P_{m}(z, grad_{z}\Phi(z))$ is not identically

zero on the complex hypersurface $\{\Phi(z)=0\}$ , then every solution $u(z)$ of
$P(z, D)u(z)=0$ in $\Omega$ is holomorphic at the origin.

PROOF. Since $\Phi(z)$ is a non-degenerate holomorphic function, we may
assume that $\Phi(z)=z_{1}$ after a suitable change of variables. Then by the assump-
tion $P_{m}(0, z^{\prime} ; N)$ , where $z^{\prime}=(z_{2}, \cdots , z_{n})$ and $N=(1,0, \cdots , 0)$ , is not identically
zero in $z^{\prime}$ . Therefore after one more change of variables in $z^{\prime}$ -space, if neces-
sary, we may suppose that $P_{m}(0, z_{2},0, \cdots , 0;N)$ is not identically zero. Since
the set of zeros of a holomorphic function $P_{m}(0, z_{2},0, \cdots , 0;N)$ must be dis-
crete, we can choose a constant $r>0$ so small that $\partial\Omega$ is non-characteristic at
any point of the compact set $\Gamma=\{(0, z_{2},0, \cdots , 0)||z_{2}|=r\}$ in $\partial\Omega\cap U$ .

Let $u(z)$ be any solution of $P(z, D)u(z)=0$ in $\Omega=\{z\in U|{\rm Re} z_{1}<0\}$ . Then
by Zerner’s theorem [5] $u(z)$ is holomorphic in a neighborhood of $\Gamma$ . Since
$\Gamma$ is compact, there exists a constant $\rho(0<\rho<r)$ such that $u(z)$ is holomor-
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phic in $\Omega\cup\{z|r-\rho<|z_{2}|<r+\rho, |z_{j}|<\rho(j\neq 2)\}\subset U$ . Now we define the function
$\tilde{u}(z)$ for $z\in\Delta=\{z||z_{j}|<\rho, j=1, \cdots , n\}$ by

$\tilde{u}(z_{1}, z_{2}, z_{n})=\frac{1}{2\pi i}\int_{|\zeta|=r}\frac{u(z_{1},\zeta,z_{3},\cdots,z_{n})}{\zeta-z_{2}}d\zeta$ .

Then $\tilde{u}(z)$ is holomorphic in $\Delta$ and $\tilde{u}(z)=u(z)$ for $ z\in\Delta\cap\Omega$ by Cauchy’s integral
formula. Therefore $u(z)$ is holomorphically continued across the origin, which
completes the proof.

REMARK. A non-degenerate holomorphic function $\Phi(z)$ which does not
satisfy the assumption in the above theorem is not always characteristic with
respect to the operator $P(z, D)$ ; this means that $P_{m}$( $z$, grad $\Phi(z)$ ) does not
always vanish identically in a neighborhood of $0$ . We will study in the forth-
coming Paper [4] the case where the function $\Phi(z)$ is not characteristic but
satisfies $P_{m}$ ( $z$ , grad $\Phi(z)$ ) $=0$ on the complex surface $\Phi(z)=0$ . For example

when $\Phi(z)=z_{1}$ and $P(z, D)=z_{1}\frac{\partial^{2}}{\partial z_{1}^{2}}+\frac{\partial}{\partial z_{1}}$ , the equation $P(z, D)u(z)=0$ has

the solution $u(z)=\log z_{1}$ . In [4] we will analyse these operators, which is said
to be of the Fuchsian type.
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