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§1. Introduction.

A hypersurface of an almost contact manifold does not in general possess
an almost complex structure as is seen by the example of S* in R° or in S°
When considered as a unit sphere in R%, S° carries a contact metric structure
with respect to which S* cannot be imbedded as an invariant hypersurface.
In fact, says that it is impossible to imbed a manifold as an in-
variant hypersurface of a contact space. This situation is in marked contrast
with the well-known fact that a hypersurface (real codimension 1) of an almost
complex manifold admits an almost contact structure. However, this hyper-
surface is clearly not invariant, since the real codimension is 1, for, otherwise
it admits an almost complex structure.

We are thereby led to consider noninvariant hypersurfaces of almost
contact manifolds M. These again admit almost complex structures, but, in
addition, there is a distinguished l-form « induced by the contact form of M.
This situation is examined in detail when the ambient space is affinely co-
symbplectic.

The metric case is especially interesting. Indeed, if M is quasi-Sasakian
(e.g., a normal contact or cosymplectic space) and P is a noninvariant hyper-
surface, then P carries a symplectic, in fact, a Kaehlerian structure, with
Kaehler metric 7.

§2. Hypersurfaces of almost contact manifolds.

Let M(¢, &, ) be a (2n+1)-dimensional almost contact manifold whose
structure is defined by a linear transformation field ¢ acting in each tangent
space M, of M, m< M, a vector field § on M and a contact form x such that
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2.0

ne¢=0, = —Iy,+£Q7,

where I, is the identity of M,
An almost contact manifold M(g, & ») is called normal if the almost
complex structure J/ on M XR given by

] ( f’ ) <¢x fé: n(x) dt)

where f is a C*® real-valued function and x is a vector field on M, gives rise
to a complex structure on M X R. In this case, the tensor field [¢, ¢]1+dnRE&
of type (1,2) vanishes where

E‘ﬁ; C]S:KJC, y) = l__,¢x’ ¢y]_¢|:¢x’ y]_¢[x: ¢y]+¢2[x: y] .

Consider a 2n-dimensional manifold P imbedded in M with imbedding map
1: P—M,

and assume that for each m € P the vector &;.,, does not belong to the tangent
hyperplane of the hypersurface. We therefore have

2.2) Pis X =iy JX+a(X)E,
23) $&=0,

where J and a are tensor fields of type (1,1) and (0,1), respectively, on P, and
ix is the differential of i. If a0, then the submanifold i(P) is called a
noninvariant hypersurface of M. On the other hand, if the 1-form a vanishes,
1(P) is called an invariant hypersurface of M. A hypersurface may, of course,
be neither invariant nor noninvariant. In the remainder of this section, unless
specified otherwise ¢(P) will be a noninvariant hypersurface of the almost
contact manifold M. We shall occasionally refer to P as the hypersurface.

Applying ¢ to the relation and then using (2.1), and again,
we obtain

— 1 X+7(1: X)) = i(J*X)+a(JX)E,

from which

@24) J=—Ip,
and

(2.5) Ca=1*y,

where Ip  is the identity of P,, me P, i* is the dual map of iy and Ca is
the 1-form on P defined by Ca(X)=a(JX).
Thus, the hypersurface P admits an almost complex structure J/ and a
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l-form a whose vanishing means that the tangent hyperplane of the hyper-
surface is invariant by ¢, that is, the hyperplane defined by 7(i(m))=0 is the
tangent hyperplane i(P);cp,-

We introduce a symmetric affine connection ¥ on M and define an affine
connection [/ on P with respect to the affine normal & by

(2-6) Vi*Xi%Y: i*VXY+h(X: Y)S ’

where & is a symmetric tensor field of type (0,2) on P called the second
Jundamental form of P with respect to &.

Suppose that the almost contact structure on M is normal. Then, since
LJ, J/1=0, the torsion tensor field S on M of type (1, 2) given by

@n S(x, ) =Lpx, ¢y1—9Lox, y]—pLx, py1+¢°Lx, y]+dn(x, »)E
vanishes. Putting y=¢ in [2.7), we obtain
2.8) Lep=0, Lep=0,

where L is the Lie derivative operator with respect to & The tensor field
S is also given by

S(x, 3) =7 4(69)—F 3($2)— S 3o y—V ($))
— @ (39— yy2)+ 2 ,y—V %)

+ (N —F yp(—nx, YINE,
or

2.9 S, 9) = 4u)y—F gy $)24-¢7 )2 — GV .3}y
+L )y — )€ -
Thus, by and
SxX, 15Y) = (7i*JX+a(X)E¢) i*Y—(Pi*JHamE@ . ¢
+ &7 v ) i*X_(ﬁi*X¢)i*Y)+((7i*X77> i*Y—‘(ﬁi*Yﬁ) 1xX)&
= rxp+a(X)V 9) 1V = 10y +a(Y )W ep)in X
A+ T 1) 16 X—F 13 D) ix VAT oax)ixY = oyn) isx X } €
=V 1y x(Pix Y )=V 1,12 Y )+ a(X)(T :0) 1Y =V gy ($i X)
+ 07 1y (3 X)—a(Y ) eh)is X
+¢<7i*Y(¢i*X)_¢ﬁi*Y(i*X)—_7i*X(¢i*Y)+¢ﬁi*X(i*Y))
A7 1x G Y D=9 1.2 Y D=V 1p Ga XN +9(T 1 (04 X))}
=V 172 (s JY +a(Y)O) = bl sx Y +R(JX, IO+ (X)) ixY
7 g ix JX+a(X)E)+ G 3y XHR(JY, X)E)—a(Y )V e¢)in X
+ {7 1y (s J X+ a(X)E— P (sl v X+H(Y, X)E)
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—V 1o x G JY +a(Y)E)+ @iV x Y +h(X, Y)E)}
{7 ix((@ o DY )=7(ixV x Y +h(X, Y)E)
—V iy X )46l y X+h(Y, X)E)}E
=1l sx(JY)+h(JX, JY)E+T 5 x(a(Y Ne+a(Y I ;¢ &
—1 JVsx Y —aV ;5 Y)f-i—a(X)(ﬁe@ Y
— il sy (JX)—=h(JY, JX)e—V yp(a(X)NE—a(X)F i 5vE
i)V gy X+l gy X)E— (Y )P e9)ix X
+ @V y(JX)+h(Y, JX)O+a(X )W iy &) +isl v X— (sl v X)E
— @Gl x(JV)HIX, JY)E)—a(Y )P 1. x8)—ixV x Y+ n(ial Y )E
{7 x (@ DY )=l x Y )=V y(a e NX)+ Gl v X)} €
=0l s x(JY )4V 5 x(@(Y NE+ (YW yiox -acxrcE
— i JVsx Y —aW s Y )e4+a(X)V e §)isY
_i*VJY(]X)—VJY(“(X))S_a(X)l7¢i*Y~a(Y)E’S
+ixJV gy X+aW 19 X)e—a(Y )V s $) 1 X
+ i Vy(JX)+aW y(JX)E+a(X)PV i pb+isl v X
— i JV x(JY)—aV x(JY Ne—a(Y )PV 1. x—ixV x Y
+ {7 x(aNY)=V (@) X)} &
= 14 {V yx(JY )=V 5y (JX)—JV 1Y =V (JX))
—J x(JY )=V 13 X)—(V x Y —F y X)}
+(Tep+¢ V-V O (X)ixY —a(Y)isX)
A+ V2 x(@(Y )=V gp(@(X)—aV 15 Y )+alV 5y X)
—a(V x(JY ) +aW y(JXN)+V x(ae ) Y )=V y(a-)X)} &
=i {[JX, JYI-JUJX, YI-J[X,JY]-[X, Y]}
+L:p{a(X)ixY —a(Y )i X}
H{Trx)Y = sy ) X+ x)(JY )=V ya(JX)} €,
that is,
(2.10) SEeX, 1Y) =1L, JIX, Y)+ Lep{a(X)is YV —a(Y )iy X }
+{da(JX, Y)+da(X, JY)} €.

Hence, we have

THEOREM 1. A nonminvariant hypersurface of a normal almost contact
manifold M(¢, &, n) is a complex manifold carrying a 1-form a=C'i*y whose
differential has bidegree (1, 1) with respect to the complex structure J.
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COROLLARY ([2], [4]). An invariant hypersurface of an almost contact
manifold is an almost complex manifold. If the almost contact structure is
normal, then the almost complex structure is integrable.

The above computation also yields

THEOREM 2. Let & be an infinitesimal automorphism of the almost contact
structure M(9, &, v). If, for every noninvariant hypersurface, (a) the induced
almost complex structure J is integrable and (b) the differential of the induced
1-form C-'t*y is of bidegree (1, 1) with respect to J, then M(¢, &, ) is normal.

§ 3. Hypersurfaces of affinely cosympleetic and normal contact manifolds.

Let M be an almost contact manifold with a symmetric connection ¥ and
denote by F the induced connection on the noninvariant hypersurface P [see

formula [2.6)]. If we put
Vxi0)Y = ﬁi*X Y =il £V,

the equation of Gauss and Weingarten are

and
3.2 71}1'5: —i HX+w(X)E,

where & and H are the second fundamental tensors (of type (0, 2) and (1, 1),
respectively) of P with respect to & and & is a 1-form on P defining the
connection on the affine normal bundle. '

Covariant differentiation of [2.2), in which X is replaced by Y, yields after
applying [3.1), and then again
(33 Fox®inY =[(X, JY)+F za)(¥)+a(Y) - o(X)]€
+i [P x DY —a(YYHX].

Case 1: M 1is affinely cosymplectic. An almost contact manifold M(¢, &, n)
with a symmetric affine connection F is said to be affinely cosymplectic (see

if

(CX:) V=0, FVyp=0.

An affinely cosymplectic manifold is clearly normal as is seen from |(2.9)
From (2.1) one easily sees that the relations imply that

3.5) Ve=0

also. Hence, by [3.2), HX=0 and o(X)=0. Moreover, /¢ being zero, we also
have

Vj=0
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and
Fxa)(Y)=—h(X, JY).

Case II: M is affinely Sasakian. An almost contact manifold M(g, &, )
with a symmetric affine connection 7 is said to be affinely Sasakian if it is
normal and

p=re.
If M(¢, &, n) is affinely Sasakian, then by and [(3.2), we have
e JX+a(X)é = —iHX+w(X)E,

that is

3.6) J=—H
and

Q.7 a=w.

If M is Sasakian (see §4), that is, if M is a normal contact manifold with
a compatible metric g, then M is affinely Sasakian with respect to the Rieman-
nian connection, so the relation cannot hold; for, I is symmetric and J
is skew symmetric with respect to g. Thus, there are no noninvariant hyper-
surfaces of a Sasakian manifold.

If for every vector field X on P, HX =0, then /;,x& and & are proportional
by [3.2). Hence the affine normals are parallel along the hypersurface. In this
case, P is said to be totally flat.

PROPOSITION 1. Let P be a noninvariant hypersurface of an affinely cosym-
plectic manifold. Then P is totally flat and

Vrj=0,
Vxa)(Y)=—hX,]JY),
=0,

COROLLARY. Let P be an invariant hypersurface of an affinely cosymplectic
manifold. Then

VJ—_—O,
h=0,
w=0,.

PROPOSITION 2. Let P be a noninvariant hypersurface of an affinely Sasa-
kian manifold. Then

and
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PROPOSITION 3. There are no noninvariant hypersurfaces of a Sasakian
manifold.

If the affine normal & of i(P) is torse-forming (see [7]), P is said to be
affinely umbilical. In this case, H=AI for some function A on i(P). If the
ambient space is affinely cosymplectic, 4 vanishes. On the other hand, if the
ambient space is affinely Sasakian, then, by the hypersurface
cannot be totally umbilical.

PROPOSITION 4. A noninvariant hypersurface of an affinely Sasakian space
cannot be affinely umbilical.

§4. Hypersurfaces of almost contact metric spaces.

An almost contact manifold M(¢, &, ») admits a Riemannian metric g
such that

g(X, & =n(X),

and in this case we denote the manifold with structure (¢, &, ) by M(9, 5, g).
Let P(J, a, G) be a noninvariant hypersurface of M(¢, », g) where G is
the induced metric on P, that is G=1*g. By (4.1),

g(Pis X, ixY) = —g@ X, ¢ixY),

Al

so by [(2.2)
g JX, 14 Y )+ a(X)n(xY) = —g (s X, 15 JY )—a(Y )n(ix X) .
The induced metric G on P(J, @) is given by
G(X, Y)=g@ X, 14Y).
Hence by
GUX, Y)+a(X)Ca(Y)=—G(X, JY)—a(Y)Ca(X),
that is
GCH+HaQ@a)(JX,V)=—(G+aQa)X,]Y).

PROPOSITION 5. The noninvariant hypersurface P(J, @, G) of the almost
contact manifold M(¢, 5, g) admits an hermitian metric

4.2) G*=G+aQ@a.

We show that a Kaehlerian metric can be defined on P. To this end, put
(4.3) Q¥ X, Y)=G*(JX,Y)
and

4.4 O(x, ) =g(9x, ),
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where x and y are vector fields on M. The 2-forms £2* and @ are known as
the fundamental forms of P(J, G*) and M(9, 7, g), respectively. Then,

D(ixX, 1Y) = g(Pix X, ixY)
=g(xJX+a(X)E, ixY)
=g xJX, 1xY)+a(X)g(§, ixY)
=G(JX, Y)+a(X)niY)
=G(JX, V)+a(X)Ca(Y)

=G*(JX, V)—Ca(X)a(Y )+ a(X)Ca(Y),
that is,

4.5) O =00*—CaNa.

Since the 2-form @ is of maximal rank and 7 is a regular map, the tensor
7y =G—Ca@ Ca defines a positive definite Riemannian metric, and it is easily
checked that it is hermitian with respect to J. In fact, if @ is closed, 7 is
an almost Kaehler metric and £2*—Ca A a is the fundamental 2-form of the
almost Kaehler manifold P(J, y). If the structure on M is normal, P(J, 7) is
Kaehlerian.

A (2n-+1)-dimensional manifold M carrying a 1-form % with the property

nAdp"+0

is said to have a contact siructure, and in this case, M is called a contact
manifold. It is well-known that on a contact manifold there exists an almost
contact metric structure (@, », g) with contact form 7z defining the contact
structure and

g(@x, y)=dn(x, ).

A normal contact metric manifold is also called a Sasakian manifold.

An almost contact metric manifold is almost cosymplectic if its fundamental
and contact forms are both closed. If, in addition, the structure is normal,
it is called cosymplectic, and in this case, the contact form has vanishing
covariant derivative. Examples are provided by NXR or NXS' where N is
an (almost) Kaehler manifold. For complete simply connected cosymplectic
spaces by the de Rham decomposition theorem, one sees that the only ex-
amples are products with one factor Kaehlerian [3].

An almost contact metric structure is said to be quasi-Sasakian if it is
normal and its fundamental form is closed (see [1]). Thus, Sasakian and
cosymplectic manifolds are quasi-Sasakian.

THEOREM 3. Let M(¢, 5, g) be a quasi-Sasakian manifold and P(J, a, G) a
noninvariant hypersurface of M with meiric G induced by g. Then, P(J, a, 1)
is Kaehlerian.
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COROLLARY ([2]). Let M(¢, 7, g) be a quasi-Sasakian manifold and P(]J, G)
an invariant hypersurface of M with metric G induced by g. Then, P(J, G) is
a Kaehler manifold.

We show that the hermitian metric G* of is also a Kaehler
metric provided the ambient space is cosymplectic and a =0 is completely
integrable.

Let M(¢, 5, g) be a cosymplectic manifold. Then, since @ is closed,

4.6) 1. x D)@Y, ik Z2) 4+ 1y D)ix Z, 1 X)+ T 1,2D)(ixX, 1Y ) = 0.
On the other hand, from
4.7 Vi@0)=V 3 2*—V yCa Na—Ca AV xa.

Substituting in we get
Wx 2N, Z)+W r 2NZ, X)+F 22X, Y)
—{VxCa)Y - a(Z)+Ca(Y YV x)Z
—VxCa)Z - a(Y)—Ca(Z)V ya)Y
+PyCa)Z - a(X)+CalZ)V ya) X
—lyCa)X - a(Z)—Ca(X)V ya)Z
+F2Ca) X - (Y )+Ca(X)V z)Y
—F,Ca)Y - a(X)—Ca(Y)YV za) X }
=0.

But, since 7 is closed,
P xCa)Y = yCa)X,

so that ,
d*(X, Y, Z)+Ca(X)da(Y, Z)
+Ca(Y)da(Z, X)+Ca(Z)da(X, Y)=0.
By [Theorem 1|, since M is normal, J is integrable and da is of bidegree
(1,1). Hence,

dO¥(X, Y, Z)+Ca(X)da(JY, JZ)
+Ca(Yda(JZ, JX)+Ca(Z)dal JX, JY)=0.

If =0 is completely integrable, then da=a A S for some 1-form B. Thus,
in particular

Ca(X)da(JY, JZ)=Ca(X) - a A B(JY,JZ)
= Ca(X){Ca(Y)CH(Z)—Ca(Z)CH(Y)} .

We conclude that 2% is closed and the metric G+a®a is a Kaehler metric.
THEOREM 4. If M(®, 1, g) is a cosymplectic manifold, then the hypersurface
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P(J, a, G+a@a) is Kaehlerian if and only if a=0 is completely integrable.

From we obtain

COROLLARY 4.1. An invariant hypersurface of an (almost) cosymplectic
manifold is an (almost) Kaehler manifold.

An application of also yields

COROLLARY 4.2. Let M($, n, g) be a cosymplectic manifold and P(J, a, G)
a totally flat hypersurface of M. Then, the manifold P(J, «) with metric G+a
QR a is Kaehlerian.

THEOREM 5. There does not exist an invariant hypersurface of a contact
manifold.

PrOOF. Let i(P) be an invariant hypersurface of the contact manifold M.
Since the fundamental form @ of M is derived, namely, @ =d», and since
1(P) is invariant, ¢*» vanishes. Hence

*Q =1*dyp=di*p=0.
Moreover, i(P) being invariant, we have
P X =1, JX,
from which
0=1*0 =20,
which is impossible.

Theorem 5 also follows from a theorem of Sasaki: The highest dimension
of integrable submanifolds of the contact distribution of a contact manifold
of dimension 2n+1 is n. ([6], Theorem 17.3).

COROLLARY. S* cannot be imbedded as an invariant hypersurface of R® or
S% regarded as a (normal) contact manifold.

This is also a consequence of the corollary to since the second

Betti number of S* vanishes.
University of Illinois,

Urbana, Illinois

Bibliography
[1] D.E. Blair, The theory of quasi-Sasakian structures, J. of Diff. Geom., 1 (1967),
331-345.
(2] D.E. Blair and G.D. Ludden, Hypersurfaces in almost contact manifolds, to

appear.

3] D.E. Blair and S.I. Goldberg, Topology of almost contact manifolds, J. of Diff.
Geom., 1 (1967), 347-354.

{47 S.S. Eum, On complex hypersurface in normal almost contact spaces, Tensor,
19 (1968), 45-50.

[5] S.I. Goldberg and K. Yano, Affine hypersurfaces of complex spaces, submitted.

{671 S. Sasaki, Almost contact manifolds, Part II, T6hoku University, (1967).

[71 K. Yano, On the torse-forming directions in Riemannian spaces, Proc. Imp. Acad.
Tokyo, 20 (1944), 340-345.



	Noninvariant hypersurfaces ...
	\S 1. Introduction.
	\S 2. Hypersurfaces of ...
	THEOREM 1. ...
	THEOREM 2. ...

	\S 3. Hypersurfaces of ...
	\S 4. Hypersurfaces of ...
	THEOREM 3. ...
	THEOREM 4. ...
	THEOREM 5. ...

	Bibliography


