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\S 1. Introduction.

Let $X$ be a Banach space, and let $X_{0}$ be a subset of $X$. By a contraction
semi-group on $X_{0}$ we mean a family $\{T(t);t\geqq 0\}$ of operators $T(t):X_{0}\rightarrow X_{0}$

satisfying the following conditions:

(1.1) $T(t+s)=T(t)T(s)$ $f$ or $t,$ $s\geqq 0$ ,

(1.2) $\Vert T(t)x-T(t)y\Vert\leqq\Vert x-y\Vert$ for $t\geqq 0$ and $x,$ $y\in X_{0}$ ,

(1.3) $\lim_{t-0+}T(t)x=T(0)x=x$ for $x\in X_{0}$ .

We define the infinitesimal generator $A_{0}$ of $\{T(t);t\geqq 0\}$ (a contraction semi-
group on $X_{0}$) by

(1.4) $A_{0}x=\lim_{n-0\perp}h^{-1}(T(h)x-x)$

whenever the limit exists. It is easy to see that $A_{0}$ is a dissipative operator.
Recently, in the case when both $X$ and $X^{*}$ (the dual of $X$ ) are uniformly

convex, Martin [5] has characterized the infinitesimal generator $A_{0}$ of a
contraction semi-group on $X_{0}$ having the property that $\overline{D(A_{0})}=X_{0}$ . The
purpose of this paper is to generalize his results to the case that $x*$ is uni-
formly convex. To this end we introduce the following

DEFINITION 1.1. Let $\{T(t);t\geqq 0\}$ be a contraction semi-group on $X_{0}$ , and
let $A_{0}$ be the infinitesimal generator of $\{T(t);t\geqq 0\}$ . Define the set $\hat{D}$ by

(1.5) $\hat{D}=$ { $x\in X_{0}$ ; $\Vert T(h)x-x\Vert=O(h)$ as $h\rightarrow 0+$ }.

If $A$ is an extension of $A_{0}$ and maximal dissipative on $D$ , then $A$ is called a
$(g)$ -operator of $\{T(t);t\geqq 0\}$ .

If $\{T(t);t\geqq 0\}$ is a contraction semi-group on $X_{0}$ with $ D(A_{0})\neq\emptyset$ , then its
$(g)$ -operator exists by the maximal principle.

Our main results are stated as follows: Let $x*$ be uniformly convex.
(I) If $A$ is a $(g)$ -oPerator of a contraction semi-group $\{T(t);t\geqq 0\}$ on $X_{0}$ ,

then $A$ has the Property $(\mathfrak{g}),$ $A$ is demiclosed and $D(A^{0})=D(A)=D$ , where $A^{0}$
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is the canonical restriction of A. (See Theorem 2.3.)
(II) If $A$ has the Property (g) and $A$ is demiclosed, then there exists a

unique contraction semi-group $\{T(t);t\geqq 0\}$ on $\overline{D(A)}$ such that $D(A)\subset D$ and
for each $x\in D(A)$

$(d/dt)T(t)x\in A^{0}T(t)x$ for $a$ . $e$ . $t\geqq 0$ .
(See Theorem 3.3.)

(III) Let $X_{0}$ be closed and let $A$ be a multi-valued oPerator from $D(A)\subset X_{0}$

into $X$ such that $\overline{D(A)}=X_{0}$ . Then the following three conditions are equivalent;
(i) $A$ is a $(g)$ -oPerato $r$ of a contraction semi-group on $X_{0}$ ,
(ii) $A$ has the prOperty $(\mathfrak{g})$ and $A$ is maximal dissipative on $X_{0}$ ,
(iii) $A$ is a maximal element in the partially ordered set $\mathfrak{g}(X_{0})$ ,

where $\mathfrak{g}(X_{0})$ is the set of all multi-valued oPerators $B$ satisfying the assumPtions
in the above (II) with $D(B)\subset X_{0}$ and the partial order $B_{1}\leqq B_{2}$ is defined by
$B_{1}\subset B_{2}$ ( $i$ . $e.,$ $B_{2}$ is an extension of $B_{1}$ ). (See Theorem 3.4.)

\S 2. Some properties of contraction semi-groups.

By a multi-valued operator $A$ in $X$ we mean that $A$ assigns to each
$x\in D(A)$ a subset $ Ax\neq\emptyset$ of $X$, where $D(A)=\{x\in X;Ax\neq\emptyset\}$ . And $D(A)$ is
called the domain of $A$ , and the range of $A$ is defined by $R(A)=_{x\in D(A)}UAx$.
We dePne $\Vert|Ax\Vert|=\inf\{\Vert x^{\prime}\Vert ; x^{\prime}\in Ax\}$ for $x\in D(A)$ and $A^{0}x=\{x^{\prime}\in Ax$ ;
$\Vert x^{\prime}\Vert=\Vert|Ax\Vert|\}$ . $A^{0}$ is called the canonical restriction of $A$ . A multi-valued
operator $A$ in $X$ is said to be demiclosed if the following condition is satisPed;
if $x_{n}\in D(A)$ , $n=1,2,$ $\cdots$ , $\lim_{n-}x_{n}=x$ and if there are $x_{n}^{\prime}\in Ax_{n}$ such that

$w-\lim_{nr}x_{n}^{\prime}=x^{\prime}$ , then $x\in D(A)$ and $x^{\prime}\in Ax$ . We say $A$ is almost demiclosed if

the above condition is satisfied except the assertion $x^{\prime}\in Ax$.
Let $(x, x^{*})$ denote the value of $x^{*}\in x*$ at $x\in X$. A multi-valued operator

$A$ in $X$ is said to be dissipative if for each $x,$ $y\in D(A)$ and $x^{\prime}\in Ax,$ $y^{\prime}\in Ay$

there exists a $\zeta^{*}\in F(x-y)$ such that

(2.1) ${\rm Re}(x^{\prime}-y^{\prime}, \zeta^{*})\leqq 0$

where ${\rm Re}(x, x^{*})$ means the real part of $(x, x^{*})$ and $F(x)=\{x^{*}\in X^{*};$ (X, $x^{*}$) $=$

$\Vert x\Vert^{2}=\Vert x^{*}\Vert^{2}\}$ for $x\in X$. In general $F(\cdot):X\rightarrow X^{*}$ is multi-valued and it is
called the duality map

$\cdot$ It is well known that the duality map $F(\cdot)$ is single-
valued and uniformly continuous in every bounded set of $X$ if $x*$ is uniformly
convex. Thus, in this case, (2.1) becomes

(2.2) ${\rm Re}(x^{\prime}-y^{\prime}, F(x-y))\leqq 0$ .
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Let $A_{i},$ $i=1,2$ be multi-valued operators in X. $A_{2}$ is an extension of $A_{1}$ ,
and $A_{1}$ is a restriction of $A_{2}$ , in symbol $A_{2}\supset A_{1},$ $A_{1}\subset A_{2}$ , if $D(A_{1})\subset D(A_{2})$ and
$A_{1}x\subset A_{2}x$ for $x\in D(A_{1})$ . If $A$ is dissipative and $S$ is a subset of $X$, we say
that $A$ is maximal dissiPative on $S$ if $D(A)\subset S$ and $A$ has not any proper
dissipative extension $\tilde{A}$ such that $D(\tilde{A})\subset S$ . If $A$ is dissipative and if
$R(I-\lambda A)=X$ for $\lambda>0$ , then $A$ is said to be $m$ -dissipative.

We define $\langle$ , $\rangle_{s}$ : $X\times X\rightarrow(-\infty, \infty)$ by

$\langle x, y\rangle_{s}=\sup\{{\rm Re}(x, y^{*});y^{*}\in F(y)\}$ .
Clearly $|\langle x, y\rangle_{s}|\leqq\Vert x\Vert\Vert y\Vert$ , and it is shown that the function $\langle$ , $\rangle_{s}$ is uPper

semicontinuous (see, for example, [2, Lemma 2.16]).

LEMMA 2.1. Assume that $X$ is reflexive, and let $\{T(t);t\geqq 0\}$ be a contrac-
tion semi-group on $X_{0}$ . If $B$ is a dissiPative oPerator such that $A_{0}\subset B$ and
$D(B)\subset\overline{D(A_{0})}$ , then we have

(i) $\Vert T(t)x-x_{0}\Vert^{2}-\Vert x-x_{0}\Vert^{2}\leqq 2\int_{0}^{t}\langle y_{0}, T(\tau)x-x_{0}\rangle_{s}d\tau$ for every $t\geqq 0,$ $x\in\overline{D(A_{0})}$,

$x_{0}\in D(B)$ and $y_{0}\in Bx_{0}$ ,
(ii) $D(B)\subset D$ and $\Vert T(t)x_{0}-x_{0}\Vert\leqq t\Vert|Bx_{0}\Vert|$ for every $t\geqq 0$ and $x_{0}\in D(B)$ .
PROOF. (i) Let $x\in D(A_{0}),$ $x_{0}\in D(B)$ and $y_{0}\in Bx_{0}$ . Since $T(t)x$ is Lipschitz

continuous in $t\geqq 0$ , the reflexivity of $X$ implies that $T(t)x$ is strongly dif-
ferentiable at $a$ . $e$ . $t\geqq 0$ and

(2.3) $(d/dt)T(t)x=A_{0}T(t)x\in BT(f)x$ for $a$ . $e$ . $t\geqq 0$ .

For $a$ . $e$ . $t\geqq 0$ we have that

$(d/dt)\Vert T(t)x-x_{0}\Vert^{2}=2{\rm Re}((d/dt)T(t)x, \zeta_{t}^{*})$ for all $\zeta_{t}^{*}\in F(T(t)x-x_{0})$ ,

and that ${\rm Re}((d/dt)T(t)x-y_{0}, \eta_{t}^{*})\leqq 0$ for some $\eta_{t}^{*}\in F(T(t)x-x_{0})$ by (2.3) and
the dissipativity of $B$ . Therefore

$(d/dt)\Vert T(t)x-x_{0}\Vert^{2}\leqq 2{\rm Re}(y_{0}, \eta_{t}^{*})\leqq 2\langle y_{0}, T(t)x-x_{0}\rangle_{s}$ for $a$ . $e$ . $t\geqq 0$ .
Integrating this inequality on $[0, t]$ we obtain

$\Vert T(t)x-x_{0}\Vert^{2}-\Vert x-x_{0}\Vert^{2}\leqq 2\int_{0}^{t}\langle y_{0}, T(\tau)x-x_{0}\rangle_{s}d\tau$ .

Now let $x\in\overline{D(A_{0})}$ and choose a sequence $\{x_{n}\}$ such that $x_{n}\in D(A_{0})$ and

$\lim_{n-}x_{n}=x$ . By the inequality above

$\Vert T(t)x_{n}-x_{0}\Vert^{2}-\Vert x_{n}-x_{0}\Vert^{2}\leqq 2\int_{0}^{t}\langle y_{0}, T(\tau)x_{n}-x_{0}\rangle_{s}d\tau$

for every $n,$ $x_{0}\in D(B)$ and $y_{0}\in Bx_{0}$ . Taking the limit $superior$ as $ n\rightarrow\infty$ we
see from the Lebesgue convergence theorem and the upper semicontinuity

of $\langle$ , $\rangle_{s}$ that
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$\Vert T(t)x-x_{0}\Vert^{2}-\Vert x-x_{0}\Vert^{2}\leqq 2\int_{0}^{t}\langle y_{0}, T(\tau)x-x_{0}\rangle_{s}d\tau$

for every $t\geqq 0,$ $x_{0}\in D(B)$ and $y_{0}\in Bx_{0}$ .
(ii) Since $D(B)\subset\overline{D(A_{0})}$, by using (i) with $x=x_{0}$ we have

$\Vert T(t)x_{0}-x_{0}\Vert^{2}\leqq 2\Vert y_{0}\Vert\int_{0}^{t}\Vert T(\tau)x_{0}-x_{0}\Vert d\tau$

for every $t\geqq 0,$ $x_{0}\in D(B)$ and $y_{0}\in Bx_{0}$ . And this inequality implies that
$\Vert T(t)x_{0}-x_{0}\Vert\leqq t\Vert|Bx_{0}\Vert|$ for every $t\geqq 0$ and $x_{0}\in D(B)$ . Q. E. D.

LEMMA 2.2. Assume that $X$ is reflexive, and let $A$ be a $(g)$ -oPerator of a
contraction semi-group $\{T(t);t\geqq 0\}$ on $X_{0}$ . Then the following $(i^{\prime})-(iii^{\prime})$ hold
good:

$(i^{\prime})$ If $x\in X_{0}$ and $x^{\prime}=w$ - $\lim t_{n}^{-1}(T(t_{n})x-x)$ for some positive sequence $\{t_{n}\}$

with $t_{n}\rightarrow 0$ as $ n\rightarrow\infty$ , then $x\in D(A^{0})$ and $x^{\prime}\in A^{0}x$ .
(ii’) $D(A^{0})=D(A)=D$ and $\lim_{t-0+}t^{-1}\Vert T(t)x-x\Vert=\Vert|Ax\Vert|$ for $x\in D$ .

(iii’) $A$ is maximal dissiPative on $\overline{D(A)}$ and almost demiclosed.
PROOF. Note that $A_{0}\subset A$ and $D(A)\subset D\subset\overline{D(A_{0})}=\overline{D(A).}$

$(i^{\prime})$ We first remark that the existence of w- $\lim_{n-}t_{n}^{-1}(T(t_{n})x-x)$ implies that
$\Vert T(t)x-x\Vert=O(t)$ as $t\rightarrow 0+,$ $i$ . $e.,$

$x\in\hat{D}$ (see [3, Lemma 1.1]). Let $x_{0}\in D(A)$

and $y_{0}\in Ax_{0}$ . In view of Lemma 2.1 (i)

$\Vert T(t)x-x_{0}\Vert^{2}-\Vert x-x_{0}\Vert^{2}\leqq 2\int_{0}^{t}\langle y_{0}, T(\tau)x-x_{0}\rangle_{s}d\tau$ for $t\geqq 0$ .

Noting $\Vert T(t)x-x_{0}\Vert^{2}-\Vert x-x_{0}\Vert^{2}\geqq 2{\rm Re}(T(t)x-x, \zeta^{*})$ for any $\zeta^{*}\in F(x-x_{0})$ , we
have

(2.4) ${\rm Re}(T(t)x-x, \zeta^{*})\leqq\int_{0}^{t}\langle y_{0}, T(\tau)x-x_{0}\rangle_{s}d\tau$ for $t\geqq 0$ .

Since $\langle$ , $\rangle_{s}$ is upper semicontinuous, for any $\epsilon>0$ there is a $\delta>0$ such that
$\langle y_{0}, T(\tau)x-x_{0}\rangle_{s}<\langle y_{0}, x-x_{0}\rangle_{s}+\epsilon$ for $ 0\leqq\tau<\delta$ . We see from (2.4) that if
$ 0<t<\delta$ then

${\rm Re}(t^{-1}(T(t)x-x), \zeta^{*})\leqq\langle y_{0}, x-x_{0}\rangle_{s}+\epsilon$ .
This implies that

${\rm Re}(x^{\prime}, \zeta^{*})\leqq\langle y_{0}, x-x_{0}\rangle_{s}$ for any $\zeta^{*}\in F(x-x_{0})$ .

We note here that there is an $\eta^{*}\in F(x-x_{0})$ such that $\langle y_{0}, x-x_{0}\rangle_{s}={\rm Re}(y_{0}, \eta^{*})$

because $F(x-x_{0})$ is compact in the weak* topology of $x*$ . Consequently

${\rm Re}(x^{\prime}-y_{0}, \eta^{*})\leqq 0$ for some $\eta^{*}\in F(x-x_{0})$ ;

so it follows from the maximal dissipativity on $D$ of $A$ that
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(2.5) $x\in D(A)$ and $x^{\prime}\in Ax$ .
Then by Lemma 2.1 (ii)

$\lim_{r-0+}t^{-1}\Vert T(t)x-x\Vert\leqq\Vert|Ax\Vert|$ .

(Note that the existence of the above limit follows from [3, Lemma $1.1$ ] $.\rangle$

But $\Vert|Ax\Vert|\leqq\Vert x^{\prime}\Vert\leqq\varliminf_{n}t_{n}^{-1}\Vert T(t_{n})x-x\Vert=\varliminf_{t0+}t^{-1}\Vert T(t)x-x\Vert$ . Therefore

(2.6) $\Vert|Ax\Vert|=\Vert x^{\prime}\Vert=\lim_{\iota-0+}t^{-1}\Vert T(t)x-x\Vert$ .

Combining this with (2.5) we have that $x\in D(A^{0})$ and $x^{\prime}\in A^{0}x$ .
(ii’) Let $x\in D$ . Since $\Vert t^{-1}(T(t)x-x)\Vert=O(1)$ as $t\rightarrow 0+$ , the reflexivity of $X$

implies that there is a positive sequence $\{t_{n}\}$ with $t_{n}\rightarrow 0$ as $ n\rightarrow\infty$ and an
$x^{\prime}\in X$ such that

$x^{\prime}=w-\varliminf_{n}t_{n}^{-1}(T(t_{n})x-x)$ .

By virtue of $(i^{\prime})$ we obtain that $x\in D(A^{0})$ and $\Vert|Ax\Vert|=\varliminf_{t0+}t^{-1}\Vert T(t)x-x\Vert-$

Thus $\hat{D}\subset D(A^{0})$ .
(iii’) To show that $A$ is maximal dissipative on $\overline{D(A),}$ let $\tilde{A}$ be a dissipa-

tive operator such that AcA and $D(\tilde{A})\subset\overline{D(A)}$ . Then by virtue of Lemma
2.1 (ii) we obtain that $D(\tilde{A})\subset D$ . This implies $\tilde{A}=A$ , since $A$ is maximal
dissipative on $\hat{D}$ . Thus $A$ is maximal dissipative on $\overline{D(A).}$ Next, to prove
the almost demiclosedness of $A$ , let $\{x_{n}\}$ and $\{x_{n}^{\prime}\}$ be sequences such that
$x_{n}\in D(A),$

$\chi_{n}^{\prime}\in Ax_{n},\varliminf_{n}x_{n}=x$ and $w-\varliminf_{n\infty}x_{n}^{\prime}=x^{\prime}$ . By Lemma 2.1 (ii)

$\Vert T(t)x_{n}-x_{n}\Vert\leqq t\Vert|Ax_{n}\Vert|\leqq t\Vert\chi_{n}^{\prime}\Vert\leqq Mt$ for $t\geqq 0$ ;

and hence $\Vert T(t)x-x\Vert\leqq Mt$ for $t\geqq 0$ , where $M>0$ is a constant such that
$\Vert x_{n}^{\prime}\Vert\leqq M$ for all $n\geqq 1$ . This shows that $x\in D=D(A)$ and hence $A$ is almost
demiclosed. Q. E. D.

DEFINITION 2.1. Let $A$ be a multi-valued operator in $X$. We say that $A$

has the property (g), if the following conditions (I) and (II) are fulfilled:
(I) $A$ is maximal dissipative on $D(A)$ .
(II) For each $x\in D(A)$ and $\epsilon>0$ there exists a $\delta=\delta(\epsilon, x)>0$ with $\delta\leqq\epsilon$

and a triple $(f_{\delta}, g_{\delta}, h_{\delta})$ of functions such that
$(II_{1})$ $f_{\delta}$ : $[0, \delta]\rightarrow X$ is strongly absolutely continuous on $[0, \delta]$ and strongly

differentiable at $a$ . $e$ . $t\in[0, \delta]$ ; moreover $f_{\delta}(O)=x,$ $f_{\delta}(\delta)\in D(A)$ and $\Vert|Af_{\delta}(\delta)\Vert\lfloor$

$\leqq e^{\epsilon\delta}\Vert|Ax\Vert|$ ,
$(II_{2})$ $g_{\delta}$ : $[0, \delta$ ) $\rightarrow D(A)$ satisfies

$\Vert g_{\delta}(t)-f_{\delta}(t)\Vert\leqq\epsilon e^{\epsilon\delta}(\Vert|Ax\Vert|+\epsilon)$ for $ t\in[0, \delta$ ) ,

$(II_{3})$ $h_{\delta}$ : $[0, \delta$ ) $\rightarrow X$ satisfies $h_{\delta}(t)\in Ag_{\delta}(t)$ for $ t\in[0, \delta$), $\Vert h_{\delta}(t)\Vert\leqq e^{\epsilon\delta}\Vert|Ax\Vert|$
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for $ t\in[0, \delta$) and
$\Vert(d/dt)f_{\delta}(t)-h_{\delta}(t)\Vert\leqq\epsilon$ for $a$ . $e$ . $ t\in[0, \delta$ ).

REMARK. If $X$ is reflexive, then the strong differentiability of $f_{\delta}$ (in $(II_{1})$)

is superfluous since every strongly absolutely continuous function is strongly
differentiable almost everywhere.

THEOREM 2.3. Let $A$ be a $(g)$ -oPerator of a contraction semi-grouP
$\{T(t);t\geqq 0\}$ on $X_{0}$ . If $X$ is reflexive, then $A$ has the property(g), and $A$ is
maximal dissipative on $\overline{D(A)}$ and almost demiclosed, and moreover $D(A^{0})=D(A)$
$=\hat{D}$ and $A_{0}\subset A^{0}$ . Furthermore $A$ is demiclosed if $x*$ is uniformly convex.

PROOF. At first let $X$ be reflexive. By virtue of Lemma 2.2, it suffices
to show that $A$ has the property (g). Obviously $A$ is maximal dissipative on
$D(A)$ .

Let $x\in D(A)(=D)$ . Then $T(t)x$ is Lipschitz continuous in $t\geqq 0,$ $T(t)x\in D$

$=D(A)$ for all $t\geqq 0$ and there exists a null set $ N\subset[0, \infty$ ) such that

(2.7) $(d/dt)T(i)x=A_{0}T(t)x\in AT(t)x$ for all $ t\in[0, \infty$ ) $\backslash N$ .
Moreover
\langle 2.8) $\Vert|AT(t)x\Vert|\leqq\Vert|Ax\Vert|$ for all $t\geqq 0$ .
Indeed, by Lemma 2.2 $(ii^{\prime})$ ,

$\Vert|AT(t)x\Vert|=\varliminf_{h0+}h^{-1}\Vert T(h)T(t)x-T(t)x\Vert$

$\leqq\varliminf_{h0+}h^{-1}\Vert T(h)x-x\Vert=\Vert|Ax\Vert|$ .

Let $\epsilon>0$ and set $\delta=\epsilon$ . And put $f_{\delta}(t)=g_{\delta}(t)=T(t)x$ for $ 0\leqq t\leqq\delta$ , and define
$h_{\delta}$ by

$h_{\delta}(t)=A_{0}T(t)x$ for $ t\in[0, \delta$ )$\backslash N$

$=an$ element in $A^{0}T(t)xf$or $ t\in[0, \delta$ ) $\cap N$ .
It is now easy to see that $f_{\delta},$

$g_{\delta}$ and $h_{\delta}$ satisfy the conditions $(II_{1})-(II_{3})$ in
Definition 2.1. Therefore $A$ has the property (9).

Next let $x*$ be uniformly convex. Then $A$ is demiclosed, since $A$ is
maximal dissipative on $D(A)$ and $A$ is almost demiclosed. (See [4, Lemma
3.7].) Q. E. D.

We give some examples of operators having the property (g).

EXAMPLE 2.1. Let $A$ be maximal dissipative on $D(A)$ and satisfy the
following condition (a):

(a) For each $x\in D(A)$ and $\epsilon>0$ there is a $\delta=\delta(\epsilon, x)>0$ with $\delta\leqq\epsilon$ and
there are $x_{\delta}\in D(A)$ and $x_{\delta}^{\prime}\in Ax_{\delta}$ satisfying the following

$(a_{1})$ $\Vert x_{\delta}-\delta x_{\delta}^{\prime}-x\Vert\leqq\delta\epsilon$ ,
$(a_{2})$ $\Vert x_{\delta}^{\prime}\Vert\leqq e^{\epsilon\delta}\Vert|Ax\Vert|$ .
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Then $A$ has the property (g).
PROOF. Let $x\in D(A)$ and $\epsilon>0$ . We now define a triple $(f_{\delta}, g_{\delta}, h_{\delta})$ ,

where $f_{\delta}$ : $[0, \delta]\rightarrow X,$ $g_{\delta}$ : $[0, \delta$ ) $\rightarrow D(A),$ $h_{\delta}$ : $[0, \delta$ ) $\rightarrow X$, by

$f_{\delta}(t)=\delta^{-1}[(\delta-t)x+tx_{\delta}]$ for $t\in[0, \delta]$ ,

$g_{\delta}(t)=x_{\delta}$ and $h_{\delta}(t)=x_{\overline{0}}^{\prime}$ for $ i\in[0, \delta$).

It follows from $(a_{2})$ that

$|11Af_{\delta}(\delta)\Vert|=\Vert|Ax_{\delta}\Vert|\leqq\Vert x_{\delta}^{\prime}\Vert\leqq e^{\epsilon\delta}\Vert|Axlil$ .
And then $(II_{1})$ is satisfied. By $(a_{1})$ and $(a_{2})$ we have

$\Vert g_{\delta}(t)-f_{\delta}(t)\Vert=\delta^{-1}(\delta-t)\Vert x_{\delta}-x\Vert\leqq\Vert x_{\partial}-x\Vert\leqq\delta\epsilon+\delta\Vert x_{\delta}^{\prime}\Vert$

$\leqq\epsilon(\epsilon+e^{\epsilon\delta}\Vert|Ax\Vert|)\leqq\epsilon e^{\epsilon\delta}(\Vert|Ax\Vert|+\epsilon)$ for $ t\in[0, \delta$).

So $(II_{2})$ is satisfied. Since $(d/dt)f_{\delta}(t)=\delta^{-1}(x_{\delta}-x)$ for $t\in(O, \delta)$ , we see from
$(a_{1})$ that

$\Vert(d/dt)f_{\delta}(t)-h_{\delta}(t)\Vert=\Vert\delta^{-1}(x_{\delta}-x)-x_{\delta}^{\prime}\Vert\leqq\epsilon$ for $t\in(O, \delta)$ .
Therefore $(II_{3})$ is also satisfied. Q. E. D.

EXAMPLE 2.2. (1) If $A$ is maximal dissipative on $D(A)$ and if for each
$x\in D(A)$ there is a sequence $\{\lambda_{n}\}$ of positive numbers such that

$\lambda_{n}\rightarrow 0$ as $ n\rightarrow\infty$ and $R(I-\lambda_{n}A)\supset\{x\}f$ or each $n$ ,

then $A$ has the property(g).
(2) Every m-dissipative operator has the property (g).

PROOF. To prove (1) it suffices to show that the condition (a) in Example
2.1 is satisfied. Let $x\in D(A)$ . It follows from our assumption that for each
$n$ there are $x_{\lambda_{n}}\in D(A)$ and $x_{\lambda_{n}}^{\prime}\in Ax_{\lambda_{n}}$ such that

(2.9) $x_{\lambda_{n}}-\lambda_{n}x_{\lambda_{n}}^{f}=x$ .
And we have

(2.10) $\Vert x_{\lambda n}^{\prime}\Vert=\lambda_{n}^{-1}\Vert x_{\lambda_{n}}-x\Vert$

$=\lambda_{n}^{-1}\Vert(I-\lambda_{n}A)^{-1}x-x\Vert\leqq\Vert|$ Axlll for all $n$ .
For any $\epsilon>0$ , choose a $\lambda_{n}$ with $\lambda_{n}\leqq\epsilon$ and put $\delta=\lambda_{n}$ . Now, $(a_{1})$ and $(a_{2})$

(in Example 2.1) follow from (2.9) and (2.10) respectively. Since every m-
dissipative operator $A$ is maximal dissipative on $D(A),$ (2) follows from (1).

Q. E. D.
EXAMPLE 2.3. Let $A$ be maximal dissipative on $D(A)$ and satisfy the

following condition:
(b) For each $x\in D(A)$ and $\epsilon>0$ there is a $\delta=\delta(\epsilon, x)>0$ with $\delta\leqq\epsilon$ and

there are $x_{\delta}\in D(A)$ and $x_{(\delta)}^{\prime}\in A^{0}x$ such that
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$(b_{1})$ $\Vert x+\delta x_{(\delta)}^{f}-x_{\delta}\Vert\leqq\delta\epsilon$ ,
$(b_{2})$ $\Vert|Ax_{\delta}\Vert|\leqq e^{\epsilon\delta}\Vert|Ax\Vert|$ .

Then $A$ has the property(g).

PROOF. Let $x\in D(A)$ and $\epsilon>0$ . We define a triple $(f_{\delta}, g_{\delta}, h_{\delta})$ of functions
by

$f_{\delta}(t)=\delta^{-1}[(\delta-t)x+tx_{\delta}]$ for $t\in[0, \delta]$ ,

$g_{\delta}(t)=x$ for $ t\in[0, \delta$ ) ,

$h_{\delta}(t)=x_{(\delta)}^{\prime}$ for $ t\in[0, \delta$).

Then it is obvious that $f_{\delta},$
$g_{\delta}$ and $h_{\delta}$ satisfy the conditions $(II_{1})-(II_{3})$ in

Definition 2.1. Q. E. D.
REMARKS. Let both $X$ and $x*$ be uniformly convex. It is known that

$A^{0}$ is single-valued and $D(A^{0})=D(A)$ if $A$ is maximal dissipative on $D(A)$

(see [4, Lemma 3.10]). Then we remark the following:
1) $A$ given in Example 2.3 is nothing else but an operator having the

property $(G)_{0}^{0}$ in the sense of Martin [5, DePnition 2.2].
$2^{o})$ Let $A$ be maximal dissipative on $D(A)$ . $A$ satisfies the condition (b)

in Example2.3 if and only if $A$ satisPes the condition (a) with $x_{\delta}^{\prime}=A^{0}x_{\delta}$ in
Example 2.1.

\S 3. Generation of contraction semi-groups.

Throughout this section it is assumed that $x*$ is uniformly convex. We
start from the following

LEMMA 3.1. SuppOse that $A$ has the ProPerty $(\mathfrak{g})$ and $A$ is almost demiclosed.
Let $x\in D(A),$ $T>0$ and $\epsilon>0$ where $\epsilon<T$. Then there exists a triple $(u, g, h)$

where $u:[0, T]\rightarrow X,$ $g:[0, T$ ) $\rightarrow D(A)$ , and $h:[0, T$ ) $\rightarrow X$, satisfying the Proper-
ties

(i) $u(0)=x$,
(ii) $\Vert u(t)-u(s)\Vert\leqq|t-s|\{e^{\epsilon T}\Vert|Ax\Vert|+\epsilon\}$ for $t,$ $s\in[0, T]$ ,
(iii) $u(T)\in D(A)$ and $\Vert|Au(T)\Vert|\leqq e^{\epsilon T}\Vert|Ax\Vert|$ ,
(iv) $\Vert u(t)-g(t)\Vert\leqq\epsilon e^{\epsilon T}(\Vert|Ax\Vert|+\epsilon)$ for $t\in[0, T$ ),
(v) $h(t)\in Ag(t)$ for $t\in[0, T$ ), $\Vert h(t)\Vert\leqq e^{\epsilon T}\Vert|Ax\Vert|$ for $t\in[0, T$ ) and

$\Vert(d/dt)u(t)-h(t)\Vert\leqq\epsilon$ for $a$ . $e$ . $t\in[0, T$ ).

PROOF. We use Martin’s technique [5]. Let $\mathcal{P}$ denote the family of all
triples $(v, p, q)$ where $v:[0, c]\rightarrow X,$ $p;[0, c$ ) $\rightarrow D(A)$ , and $q:[0, c$) $\rightarrow X,$ $0<c\leqq T$,
satisfy each of the properties $(i)-(v)$ of the lemma with $T$ replaced by $c$ ,
$u$ replaced by $v,$ $g$ replaced by $p$ , and $h$ replaced by $q$ . If $(v_{i}, p_{i}, q_{i})\in \mathcal{P}(i=1,2)$

and each $v_{i}$ is dePned on $[0, c_{i}]$ , we write

$(v_{1}, p_{1}, q_{1})\leqq(v_{2}, p_{2}, q_{2})$
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whenever $c_{1}\leqq c_{2},$ $v_{1}(t)=v_{2}(t)$ for $t\in[0, c_{1}]$ , and $p_{1}(t)=p_{2}(t)$ and $q_{1}(t)=q_{2}(t)$

for $t\in[0, c_{1}$). Since $A$ has the property (g), there is a triple $(f_{\delta}, g_{\delta}, h_{\delta})$

satisfying $(II_{1})-(II_{3})$ in Definition 2.1. It is clear that $(f_{\delta}, g_{\delta}, h_{\delta})\in \mathcal{P}$ and $\mathcal{P}$ is
a partially ordered set by the relation $‘‘\leqq’’.$ Let $Q=\{(v_{\alpha}, p_{\alpha}, q_{\alpha});\alpha\in\Lambda\}$ ,
$\Lambda$ being some indexing set, be a totally ordered subset of $\mathcal{P}$ where $v_{\alpha}$ is
defined on $[0, c_{\alpha}]$ for each $\alpha$ . Let $\overline{c}=\sup\{c_{\alpha} ; \alpha\in\Lambda\}$ . If $\overline{c}=c_{\alpha}$ for some
$\alpha\in\Lambda$ , then $(v_{\alpha}, p_{\alpha}, q_{\alpha})$ is an upper bound for $Q$ . Assume now that $c_{\alpha}<\overline{c}$ for
all $\alpha\in\Lambda$ , and for each $t\in[0,\overline{c}$) define $v(t)=v_{\alpha}(t),$ $p(t)=p_{\alpha}(r)$ and $q(t)=q_{\alpha}(t)$

whenever $t<c_{\alpha}$ . Then $v,$ $p$ and $q$ are well defined on $[0,\overline{c}$), and it is easy
to see that $v,$ $P$ and $q$ satisfy the properties(i), (ii), (iv) and (v) on $[0,\overline{c}$).

By $\Vert v(t)-v(s)\Vert\leqq|t-s|\{e^{\epsilon e^{-}}\Vert|Ax\Vert|+\epsilon\}$ for $t,$ $s\in[0,\overline{c}$) the limit $\lim v(t)$ exists,

and we define $v(\overline{c})$ by $v(\overline{c})=\lim_{t\rightarrow\overline{c}-0}v(t)$ . Then the triple $(v, p, q)$ with $v$ extended

to $[0,\overline{c}]$ has the properties (i), (ii), (iv) and (v) (with $T$ replaced by $\overline{c}$). To
show that $v(\overline{c})\in D(A)$ and $\Vert|Av(\overline{c})\Vert|\leqq e^{\epsilon\overline{c}}\Vert|Ax\Vert|(i$ . $e.,$ $v$ satisfies the property
(iii)), choose a sequence $\{(v_{n}, p_{n}, q_{n})\}$ in $Q$ such that $v_{n}$ is defined on $[0, c_{n}]$

and $\lim c_{n}=\overline{c}$ . Then $v(\overline{c})=\lim v(c_{n})=\lim v_{n}(c_{n})$ and $\Vert|Av_{n}(c_{n})\Vert|\leqq e^{\epsilon\overline{c}}\Vert|Ax\Vert|$ . It
$followsfromn-\infty$ the $demiclosedne\overline{ss}n$ of $A$ $thatv(\overline{c})n-\in D(A)$ and $\Vert|Av(\overline{c})\Vert|\leqq e^{\epsilon\overline{c}}\Vert|Ax\Vert|$

(see [4, Lemma 3.8]). Thus $(v, p, q)$ is an element of $\mathcal{P}$ , and it is clear that
$(v, p, q)$ is an upper bound for $Q$ . Therefore, by Zorn’s lemma, $\mathcal{P}$ has a
maximal element $(u, g, h)$ .

We now show that $u$ is defined on $[0, T]$ . Suppose, for contradiction,
that $u$ is defined on $[0, c]$ and $c<T$. Take an $\eta>0$ such that $c+\eta\leqq T$.
Since $u(c)\in D(A)$ and $A$ has the property (g), there exists a $\delta>0$ with
$\delta\leqq\min(\epsilon, \eta)$ and a triple $(u_{\delta}, g_{\delta}, h_{\delta})$ of functions $u_{\delta}$ : $[0, \delta]\rightarrow X,$ $g_{\delta}$ : $[0, \delta$) $\rightarrow D(A)$ ,
and $h_{\delta}$ : $[0, \delta$ ) $\rightarrow X$, satisfying the following $(3.1)-(3.3)$ ;

(3.1) $u_{\delta}$ is strongly absolutely continuous on $[0, \delta],$ $u_{\delta}(O)=u(c),$ $u_{\delta}(\delta)\in D(A)$

and $\Vert|Au_{\delta}(\delta)\Vert|\leqq e^{\epsilon\delta}\Vert|Au(c)\Vert|$ ,

(3.2) $\Vert g_{\delta}(t)-u_{\delta}(t)\Vert\leqq\epsilon e^{\epsilon\delta}(\Vert|Au(c)\Vert|+\epsilon)$ for $ t\in[0, \delta$ ) ,

(3.3) $h_{\delta}(t)\in Ag_{\delta}(t)$ for $ t\in[0, \delta$ ), $\Vert h_{\delta}(t)\Vert\leqq e^{\epsilon\delta}\Vert|Au(c)\Vert|$ for $ t\in[0, \delta$ ) and
$\Vert(d/dt)u_{\delta}(t)-h_{\delta}(t)\Vert\leqq\epsilon$ for $a$ . $e$ . $ t\in[0, \delta$).

Put $d=c+\delta(\leqq T)$ , and define a triple $(u_{0}, g_{0}, h_{0})$ by

$u_{0}(t)=u(t)$ $f$ or $0\leqq t\leqq c$

$=u_{\delta}(t-c)$ for $c\leqq t\leqq d$ ,

$g_{0}(t)=g(t)$ for $0\leqq t<c$

$=g_{\delta}(t-c)$ for $c\leqq t<d$ ,
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$h_{0}(t)=h(t)$ for $0\leqq t<c$

$=h_{\delta}(t-c)$ $f$ or $c\leqq t<d$ .
We see that $(u_{0}, g_{0}, h_{0})$ is an element of $\mathcal{P}$ . Indeed it is clear that $u_{0}$ satisfies
the property (i). Since $u_{0}(d)=u_{\delta}(\delta)\in D(A)$ and

$\Vert|Au_{0}(d)\Vert|=\Vert|Au_{\delta}(\delta)\Vert|\leqq e^{\epsilon\delta}\Vert|Au(c)\Vert|\leqq e^{\epsilon(}f\Vert|Ax\Vert|$

by (3.1), $u_{0}$ satisfies the property (iii). Also, if $t\in[c, d$ ), then

$\Vert u_{0}(t)-g_{0}(t)\Vert=\Vert u_{\delta}(t-c)-g_{\delta}(t-c)\Vert$

$\leqq\epsilon e^{\epsilon\delta}(\Vert|Au(c)\Vert|+\epsilon)\leqq\epsilon e^{\epsilon\delta}(e^{\text{\’{e}} c}\Vert|Ax\Vert|+\epsilon)\leqq\epsilon e^{\epsilon d}(\Vert|Ax\Vert|+\epsilon)$ .
Hence the property (iv) is satisfied. It follows from (3.3) that the property
(v) is satisfied. Since

$\Vert u_{\delta}(s_{2})-u_{\delta}(s_{1})\Vert\leqq\int_{s_{1}}^{s_{2}}\Vert(d/ds)u_{\delta}(s)\Vert ds$

$\leqq(s_{2}-s_{1})(e^{\epsilon\delta}\Vert|Au(c)\Vert|+\epsilon)$ for $ 0\leqq s_{1}\leqq s_{2}\leqq\delta$

(by (3.3)), we have

$\Vert u_{0}(f)-u_{0}(s)\Vert=\Vert u_{\delta}(t-c)-u_{\delta}(s-c)\Vert$

$\leqq|t-s|(e^{\epsilon\delta}\Vert|Au(c)\Vert|+\epsilon)\leqq|t-s|(e^{\epsilon d}\Vert|Ax\Vert|+\epsilon)$

for $s,$ $t\in[c, d]$ . The fact that $u_{0}$ satisfies the property (ii) now follows
easily, and we have that $(u_{0}, g_{0}, h_{0})\in \mathcal{P}$ . But obviously $(u, g, h)\leqq(u_{0}, g_{0}, h_{0})$

and $(u, g, h)\neq(u_{0}, g_{0}, h_{0})$ , which contradicts to the fact that $(u, g, h)$ is a
maximal element in $\mathcal{P}$ . Thus, $u$ must be dePned on $[0, T]$ ; and $(u, g, h)$ is
the desired triple. Q. E. D.

THEOREM 3.2. SuppOse that $A$ has the Property $(\mathfrak{g})$ and $A$ is almost demi-
closed. Let $T>0$ be arbitrarily fixed. Then for each $x\in D(A)$ there is a unique
function $u(t;x):[0, T]\rightarrow X$ satisfying

(i) $\Vert u(t;x)-u(s;x)\Vert\leqq\Vert|Ax\Vert|\cdot|t-s|$ for $t,$ $s\in[0, T]$ ,
(ii) $u(t;x)\in D(A)$ for all $t\in[0, T]$ and

(3.4) $\{u(0;x)=x(d/dt)u(t;x)\in Au(t;x)$

for $a$ . $e$ . $t\in[0, T]$ .
PROOF. Let $x\in D(A)$ , and let $\{\epsilon_{n}\}$ be a sequence such that $0<\epsilon_{n}\leqq 1$ for

each $n$ and $\epsilon_{n}\rightarrow 0$ as $ n\rightarrow\infty$ . By virtue of Lemma 3.1, for each $n$ there exists
a triple $(u_{n}(. ; x), g_{n}(\cdot),$ $h_{n}(\cdot))$ where $u_{n}(\cdot ; x):[0, T]\rightarrow X,$ $g_{n}(\cdot):[0, T)\rightarrow D(A)$ ,
and $h_{n}(\cdot):[0, T)\rightarrow X$ satisfy the following $(3.5)-(3.10)$ ;

(3.5) $u_{n}(0;x)=x$ ,

(3.6) $\Vert u_{n}(t;x)-u_{n}(s;x)\Vert\leqq|t-s|\{e^{\epsilon_{n}T}\Vert|Ax\Vert|+\epsilon_{n}\}$ for $t,$ $s\in[0, T]$ ,
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(3.7) $u_{n}(T;x)\in D(A)$ and $\Vert|Au_{n}(T;x)\Vert|\leqq e^{\epsilon_{n}T}\Vert|Ax\Vert|$ ,

(3.8) $\Vert u_{n}(t;x)-g_{n}(t)\Vert\leqq\epsilon_{n}e^{\epsilon_{n}T}(\Vert|Ax\Vert|+\epsilon_{n})$ for $t\in[0, T$ ),

(3.9) $h_{n}(t)\in Ag_{n}(t)$ and $\Vert h_{n}(t)\Vert\leqq e^{\epsilon_{n}T}\Vert|Ax\Vert|$ for $t\in[0, T$ ) ,

(3.10) $\Vert(d/dt)u_{n}(t;x)-h_{n}(t)\Vert\leqq\epsilon_{n}$ for $a$ . $e$ . $t\in[0, T$ ).

By (3.9), (3.10) and the dissipativity of $A$ , for $a$ . $e$ . $t\in[0, T$ )

$(d/dt)\Vert u_{n}(t;x)-u_{m}(t;x)\Vert^{2}$

$=2{\rm Re}((d/dt)u_{n}(t;x)-(d/dt)u_{m}(t;x), F(u_{n}(t;x)-u_{m}(t;x)))$

$=2{\rm Re}(\{(d/dt)u_{n}(t;x)-h_{n}(t)\}-\{(d/dt)u_{m}(t;x)-h_{m}(t)\}, F(u_{n}(t;x)-u_{m}(t;x)))$

$+2{\rm Re}(h_{n}(t)-h_{m}(t), F(u_{n}(t;x)-u_{m}(t;x))-F(g_{n}(t)-g_{m}(t)))$

$+2{\rm Re}(h_{n}(t)-h_{m}(t), F(g_{n}(t)-g_{m}(t)))$

$\leqq 2(\epsilon_{n}+\epsilon_{m})\Vert u_{n}(t;x)-u_{m}(t;x)\Vert$

$+4e^{T}\Vert F(u_{n}(t;x)-u_{m}(t;x))-F(g_{n}(t)-g_{m}(t))\Vert\cdot\Vert|Ax\Vert|$ .
(3.5), (3.6) and (3.8) imply that the set

{ $u_{n}$ ( $t$ ; $x)-u_{m}(t$ ; x), $g_{n}(t)-g_{m}(t)$ ; $n,$ $m=1,2,$ $\cdots$ , $0\leqq t\leqq T$}

is bounded. Let $B$ be a bounded set containing the bounded set above. Since
$F(\cdot)$ is uniformly continuous on $B$ , for any $\epsilon>0$ there is a $\delta=\delta_{\epsilon}>0$ such
that if $y,$ $z\in B$ and $\Vert y-z\Vert<\delta$ then $\Vert F(y)-F(z)\Vert\cdot\Vert|Ax\Vert|<\epsilon/(8e^{T})$ . Choose an
integer $n_{0}=n_{0}(\epsilon)>0$ such that if $n\geqq n_{0}$ then $\epsilon_{n}e^{T}(\Vert|Ax\Vert|+1)<\delta/2$ and
$M\epsilon_{n}<\epsilon/8$ , where $M=\sup\{\Vert z\Vert ; z\in B\}$ . Let $n,$ $m\geqq n_{0}$ . Then, by (3.8),
$\Vert(u_{n}(t;x)-u_{m}(t;x))-(g_{n}(t)-g_{m}(t))\Vert\leqq(\epsilon_{n}+\epsilon_{m})e^{T}(\Vert|Ax\Vert|+1)<\delta$ for all $t\in[0, T$ );

and hence

$ 4e^{T}\Vert F(u_{n}(t;x)-u_{m}(t;x))-F(g_{n}(t)-g_{m}(t))\Vert$ . llAx $\Vert|<\epsilon/2$

for all $t\in[0, T$ ). Moreover
$2(\epsilon_{n}+\epsilon_{m})\Vert u_{n}(t;x)-u_{m}(t;x)\Vert\leqq 2M(\epsilon_{n}+\epsilon_{m})<\epsilon/2$ for all $t\in[0, T]$ .

Therefore, if $n,$ $m\geqq n_{0}$ then

$(d/dt)\Vert u_{n}(t;x)-u_{m}(t ; x)\Vert^{2}<\epsilon$ for $a$ . $e$ . $i\in[0, T]$

and then
$\Vert u_{n}(t;x)-u_{m}(t;x)\Vert^{2}\leqq\epsilon t\leqq\epsilon T$ for all $t\in[0, T]$ .

Consequently, $\lim_{n-}u_{n}(t;x)$ exists uniformly on $[0, T]$ .
Let us now define $u$(. ; x) by

(3.11) $u(t;x)=\varliminf_{\hslash}u_{n}(t;x)$ for $t\in[0, T]$ .
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It follows from (3.5) and (3.6) that $u(O;x)=x$ and

(3.12) $\Vert u(t;x)-u(s;x)\Vert\leqq\Vert|Ax\Vert|\cdot|t-s|$ for $t,$ $s\in[0, T]$ .

We want to show

(3.13) $u(t;x)\in D(A)$ for all $t\in[0, T]$ .

In fact, $u(T;x)\in D(A)$ is obtained from (3.7) and almost demiclosedness of $A$ .
Let $0\leqq t<T$ . By (3.8), $\Vert g_{n}(t)-u(t;x)\Vert\leqq\Vert g_{n}(t)-u_{n}(t;x)\Vert+\Vert u_{n}(t;x)-u(t;x)\Vert$

$\leqq\epsilon_{n}e^{\epsilon_{n}T}(\Vert|Ax\Vert|+\epsilon_{n})+\Vert u_{n}(t;x)-u(t;x)\Vert\rightarrow 0$ as $ n\rightarrow\infty$ . Moreover $\Vert|Ag_{n}(t)\Vert|\leqq$

$||h_{n}(t)\Vert\leqq e^{\epsilon_{n}T}\Vert|Ax\Vert|$ . Since $A$ is almost demiclosed, we obtain that $ u(t;x)\in$

$D(A)$ .
Let $x_{0}\in D(A)$ and $y_{0}\in Ax_{0}$ . Then for $a$ . $e$ . $t\in[0, T]$

$(d/dt)\Vert u_{n}(t;x)-x_{0}\Vert^{2}$

$=2{\rm Re}((d/dt)u_{n}(t;x), F(u_{n}(t;x)-x_{0}))$

$=2{\rm Re}((d/dt)u_{n}(t;x)-h_{n}(t), F(u_{n}(t;x)-x_{0}))$

+2 ${\rm Re}(h_{n}(t), F(u_{n}(t;x)-x_{0})-F(g_{n}(t)-x_{0}))$

+2 ${\rm Re}(h_{n}(t), F(g_{n}(t)-x_{0}))$

$\leqq 2\epsilon_{n}\Vert u_{n}(t;x)-x_{0}\Vert+2e^{\epsilon_{n}T}\Vert|Ax\Vert|\cdot\Vert F(u_{n}(t;x)-x_{0})-F(g_{n}(t)-x_{0})\Vert$

+2 ${\rm Re}(y_{0}, F(g_{n}(t)-x_{0}))$

by (3.9), (3.10) and the dissipativity of $A$ . It follows from (3.8) that
$\lim_{n-}\Vert F(u_{n}(t;x)-x_{0})-F(g_{n}(f)-x_{0})\Vert=0$ uniformly on $[0, T$ ); thus for any $\epsilon>0$

there is an integer $n_{0}=n_{0}(\epsilon)>0$ such that

$(d/dt)\Vert u_{n}(t;x)-x_{0}\Vert^{2}\leqq 2{\rm Re}(y_{0}, F(g_{n}(t)-x_{0}))+\epsilon$

for $a$ . $e$ . $t\in[0, T]$ if $n\geqq n_{0}$ . Integrating this inequality on $[s, t]$ we have

$\Vert u_{n}(t;x)-x_{0}\Vert^{2}-\Vert u_{n}(s;x)-x_{0}\Vert^{2}$

$\leqq 2\int_{s}^{t}{\rm Re}(y_{0}, F(g_{n}(\tau)-x_{0}))d_{T}+\epsilon T$ .

Letting $ n\rightarrow\infty$ we have

$\Vert u(t;x)-x_{0}\Vert^{2}-\Vert u(s;x)-x_{0}\Vert^{2}$

$\leqq 2\int_{s}^{t}{\rm Re}(y_{0}, F(u(\tau;x)-x_{0}))d\tau$ for $0\leqq s\leqq t\leqq T$ .

Noting that 2 ${\rm Re}(u(t;x)-u(s;x), F(u(s;x)-x_{0}))\leqq\Vert u(t;x)-x_{0}\Vert^{2}-\Vert u(s;x)-x_{0}\Vert^{2}$ ,
we obtain
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(3.14) ${\rm Re}(u(t;x)-u(s;x), F(u(s;x)-x_{0}))$

$\leqq\int_{s}^{t}{\rm Re}(y_{0}, F(u(\tau;x)-x_{0}))d\tau$

for any $x_{0}\in D(A),$ $y_{0}\in Ax_{0}$ and $0\leqq s\leqq t\leqq T$ . Hence if $u(t;x)$ is strongly
differentiable at $t>0$ , then

${\rm Re}((d/dt)u(t;x), F(u(t;x)-x_{0}))\leqq{\rm Re}(y_{0}, F(u(t;x)-x_{0}))$

for all $x_{0}\in D(A)$ and $y_{0}\in Ax_{0}$ , and then

$(d/dt)u(t;x)\in Au(t;x)$

by (3.13) and the maximal dissipativity on $D(A)$ of $A$ . Since $u(t;x)$ is strongly
differentiable for $a$ . $e$ . $t\in[0, T]$ , we see that

(3.15) $(d/dt)u(t;x)\in Au(t;x)$ for $a$ . $e$ . $t\in[0, T]$ .
Finally, the dissipativity of $A$ implies that $u(t;x)$ is a unique function satisfy-
ing (i) and (ii). Q. E. D.

THEOREM 3.3. SuPpose that $A$ has the prOperty $(\mathfrak{g})$ and $A$ is almost demi-
closed. Then there exists a unique contraction semi-group $\{T(t);t\geqq 0\}$ on $\overline{D(A)}$

such that for each $x\in D(A)$

(i) $\Vert T(t)x-T(s)x\Vert\leqq\Vert|Ax\Vert|\cdot|t-s|$ for $t,$ $s\geqq 0$ ,
(ii) $T(t)x\in D(A)$ for all $t\geqq 0$ and

$(d/dt)T(t)x\in A^{0}T(t)x$ for $a$ . $e$ . $t\geqq 0$ .
PROOF. For each $T>0$ and $x\in D(A)$ , let $u_{T}(t;x)$ be the function obtained

in Theorem 3.2. It is easy to see that if $t,$ $s\geqq 0$ and $t+s\in[0, T]$ then

(3.16) $u_{T}(t+s;x)=u_{T}(t;u_{T}(s;x))$ ,

and that if $0<T_{1}\leqq T_{2}$ then

(3.17) $u_{T_{2}}(t;x)=u_{T_{1}}(t;x)$ for $t\in[0, T_{1}]$ .
Let us define $T(t)(t\geqq 0)$ on $D(A)$ by

$T(t)x=u_{T}(t;x)$ for $x\in D(A)$

whenever $0\leqq t\leqq T$. We see from (3.17) that $T(t),$ $t\geqq 0$ are well defined. And
then it is clear that (i) is satisfied, $T(t)x\in D(A)$ for all $t\geqq 0$ and

(3.18) $\left\{\begin{array}{ll}T(0)x=x & \\(d/dt)T(t)x\in AT(t)x & for a. e. t\geqq 0.\end{array}\right.$

Moreover by (3.16)

(3.19) $T(t+s)=T(t)T(s)$ $f$ or $t,$ $s\geqq 0$ .
By (i) and (3.19),
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$\Vert T(t+h)x-T(t)x\Vert\leqq h\Vert|AT(t)x\Vert|$ for $t,$ $h>0$ ;
and hence

$\Vert(d/dt)T(t)x\Vert\leqq\Vert|AT(t)x\Vert|$ for $a$ . $e$ . $t\geqq 0$ .
Combining this with (3.18) we have

$(d/dt)T(t)x\in A^{0}T(t)x$ for $a$ . $e$ . $t\geqq 0$ .
Since

$(d/ds)\Vert T(s)x-T(s)y\Vert^{2}$

$=2{\rm Re}((d/ds)T(s)x-(d/ds)T(s)y, F(T(s)x-T(s)y))\leqq 0$

for $a$ . $e$ . $s\geqq 0$ , we have

$\Vert T(t)x-T(t)y\Vert^{2}-\Vert x-y\Vert^{2}=\int_{0}^{t}(d/ds)\Vert T(s)x-T(s)y\Vert^{2}ds\leqq 0$ ,
$i$ . $e.$ ,

(3.20) $\Vert T(t)x-T(t)y\Vert\leqq\Vert x-y\Vert$ for $t\geqq 0$ .
Therefore $\{T(f);t\geqq 0\}$ is a unique contraction semi-group on $D(A)$ having
the Properties (i) and (ii). And this semi-group can be extended to the
desired contraction semi-group $\{T(t);t\geqq 0\}$ on $\overline{D(A)}$ . Q. E. D.

REMARK. The above contraction semi-group $\{T(t);t\geqq 0\}$ on $\overline{D(A)}$ satisfies
the following inequality:

(3.21) $\varliminf_{t}\sup_{0+}{\rm Re}(t^{-1}(T(t)x-x), F(x-x_{0}))\leqq{\rm Re}(y_{0}, F(x-x_{0}))$

for every $x_{0}\in D(A),$ $y_{0}\in Ax_{0}$ and $x\in\overline{D(A)}$ .
In fact, we obtain from (3.14) that

${\rm Re}(T(t)x-x, F(x-x_{0}))\leqq\int_{0}^{t}{\rm Re}(y_{0}, F(T(\tau)x-x_{0}))d\tau$

for every $x_{0}\in D(A),$ $y_{0}\in Ax_{0},$ $t\geqq 0$ and $x\in D(A)$ . And it is clear that this
inequality remains true for each $x\in\overline{D(A)}$ ; and hence (3.21) holds good.

Let $X_{0}$ be a subset of $X$. To characterize $(g)$ -operator of contraction
semi-group on $X_{0}$ we introduce the following set $\mathfrak{g}(X_{0})$ of multi-valued oper-
ators. By $\mathfrak{g}(X_{0})$ we mean the set of all multi-valued operators $A$ in $X$ such
that $D(A)\subset X_{0},$ $A$ is almost demiclosed and $A$ has the property (g). For
$A_{i}\in \mathfrak{g}(X_{0}),$ $i=1,2$ , we write $A_{1}\leqq A_{2}$ if $A_{1}\subset A_{2}$ . It is clear that $‘‘\leqq’’$ gives
a partial ordering of $\mathfrak{g}(X_{0})$ .

THEOREM 3.4. SuppOse that $X_{0}$ is a closed subset of $X$ and $A$ is a multi-
valued oPerator in $X$ such that $\overline{D(A)}=X_{0}$ . The following three conditions are
mutually equivalent:

(i) $A$ is a $(g)$ -oPerator of a contraction semi-group on $X_{0}$ .
(ii) $A$ has the Property $(\mathfrak{g})$ and $A$ is maximal dissipative on $X_{0}$ .
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(iii) $A$ is a maximal element in the partially ordered set $g(X_{0})$ .
PROOF. We proved already in Theorem 2.3 that (i) implies (ii). Suppose

(ii). Since $A$ is maximal dissipative on $\overline{D(A)}$, it is demiclosed (see [4, Lemma
3.7]) and hence $A\in \mathfrak{g}(X_{0})$ . Let $\tilde{A}\in \mathfrak{g}(X_{0})$ be an element such that $A\leqq\tilde{A}$ .
Then $A\subset\tilde{A},$ $D(\tilde{A})\subset X_{0}$ and $\tilde{A}$ is dissipative. Therefore we have $\tilde{A}=A$ ,
because $A$ is maximal dissipative on $X_{0}$ . This means that $A$ is maximal
element in $\mathfrak{g}(X_{0})$ ; so (ii) implies (iii).

Finally we show that (iii) implies (i). To this end, assume that $A$ is a
maximal element in $\mathfrak{g}(X_{0})$ . By virtue of Theorem 3.3 there exists a contrac-

tion semi-group $\{T(t);t\geqq 0\}$ on $X_{0}(=\overline{D(A)})$ such that (3.21) holds and

(3.22) $\Vert T(t)x-T(s)x\Vert\leqq\Vert|Ax\Vert|\cdot|t-s|$ for $\chi\in D(A)$ and $t,$ $s\geqq 0$ .

Let $A_{0}$ be the infinitesimal generator of $\{T(t);t\geqq 0\}$ on $X_{0}$ . It follows from
the inequality (3.21) that if $\chi\in D(A_{0})$ then

(3.23) ${\rm Re}(A_{0}x-)_{0},$ $F(x-x_{0}))\leqq 0$ for every $x_{0}\in D(A)$ and $y_{0}\in Ax_{0}$ .
We now define an operator $A_{1}$ with $D(A_{1})=D(A)\cup D(A_{0})$ by

$A_{1}x=Ax$ if $x\in D(A)\backslash D(A_{0})$

$=A_{0}x$ if $x\in D(A_{0})\backslash D(A)$

$=Ax\cup\{A_{0}x\}$ if $x\in D(A)\cap D(A_{0})$ .

We see from (3.23) that $A_{1}$ is dissipative; and moreover $D(A_{1})\subset D\equiv\{x\in X_{0}$ ;
$\Vert T(t)x-x\Vert=O(t)$ as $t\rightarrow 0+$ } by (3.22). Take an $\tilde{A}_{1}$ such that $\tilde{A}_{1}\supset A_{1}$ and $\tilde{A}_{1}$ is
maximal dissipative on $D$ . Since $\tilde{A}_{1}\supset A_{0},\tilde{A}_{1}$ is a $(g)$ -operator of $\{T(t);t\geqq 0\}$

on $X_{0}$ and hence $\tilde{A}_{1}\in \mathfrak{g}(X_{0})$ by Theorem 2.3. Clearly $\tilde{A}_{1}\geqq A$ . Since $A$ is a
maximal element in $\mathfrak{g}(X_{0})$ , we obtain $A=\tilde{A}_{1}$ ; so $A$ is a $(g)$ -operator of a
contraction semi-group on $X_{0}$ . Q. E. D.
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