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§1. Introduction.

Let M be a Riemannian manifold of dimension n>3 and denote by g,
K", K;; and K the metric tensor, the curvature tensor, the Ricci tensor
and the scalar curvature of M respectively.

If M is locally conformal to a Euclidean space then M is said to be con-
formally flat. For a conformally flat M, the Weyl conformal curvature tensor
given by

(1.1) ijih:Kkjih_!_azcji*a?Cki+ckhgji_‘cjhgki
vanishes identically, where

(1.2) Co=— 1y K,

it Z(n—ll)(n—Z) Kgji, C*=Cpg™,
g™ being contravariant components of the metric tensor. Conversely if C;;"
vanishes identically, then M is conformally flat [3], [6]

One of the purposes of the present paper is to prove the following:

THEOREM 1. In order that a Riemannian manifold of dimension n>3 is
conformally flat, it is necessary and sufficient that there exists a (unique) qua-
dratic form Q on the manifold such that the sectional curvature K(o) with
respect to a section o is the trace of the rvestriction of Q to o, i.e. Klo)=
trace Q/a, the metric being also restricted to o.

Let M be an n-dimensional Kaehlerian manifold and denote by g;;, F.*
K.;"*, K;; and K the metric tensor, the complex structure tensor, the cur-
vature tensor, the Ricci tensor and the scalar curvature of M respectively.
Bochner (see also [4], [9]) introduced a curvature tensor given by

(1.3) By =Ky 08 L ;;—0% L+ L"g;i— L g
h' —’(‘FkhM.”’—F]hl’\/[)”“i—AMkhth'—'Afthkz—Z(A"\Ik]Flh‘*‘ijA{[Ih) I}
wnere

1

_ o
Ly= =231 Kt 50059

ngi’ Lkh:thgthy

le[ji:_‘thFitﬂ A/jkh:]\/[ktgth
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and F;;=F,'g,, as a curvature tensor which corresponds to the Weyl con-
formal curvature tensor in a Riemannian manifold (see also [4], [5], [8], [100).

Another purpose of the present paper is to prove the following :

THEOREM 2. In order that the Bochner curvature tensor of a Kaehlerian
manifold vanishes, it is necessary and sufficient that there exists a (unique)
hybrid quadratic form Q such that the sectional curvature K(o) with respect to
a holomorphic section o is the trace of the restriction of Q to o, i.e. K(o)
=trace Q/o, the metric being also restricted to o.

§ 2. Riemannian manifolds with vanishing Weyl conformal
curvature tensor.

Suppose that M is a conformally flat Riemannian manifold of dimension
n >3, then we have

(2.1) ijih =0 )
that is
(2.2) Kijin=—8:Cji+8nCri—Crn&si+Cin&ri

where K, ;in=Kg;i'g;n and consequently the sectional curvature K(s) with
respect to a section ¢ spanned by vectors X and Y is given by

KoynXPYIXY"

(2.3) (o) = (8en8si—Lgin&r) XY I XY

_ 1 »
B <X‘ Y)Z_—(X. AX')(Y‘ y') [(Yy Y)Cji)(])g
—2X, V)CX7Y (X, X)C;iY Y 1T,

where (X, Y) denotes the inner product of X and Y. Thus if X and Y are
mutually orthogonal unit vectors, then we have

(2.4) K(O') - _Kkjileij‘XiYh

that is, the sectional curvature K(s) with respect to ¢ is given by the trace
of the restriction of Q(X, X)=—C(X, X) to o.

Conversely, suppose that the sectional curvature K(o) of a Riemannian
manifold M with respect to a section ¢ spanned by two vectors X and Y is
given by

Ko XFY I XY
(2.5) Ko)= (gkngji‘gjhgki)XijXiYh

=—CuUU—C,ViVT,
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where C;;U’U*=C(U, U) is a certain quadratic form and U and V are mutu-
ally orthogonal unit vectors spanning the section o.

The expression —C(U, U)—C(V, V) being independent of the choice of
mutually orthogonal unit vectors U and V in the section o, we put

Xh
VX, X))’

— (Xr X)Yh_(Xy Y);Xh
VX, X) VX, X)(Y,Y)—(X, V)
Then becomes
Ky jinXFY I XY™ .
(8in&ji—8m&r) X Y XPY"

1
TN, -XY

Uh=
(2.6)
Vh

E (Y, Y)C;; X' X!
—2(X, V)C;; XY '+(X, X)C;;YYY],
that is,
2.7) K XPY I XY™
=g Y Y "Copi X* X' —2g XY "C;; XY I+ g, X*X'C;, YY",
Since X’s are arbitrary, we have, from [2.7),
KijinY 'Y "+ K YY"
=28 Y Y "Chi—2mY "C;iY I =28, Y "C,, Y I4+28,,CuY 7Y,
from which, Y’s being arbitrary,
Kejint Kenis+ Kijent Kine ;s
=48Cri—28:C;i—284;Cri—28i1nCj1r—28:;Cre+481:Cin -

Taking the skew-symmetric part with respect to 2 and j of this equation,
we find
2Kkjih+Kkhij_thik+Kijkh_Kikjh+2Kihkj

:4gthki_4gkhcji—2gkhcji+2gjhcki
_zgijchk+2gikchj+4gkicjh_4gjickn ’
that is, using the first Bianchi identity,
(2.8) Kejin=—8utnCji+8inCri—Cin 8+ Cin&ai -

From [2.8), we have, by transvection with g**,

(2.9) K; = _(nﬂz)cji_gkhckhgji )
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from which, by transvection with g’¢,
K=—-2(n—-1)g*"Cp,,

that is,
1
kh I
(2.10) £ Cin=— gy K-
Substituting into [(2.9), we obtain
1 1
(2.11) Cji= n—9o K+ Nn—1)(n—2) Kgji.

Thus is equivalent to
ijih =0 )

which shows that the Riemannian manifold is conformally flat. Thus Theo-
rem 1 is proved.

REMARK. In [2], Kulkarni also obtained a characterization of a con-
formally flat space in terms of sectional curvature different from ours.

§3. Kaechlerian manifolds with vanishing Bochner curvature tensor.

Suppose that the Bochner curvature tensor of a Kaehlerian manifold
vanishes:

(3-1) Bkjih:();
then we have
(3.2) Kyjin=—8mLji+8inLlri—Lingji+Lingri

_FkhMji+thMki—.MkhFji+Mthki+2<MkjFih+ijMih) ’

and consequently the holomorphic sectional curvature K(o) with respect to a
holomerphic section ¢ spanned by X and FX is given by

(3.3) K(X)=— TX‘IY)T Kt X*F# XIXF2 X
(X, xX) =7 ’

where we have used

Mji:——thFit ’ Lji:thFit
and
(3.4) Lququ.,:p = L]l y

that is, L;; are components of a hybrid tensor of type (0, 2), (see Yano [7],
Chapter 1V).
Thus for the sectional curvature K(o) with respect to a holomorphic
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section ¢ spanned by a unit vector U and its transform FU by F, we have
(3.5) K(U)=—8L;;U’U*=—4L;;U’U*—AL,F/U'F}U".

Thus the holomorphic sectional curvature K(o) is the trace of the restriction
of Q(X, X)=—4L(X, X) to o.

Conversely suppose that the sectional curvature K(o) of a Kaehlerian
manifold with respect to a holomorphic section ¢ spanned by X and FX is
given by

é@X’*Fj‘XfX"FhSX"

(3.6) K(X)=— XX

=—8L,UU",

where L;;U’U' is a certain quadratic form whose coefficients satisfy
and

Xh
h
3.7 U*= X X
Then from and [3.7), we have
(3-8) KknstchstXinXh == SgkjLithXinXh .

Since X’s are arbitrary and
KpisF ' =K FF KpiisFy' = KpnoF3®
Ko F P Fy = Ky B4 F 5
(see Yano [7], Chapter 1V), we have, from 3.8),
KitisF PPy Kns Fit F P 4 Ky s PP F°

:4EgkjLih+gkith+gkthi+ijgih+Lkighj+Lkhgji] ’
or
Kk”qutFps+KktpsFiths+KktquptFis

:4[gquip+gkinq+gkaqi+qugip+Lk1;gpq+Lkpgqi] .
Transvecting this with F;2F,?, we find
Kijin—KuipiFi Fa? — Kpngs F4F°

= 4[—ijMih‘}‘gkiLjh"FnkMij_Mkani‘l‘Lkigjh_MkhFji] ,
where

(3.9 M;;=—L;F,

or
¢
Kkjm“‘Kktiji th—Kkhji

=4[ F M+ guiljn—FunMji+My;FintLys@in— M F 0],
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because of KyngsF;0F;" = Kppjie
Taking the skew-symmetric part of this equation with respect to 2 and
7 and taking account of ‘

Kktijichp”—szkaichp = (Kktpj_'Kjtpk>Fichp
= —Kkasztan = —Kkjih ’

we find
2Kkjih+Kkjih‘“Kkhji+thki
=AL2F, ;Min+8uil jn—8 5 Lan—FinM i+ F jn My
+21MkjFih+ Lkigjh'_Ljigkh—lwkhFji—!_iMthki] ’
or
(3-10) Kkjih: "Egkthi“‘gjnLkrf‘Lkngﬁ"‘Ljhgki

+EFun M —F s My + My F i — My F = 2(My  Fin+F i ;Miy) ]
Transvecting with g**, we find
(3.11) Kj=—[(n+4)L;i+g" Ling;],
from which, by transvection with g%,

K=—-2(n+2)g*" L,
or

(3.12) g L= =gy K-

Substituting [(3.12) into (3.11), we obtain

Kyo= [ 0 ) L=y K}
that is,
(3.13) L=~
Thus gives
(3.14) Byji*=0,

1
n+4

K;; Kgj;.

1
B CES) CEwY

and consequently is proved.

The authors wish to express their sincere gratitude to the referee whose
suggestions improved very much the present paper.

This work was done while the first author was partially supported by
NSF Grant GP-36684.
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