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We shall here try to give a generalization of the de Rham theory towards
higher order jet spaces. Our investigation is motivated by the recent works
by M. V. Losik and I[. M. Gelfand and D. B. Fuks Their results, being
entirely. full of originality, might well be regarded as a part of a big theory
to be formed on the theory of cohomology of vector fields which they have
been rapidly developing since 1968. We shall, however, take somewhat
different ways from theirs. Since the de Rham theory is of fundamental
importance, we have more or less a prospect for obtaining a higher view-
point in the manifold theory in our attempt to develop the de Rham theory.
Actually, one of the most important contributions in this direction was made
by Atiyah, Bott and Singer in the theory on elliptic complexes. Taking
account of this successful theory, we are led to try a realization of a possi-
bility of extending the de Rham theory from a point of view commanding
both that of the cohomology of vector fields and that of the elliptic complexes.
In a series of the papers, we shall give a constructive method of elliptic
complexes in the jet spaces and investigate these complexes in various aspects.

We are going to describe our setting. Let M be a smooth manifold with
a countable basis and F a smooth vector bundle over M. We denote by I'(E)
the smooth cross-section space of £. We say that ['(EF) is a Lie algebra over
M if there is a Lie algebra structure on I'(E) endowed with the bracket rule
L&, ], satisfying a continuity condition and supp [£, p]C supp E\supp . Let
W be another vector bundle over M. A Lie algebra representation ¢ of ['(E)
to Hom (I'(W), I'(W)) is called a differential representation if ¢ satisfies a
continuity condition and supp ¢(§)y C supp ésupp . By virtue of the co-
homology theory of Lie algebras, we can then canonically construct a complex
{C?, d} associated to the Lie algebra /'(E) and the representation ¢. Here
there is room for choice of the cochain spaces C?. Indeed, it is natural to take
as C? the space of continuous alternating p-linear maps from ['(E)X - XI'(E)
(p times) to I'(W). As far as we know, however, it seems to be as yet un-
settled how to build up a reasonable cohomology theory corresponding to
these cochain spaces.
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Actually, we restrict our attention only to “support preserving”’ p-
cochains. That is, we denote by CP[E, W7 the space of continuous p-cochains
on I'(E) with value in I'(W), satisfying

supp L(&,, ==+, &p) Csupp &N - Nsuppé,.

(Gelfand and Fuks call this the diagonal p-cochain space.) Then we have a
complex

d d d
o —> CP[E, W] —> CP*'[E, W] —> ---

with

QLG+ 8pe) = 2 (D 0EILE, =, &y &)

v
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Main purpose of our investigation is to study the structure of the complex
{CPLE, W1, d} from the cohomological point of view. Also we are concerned
with a similar problem for a subalgebra of ['(E).

A special feature of the complex {CP[E, W1, d} is caused by the fact that
the cochain space CPLE, W] admits a filtration

CLE, WIC CPLE, W]C --- CCP[E, W]C --- —> CP[E, W]
at least as far as M is compact. Here use is made of the identifications

CPLE, W= I'(lim Hom (A?J*(E), W)
CPLE, W1=I'(Hom (A"JXE), W)), k=0,1,2, -,

JHE) being the k-th jet bundle of E. We say that {C’[E, W7, d} has the
stable jet range k=k, if, for k= k,, the subcomplex {C{[E, W], d} is well-
defined and the injection CPLE, W], CPLE, W1 induces an isomorphism on
the cohomology level.

We are in a position to state Losik’s result. Let (M) be the tangent
bundle of M. Losik considered the Lie algebra UAM)=1'(z(M)) of vector
fields on M and studied the complex {CP[z(M),e'], d} (¢' is the trivial 1-
dimensional bundle) associated to the natural representation of A(M) on
I'(e") (=C=(M)) as differential operators. Then the subcomplex {CI[ (M),
¢'], d} is well-defined and is nothing but the de Rham complex. Hence
{CP[z(M), ¢'], d} is regarded as an extension of the de Rham complex in the
direction of the higher order jets of z(M). Really, for each &2 (k=0,1,2,-)
{CPLz(M), e'], d} gives rise to an elliptic complex over M. Losik proved that
{CP[=(M), '], d} has the stable jet range £#=1, and determined its cohomology
group explicitly.
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The present paper consists of four sections. Sections 1 and 2 deal with
the general theory outlined above, some of which will be used in the forth-
coming papers. In Section 3 we introduce a notion of local Lie algebras,
and apply this to the Lie algebra of formal vector fields a, which is obtained
as a localization of A(M). Let L, be a subalgebra of a, consisting of formal
vector fields without constant terms. Then we can prove that the cohomology
group of L, associated to a finite-dimensional representation becomes finite-
dimensional if the representation is decomposable (as to the precise definition,
see Section 3). Section 4 concerns the cohomology of vector fields. Let G(h)
be the Lie group comnsisting of the h-jets of local diffeomorphisms of R”
around 0. Assume that a finite-dimensional representation p of G(h) on V be
given. Since the Lie algebra of G(h) is L,/Ls, the lifting of dp to L, gives
rise to a finite-dimensional representation of L, on V. Hence we have the
complex {C?(L,, V), d} on the Lie algebra L, associated to dp. On the other
hand, let P(h) be the principal G(h)-bundle associated to /" '(z(M)), and put

W=P(h)X,V.

Then we can show that the representation dp canonically induces a dif-
ferential representation p* of A(M) on I'(W), and hence we obtain a complex
{CPLz(M), W1, d} on A(M) associated to p*. Our main result is to clarify
the relation between these two complexes. Specifically, there is a spectral
sequence {E£2¢ d,} which converges to the cohomology group of {C?[z(M), W,
d} and possesses E,-terms with the form

Epe=HM, H'(L,, V));

here, H%(L,, V) denotes a locally constant sheaf over M, any stalk of which
is isomorphic to the g¢-dimensional cohomology group of {C?’(L,, V), d}.
Accordingly, the behaviour of local feature gives us an information to the
global cohomology.

Short announcements of this investigation have been published in

and [15].

§1. Inductive vector bundles and differential cochains.

Let M be an n-dimensional smooth manifold with a countable basis. By
a vector bundle we mean a finite-dimensional, smooth vector bundle over M.
We usually will not refer to the underlying field of vector bundles, since
either choice of R or C is generally irrelevant to our discussions. Given a
vector bundle E, we denote by I(E) the space of continuous cross-sections
of E, and by I"(E) the space of smooth cross-sections of E. For any cel'(E),



Cohomology of Lie algebras over a manifold 327

supp o is, by definition, the closed set of M given by suppo={x| o(x) = 0}.
We endow ['(E) with the uniform convergence topology of all derivatives on
each compact set of M. Then I'(E) becomes a locally convex topological
vector space; specifically, I'(E) becomes a Fréchet nuclear space and thus a
Montel space. For any compact set KC M, I'(E|K) means the space of cross-
sections on K, each of which consists of the restriction of some ¢ = ['(E) to
K. The n-dimensional trivial bundle is denoted by ¢*. &=1(¢') means the
algebra of smooth functions on M.

DEFINITION 1.1. Suppose that a sequence of vector bundles {E,} (k=0,1,
2,---) is given and satisfies the conditions

i) each E, is a subbundle of E,,; (k=0,1,2,---),

ii) lim dim E, = co.
Then the inductive limit space E=Ilim E, is called an inductive vector bundle
over M. —

Let =,:E,—M be the projection. Then nzli_m)nk gives a continuous

projection from FE onto M, whence E is regarded as a fibre space over M.
['(E) denotes the space of continuous cross-sections of E. Let K be a compact
set of M. Then for any o< f(E) o(K) becomes a compact set of E. Hence
from a known property of inductive limit topology it follows that o(K) is
contained in some E,;, or o|Ke I'(E,|K).

DEFINITION 1.2. o< I'(E) is called smooth if for any compact set K M

a|Kek®F(Ek1K).
=0

The space of smooth cross-sections of E, denoted by ['(E), has an &-
module structure in a natural way. Noting that I'(E,|K) is a Fréchet
nuclear space in the C* topology (cf. [10] II, p. 88), we shall introduce the
inductive limit topology to ['(E|K) relative to the filtration by I'(E,|K)
(k=0,1,2,--+):

F(E|K)=1limI'(E,|K).
—

I'(E|K) is thus a nuclear space of type (LZF). Using this topology of
I'(E|K), we shall now endow ['(E) with the weakest topology such that the
restriction map 7,:I'(E)—I'(E|K) becomes continuous for each compact set
Kc M.

PROPOSITION 1.1.

i) I'(E) is a nuclear topological vector space.

ii) Let B be a bounded set of & Then the multiplication

p:BxXI'(E) — I'(E)
) U]
(f,0) —— f-o
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gives rise to a continuous map.

PROOF. i) Immediate from [10; II, p. 48, Corollaire 2].
ii) It is sufficient to prove the continuity

" rgop: BXI'(E) — I'(E|K)

for each K. Note that, on any local coordinates neighborhood U with the
compact closure, each partial derivative of f B has an upper bound uni-
formly for all f= B. Hence it follows easily that the map 7xop induces
a continuous map from B|KXI'(E.,|K) to I'(E,|K) (CI'(E|K)) for k=
0,1,2,---. Since B|K is a precompact set of &|K, we have B|KXI['(E|K)
ZEIE(BIKXF(E“K)). Thus

reop|K: B|[KX['(E|K)— ['(E|K)

is continuous. Set 7x:BXI['(E)—B|KXI['(E|K) for the restriction map.
Then 7x is clearly continuous, and we have 7gop=(rgopu|K)o#g. Hence
rgop is continuous. This completes the proof.

Two inductive vector bundles E:g}nEk and F:Er_r)le are called iso-

morphic if there is an isomorphism @:[I'(E)=I'(F) as topological vector
spaces and &-modules. It is clear that £ and F are isomorphic if and only
if, for any compact set K CM, there is an isomorphism @ : ['(E|K)—I'(F|K)
as topological vector spaces and &-modules such that we have the compati-
bility condition @ |K=®@x for KC K'.

PROPOSITION 1.2. Let E= li_m>Ek and F:}i_n)q F, be inductive vector bundles

with the projections © and % respectively. Then E is isomorphic to F if and
only if there is a bijection map ¥ from E to F with the following properties:
(i) #oW=x; ¥ is linear on each fibre.
(ii) For any compact set KC M, there are increasing sequences

1) <IAY <+ <I(R) < oor
R(O) < k(1) <« < k()< -

such that
(1.1) Y(E,K)CFwl K
(1.2) U-N(F|K)C Ewl K;

moreover, ¥ and ¥~ are smooth on each E,| K and F,|K.

PROOF. Assume that such a map ¥ exists. Then [1.I) implies that ¥«
induces a continuous map from I'(E,|K) to ['(F|K) (k=0,1,2,-+), whence
U, gives a continuous map from ['(E|K) to ['(F|K). The similar reasoning
applies to ¥ !, which shows that ¥4 gives an isomorphism from [I'(E|K) to
I'(F|K) as topological vector spaces. By (i) ¥« is also an isomorphism as
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&-modules. Let {f,} be a partition of unity subordinate to a covering of
M consisting of compact neighborhoods. For any o< I'(E), put (o) =
> ¥.«(fs0). Then a routine argument shows that ¥y is a well-defined iso-
morphism from ['(E) to I'(F) as topological vector spaces and &-modules.
Thus we get E=F,

Conversely, assume that £E= F and so we have an isomorphism @ :['(E)
—I'(F). Let K be a compact set of M. Then @ naturally induces the iso-
morphism @ :['(E|K)—I'(F|K). Since each ['(E,|K) is a finitely gen-
erated £-module, we can take a set of generators o', -+, ¢° of ['(E,|K).
Then @x(c?), -, Dx(c*) are contained in I'(F,.|K) for some [(k). From
this follows immediately that @ induces a smooth injective map ¥ x from
E,|K to Fi,,] K. These ¥k, piecing together, give rise to a desired bijection
U:.E—F, as is easily verified. This completes the proof.

Note that a map ¥ satisfying (i) and (ii) stated in [Proposition 1.7 neces-
sarily gives a homeomorphism from E to F. We are often concerned with
the isomorphism class of inductive vector bundles. In particular, an inductive
vector bundle E is said to have a filtration

FECFC- CF,C--

if each F) is a subbundle of E and the inductive vector bundle l_1r_n> F, becomes

isomorphic to E. (Also, for convenience’ sake, we always assume that any
vector bundle W has a unique filtration limW,=W, where W,=W for
£=0,1,2, ) —

Suppose that a sequence of inductive vector bundles E® E® E® ... be
given, where E“’:l'irlEﬁf’ and EPCES® for s<s'. For any increasing

sequence of integers
Kk <ky< oo <hy< oo

g. 31<52< e 5 < Ty

put E(k, 0)=1lim E£?. Then from [Proposition 1.2 it follows directly that for
—
%

other increasing sequences «’ and ¢/ we have FE(x,0)=E(x’,0’). Hence the
isomorphism class of E(k, o) is well-defined, which we shall denote by lim E®.
—>

Similarly, if a multi-sequence {E;..x,} (k1 -+, kp=0,1,2,--+) of vector bundles
over M is given and satisfies

Ekl“-kpCEk;-“k}) for ki =k, -, kp§ k;o:
then the isomorphism class of inductive vector bundle

lim Epyrp
—> k1, s kp—o
yy

is well-defined.
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Let E:EIE E, and le_ir_n} F, be inductive vector bundles. The inductive
vector bundle EP F:EI)] (E,6QF,) is called the Whitney sum of E and F.
We have clearly [(E@F)=I'(E)I'(F), and if E~E, and F=F, then
EQF=E @F, The isomorphism classes of inductive vector bundles make
us define a K-group under the operation of Whitney sum. We denote this
K-group by Kina (M). Set e”:@) ek,

PROPOSITION 1.3, Kina (M)=0.

PROOF. Let E=IlimE, and F=lim F, be any two inductive vector

— —

bundles. It is sufficient to prove that we can take an inductive vector bundle
G =1im G, so as to satisfy
—

EDG=e and FHG=e™.

Assume that G, is already defined for [ < 2k. Take vector bundles E; and F;
such that E, P E; and F,&E F; are both trivial bundles. Put

G?.k :GZk—IGBFk—l@Elg ’
Gore :GZkEBEk@Fk, .

Thus we can inductively define vector bundles Gy, G, -+ with the properties
that £,PDG,, and F,PB G,y are trivial for k=0,1,---. Let G=l_i§ G,. Then

we have
EDGCG=E®D(im Gyp) =1lim (E, P Gyp) =&

F@GEF@(H_U}) Gars1) N:Jli_n>l(Fk@G2k+1) =e”,

which completes the proof.

Among many examples of inductive vector bundles we are mainly con-
cerned with the following type. Let E be a vector bundle over M. For any
non-negative integer k, denote by J*(E) the k-th jet bundle of E. The
natural projection map

Qe JEUE) — JHE) (k=0,1,2, )
canonically induces the injective map
(Ae)*: Hom (J*(E), W) — Hom (J**(E), W)
for any vector bundle W. Hence we can get an inductive vector bundle
Hom (J(E), W):li_nEHom (JHE), W).

More generally, denoting by A?J*(E) the p-th exterior product of J*(E) we
have an inductive vector bundle

Hom (A"J(E), W) =lim Hom (A?J*(E), W).
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It should be noted that the same method of construction applies to the case
where W is an inductive vector bundle.

In the next [Proposition 1.4, we shall give a crucial interpretation to the
cross-section space of Hom (A?J(E), W). To describe this, first consider the
jet extension map j,:I'(E)—I'(J*(E)). Let W be a vector bundle over M.
Then this induces a bilinear map

j*: I'(Hom (JX(E), W)X I'(E) —> I'(W)
U U]
(p(x), £(x)) — @(7:(E)(X))() .

The following diagram is clearly commutative:

yk

j
I'(Hom (J¥(E), W)XI'(E) — I'(W)
l(zk)*xid jont lid

I'(Hom (J**(E), W) xI'(E) —> I'(W).
Hence, passing to the inductive limit, we obtain a bilinear map

e @F(Hom (JME), WHXIT(E) — I'(W).

On the other hand, for any compact set KC M, we have
lim I'(Hom (J*(E), W)|K)=I'(Hom (J(E), W)|K).

Thus, for any compact set KC M, we have ‘
J2|K: I'Hom (J(E), W)|K)XI'(E|K) — ['(W|K).

Take a locally finite covering {U.} of M, U, being a compact neighborhood,
and let {f,} be partition of unity subordinate to {U,}. Set

j———Zfa(jman>°7’Ua

where 7y, stands for the restriction map to U,. Then j gives rise to a well-
defined bilinear map

j: I'(Hom (J(E), W)XIT(E) —> T['(W).

It is easily verified that, for any fixed ¢ = ['(Hom (J(E), W)), j(p, &) is con-
tinuous in & We denote by Hom (I'(E), I'(W)) the space of continuous
linear maps from [I'(E) to I'(W). Then, it follows that j induces a linear
map

7. I'(Hom (J(E), W)) —> Hom (I'(E), I'(W))

by putting J(¢)(&) =7 (g, &).
More generally, we can define in a similar way a linear map
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@' I'(Hom (A?J(E), W)) —> Hom™(I'(E), ['(W))

for p=1,2,3,---, where “’f:f and HomP(L'(E), I'(W)) denotes the space of
the continuous p-linear alternating maps from ['(E)X --- XI'(E) (p times) to
I'(w).

Note that the map ”’)j~ may be defined in a more general case where we
admit to take an inductive vector bundle as W.

DEFINITION 1.3. A continuous p-multilinear alternating map L from
(E)X - XIT'(E) (p times) to ['(W) is called a differential p-cochain if it
satisfies

supp L(§y, -+, §) Csupp &1 - Nsupp &,

where &;, -, &, ['(E).

The totality of differential p-cochains is denoted by C?LE, W] (p=1,2,--+);
we set CTE, Wl=I'(W). CPLE,W] is a subspace of Hom?(I'(E),I'(W)).
We shall cite a theorem due to Peetre in the following form ([13]; cf. [4]):

PEETRE’S THEOREM. C'[E, W] is canonically isomorphic to I'(Hom (J(E),
W)) ; this isomorphism is realized by the map ;: ["(Hom (J(E), W))—C[E, W .

Hence the following proposition may be regarded as a generalization of
Peetre’s theorem.

PROPOSITION 1.4. For each p=1,2, - ””7 gives an isomorphism

I'(Hom (A\?J(E), W))=CPLE, W1].

PROOF. It is clear that the image of ] is contained in C’[E, W1. Since
at each point x€ M we have

U AJNE) =JHE),,
(T (E)

it follows that the map ®»7 g injective. Hence it is sufficient to show the
surjectivity of ®7 We proceed to prove this by the induction on p. In
case p=1, Peetre’s theorem clearly assures the surjectivity of “’)j~. Assume
that the assertion has been. established till p. Let L € CP*'[E, W] be given.

An pe I'(E) being fixed, we set
LW(EI! Ty EP):L(777 51, Tty Ep)

and regard L, as a differential p-cochain with parameter 7. Apply the
induction hypothesis to L,. Then we find that there exists a unique @<
I'(Hom (A?J(E), W)) satisfying '

@ (@r)=L,.

Take a compact set K of M and an open neighborhood U of K with the
compact closure; K and U are arbitrary but fixed for a while. Then there
is an integer % such that
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(1.3) 0,10 e I'(Hom (A*JXE), W)|U).
We denote by £(®P,) the smallest integer of k’s which satisfy [1.3]. Put
E(R) = {n|re(Dy) < k} .

Then I'(E) :p E(k) and each E(k) becomes a subspace of I'(E) since
=0
£(Dyiy) = Max ((Dy), ﬁ(@v')) .

Moreover, each E(k) is closed in I'(E). In fact, this can be checked from the
observation that » < E(k) is equivalent to the following statement: For any
point x, € U, take &, -, &, such that for at least one &; we have 7,(£;)(x,) =0;
then for any choice of such &, ---,&,, L always satisfies

L(??, 61: Tty Ep)(xo) :O .
Since I'(E) is a Fréchet space, from the above we can conclude that there
exists a k, with I'(E) = E(k,).
Accordingly, for any < ['(E), we have
L(y, &, -+, E) U =0y(fae(&r), -+, T ENI U

where &,,-+,&,€ I'(E). Thus the correspondence 7]](7—»@77]5' gives rise to
a linear map

&: I'(E|T) — I'(Hom (A2J*(E), W)|T) .

From the continuity of L it follows immediately that @ becomes continuous.
Hence we have

& = Hom (I'(E|U), I'(Hom (A?J*(E), W)| D).
Note that, if x< supp », we have

S UrelEs -+ JreEN) (@) = L1, &y, -+, £)(2) =0

by the support-preserving property of L. It follows that supp 03(7))Csupp .
We are now in a position to apply Peetre’s theorem to @ on U, and then
restrict our considerations only to the behaviour of & on K. Then we find
that*"there are non-negative integer £, and

¥’ e I'(Hom (J*(E), Hom (A?]*(E), W))|K)
such that
S)=¥"(um), nel(EIK).

Using the identification
I'(Hom (J**(E), Hom (A2]*(E), W))| K)
= I'(Hom (J*1(E) Q@ \?J*(E), W)|K)
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and noting that L is alternating, we can finally obtain an element
¥e I'(Hom (APYJHE), W)|K),  k=Max (k, k)
such that for any %, &, --,&, € I'(E|K) we have

L(’?v Ely Tty 51)) - 5(”)(51) Tty 51))
=V, 718D, -+, TalEp)) -

Now in order to complete the induction, we have only to point out that
such a ¥ obtained for each compact set K can be pieced together, which
gives rise naturally to some ¥, < I'(Hom (A?**J(E), W)). It is then clear that
@+ V= L, which completes the proof.

[t may be better to add a remark that Proposition above can be gen-
eralized to the case where W is an inductive vector bundle. Note first that
the definition of CP[E, W1 is naturally extended to this case. We have

COROLLARY. Let E be a vector bundle and Wzli_)m W, an inductive vector

bundle. Then we have a canonical isomorphism
CPLE, W]=I'(Hom (A*J(E), W)).

PROOF. Take an L= CP[E, W] and let K be a compact set of M. Then
we have

L: I'EIK)X - XI'(E|K) — F(W[K):l_ir_x)lf(WllK).

Since the left-hand side is a Fréchet space, for some [, we have
L: 'EIK)X - xXI'(E|K) — ['(W,,|K) (CT'(W|K)).

Thus L is realized as an element of /"(Hom (A?J*(E), W,)|K) for some k.
From this we can easily deduce the assertion.

Similar remark will be applied to the results of this section, which will
assure the validity of the results even to the case where W is an inductive
vector bundle. However, to avoid some complications, we shall be only con-
cerned with the case where W is a vector bundle (EF is always assumed to
be a vector bundle).

We set

C?(E, W) =Hom (A*J(E), W)

for p=1,2,---; CP(E, W) are inductive vector bundles over M. Also set
CYE,W)=W. Then Proposition 1.4 shows that there are canonical identi-
fications

C'LE, W1=I'(CXE, W), p=0,1,2 .

Now we shall give a local description of L = CP[E, W]. Take an open
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set U such that U is contained in a local coordinates neighborhood {(xl,

x")| £ (x)* <1}. Assume that local triviality of E and W be given on U in
P

terms of the local basis e, ---, e, of Ellj and fy, -, f: of WIU. Hence any
o I'(E|U) and t € I'(W|U) are written in the form

o@W=F@e:, (D=

We put
alAl 0.2 a\A! 0.2
M 970" [
wi(o) = ox4 (- (axl)al (axn)an )
where A= (a,, -, a,), a; =0, denote multi-indices and A=1,---,s. Then L&

CP(E|U, W|U) can be expressed in the following form:

gdyA )
(14) L= ;ALF 2 LW A - ANol2®@ s,
where the summation is finite, and 4,,--+,4,=1,---,s,8=1,---,f and A’s run

.. . Ay-A . - .
over multi-indices; Lﬁzi...izf'(x) are smooth functions on U. That L admits

such a local expression follows immediately from the fact that wﬁ‘l VANRELIVAN cojg,
|A;|< k, form a local basis of Hom (A?J*(E), ') on U.

As we have introduced above, C’[E, W] has the nuclear topology as the
cross-section space of CP(E, W).

For reference we put

DEFINITION 1.4. The nuclear topology of CPLE, W] is called the jet
topology of CPLE, W1

We shall make explicit what subsets of C’LE, W7 form a basis of neigh-
borhoods of 0 in the jet topology. Choose a locally finite open covering {U;}
(1=1,2,---) of M such that each U, is a local coordinates neighborhood and
that E{U; and W|U; are trivial bundles on each U;. Let V,€U; (1=1,2, )
be open sets satisfying \JUV;=M. (Here the notation V;&U; means that
V.C U, and V, is compact.) From (1.4) any L € C?[E, W, can be expressed
as

1Ay

L=3 L5 x; VYwh A - Aol Qfs

where Lﬁfll.':.ﬁ)p(x; V. means a smooth function on V,. Take any finite number
of V,, say, Vi, ,V,;. We assume that for each index (j; 8; 4y, ", 4p;
A, -, A,) a neighborhood ‘Uﬂj‘l'.‘.'ifplvij of 0 in 8\Vij is given, where
Jj=1,-,1; B=1,--,t; A, +, A, =1,---,5: A; ranges over all the multi-indices.
Then the following proposition is an immediate consequence of the definition
of the jet topology:
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PROPOSITION 1.5. The totality of L < CPLE, W] satisfying

Al Ap

21 Ay (x Vl])

11 Zp

|7,

for each index (j; B; Ay, -+, 2p; Ay, -+, Ay) form a neighborhood of 0 in
CPLE, W1. Actually, all such neighborhoods occuring in the various choice of
Vip, Vy and U form a basis of neighborhoods of 0 in CPLE, W1

CPLE, W] (p=1), however, is equipped with another natural topology too,
being called the distributional topology. We are now going to describe this.
Let 9(E) be the Schwartz space consisting of smooth cross-sections of E
with compact supports. Then any bounded set B of 9D(E) is characterized
by the following properties:

i) the support of ¢ =B is all contained in a fixed compact set KCM, and

ii) any differential operator with a finite order from 9(F) to & maps B
into a bounded set of & The distributional topology of CPLE, W] is then
defined to be the bounded convergence topology when we regard any element
of C’LE, W] as a continuous p-linear map from D(E)X -+ XD(E) to I'(W).

Note that the distributional topology of CP[E, W] is completely deter-
mined by the distributional topology of C’LE, W]|K on each compact set K;
the latter topology is clearly given by the bounded convergence topology on
I'(E|K). More precisely, once we have introduced the distributional topology
to CPLE, W]l K, then the distributional topology of C’LE, W1 is characterized
as the weakest one for which the restriction map CPLE, W]—CPLE, W]1|K
becomes continuous for each compact set K.

The following notations will be frequently used:

CE(E, W)=Hom (A2J*(E), W),
CRLE, W1=I'(CR(E,W)); D, k=012 .

PROPOSITION 1.6. i) On the space CPLE, W], the distributional topology is
weaker than the jet topology.

ii) On CPLE, W] (k=0,1,2,---) the jet topology and the distributional one
induce the same topology.

PrOOF. 1): From the remarks above, it suffices to show that, given a
compact set K C M, the distributional topology is weaker than the jet topology
on CPLE, W1\ K. This, however, is further reduced to the case where K=V;
here V is an open set whose closure is contained in a local coordinates neigh-
borhood, and ElV," W|V are trivial. Let BCI'(E|V) be a bounded set.
We shall use the similar notations to those given in (1.4). Then for each
(A3 =+, Ap; Ay, -, Ap) there exists a positive integer m(4y, -+, Ap; Ay, -+, Ap)
with
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lwilp/\ T Awig(aly Ty ap)l g"n(Zl, Tty 2]); Al, Ty Ap)

whenever a,,---,0,€ B. Let % be any convex neighborhood of 0 in I"(W | 17).
We may assume that % is expressed as

W =U;X =+ XUgX -+ XU,

according to the local trivialization of I'(W|V) on V, where Us; means a
convex neighborhood of 0 in &|V. Then a basis of neighborhoods of 0 in
the distributional topology consists of the sets with the form
x(B, w)={L|L(gy, -+, 0,) €W for gy, -, 0, B}.
Set

ﬁll"'l 7 1
u Alm‘}fpr— 771-(/21, . zp; Al! ves ,Ap) Cl]ﬁ.

By - .
Referring to [Proposition 1.5, we find that these U ﬁf{;lV together determine
a neighborhood U of 0 in the jet topology of C?[E, W]\V. We have

U x(B, W)

which completes the proof of i).

ii): The jet topology induces a Fréchet, topology on CE[E, W], which
is identified with that of I'(Hom (A?J*(E), W)). On the other hand, the
distributional topology induces a weaker one than the jet topology. Hence
it suffices to prove that the distributional topology induces a Fréchet topology
on CI!TE, W1, or what amounts to the same, the distributional topology on
CI[E, W] is complete. This, however, can be seen as follows: For any
Cauchy sequence {L,} of CI[E, W], it is easy to verify that L, converges to
L = CP[E, W1 in the distributional topology ; this L really belongs to Ci[E, W]
because L < C{[E, W] is equivalent to the statement that L(&,,:,&,)(x)=0
holds whenever for some &; we have j,(&)(x)=0. Hence CE[E, W] is a
Fréchet space, which completes the proof.

PROPOSITION 1.7. Let

d: CPLE, W] — CP*'[E, W]

be a linear map satisfying the following conditions:

i) suppdLCsupplL, LeCPLE, W.

i) d is continuous when CPLE, W] and CP*'[E, W7 both are endowed with
the distributional topology. Then d becomes continuous even in the jet topology.

PRrROOF. By i) and the definition of the jet topology, we have only to
check that, for each compact set KC M, d:CPLE, W1|K—-CPH[E, WK is
continuous in the jet topology. Since

CPLE,W]|K=1im C}[E, W]|K,
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for this purpose it is sufficient to show the continuity of d on each
CILE,W]IK (k=0,1,2,---) in the jet topology. But in the. distributional
topology C{[E, W]|K is a Fréchet space by [Proposition 1.6, Hence for each
k there is an integer [ such that

d(CRLE, W]IK)CCPH[E, W]IK.

From 1ii) and [Proposition 1.6 ii) it follows that d is continuous from
CRLE, W]|K to CP*'[E, W1|K in the jet topology, which completes the proof.

§2. Lie algebras over a manifold.

We shall first summarize some basic facts about cohomology theory of
Lie algebras [11]. Let g be a topological Lie algebra over K (K=R or C).
Let V be a topological K-module, on which some representation ¢ of g
operates. That is, ¢ is a homomorphism of g into Hom (V, V), being con-
sidered as Lie algebras, for which ¢(&§)L is continuous in & and L (§ € g,
LeV). A continuous p-multilinear alternating map from g to V is called a
p-cochain of g with value in V, the totality of which is denoted by C?(g, V).
We set C%g, V)=V, C'(g,V)=0. For L=C?g, V) (p=1), put
(2-1) dL(ély T Ep+1)

v

=S DRI E, b &)

v v

E (_I)S-HL([SS) Et:l, 51, Tty Es: Tty Et: Sty Ep+1) ’

1ss<t=p+1

and for f=C%g, V)=V, put df(&)=¢(£)f. Then we have dL € C**(g, V) and
dod=0, whence we get a cochain complex {C?(g, V), d}. The cohomology
group of this complex is denoted by

H*(g, V)=2H*(@g, V).
Suppose that there is a bilinear map

U: VXV —YV
such that
&)\ Jv)=pEu\Jv+u'J ).

For LeC?(g, V) and L,=C%g, V) we set
LULI(EI; ) Ep+q):%(_—1>y(S)L<Eslv Ty ESp)ULl(Etly Ty Elq)

where the summation is extended over all ordered subsets S= {s,, -+, Sy} of
{1,2,--,p+q}; T={t,-,t,} denotes the ordered complement of S, and

u(S):EqS(j), S(j) standing for the number of indices ¢ for which s; is
j=1
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greater than ?;. The pairing L\UL, induces a linear map

C*(g, V)RCUg, V) —> CP*%(g, V)
and we have

dL\UL)=dL\JL,(—1)?LUdL,,

so that {CP?(g, V), d} becomes a multiplicative complex. In particular, we
have a cup product

Ui HP(g, V)QHNg, V) —> H? (g, V).

Let T be a subalgebra of g. Then we can introduce a filtration to C?(g, V)
associated to f as follows: For s=<0, put C?=C?(g, V); for s> 0, put

Cr={L|LeC?g, V), L(&, -, &p) =0

whenever p—s+1 of &, -+, &, belong to f}.
We have

CP(g, V)=C)DCfD - DCPD - DCEDCE,,=0,
d(CP)C Cr+t,

From this filtration a spectral sequence {E%¢, d,} is induced in a canonical
way, which converges as r—oo to a graded module associated to some fil-
tration of H*(g, V). We cite this spectral sequence as Hochschild-Serre’s
spectral sequence associated to f. Note that

Byt =Ci/CHf.

In the sequel we shall utilize the cohomology theory of Lie algebras as
a basic tool. But as far as the global aspects are concerned, we do not use
the total cochain space CP(g, V) itself. Roughly speaking, we restrict our
considerations only to Lie algebras and representations with the “ support-
preserving ”’ property, and take the space of differential p-cochains to be
pertinent to our theory.

Let £ be a vector bundle over M.

DEFINITION 2.1. Assume there is a @ € C*[E, E] such that, if we put

L&, n1=0&, 1),

we have the Jacobi identity

L&, [y, {1+Dn, [, §11+0E L€, 11=0, & Cel'(E),
then I'(E) is called a Lie algebra over M.
In other words, I'(E) is called a Lie algebra over M, if ['(E) has a

bracket operation [£, ] as Lie algebra, which satisfies the continuity condition
and suppl§, nl1Csuppé&nsupp”n. Note that the bracket operation is then
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expressed as a differential operator on each compact set of M.

We shall mention some examples. We denote by (M) the tangent bundle
of M and by <*(M) the cotangent bundle of M.

EXAMPLE 1. The space of vector fields, being identified with I'(¢(M)),
becomes a Lie algebra over M under the usual bracket operation. This Lie
algebra is denoted by A(M). The complexification of A(M) also forms a
Lie algebra over M which will be denoted by U(M)F.

EXAMPLE 2. Consider the vector bundle z(M)@e'. Then any cross-
section of this vector bundle is expressed as £EBf (€ AM), f= &), whence
I'(z(M)@®e¢") is canonically identified with the space D(1) of the first order
differential operators on M. The bracket operation as differential operators
permits us to endow I}(1) with a structure of Lie algebra over M. Actually,
the bracket operation is explicitly given by the formula

6D, nDgl=L§ 71D (Eg—n/).

EXAMPLE 3. More generally, ['(z(M)@e") (h=1,2,---) becomes a Lie
algebra over M under the bracket operation

[¢037. 10 Ta] =16 MO e/

EXAMPLE 4. Let E be a line bundle over M. D(l; E) denotes the space
of the differential operators with the first order, from I'(E) to ['(E). We
can identify

D(1; E)=TI'(Hom (JX(E), E)).

D(1; E) becomes a Lie algebra over M, as in Example 2. In fact, Example
2 may be regarded as a special case of this example where we set E=¢'.
EXAMPLE 5. Put

_ [%]
A = L3 AP M) ;

that is, A(M) is the space of the differential forms with odd degree. For
& ne NM), set
L&, ni=dENnp =dENp—ENdy.

As is easily verified, K(M) becomes a Lie algebra over M under this operation.
Observe that /~\(M) is nilpotent and has a functorial property in the sense
that, if /: M— N is a smooth map, then f*: /~\(N)—>/”§(M) naturally gives a
homomorphism.

EXAMPLE 6. For any vector bundle E, if we set

(&, 7]1=0, & npel(E),
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we have trivially a Lie algebra over M.

EXAMPLE 7. Let M be a complex manifold with the complex dimension
n. Then (M)®C is decomposed as

(2.2) t(M)RC=THT,

where the local basis of T and T are given by {0/d2', ---,9/0z"}, {0/0%", ---,0/02"},
respectively. I'(T) then becomes a Lie algebra over M as a subalgebra A(M)C.
We write Az(M) for this Lie algebra.

EXAMPLE 8. Let M be a complex manifold. Then we have the decom-
position

HM)Q C =T+ T

dual to [2.2). For p=0,1,--,n put

(5] _
3 [F(/\pT*AEO /\”“T*), if p is even
Rr(M) =

[ (2] _
F(/\pT*/\ > /\WT*), if p is odd,
and define

[&,n]=3ENY, &ne A2M).

Then A?(M) (p=0,1,---,7n) has a structure of Lie algebra over M.

EXAMPLE 9. Assume that M admits a foliation. Then associated to this
foliation, there exists a subbundle E of (M) such that I'(E) becomes a Lie
subalgebra of A(M).

Let ['(E) be a Lie algebra over M and W be a vector bundle over M.
Notice that Hom (I'(W), ['(W)) has a structure of Lie algebra with the bracket
operation [L, L,]=LoL,—L,oL.

DEFINITION 2.2. A Lie algebra representation ¢: I'(E)—Hom (I'(W), ['(W))
is called a differential representation if ¢ satisfies the conditions

i) the map (§,L)—¢(§)L is continuous from ['(E)XI'(W) to ['(W);

ii) supp (&)L Csupp §Nsupp L.

If ¢ is a differential representation, then a slight modification of
the proof of Proposition 1.4 yields that there is a unique element
de F(!i_n)l k’leom (JHEYRQJ¥ (W), W)) such that

(@(OL)(x) = B(i(&)(), J(L)(x) .

Assume that a differential representation ¢ of [(E) on I'(W) be given.
According to (2.1), for any L= CPLE, W] put
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dL(Ela Tty Ep+1)
:Zé ("DS_ISD(&)L(&, e, ésy Tt Ep+1)

+ B (CDMLCE, £, b e G e Ep)
1<s<t<p+1
Then we have
PROPOSITION 2.1. dL belongs to CPY'[E, W1.
PrOOF. It is clear that dL gives an alternating (p+1)-linear map from
I'(E) to I'(W). Take any &, ,&,n,l'(E). Since LeCPLE, W] and

supp ¢(§;)L Csupp &, Nsupp L, we have

supp (@(§)L(&,, =+, £psr)) CTsUpPP & NSUPP E2 N -+ NSUDPP Epsy -
On the other hand, we have

Supp L([Ely 52___17 537 Tty E}H—l)
Csupp &, £ 1Nsupp &1 -+ N supp Epiy
Csupp & N\supp ;N -* N SUpp Ep4s -

From these it follows that dL has the support-preserving property. Since the
continuity of dL is clear, this completes the proof.

Now we wish to show that d gives rise to a continuous map from
CPLE, W] to C**'[E, W]. It is easy to verify that supp dL Csupp L. Hence
by [Proposition 1.7 the continuity of d becomes a consequence of the following

LEMMA. d gives rise to a continuous map from CPLE, W1 to CPY'[E, W]
n the distributional topology.

The proof of reduces to establishing the continuity of

d: CTE, W]|K — CP*[E, W]|K (distributional topology)

for each compact set K C M, because of the definition of the distributional
topology of CP*'[E, W] and the support-preserving property of d. But then
is easily deduced from the following two facts:

(i) When & ranges over a bounded set of ['(E|K), the maps L— (&)L
form an equi-continuous family;

(ii) If & and 7 range over a bounded set of /'(E|K), then [§, »] form
a bounded set of ['(E|K).

To summarize:

THEOREM 2.1. Let I'(E) be a Lie algebra over M and ¢ a differential
representation of I'(E) on ['(W). Then, putting

dL(Sly Ty 5p+1>

=5 (CDTREILE  Ey  E)
+ p+1(_1)s+tL([Es, Etj, Ely Tty 53! Tty ét, Tty E}H—l)

1ss<Us

IA
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for Le CPLE, W1, we obtain a complex {C*LE, W1, d}. d gives rise to a con-
tinuous map from CPLE,W7] to CP*'[E, W] (p=0,1,2,---).

The resulting complex {CPLE, W1, d} is called the differential complex of
the Lie algebra ['(E) associated to the differential representation ¢. It is
clear that the adjoint representation of ['(E) gives a differential represen-
tation to which a differential complex {CPLE, E], d} is associated. We call
this the adjoint complex of I'(E).

Let ¢ be a differential representation of I'(E) on ['(W) and {C?[E, W], d}
the differential complex associated to ¢. We write H*(E, W)= H?(E, W)
for its cohomology group. Henceforth, we shall be mainly concerned with
the investigation of the complex {C?’[E, W1, d} from the local and the global
viewpoints. To begin the study, we first observe that the inductive vector
bundle CP(E, W) admits many filtrations; of course, among them the jet
filtration li_r)nC}j(E, W)=CP?(E,W) is considered as a natural one. We say

that a filtration
CP(E, W)=I1im ,C?(E, W)
—

simultaneously given for p=0,1, 2, --- is admissible if, for h=0,1,2, -, the
sequence

d d d
(2.3) o —> [GCXE, W)) —> I'(LCP*H(E, W)) —> -

is well-defined, so that {['(,C?*'(E, W)), d} gives rise to a subcomplex of
{CPLE, W1],d} for h=0,1,2,---. For brevity, set ,C**'[E, W]=I"(,C***(E, W)).

DEFINITION 2.3. We say that {CP’[E, W1, d} has a stable range if there is
an admissible filtration CP(E, W) =1im ,C?(E, W) such that the inclusion map
as a subcomplex _—)

nt s {RCPLE, W1, d} — {CPLE, W], d}

induces an isomorphism on the cohomology level for each A=0,1,2,---. In
particular, if there is a non-negative integer k, such that the jet filtration
for k= k,

C)?O(E, W) CCI€)0+1(E’ W)C e > C;D(E, W) ’ pzoy 1) 2: o

gives a stable range, then we say that {C’[E, W], d} has the stable jet range
k= k,.

Note that ,CPLE, W] is the cross-section space of a “finite-dimensional ”
vector bundle ,C?(E, W). Although in some case the sequence [(2.3) continues
infinitely in the right direction, the following definition is meaningful if we
slightly extend the definition on elliptic complexes so as to be applicable to
this case.

DEFINITION 2.4. We say that {C°[E, W1, d} has an elliptic range if there
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is an admissible filtration C?(E, W) =1im ,C?(E, W) such that each subcomplex
{sCP(E,W),d} (h=0,1,2,---) is an elliptic complex over M. In particular,
if the jet filtration for [=/, gives an elliptic range, then we say that
{CPLE, W7, d} has the elliptic jet range 1 =1,.

We shall mention a typical example of a differential complex on A(M)
(cf. Example 1), first considered by M. V. Losik [12]. Any & < UA(M) operates

on £=1'(¢") in a natural way, being locally expressed as (E,f)—»%sf‘af/ax”,
u=1

where &£ =3 £#0/dx* (locally) and fe &. This operation induces a differential
representation of A(M). The differential complex on A(M) obtained from
this representation is called the Losik complex, which is, for the sake of

reference, written by
L ={C?[z(M), ¢'], d} .

The structure of cohomology group H*(L) of the Losik complex has
been completely determined by Losik [11], which can be summarized as
follows:

Losik’s THEOREM. The Losik complex has the stable jet range £ =1, and
admits a canonical isomorphism

H*(L)=H*B(<), R),

where B(z€) is the principal U(n)-bundle over M, associated to the vector
bundle z(M)®C. Besides, the sheaf of cohomology H*(L) is a constant
sheaf, isomorphic to M X H*(U(n), R). In particular, the Euler characteristic
of the Losik complex is zero: X(L)=0.

We shall show later in a more general setting that the Losik complex
has the elliptic jet range [=0.

§ 3. Local Lie algebras.

Gelfand and Fuks generalized Losik’s result cited at the end of
Section 2 to the case where A(M) has the space of differential forms on M
as the representation space, the representation being given by Lie differen-
tiation. The viewpoint there, taken up by them, seems to be crucial in the
whole theory, because the deep relation between the local and the global
aspects has been considerably clarified by them. Although we follow essen-
tially the similar lines, we wish to make this relation more explicit from a
general point of view. In this section we shall only deal with local situation.
Transfer to global situation will be carried out in the next section.

Let A be a Noetherian local R-algebra with the unit 1. Let m be the
maximal ideal of A and ¢ a natural injection of R in A such that ¢«(a)=a-1.
We shall always assume that A satisfies the following two conditions:
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i) The composition of maps R—i—> A5, A/m is bijection.

ii) m is finitely generated over A.
From this follows directly that m* is also finitely generated over A and that
m*/m**! is finitely generated over A/m= R. Hence we have dimg (A/m*) <40
for #=1,2,---. Let B be a finitely generated A-module. Then B is a
Noetherian A-module so that, setting B, =m**'B, from Nakayama’s lemma we
have N B,= {0}. We shall endow B with the Krull topology; namely, the
sequence of submodules

BoODB,DODB,D - 2B,D -

gives a fundamental system of neighborhoods of 0. Note that dimy B/B, <
+oo (k=1,2, ).
Assume that a finite-dimensional vector space V over R be given. We

denote by CP?(B,V) the set of alternating continuous p-linear maps from
y4

"

BXx -« XB to V. Let m,: B—B/B, be the canonical projection map, and put

CE (B, V)=x¥C?(B/B,, V), where C?(B/B,, V)= A\P(B/B)*QV (* denotes the

dual space). Hence any element of C?(B, V) is obtained as a lifting of some
?

alternating p-linear map from B/B,X --- XB/B, to V. We have a canonical
inclusion CP (B, V)C CP.(B, V).

PROPOSITION 3.1. CP(B, V)= kC') CP(B, V).

PROOF. First observe that fo;oLe C?(B, V) we have

LeC) = L&, - ,&p)=0if some & (=1, -, p) belongs to B, .

Also, note that any small neighborhood of 0=V does not contain non-trivial
subspace of V. To avoid some notational complications, we shall only prove
Proposition in case p=3. Take an L< C%B, V). By the continuity of L,
we have L|B,,XB,,XB;,=0 for some k,. Let N,, be a complementary sub-
space of B,, to B and {e;, -+, e} be a basis of N,,; B=DB,,@ N, Then the
continuity of the bilinear map (&, &)—L(e;, &,,&,) for each 1=1,2, - ,s
implies that for some k{ we have L|N, XBiXB,;=0. Thus, putting k,=
Max (k, k1), we have L|BXB,,XB,; =0. Next, take a complementary sub-
space N,, of B,, and let {ej, -+, ¢} be a basis of N,,. The continuity of the
map &;— L(e;, e}, &;) for each 7,j=1,---,t implies that for some k) we have
LNy X Ny XBy,=0. If we set k=Max (k,, k), then it can be easily shown
that L = Cf(B, V), which completes the proof.

By virtue of Proposition 3.1, we can and do give the inductive limit
topology to CP?(B,V): C?(B, V):Ein, CP(B,V) (ZEgl (ANB/B)*®V)). Set
cYB,V)=V.

DEFINITION 3.1. B is said to be a local Lie algebra (over A), if B is a
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Lie algebra over R and the bracket operation satisfies the following condition:
for any k, there is an [ such that [B,, B1CB,.

We remark that in this definition if we can choose [ with /< k, then B,
necessarily becomes an ideal of B. Assume that a local Lie algebra B over
A be given. Consider a finite-dimensional representation ¢ of Bon V. The
continuity of ¢ is always assumed. This implies that there exists an integer
h with ¢(B,)=0. Hence, for the existence of non-trivial finite-dimensional
representation, it is necessary and sufficient that there is an ideal I such
that BRI B, for some h. According to the cohomology theory of Lie
algebras, given a representation ¢, we can obtain a complex {C?(B, V), d}
associated to ¢. Note that if L & C{(B,V), then we have dL € C{fix (B, V)
where [B;, B]C B, and ¢(B;)=0.

It is clear that d gives rise to a continuous map from C?(B, V) to C**'(B, V).
By Proposition 3.1 C?(B, V') admits a canonical filtration. Thus, by the analogy
of we can define that {C?(B, V), d} has the stable range k> k,,

if for each k=k, the subcomplex ---— C¥(B,V) —d+ CrY(B,V)— - is
well-defined and the inclusion map {CP(B, V), d} — {C?* (B, V), d} induces an
isomorphism on cohomology level.

One might hope that there is a general theory which clarifies the relation
between the cohomology groups of local Lie algebras and those of Lie algebras
over a manifold. But such an extensive possibility of the theory is far beyond
our scope. In the sequel, we shall only investigate the relationship between
local and global aspects in some cases. Really, in the rest of this section we
shall only deal with a local Lie algebra related to the Lie algebra of vector
fields; global passage will be discussed in the next section. Some of other
cases will be treated in the subsequent papers.

Let a, be the Lie algebra of formal vector fields with n indeterminates.
That is,

a,=R[[x, - , %010 - G RI[x, -, x,]1]

with the bracket rule

n 2
:#Zz:l ;’V;“l(ay 0x 361 > 0x, ;

here R[[x,, -, x,1] denotes the ring of formal power series in x, -+, x, and

element of a, is formally expressed as > a”(xy, ---, x")aix# (a* € R[[x,, -, x,10).

a, is a local Lie algebra over R[[x,-,x,]]; it is known that a, is simple

if we regard a, as a Lie algebra over R. We denote by
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GL2OL, DL, D DL,D -
the canonical filtration of a,. Then L, is a subalgebra of a, and each L, is
an ideal of L,. L,/L,=gl{(n; R), and if we identify Ea(,‘xuaixe[,o with
1

(af)=gl(n; R), then we have a canonical splitting L,=gl(n; R)&L,. Our
main interest here lies in the study of the local Lie algebra L,. (For con-
venience’ sake, we set CP(L,, V)= AP(L,/L,)*®V in this case.)

For #=1,2,---,n and any multi-index A, let 64 be the element of Lf
defined by

z 0

VBT — )= |
0%(21 |Bizgerx axu) 4 T

where x2=x{ .- x2* for B=(b,, -+, b,). Then {#4|p=1,2,--,n; 1=Z|A|Sk}

forms a base of (L,/L,)* Hence if we take a base {e, ---,e,} of V, then

C?(L,, V) is spanned by the elements

OL N NORRer, e, pp=1 -, n; [A]Z1; 7=1, -, 0.

Now for any family of integers (fy, - ,fn) with fi=--=f,>0, we
denote by [ fi, -, fm] the irreducible representation of gl(n; R) corresponding
to the Young diagram f,=-:-=f,>0. Moreover, for any o0< R, write

0 Trace for the one-dimensional representation of gl(n; R), which assigns
0 Trace A to A (A=gl(n; R)). Set

LAy s fms 0d=L011, -, fnl®@14+1Q6 Trace.

Then [ fy, -, fm; 0] is an irreducible representation of gi(n; R) with the same
degree as the one of [fy, -, fm .

Let ¢ be a representation of L, on V. Then, as remarked above, ¢ can
be regarded as a lifting of some representation of L,/L, on V for a suitable hA.

DEFINITION 3.2. ¢ is said to be decomposable if ¢|gl(n; R) is decomposed
in irreducible representations with the form [fi, -+, fm; 0. ‘

REMARK. This means that ¢|gl(n; R) is completely reducible and that
the restriction of ¢ to the center of gl(n; R) has real eigenvalues.

Assume that a decomposable representation ¢ be given. Then ¢|gl(n; R)
is decomposed in irreducible constituents, which is explicitly expressed as

eleln; R)=2@Lf1, =, fm; 01.

Among the irreducible representations occurring in the right side, we shall
observe the irreducible representations [ fi, «--, fm; 0] satisfying

(i) fit - +fatno =0,

(ii) no is an integer,
and denote by 4 the subfamily formed by these [ f;, -, fm; 0.
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THEOREM 3.1. Assume that a decomposable representation ¢ of L, on V
be gwen: ¢|gln; R)=2XDLf1, =, fm;0]. Then the complex {CP(L,, V), d}
associated to ¢ has the following property.

i) {CP(L,, V), d} has the stable range k= k, where

s fm 6124

ko=Max {#, ., Max (é‘lfﬁnaﬂ)}.

it) If 4=0, then the cohomology group H*(L,, V) vanishes.

PROOF. Recall first that the irreducible representation [fi, - ;fm] iS
realized as an invariant subspace of the tensor space R --- Q R" under the
tensorial representation, where R" appears in (f,+ --- +/,)-times. A base of
this invariant subspace can be obtained in such a way that we apply the
Young symmetrizer associated with {f;, -, fm} to each &;,;&® - &&;, (1, ==, I
=1, ,n; s=f+ - +fn), & being the i-th unit vector of R*, and then pick
out of them a maximal set of linearly independent family. Corresponding to
each [ fy, -, fn; 0] appearing in the decomposition of ¢|gl(n; R), take such
a base for [fy, ', fn] and then arrange all of them in order. Thus we can
obtain a base {e,,---,e,} of V. In what follows, we shall fix this base of V.
Let {e',---,e"} be the dual base to {e;, -, ¢,}.

Let J be the set of those pairs (¢, 4) that #=1,---,n and that for each p

4
A runs over the multi-indices with |A|=1 and A+(0,--,0,1,0,---,0). Then
¢ can be explicitly written in the form

@(E rﬁxAWaZ>:aZ:)l<#z;lcurﬁ>ea®e + 2 2 wﬁﬁ?’ﬁ%@)eﬂy

a, 8=1 (g, A)EJ

where ¢ and ¥44 are some constants and ¥§4 =0 for |A|>h. More precisely,
if an e, is chosen from the base of the representation space associated to
[fi, -, fm; 0], then it is easy to see that

3.1) B 8= fit o SNl

p=1
Denote by d the coboundary operator
d: C’(L,, R) —> C**'(L,, R)
associated to the trivial representation of L, on R:

dL(§,  , Epe) = D (1 LG 1 & oy oy o, G

It is easy to verify that {C?(L,, R), d} is a multiplicative complex and that

- . n A 1
(3.2) oy ‘IBQ p> ( 3 )0ﬁ_]BH N
B|#0

(Here we adopt the following notations: For multi-indices A =(ay, -, ay)



Cohomology of Lie algebras over a manifold 349

and B=(8;,--,8,) A=B means a,=8,(¢g=1,---,n); and if A=B, A—B+21
denotes the multi-index

(Ch_ﬂn Tty 012—71—,3,1—1, 0(,;——132+1, a2+1_182+11 Tty an_ten> .

Any LeC?(L,, V) is written as L= iL“(X)em where L= C?(L,, R). Making
a=1

use of d and the above expression of ¢, we can give the explicit form of d
in the following way:

33 d( ﬁv:lm@)ea) = ﬁzzlau Qe.

+ 2 (Zetin L) et B T FH04A L) e,
a= n= =

a, 3=1 (p,4)<

Let § be the abelian subalgebra of gi(n; R) which consists of the diagonal
matrices. Let {EP¢ d,} be Hochshild-Serre’s spectral sequence of {C?(L,, V), d}
associated to the subalgebra ). It is possible to identify E?? with a subspace

of CP*%(L,, V); in fact, any element 7 EP? is expressed as 7= 37"&e,,
a=1
where

B4 = T VL BEBGIA e NGINORA - AOSD.

WSy (BT YitYoHytp
q \#

Since d,: EP?— E2e* by (3.3) we have
din=3dm* Qeat 3 (2 i A7") Qea,
a=1 a=1 p=1

where 0?0 means the differentiation of the 0-th terms of Hochshild-Serre’s
spectral sequence associated to § which is obtained from the complex
{C?(Ly, R),d}. From [3.2), we can obtain

04 = A0 —(A)} 04N 04

here 0% is the Kronecker index and (A),=a; if A=(ay, -, a,).
Therefore, setting
D
(3.5) Q5o = 12_1 {04i—(B)a} +ci

and introducing the forms

~ n o~
B1-Byp __ aBy--
56) Gt =B Qe 20}

o

and

D VI G v VAN

“Ep Rt v1evg 21
v1<<yg

we can simply express d,n in the form
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dip=3( 3 QBB ATELE NOGA - N OED e,

23 73 2
a=1 (pBcd Pt “1tp

Hence we have dyp=0 if and only if for each indices «, (g, By), -, (¢tp, Bp)
occurring in the terms of the summation it holds

(3.7) QBr-Bo A puBiBr— )

Hithp H1Mp
Making use of dy,od,=0 and a well-known lemma due to E. Cartan, we can
deduce from that Im d,(E?»*") consists of such closed 7’s that are ex-
pressible as
1= % B YL pEAPOAN e NOANGE N - NOFEQ e,
44

, ViV ey
(g, By vy1<- <uq qrrty

where the summation only ranges over the indices a, (ui, By), -, (¢p, Bp)
satisfying

NaBy--B

Q/‘ll llopio

From this it follows directly that

38) Ert={plnp=X3 X V., fL0?

a (g, B) vi<<yq

O N = NOENOR A - NOE @ e, where G*BrBo — () .

K1t
We wish to obtain further informations about the structure of E?% To
this aim, fixing a family of indices a, (g4, By), =+, (tp, Bp) with

QaBl ‘Bp =0
R ’

we shall study to what extent this condition imposes restrictions on the
indices a, (¢11, By), -+, (¢, Bp). By [3.6), Q*21 72 =0 is equivalent to the fact

le Bp =) for 1=1,2, - ,n

1"Mp

whence by we can simply express the conditions by
(39) D {OI—(BYa) +eg=0, =12 -, n.
=1
Since (B;); are all integers, immediately yields the following neces-
sary condition on c%.

(3.10) In order to hold J;=0 (A=1,2,--+,n), it is necessary that c¥(2=1,---,n)
are all integers.

Now, we shall only consider the value of a for which all ¢§f (A=1,--,n)
are integers. Then we have

(3.11) D= |B,l~1  j=1,2-,p.

A=1
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Actually, in view of we have

3

Zéc‘f:ﬁ lél{(Bj)z—&ff} :j‘él(lle —1)=|B;|—1.

il

In particular, we have

(3.12) 0.

M

Y

a
C;
i

1

We shall complete the proof of [Theorem 3.1. Note that, if 2= A, the
subcomplex {C2(L,, V), d} is well-defined. In fact, this follows immediately
from [L,,L,JC L, and ¢(L,)=0. Take any integer & which satisfies

kzMax{ Max A(/Elf,ﬂi—nburl), h}.

M1, Ims 60 €

Let {E?4k), d,} be Hochshild-Serre’s spectral sequence of {C} (L, V), d}
associated to . Then the injection map ¢(k) from CP(L,, V) to C?(L,, V)
induces the homomorphism of the spectral sequence

(k). {EPU(k), d;} —> {EPY, d;}

for r=0,1,2,--. From [3.1), (3.8) and [(3.11), we can easily deduce that ¢,(k)
gives an isomorphism

{Epik), d,} = {EP, &} for rz1,

so that ¢(k) induces an isomorphism of cohomology groups of {C?(L,, V), d}
and {C?(L,, V), d}, which completes the proof of i). If 4=0, then by [3.1),
(3.10) and we have EP?=0( for all p, ¢, whence ii) follows. This com-
pletes the proof of Theorem.

COROLLARY 1. dim H*(L,, W) < 4oo0.

COROLLARY 2. In the case where all né are not integers, we have H*(L,,
W)=0.

COROLLARY 3. X (—1)?dim H?(L,, W)=0.

PROOF OF COROLLARY 3. It is well-known that 3 (—1)? dim H?(L,/L,, W)=
2 (—=1Pdim C?(L,/L,, W), which in turn equals X (—1)?dim A?(L,/L,)-dim W
=(. But in the stable range we have dim H?(L,, W)=dim H?(L,/L,, W),
whence the assertion follows. AN ALTERNATIVE PROOF: We deform d arbitrarily
small so as to satisfy the conditions stated in This induces
the deformation of the coboundary operator d. But, in the stable range,
2 (—=1?dim H?(L,/L,, W) is homotopy invariant, whence this must vanish.

§4. Passage from local aspects to global ones.

In this section we shall describe how to obtain a global version of
Theorem 3.1 Let Diff, (0) be the group germ of local diffeomorphisms of
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R"™ around 0. For ¢ < Diff, (0), we have ¢(0) =0 and denote by [¢], the h-jet
of ¢ at 0. Then the totality of [¢], becomes a Lie group G(h) under the
composition rule [¢l.[¢1,=[po¢Ts. It is known that G(h) is obtained as
successive extensions of GL(n; R) by vector groups and possesses L,/L, as
its Lie algebra. Let Diff, be the pseudo-group of local diffeomorphisms of
R". When ¢ ranges over Diff,, the differentials dp form a pseudo-group of
local diffeomorphisms of the tangent space z(R"). If ¢(x,)=y,, the (A—1)-jet
of do at (x,, 0) (€ z(R"),,) gives rise to an isomorphism from J* *(z(R")),, to
J" Y (z(R™))y,. It should be noted that, for fixed x, and y,, the group consisting
of those isomorphisms is canonically isomorphic to G(h), but not to G(h—1).
To any vector field & of R™ assign a formal Taylor series of & at x,. This
assignment induces an isomorphism

Jw(T(RnDzo =a,,
where J=(z(R™)) = l_i_Ln]”(r(R”)), so that we have
Jh_1<T(Rn>)xo = an/Lh—l .

Let M be a smooth manifold. Then it follows from the above that the
structural group of J**(z(M)) is reducible to G(h). Let P(h) be the principal
G(h)-bundle associated to J* *(z(M)). Alternatively, P(h) can be obtained as
the principal G(A)-bundle with those transition functions which consist of the

h-jets without constant terms induced from coordinates transformations.
Thus we have

P (@(M)) = P(h) X o(tn/Ln-1)

where ¢ is the natural representation of G(k) on a,/L,_; as explained above.
Set

Adn(z(M)) = P(h) X 4a(Lo/ L)

for the associated vector bundle of P(h) to the adjoint representation of G (h).
Recall that we put A(M)=1"(z(M)). Let

(M) (x,) = {£[§ € M), §(x,) =0}

and denote by [£],(x,) the h-jet of € at x,.

PROPOSITION 4.1. For any x,, the assignment &—[E],(x,) gives rise to a
well-defined surjective map from U(M)(x,) to Ady(z(M))z,.

PrRooOF. Since what we must prove is of local character, it suffices to
consider only on a neighborhood of 0in R" (x, corresponds to 0 R"). Then

E(xy, -, Xp) = i Ex(xy, -, xn)aL and [£1,(0) is expressed as
py=1 X[u

> 3 DEn(0)

0
)
PRECIES Xy
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which is identified with an element of L,/L,. Let ¢ < Diff,(0). Then the
operation rule of ¢ to £ is given by

§ —> —C?T((/Doexp tEop ™m0 .

But, since £(0)=0, it is easily verified that if [¢J, =[¢Js and [£]1,(0) = [71.(0),
we obtain

(-3 (woexp tfog™n] O =[G (@oexpim0g,y] .

By virtue of the definition of G(h) this implies that [¢], operates on (€1,
as the adjoint representation, which completes the proof.

Now let a finite-dimensional representation p of G(h) on V be given.
Consider the Lie algebra representation dp associated to p, so that dp gives
a representation of L,/L, on V. Expressing the elements of L,/L; by their
components, we can write dp explicitly as

(4.1) do({n4}) = Z Cinte’ Qe., fneR,

where 1< |A|=h, p=1,---,n and a, =1, -, v (v=dim V).
Let
W=Ph)X,V

be the vector bundle over M, associated to the representation p. Take an

element of W, which is, say, represented by an equivalence class containing

(0, a) (p= P(h),ac V). Let n(p)==x, By Proposition 4.1 any &< AM)(x,)

defines an element of Ad,(z(M)),,, which is assumed to be represented by an

equivalence class containing (p, £) (6’ € L,/L,). Then we have
PROPOSITION 4.2. Set

dp(é)(p, &)= (p, dp(&")a).
Then dp gives rise to a well-defined map from UM)(x,) to Hom (W, Wy,).
PRrROOF. Notice that
(P, &)~ (pg?, Ad(g)§)
and

(P, )~ (pg7", p(Qa) .
But we have

(pg7, dp(Ad(8)é)p(g)a) = (g™, p(&dp(§a)~ (b, dp(§")a) .

From this the assertion follows.

To any local coordinates (U ; x*, ---, x™) with >|2#|>< 1, we can associate
a local triviality of P(h) on U in a canonical way, which in turn induces
local trivialities of the vector bundles (M) and W on U. Thus when we
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fix a base {e, ---, e,} of V, we can obtain a local base {e, -+, ¢,} of W on
U. We wish to define a differential representation p* of WA(M) on ['(W).
To this aim, using we first define this locally on U, by setting

» a a ’ a]Al /2

(4.2) p*@o= S gret 3 CH 5o,

where, on U, we write £= 3 E"(x)—a'if (eA(M)) and U:Zv)lg“(x)ea (e [(W)).
p=1 a=

PROPOSITION 4.3. p* gives rise to a well-defined differential representation
of (M) on I'(W).

PROOF. Let a, be the subalgebra of a, consisting of formal vector fields
with polynomial coefficients: a, = R[x,, -+, x,JQR". Put Ly=L,Na,. Denote
by [a,] and [L§] the universal enveloping algebras of a, and L;. We regard
[a,] and V as left [Lj]-modules, where the latter module structure is given
by the representation dp. Denote by Hom[L‘/J] ([a,], V) the space of [L4]-
homomorphism from [a,] to V. Then Hom () (Ta,], V) has the [a,]-module
structure, whence the induced representation of a, is obtained. The resulting
representation of a, on Hom s ([a;], V) is referred to as dp*. Since a, is
spanned by R" and L}, the Poincaré-Witt theorem immediately yields that a
left [L{]-base of consists of the set of monomials with n-indeterminates
(cf. [3). Thus Hom gy Lz, V) is identified with the n-variables polynomial
ring with value in V:Hom (L4 ([ar], V)= R[x,, -+, x,]QV. The completion
of Hom ([a;], V) is denoted by Homyu([a,], V), whence we have
Hom;,,([a,], V)= R[[x,, -+, x,]J®V and any element in it is expressed as
7(Xy, o, x) @a with y € R[[x,, -+, x,]] and a€ V. The representation dp*
naturally extends to the representation of a, on Hom.([a,], V). Explicitly,
for y<a, we have

I~
alAIn

dp*()(r Qa)=7(r) Qa+ B y(x, -, t)x*Q Tlf(*ax—,,)a ,

where 7(y) means the application of the formal vector field  to each term
of 7 and (8%") denotes the formal vector field deleting the constant
term from 0“'7n/0x4. This is checked by a direct calculation. Note that dp*
is uniquely determined by dp.

Now let x,= M and take local coordinates {U; x!, ---, x"} around x,.
Then (M) and W canonically admit local trivialities on U, whence to any
vector field ¢ and any o< ['(W) we can associate their formal Taylor series
[&] and [o] at x, with reference to these trivialities. We regard [£] and [o]
as the elements of [a,] and Hom; y([a,], V), respectively. The above formula
then implies
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do*CEDLo]=[p*()o]

(=the formal Taylor series of p*(&)s at x,).

From this first follows that p* gives a differential representation of /' (z(M)|U)
on I'(W|U), because dp* is a representation and two cross-sections coincide
if their formal Taylor series coincide at each point of U. Secondly, p is
well-defined independent of the choice of local coordinates. In fact, if a point
X, has two local coordinates (x*, ---, x™ and (¥, ---, ¥*) and if we carry over
the above construction from (x%, ---, x™) to {(y', ---, y"), then, by virtue of
IProposition 4.2, dp and thus also dp* obey the transition rule relevant to the
fibre W,, Hence the same holds for [p*(§)¢]. But this is valid at each
point in a neighborhood of x, from which the assertion follows. This com-
pletes the proof.

DEFINITION 4.1. p* is called the induced differential representation of p.

Therefore a representation p of G(h) on V brings about two representa-
tions dp and p*: the former concerns L,/L, while the latter A(M). In what
follows, the lifting of dp to L, is also denoted by the same notation, which
we believe will cause no confusion. We shall apply the discussions in Sec-
tions 2 and 3 to these representations. Then, corresponding to each repre-
sentation, we obtain the “local” complex {C?(L,, V), d}4, and the “global”
one {CP’[z(M), W], d},+. (Here the subscripts indicate the representations
which are used to construct the complexes.) Their cohomology groups are
denoted respectively by H*(L,, V) and H*(z(M), W). These two complexes,
however, are closely related.

THEOREM 4.1. There is a spectral sequence {EP? d,} which converges to
a graded module associated to H*(z(M), W) with some filtration. The E,-terms
of this spectral sequence have the form

Epe=H?(M, H'(L,, V)),

where H¥(L,, V) means a locally constant sheaf each stalk of which is isomor-
bhic to H¥(L,, V).

Before entering into the proof, we recall some basic facts about the
theory of double complexes. Let 27 be the sheaf of germs of elements be-
longing to C?[¢(M), W]. Note that 27 is fine, because C?’[c(M), W] is the
cross-section space of inductive vector bundle. Since d preserves the supports
of cochains, it follows that, by localizing {C?[z(M), W1, d}, we can get the
sheaf of complex

d d d d
3.0 e 21 2P

The sheaf of cohomology associated to 2 is denoted by
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AN =D 9r(2).
Let

'd d ’d
R:0 R R’ R K" 0

be the resolution sheaf of R. (We can take the sheaf of the de Rham com-
plex as R.) Consider the double complex

2={I'(R®2),d},
where d='d+"d and "d=(—1)?d on ['(R?®239. To this double complex

canonically associate the first and the second spectral sequences {/EP9 ‘d,}
and {"E?? "d.}. We know that

'Ept='H?(" H(9))

"Epe="H?('H D)),
where the meaning of the right side may be inferable from the context in
the proof of the next lemma (as to the precise definition, see[9]). Specifically

we have
LEMMA.
(4.3) 'Epe=HP(M, 5(2)),
H?(z(M), W), if ¢=0
(4.4) "EP1—= _
0, otherwise .

PrOOF. We shall first prove [[4.3). Note that "H%(®) is the ¢-th cohomo-
logy group of the complex

//d lld /ld
P N(ERQRIY —> [(ERQI) —> .

Hence there is a natural homomorphism
Q: "HY D) —> ['(T RPQIP(Y)).
D
It is necessary to show that @ is bijective. We only prove that @ is surjective,
since the injectivity of @ can be similarly proved. Take o< ['(> R?Q HU(2)).
p

Then, by a suitable choice of locally finite open covering {U;} (i1=1,2, ---)

of M, o can be represented by {s,;} (i=1,2,--). That is, each s,; belongs

to I'(U;, T R?Q2Y and satisfies 7ds,;=0; besides, the cohomology class
p

of s,; coincides with ¢ on U,. Let p; (1=1,2, ) be homomorphisms from
2 RP to itself with suppp,CU; and 2 p;=1. Setting §=22(0;Q1)(sy;) €
p 7

' &aPR 239, we have 7d§=0. Moreover, if we denote by [§] the cohomo-
Fg
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logy represented by §, @([§]) =0 holds, which shows the surjectivity of @.
Once the bijectivity of @ is established, 'H?(”H%(9)) turns out to be the p-th
cohomology group of ’

d 'd 'd
- DR QAT —> [(R7 @AYT)) —> -

Then immediately follows, since the sequence of sheaves
‘d ‘d ‘d
0 —> ‘_4[11(2) - _(Rl®gg[Q(2) s ... __>_q1p®ﬂp(2) — > e
gives a resolution of #9(2).
The similar reasoning applies to ”E,-terms and then becomes an
immediate consequence of Poincaré’s lemma. This completes the proof.

Proor OF THEOREM. Let {EP? d,} be the first spectral sequence con-
structed in the above. Then we have

Ept=H*(M, %)) .

Moreover, this spectral sequence converges to the graded module associated
to H*(z(M), W) with some filtration, because the second spectral sequence
is degenerate in H*(¢(M), W) and the first and the second spectral sequences
both approximate the cohomology group of the double complex. Thus it
suffices to show that 4%(2) is a locally constant sheaf and each stalk is
isomorphic to H(L,, V).

Let a local coordinates neighborhood (U; x!, ---, x™) with X ]x#|?<1 be
fixed. Assume that the representation dp be explicitly written in the form
of (41). Consequently, p* is given by on U. According to (1.4), any
Le CP[«(M), W]|U is expressible as

L=3L"®é.,
a=1
where L C?[7(M), ¢']ly and each L® has the form

L= LUArap(0wst A -« N\ w4p.

Let £ = {C?[z(M), '], c?} be the Losik complex. Since the Losik complex
is multiplicative, the operation rule of d is uniquely determined by the fol-
lowing formulas:

df = Zn} of w§ (f‘: smooth function on M),

p=1 ox*
dwf =0,
(4.5) P
Aw‘,i:\B%g z (3)ehsaney  (AIZD).
BF0
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Note that in the customary usage of notation we have wj=dx”. Hence, in
case where L e CP[z(M), '] coincides with a usual differential form, dL is
nothing but the exterior differentiation of L. Using c?, we can write down
the explicit form of d as follows:

(46) AT L®2)=3dl Qe+ 3 Coin L ®e..
a=1 a=1 a, 8, A

Here C%#4 denote the coefficients of the representation dp as given in [4.1).
Observe that in the second summation of the right side the multi-indices A
range over only a finite set of multi-indices with |A|=1.

Now consider the abelian subalgebra f of UA(M)|U, generated by {0/0x%,
-« 0/0x"}. Let {E?% d,} be Hochshild-Serre’s spectral sequence of
{CP[z(M), W]|U, d} associated to f. Then, as is easily seen, E? is identified
with the subspace of C?*[ (M), W]|U, consisting of the elements

L=S1°®¢, with
a=1

L= 20 L}y flgBost A - NWft Aot N - N\ oy,
vou, 4

where ¢, v=1,-+,n and |A;|=1. To find the explicit form of d,, it is use-

ful to consider Hochshild-Serre’s spectral sequence {E27 d} of the Losik

complex on U, associated to f. Then, since d,: Ef*— EP it follows from

that
dL=3dL ®e,.

a=1
d,L” is calculated as follows:
dAoL“:‘y’%Ago(Lfflqu ala(WE A s AN N ofE A - N\ @

-i—(—-l)qp%]A(Lﬁ‘l.,.yq AWt A s AN gt A 30((0&{ A - N wfp) .

Observe the right side. By virtue of (4.5), d, occurring in the first summation
is found to be the exterior differentiation, while JO in the second summation
becomes the zero map. Thus, passing from FE,terms to FE;-terms, we can
apply Poincaré’s lemma. Actually we obtain

Ept=0, ¢>0
Elp,oz Cp[T(M), W]const .

Here C?[z(M), W Jconst denotes the subspace of C?[z(M), W ]| U, which consists
of the elements having the form X L*®¢Z, with

L= Y ear-Apui A ..o N\ 4P
|A%1 prpp AL 4p

u
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(the coefficients Y are constants).

It is easy to see that {C?[z(M), W lonst, d} becomes a subcomplex of
{CP[z(M), W]|U, d}, and that the above construction of Hochshild-Serre’s
spectral sequence remains valid for this subcomplex. This involves that the
injection

{CPLe(M), W Jeonst, d} G {CPLc(M), W]IU, d}
induces an isomorphism on FE;-level and hence on the cohomology level.
Finally, referring to § 3, we can verify that the assignment w4— 64 induces
an isomorphism
{CPLe(M), W Jeonst, d} = {CP(L,, V), d} .

Hence, setting %), for the stalk of #%2) at x, we have a canonical iso-
morphism
U (2) ;= HY(L,, V)

for each point x= U, which completes the proof.

Let {C?[c(M), W],d} be the same as above. Hence there is given a
representation p of G(h) on V and {CP[z(M), W], d} is obtained from the
induced differential representation p¥. We say that M is of finite type if
dim H*(M, @) < +o is valid for any locally constant sheaf & over M, with
dim&, < 4+ (x& M).

It is well-known that in the following two cases M is of finite type:

(i) M admits a simple finite open covering;

(ii) dim H*(M; R) < +cc and #,(M) is finite.

Then we have

THEOREM 4.2. i) a) If M is of finite type and dim H*(L,, V) < +oo, then
dim H¥(z(M), W) < +co.

b) In addition, if M is simply connected, we have

dim H?(z(M), W) gq;}zpdim HY(M; R) xdim H"(L,, V).

ity If {C?(L,, V), d} has the stable vange k=k, then {CP[c(M), W], d}
has the stable jet range k= k,.

iii) {CP[c(M), W1, d} has the elliptic jet range [ = h.

PROOF. i) a): Immediate from Theorem 4.1.

i} b): We have only to notice that, if M is simply connected, a locally
constant sheaf necessarily becomes a constant sheaf.

i1): First note that if {C?(L,, V), d} has the stable range k=&, then,
at least for k=%, the subcomplex {C2[z(M), W], d} is well-defined. This
follows from a careful comparison of the coboundary operators in the two
complexes. For k =k, the injection

{CPLe(M), W1, d} G {CP[z(M), W], d}
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induces a homomorphism between the corresponding spectral sequences which
we have introduced in [Theorem 4.3. But this homomorphism becomes an
isomorphism on FE,-level, whence the assertion follows.

iii): For I=h, the subcomplex {C?[c(M), W1, d} is well-defined and the
coboundary operator is given by the differential operator with the first order.
At least locally, the principal part of this differential operator is essentially
expressed as a direct sum of exterior differentiations. Hence the usual proof
on the ellipticity of the de Rham complex applies to this case, which com-
pletes the proof.

It is a fundamental theorem on elliptic complexes that, if M is compact,
any elliptic complex has the finite-dimensional cohomology group (cf. [I]).
Hence we have the following

COROLLARY. If M is compact and {C?[<(M), W1,d} has the stable jet
range, then dim H*(c(M), W) < +co.

This proposes us a problem: If M is compact, are the three conditions
below equivalent? (i) dim H*(z(M), W) < +oo; (i) dim H¥*(L,, V) < +oo;
(iii) {C?’[z(M), W1, d} has the stable jet range.

Combining [Theorem 4.2 with [Theorem 3.1, we obtain

THEOREM 4.3. Assume that dplgl(n; R) is decomposable. Then the assertions
i) and ii) of Theorem 4.2 are valid without any assumption on {CP(L,, V), d}.
Moreover, we have

iv) If 4=0, then H*(z(M), W)=0 (as to the definition of 4, see the pre-
ceding paragraph of Theorem 3.1).

v) If M is simply connected and dim H*(M; R) < 4-co, then we have
S (—DPdim H?(z(M), W)=0.

COROLLARY 1. If dplgl(n; R) is an irreducible rational representation on a
contravariant tensor space, then the cohomology group of {CP[z(M), W1, d}
associated to p* becomes zero.

This follows from the observation that in this case dplgl(n; R)=L[f,, -+,
fm; 0] has to satisfy fi+ -+~ +fn+n0 <0. Hence, in particular, we have

COROLLARY 2. The cohomology group of the adjoint complex {CP[z(M),
t(M)], d} vanishes.

COROLLARY 3. Let T(a, b) be the tensor bundle with contravariant type a
and covariant type b. Let {CP[c(M), T(a, b)],d} be the differential complex
associated to the differential representation by means of Lie differentiation.
Then its cohomology group vanishes when a>b. In other case, a stable jet
range is given by k=Max {1, b—a+1}.

PrOOF. The Lie differentiation can be obtained as the induced differential
representation from the canonical tensorial representation o of gl(n; R) on
the tensor space with type (a,b). From this we can directly check that p
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is decomposed in the form

P'_:‘Z[fn “')fm;aj

with fi+ -+ +fn=(®m—1a+b, 6 =—a. Hence the assertion follows.
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