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The unique-continuation property of solutions of partial differential equa-
tions is closely related with the analyticity of solutions. So in this paper we
intend to study relations between the unique-continuation property of solutions
in some variables and the generalized analyticity of solutions in these vari-
ables. First we introduce various notions of generalized analyticity of vector-
valued functions, relative analyticity, relative quasi-analyticity, and those in
weak sense. Then we study the generalized analyticity of solutions of par-
tially elliptic or partially hypo-elliptic equations.

Only partial differential equations with constant coefficients are treated
here. In special cases the analyticity of solutions has been discussed even for
non-analytic coefficients. (For instance, see [5]). Generalization of our results
to the case of variable coefficients will be interesting but it seems to be
difficult.

The author expresses his sincere thanks to Professors E. T. Poulsen and
T. Yamanaka who read a part of the manuscript and gave suggestions.

\S 1. Quasi-analyticity of vector-valued functions.

In this chapter we consider generalized analyticity and unique-continuation
property of a family $\{f_{\alpha}(t)=f_{\alpha}(t_{1}, t_{2}, \cdots , t_{n})\}$ of continuous functions defined
on a real domain $\Omega^{n}\subset R$“, whose range is in a locally convex linear space $E$.
We say that a family $\{f_{\alpha}(t)\}$ has the unique-continuation property if any two
elements $f_{\alpha}(\cdot)$ and $f_{\beta}(\cdot)$ which are equal on some open subset of $\Omega^{n}$, are identic-
ally equal on the whole domain $\Omega^{n}$ , and say that it has the strict unique-
continuation property if any two elements $f_{\alpha}(\cdot)$ and $f_{\beta}(\cdot)$ whose difference $f_{\alpha}(\cdot)$

$-f_{\beta}(\cdot)$ has a $z$ero point of infinite order, are identically equal on the whole
domain $\Omega^{n}$ .

1. Relatively analytic functions. As is well known, an E-valued function
$f(\cdot)$ defined on a complex domain $D^{n}\subset C^{n}$ or on a real domain $\Omega^{n}\subset R^{n}$ is
called analytic if and only if $f(\cdot)$ has a power series expansion
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$f(t_{1}, \cdots , t_{n})=\Sigma a_{p_{1}\cdots p_{n}}(t_{1}-t_{1}^{0})^{P1}\cdots(t_{n}-t_{n}^{0})^{p_{n}}$ ,

$a_{p_{1}\cdots p_{n}}\in E$ .
in a neighbourhood of each point $(t_{1}^{0}, \cdots , t_{n}^{0})\in D^{n}$ or $\Omega^{n}$ .

$E^{\prime}$ denotes the dual space of $E$ . If $E$ is sequentially complete and $f(\cdot)$ is
scalarly analytic ( $i$ . $e.,$ $\langle f(\cdot),$ $ u\rangle$ is analytic for each $u\in E^{\prime}$) on a complex do-
main $D^{n}$, then $f(\cdot)$ is analytic. However, if $f(\cdot)$ is scalarly analytic on a real
domain $\Omega^{n}$ , then $f(\cdot)$ need not be analytic on $\Omega^{n}$ when $E$ is infinite-dimensional,

for the analyticity of each $\langle f(\cdot), u\rangle$ on some complex neighbourhood of $\Omega^{n}$

depending on $u$ does not imply the analyticity of all $\langle f(\cdot), u\rangle$ on a fixed com-
plex neighbourhood of $\Omega^{n}$ .

We consider the subspace of $E^{\prime}$ ,

{ $u\in E$‘ $|\langle f(\cdot),$ $ u\rangle$ is analytic on a complex domain $D^{n}$ }

which contains at least one element $0$ , and does not coincide with $E^{\prime}$ if $f(\cdot)$

is not analytic on $D^{n}$ . We give a generalization of the analyticity as follows.
DEFINITION 1. An E-valued continuous function $f(\cdot)$ defined on a complex

domain $D$“ (or on a real domain $\Omega^{n}$) is called relatively analytic if the subspace
{ $u\in E^{\prime}$ : $\langle f(\cdot),$ $ u\rangle$ is analytic on $D^{n}$ } (or resp. the subspace { $ u\in E^{\prime}|\langle f(\cdot), u\rangle$ is
analytic on $D^{n}$ } for some complex neighbourhood $D^{n}$ of $\Omega^{n}$) is total on $E$ .

Relative analyticity is characterized as follows.
PROPOSITION 1. An E-valued continuous function $f(\cdot)$ defined on a complex

domain $D^{n}$ is relatively analytic if and only if there exists some linear space $F$

containing $E$, endowed with a locally convex separated topology weaker than
that of $E$, such that $f(\cdot)$ is analytic on $D^{n}$ as an F-valued function.

PROOF. If $f(\cdot)$ is relatively analytic, then we put

$G=$ { $u\in E^{\prime}|\langle f(\cdot),$ $ u\rangle$ is analytic on $D^{n}$ }
and

$F=the$ set of all linear functionals on $G$ with

the weak topology $\sigma(F, G)$ .
Then $F$ is complete and $\langle f(\cdot), u\rangle$ is analytic for any $u\in F^{\prime}=G$ , hence $f(\cdot)$ is
analytic as an F-valued function. Moreover $F\supset E$, since $G$ is total on $E$.
Conversely, if such a space $F$ exists, $F^{\prime}$ is total on $E$ . Since $F$‘ is contained
in { $u\in E^{\prime}$ ; $\langle f(\cdot),$ $ u\rangle$ is analytic}, the subspace { $u\in E^{\prime}|\langle f(\cdot),$ $ u\rangle$ is analytic} is
total on E. $q$ . $e$ . $d$ .

A family of E-valued functions $\{f_{\alpha}(t)|t\in D^{n}\}$ may be called uniformly
relatively analytic if the set $\cap$ { $u\in E^{\prime}|\langle f_{\alpha}(\cdot),$ $ u\rangle$ is analytic on $D^{n}$ } is total on

$\alpha$

$E$, and called merely relatively analytic if all of its finite subset are uniformly
relatively analytic. It is easy to see that a relatively analytic family has the
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strict unique-continuation property. Note that even if each element of a family
is relatively analytic, the family has not necessarily the unique-continuation
property. (See Example 2.)

PROPOSITION 2. For a continuous n-parameter group of bounded linear
transformations $\{U_{t}|t\in R^{n}\}$ on a Banach space $E$ , the family $\{U_{t}f|f\in E\}$ is
uniformly relatively analytic in $t$ .

PROOF. For simplicity we shall prove our Proposition in case of a one-
parameter group. Since we have

$\lim_{k\neg\infty}\langle f, -k\sqrt{\pi}-\int_{-\infty}^{\infty}e^{-k^{2}t^{2}}U_{t}^{*}udt\rangle=\langle f, u\rangle$ for $f\in E,$ $u\in E^{\prime}$ ,

where $U_{t}^{*}$ means the transposed operator of $U_{t}$ , the set

$\{\int_{-\infty}^{\infty}e^{-k^{2}i^{2}}U_{t}^{*}udt|u\in E^{\prime},$ $k=1,$ 2, $\}$

is total on $E$. Hence it suffices to show that $\langle U_{s}f, \int_{-\infty}^{\infty}e^{-k^{2}t^{2}}U_{t}^{*}udt\rangle$ is analytic
in $s$ for any $f\in E$.

$\langle U_{s}f, \int_{-\infty}^{\infty}e^{-k^{2}t^{2}}U_{t}^{*}udt\rangle=\int_{-\infty}^{\infty}\langle U_{s}f, e^{-k2t^{2}}U_{t}^{*}u\rangle dt$

$=\int_{-\infty}^{\infty}\langle U_{s+t}f, e^{-k^{2}t^{2}}u\rangle dt$

$=\int_{-\infty}^{\infty}e^{-k^{2}(t-s)2}\langle U_{t}f, u\rangle dt$ .
Since $|\langle U_{t}f, u\rangle|<Ae^{B|t|}$ for some constants $A$ and $B$ , the last integral is con-
vergent uniformly in $s$ when $s$ is in a bounded complex domain. Hence the
above function is analytic in $s$ . $q$ . $e$ . $d$ .

Note that for a group $\{U_{t}\}$ on a locally convex linear space or for a semi-
group $\{U_{t}|0\leqq t<\infty\}$ on a Banach space, a function $U_{t}f$ is not necessarily
relatively analytic. We shall give such an example.

EXAMPLE 1. Let $E$ be a Banach space $ C_{0}[0, \infty$) $=\{f|f(x)$ is continuous in
$[0, \infty),$

$\lim_{x\rightarrow\infty}f(x)=0$ } with the uniform norm $\Vert f\Vert_{\infty}=\sup|f(x)|$ , or a locally con-

vex linear space $C(-\infty, \infty)=the$ set of all continuous functions in $(-\infty, \infty)$

with the topology of uniform convergence on every compact set in $(-\infty, \infty)$ .
We consider the translation operator $U_{t}$ : $f(x)\rightarrow f(x+t)$ on $E$ . Let $f_{0}(x)$ be a
non-zero continuous function in $E$ with compact carrier. For any $g\in E^{\prime}$ we
have

$\langle U_{t}f_{0}, g\rangle=0$ for sufficiently large $t$ .
Hence if $\langle U_{t}f_{0}, g\rangle$ is analytic in $t$ , it is identically $z$ero. This means that the
subspace { $u\in E^{\prime}|\langle U_{t}f_{0},$ $ u\rangle$ is analytic} $=\{0\}$ is not total on $E$.
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EXAMPLE 2. Let $E$ be a Banach space $C_{0}(-\infty, \infty)=the$ set of all con-
tinuous functions vanishing at $\pm\infty$ with the uniform norm. For bounded
continuous non-zero functions $u(x)$ and $v(x)$ , we consider groups of transfor-
mations $U_{t}:f(x)\rightarrow u(x)f(x+t)/u(x+t)$ and $V_{t}:f(x)\rightarrow v(x)f(x+t)/v(x+t)$ . When
$0<\epsilon<u(x),$ $v(x)<M$, they are continuous groups of transformations on $E$.
We pick up a non-zero function $f_{0}(x)$ with a compact carrier in [–1, 1]. If
$u(x)=v(x)$ for $x\in[-2,2]$ , then $U_{t}f_{0}=V_{t}f_{0}$ for $t\in[-1,1]$ , and in general
$U_{t}f_{0}\neq V_{t}f_{0}$ for $t\not\in[-1,1]$ . However, by virtue of Proposition 2, our func-
tions $U_{t}f_{0}$ and $V_{t}f_{0}$ are relatively analytic E-valued functions.

In Example 1, an element $U_{t}$ of the semi-group on the Banach space
$C_{0}[0, \infty)$ is not a one-to-one operator, hence the family $\{U_{t}f|f\in C_{0}[0, \infty)\}$

naturally has not the unique-continuation property. However for any group
$\{U_{t}\}$ of transformations on a locally convex linear space $E$ the family
$\{U_{t}f|f\in E\}$ has evidently the unique-continuation property. Later we shall
introduce a weaker notion of analyticity applicable to groups of transforma-
tions. For that purpose we need the theory of quasi-analytic functions.

2. Scalar-valued quasi-analytic functions. For a multi-index $p=(p_{1},$ $p_{2}$ ,

... , $p_{n}$), we denote $D^{p}=(\div\frac{\partial}{\partial t_{1}})^{p_{1}}(\frac{1\partial}{i\partial t_{2}})^{p_{2}}\cdots(\div-\partial\frac{\partial}{t_{n}})^{2n}$

DEFINITION 2. Let $\{b_{q}|q= (q_{1}, q_{2}, \cdots , q_{n})\}$ be a sequence of positive num-
bers with multi-indices. Then a family $C\{b_{q}\}$ of $C^{\infty}$-functions on $R^{n}$ is de-
fined by

$C\{b_{q}\}=\{f(t)|\sup_{\iota\in K}|D^{q}f(t)|\leqq B^{|q|}b_{q}$ for any compact

$K\subset R^{n}$ and for some constant $B=B(f, K)$ }.

$C\{b_{q}\}$ is the family of all analytic functions if $b_{q}$ is $q!=q_{1}!q_{2}$ ! $\cdots q_{n}!$ . The
family $C\{b_{q}\}$ is called quasi-analytic if $C\{b_{q}\}$ has the unique-continuation $pro\rightarrow$

perty. It is easily seen that a quasi-analytic family $C\{b_{q}\}$ has the strict
unique-continuation property. The following fundamental theorem (see $[3]\rangle$

is well known;
THEOREM. Let the dimension $n=1$ . A family $C\{b_{q}\}$ is quasi-analytic if

and only if
$\int_{1}^{\infty}\frac{\log\Gamma(r)}{\gamma^{2}}dr=\infty$ for $\Gamma(r)=\sup_{q}\frac{r^{q}}{b_{q}}$ .

As special cases of the above theorem, we have the following two corol-
laries.

COROLLARY 1. A family $C\{b_{q}\}(n=1)$ is quasi-analytic if

$\sum_{q}\frac{1}{q\sqrt{b_{q}}}=\infty$ .
COROLLARY 2. A family $C\{b_{q}\}$ is quasi-analytic if
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(1) $b_{q}=a_{1}a_{2}\cdots a_{|q|}$ with $\sum_{t=1}^{\infty}\frac{1}{a_{i}}=\infty$ , $ 0<a_{1}\leqq a_{2}\leqq\ldots$

The following theorem concerning regularization by quasi-analytic mol-
lifiers is the main purpose in this section.

THEOREM 1. For an arbitrary positive continuous function $H(x)\in C(R^{n})$ ,
there exists a sequence $\{b_{q}\}$ satisfying (1) and exist $\{f_{k}(\cdot)|k=1, 2, \}\subset C\{b_{q}\}$

such that

(2) $\Vert f_{k}(\cdot)\Vert_{1}=1$ , $f_{k}(t)\geqq 0$ ,

(3) $h(t)*f_{k}(t)\in C\{b_{q}\}$ for any $h$ with $|h(t)|\leqq H(t)$ ,

\langle 4) $h(t)*f_{k}(t)\rightarrow h(t)$ uniformly on every compact set, as $ k\rightarrow\infty$ .
For the proof, we need some lemmas.
LEMMA 1. Let $\{a_{k}\}$ be an increasing sequence of positive numbers such

that $\sum\frac{1}{a_{k}^{2}}<\infty$ with $a_{1}\geqq 1$ , and let $\varphi_{k}(t)$ be functions defined for $t\in R^{n}$ with

the properties
$\Vert\varphi_{k}\Vert_{1}=1$ , $\varphi_{k}(t)=0$ for $|t|>\frac{1}{a_{k}}$ , $k=1,2,$ $\cdots$

and
$\varphi_{k}(t)\geqq 0,$ $\varphi_{k}(-t)=\varphi_{k}(t)$ for $k\geqq N$ ($=a$ fixed positive integer $\geqq 3$).

Put $f_{k}(t)=\varphi_{1}*\varphi_{2}*\cdots\varphi_{k}(t)$ . If $\varphi_{1}$ and $\varphi_{2}$ satisfy the $Li$pschitz condition $|\varphi_{i}(t+h)$

$-\varphi_{i}(t)|\leqq M_{1}|h|$ for all $t$ and $h\in R^{n}$ , then $\{f_{k}(t)\}$ converges uniformly to some
function $f(t)$ satisfying

(5) $|f(t)|\leqq\sum_{\ell=k+1}^{N}--+\sum_{i=\max(k+1,N+1)}^{\infty}\frac{M}{a}2-M_{i}ai$ for $|t|\geqq\sum_{i=1}^{k}\frac{1}{a_{i}},$ $k=1,2,$ $\cdots$

with some constant $M$ depending on $\varphi_{1}$ and $\varphi_{2}$ .
PROOF. For $k<N$ we have easily

(6) $|f_{k+1}(t)-f_{k}(t)|=|\int_{R^{n}}(f_{k}(t-s)-f_{k}(t))\varphi_{k+1}(s)ds|$

$\leqq\frac{M_{1}}{a_{k+1}}$ .

Put $\phi_{k}=\varphi_{8}*\varphi_{4}*\cdots*\varphi_{k}$ . Since $\Vert\varphi_{k}\Vert_{1}=1$ , we have $\Vert\phi_{k}\Vert_{1}\leqq 1$ . Now $f_{k}=\varphi_{1}*\varphi_{2}*\phi_{k}$

and therefore for $k\geqq 3$

$|f_{k}(t+s)+f_{k}(t-s)-2f_{k}(t)|$

$=|\int\int(\varphi_{1}(\sigma+s)-\varphi_{1}(\sigma))(\varphi_{2}(\tau)-\varphi_{2}(\tau-s))\phi_{k}(t-\sigma-\tau)d\sigma d\tau|$

$\leqq M_{1}^{2}|s|^{2}2\sup_{\subset t^{\wedge}R^{n}}\int\int_{|\sigma|\leqq\frac{1}{a_{1}}}|\phi_{k}(t-\sigma-\tau)|d\tau d\sigma$

$\leqq CM_{1}^{2}|s|^{2}$ ,



146 Y. K6 MURA

where $C$ depends on $a_{1}$ only. Using this estimate we get for $k\geqq N$

(7) $|f_{k+1}(t)-f_{k}(t)|=|\int\{f_{k}(t-s)-f_{k}(t)\}\varphi_{k+1}(s)ds|$

$=\frac{1}{2}|\int\{f_{k}(t+s)+f_{k}(t-s)-2f_{k}(t)\}\varphi_{k+1}(s)ds|$

$\leqq\frac{1}{2}CM_{1}^{2}\int|s|^{2}|\varphi_{k+1}(s)|ds\leqq\frac{CM_{1}^{2}}{2a_{k+1}^{2}}=\frac{M}{a_{k+1}^{2}}$ :

$k$ 1Since $f_{k}(t)=0$ for $|t|\geqq\sum_{i=1}\overline{a_{i}}$ , we have

$f_{k+m}(t)=\sum_{i=1}^{m}\{f_{k+i}(t)-f_{k+i-1}(t)\}$ for $|t|\geqq\sum_{i=1}^{k}\frac{1}{a_{i}}$

The statement of the lemma now follows from (6) and (7). $q$ . $e$ . $d$ .
$k$

We denote $\varphi_{1}*\varphi_{2}*\cdots*\varphi_{k}(t)=*\varphi_{j}(t)$ .
$j=1$

LEMMA 2. For the function $\overline{\varphi}(s)$ of one-variable such that $\overline{\varphi}(s)=\max(0,1$

$-|s|)$ , we put $\varphi(t)=\prod_{j=1}\overline{\varphi}(t_{j})n(t= (t_{1}, t_{2}, \cdots , t_{n}))$ and $\varphi_{k}(t)=a_{k}\varphi(a_{k}t)$ . Then each

derivative of $f(t)=_{k=}*_{1}\varphi_{k}(t)$ satisfies

(8) $|D^{p}f(t)|\leqq 2^{|p|}a_{1}a_{2}\cdots a_{|p|}M(.\sum_{:=\max(|p|+1,k+1)}^{\infty}\frac{1}{a_{i}^{2}}+\sum_{t=k+1}^{|p|}\frac{1}{a_{i}})$

for $|t|\geqq\sum_{i=1}^{k}\frac{1}{a_{i}}$ ,

where $M$ is a constant independent of $a_{k}$ for $k>4$ .
PROOF. We assume $p_{1}=\max(p_{1}, p_{2}, \cdots, p_{n})$ without loss of generality.

Then for $|p|\geqq 4n$ , we have $p_{1}\geqq 4$ . For the one-variable function

$\overline{\phi}_{k}(s)=\left\{\begin{array}{l}-a_{k}^{2}signs for|s|\leqq a_{k}^{-1}\\0 for|s|>a_{k}^{-1},\end{array}\right.$

we put $\phi_{k,j}(t)=\phi_{k,j}(t_{1}, \cdots , t_{n})=\overline{\phi}_{k}(t_{j})\prod_{i\prec j}a_{k}\overline{\varphi}(a_{k}t_{i})$ . Then we have

$D^{p}f(t)=\lim_{\iota\rightarrow\infty}(-i)^{|p|}(*\phi_{j,1})*(*\phi_{j,2})*j1j=^{1}p_{1}+1p_{=^{1}}p+p_{2}$

$*(*\phi_{j,n})*\varphi_{|p|+1}*\cdots*\varphi_{l}(t)j=p_{1}+\cdot\cdot+p_{n-1}+1|.p|$

Note that $\phi_{1,1}*\phi_{2,1}$ and $\phi_{\$,1}*\phi_{4,1}$ satisfy the Lipschitz condition. Applying

Lemma 1 to $(-2\emptyset a_{1^{1}}^{1}-)*(-2\emptyset a_{2}^{2,1}-)*\cdots*(\frac{\phi_{|p|n}}{2a_{|p|}})*\varphi_{|p|+1}*\cdots*\varphi_{1}(t)$ , which coincides

with ($ 2^{1p1a_{1}a_{2}\cdots a_{1pI})^{-1}D^{p}(*\varphi_{i})}i=t\iota$ we have for $|p|\geqq 4n$
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$|D^{p}f(t)|\leqq 2^{(p1}a_{1}a_{2}\cdots a_{|p|}M^{\prime}(\sum_{i=\max(|p|+1,k+1)}^{\infty}\frac{1}{a_{i}^{2}}+\sum_{i=k+1}^{|p|}\frac{1}{a_{i}})$

$k$ 1for $|t|\geqq\sum_{i=1}\overline{a_{i}}$

$M^{\prime}$ depends only on $\phi_{1,1}*\phi_{2,1}$ and $\phi_{8,1}*\phi_{4,1}$ . Therefore the inequality (8) holds
good for any $p$ also.

LEMMA 3. For a monotone-decreasing sequence $\{\epsilon_{m}\}$ of positive numbers,
there exists a $C^{\infty}$-function $f(t)$ satisfying the following two conditions:

(i) $f(t)\geqq 0$, $\Vert f\Vert_{1}=1$ .
(ii) For any $p=(p_{1}, \cdots , p_{n})$ , we have

$\sup_{|t|\geqq m}|D^{p}f(t)|\leqq M\epsilon_{m}a_{1}a_{2}\cdots a_{|p|}2^{|p|}$ , $m\geqq\sum_{i=1}^{|p|}\frac{1}{a_{i}}$

for some constant $M$, where $\{a_{k}\}$ is a sequence such that

(9) $\sum_{k=1}^{\infty}\frac{1}{a_{k}}=\infty$ , $ 1\leqq a_{1}\leqq a_{2}\leqq\ldots$

PROOF. Since the function $f(t)$ in Lemma 2 satisfies conditions (i) and (8),
it suffices to choose a sequence $\{a_{k}\}$ satisfying (9) such that

(10) $\mu_{m}\leqq\epsilon_{m}$, for $\epsilon_{m}=\sum_{i=k_{m}+1}^{\infty}\frac{1}{a_{i}^{2}}$ , $k_{m}=\max\{k|m\geqq\sum_{\iota=1}^{k}\%^{-1}\}$ .

Put $\lambda_{m}=\min$ ( $\frac{\lambda_{m-1}}{2}$, $\underline{\epsilon}_{2^{m}}-$), $\lambda_{0}=\epsilon_{1}$ . Suppose that $\{a_{i}|i\leqq k_{j}\}$ is determined such

that, for $m<j$,

(11) $\sum_{i=k_{m}+1}^{k_{m+1}}\frac{1}{a_{i}^{2}}<\lambda_{m}$ , $\sum_{i=k_{m}+1}^{k_{m+1}}\frac{1}{a_{i}}=1$ .
Then we define

$k_{j+1}=k_{j}+[\lambda_{j}^{-1}+1]$ , $a_{i}=[\lambda_{j}^{-1}+1]$ for $k_{j}+1\leqq i\subseteqq k_{j+1}$ ,

and so by induction we obtain a sequence $\{a_{k}\}$ . We see easily that (11) is
satisfied for $m=j$, hence (11) is satisfied for all $m$ . Moreover we have

$\sum_{i=k_{j}+1}^{\infty}\frac{1}{a_{i}^{2}}=\sum_{m=j}^{\infty}\sum_{i=k_{\eta\iota}+1}^{k_{m+1}}\frac{1}{a_{i}^{2}}\leqq\sum_{m=j}^{\infty}\lambda_{m}\leqq 2\lambda_{j}\leqq\epsilon_{j+1}\leqq\epsilon_{j}$ ,

and

$\sum_{i=1}^{k_{j}}\frac{1}{a_{i}}=\sum_{m=1i=k}^{j}\sum_{m+1}^{k_{m+1}}\frac{1}{a_{i}}=\sum_{m=1}^{j}1=j$ .
Hence (9) and (10) hold good.

LEMMA 4. Under the same assumption as in Lemma 3 there exists a non-
trivial function $f(t)$ such that

$\sup_{|t|\geqq m}|D^{p}f(t)|\leqq M\epsilon_{7n}4^{|p|}a_{1}\cdots a_{\{p1}$ .
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PROOF. By Lemma 2 and Lemma 3 there exists a function $f(t)$ such that

$\sup_{|t|\geqq m}|D^{p}f(t)|\{\leqq\leqq M2^{m_{|p|}}a_{1}\cdot a_{|p|}(\sum_{i=\}p|+1}^{\infty}\frac{1}{a_{i}^{2}}+\Sigma^{i=1}\frac{1}{a_{i}}M\epsilon 2^{|p|}a_{1}..\cdots a_{1pI}form>\sum^{|p|}\frac{1}{a_{i},)}i=1|p|$

in general.

Hence, if $m\geqq\sum_{i=1}^{|p|}\frac{1}{a_{i}}$ , our assertion is trivial. Let $k_{m}=\max\{k|m>\sum_{j=1}^{i}\frac{1}{a_{j}}\}$ .
Then without loss of generality we may assume that

(12) $\frac{\epsilon_{m}2^{k_{m}}}{i_{m}+1}\geqq 1$ and $\sum_{i=1}^{\infty}\frac{1}{a_{i}^{2}}\leqq 1$ .

In fact, the function $f(t)$ constructed in the proof of Lemma 3 satisfies (12),

since $k_{m}\geqq[\lambda_{m-1}^{-1}+1]\geqq\frac{1}{\epsilon_{m}}$ .

For $|p|>i_{m}(i$ . $e$ . $m\leqq\sum_{i=1}^{|p|}\frac{1}{a_{i}})$ we have

$\sup_{|t|\geqq m}|D^{p}f(t)|\leqq M2^{|p|}a_{1}\cdots a_{|p|}(1+|p|)=M4^{|p|}a_{1}\cdots a_{|p|}\frac{1+|p|}{2^{|p|}}$

$\leqq M4^{|p|}a_{1}\cdots a_{|p|}\frac{k_{m}+1}{2^{km}}\leqq M\epsilon_{m}4^{|p|}a_{1\}p|}$$a$ .

PROOF OF THEOREM 1. For a double sequence

$\lambda_{k}^{(m)}=\sup_{<_{m}k\leqq_{|s|=}|t|_{\approx}k+2}H(t-s)$

, $k=0,1,2,$ $\cdots$ and $m=0,1,2,$ $\cdots$

’

there exists a sequence $\{\lambda_{k}>0\}$ such that

$\lambda_{k}^{(m)}$

$\sup_{k}--\lambda_{k}<\infty$ , for any $m$ .

We put $M_{7n}=\sup_{k}-\underline{\lambda}_{k,\lambda_{k}^{(m)}}$ . Apply Lemma 4 for $\epsilon_{k}=\frac{1}{2^{k}\lambda_{k}(2k+4)^{n}}$ . For a function
$f(t)$ in Lemma 4 and for $m=[|s|+1]$ , we have

$|D^{p}\int h(t-s)f(t)dt|\leqq\int H(t-s)|D^{p}f(t)|dt$

$\leqq\sum_{k=0}^{\infty}(2k+4)^{n}\lambda_{k}^{(m)}M\epsilon_{k}a_{1}a_{2}\cdots a_{|p|}4^{|p|}\leqq 4^{|p|}\sum_{k=0}^{\infty}\frac{MM_{m}}{2^{k}}a_{1}\cdots a_{|p|}$

$=4^{|p|+1}MM_{m}a_{1}a_{2}\cdots a_{1pt}$ .
For an arbitrary constant $K>0$, we put $B=4M_{|m|}\max_{\approx^{K}}M_{m}<$. Then we have

(13) $\sup_{|t|\leqq K}|D^{p}\int h(s-t)f(s)ds|\leqq B4^{|p|}a_{1}a_{2}\cdots a_{|p|}$ .
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Moreover for a fixed $k$ , we can choose $f(x)=f_{k}(x)$ such that

(14) $\int_{|x|\geqq\frac{1}{k}}|H(y-x)f_{k}(x)|dx<\frac{1}{k}$ , for $|y|\leqq k$ .

The sequence $\{f_{k}(x)|k=1, 2, \}$ satisfies our requirements (3) and (4), by vir-
tue of (13) and (14). $q$ . $e$ . $d$ .

For future use we shall prove the following
COROLLARY TO LEMMA 2. For any $\epsilon>0$ there exists a non-zero positive

function $f(t)$ with a compact carrier such that

(15) $|D^{p}f(t)|\leqq M|p|^{|p|}(\log|p|)^{(1+\epsilon)|p|}$

PROOF. Put $a_{k}=ck(\log(k+1))^{1+e}$ . Then $\sum_{k=1}^{\infty}\frac{1}{a_{k}}=\frac{K}{c}$ , where $K=\frac{1}{(\log 2)^{1+\epsilon}}$

$+\int_{1}^{\infty}\frac{dx}{x(\log(1+x))^{1+\epsilon}}<\infty$ . Hence the function $f(t)$ in Lemma 2 satisfies

$f(t)=0$ for $|t|\geqq\frac{K}{c}$ ,

and

(16) $|D^{p}f(t)|\leqq 2^{|p|}MK^{\prime}a_{1}a_{2}\cdots a_{1pI}$ , for $K^{\prime}=\sum_{i=1}^{\infty}--a_{i}^{1_{2}}+\frac{K}{c}$ .

The above inequality (16) implies evidently (15).
3. Vector-valued quasi-analytic functions. Now we return to the case of

E-valued functions for some locally convex linear topological space $E$ . Let
$f(t)$ be an E-valued continuous function defined on $R^{n}$ . Then for any natural
number $m$ the set $\{f(t):|t|\leqq m\}$ is compact in $E$ , hence bounded in $E$. There-
fore we can choose a sequence $\{B_{i} : i=1, 2, \}$ of convex circular bounded
sets in $E$, such that $f(R^{n})=\{f(t):t\in R^{n}\}\subset\bigcup_{i}B_{i}$ . Similarly, for any finite

number of E-valued continuous functions $\{f_{k}(t):k=1,2, \cdots , m\}$ , we can choose

a sequence $\{B_{i}\}$ of convex circular bounded sets in $E$ such that $\bigcup_{k=1}^{m}f_{k}(R^{n})\subset\bigcup_{i}B_{i}$ .
We consider a family $\{f_{\alpha}(t):\alpha\in A\}$ of E-valued continuous functions defined

on $R^{n}$. If any finite subset $\{f_{a_{i}}(t):i=1, 2, m\}$ of $\{f_{0},(t):\alpha\in A\}$ has the unique-
continuation property, then the family $\{f_{\alpha}(t):\alpha\in A\}$ itself has the unique-
continuation property. Hence it is sufficient to consider the unique-continua-
tion property on each subfamily $\{f_{\alpha}|f_{\alpha}(R^{n})\subset\bigcup_{i}E_{B_{i}}\}$ , where $E_{B_{i}}$ is the normed

space generated by $B_{i}$ , for each sequence $\{B_{i}\}$ of convex circular bounded
sets in $E$. We give the limit inductive topology on $\bigcup_{i}E_{B_{i}}$ , and so the dual

$(\bigcup_{i}E_{B_{i}})^{\prime}$ is the set of all linear functionals bounded on each $B_{i}$ . Thus we are
led to the following definition, giving a weaker notion of quasi-analyticity.
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DEFINITION 2. A family $\{f_{\alpha}(t):\alpha\in A\}$ of E-valued continuous functions
defined on $R^{n}$ is called relatively quasi-analytic in weak sense if for every
sequence $\{B_{i}\}$ of convex circular bounded sets in $E$ there exists a total subset
$F\subset(\bigcup_{i}E_{B_{i}})^{\prime}$ such that for any $u\in F$

(17) $\{\langle f_{\alpha}(t), u\rangle:f_{\alpha}(R^{n})\subset\bigcup_{i}E_{Bt}\}\subset C\{b_{q}\}$ ,

where $C\{b_{q}\}$ is a quasi-analytic family (depending on $u$).
Evidently a relatively quasi-analytic family in weak sense has the strict

unique-continuation property. We consider a case in which this notion is more
simply defined.

THE FIRST COUNTABILITY CONDITION OF MACKEY : For any sequence of
bounded sets $\{B_{i}\}$ in $E$, there exists a sequence $\{\epsilon_{i}\}$ of positive numbers such
that the union $U\epsilon_{i}B_{i}i$ is bounded in $E$ .

This condition is satisfied for instance by $(F)$ -spaces. When $E$ satisfies
the first countability condition of Mackey, a family $\{f_{\alpha}(t):\alpha\in A\}$ of E-valued
continuous functions is relatively quasi-analytic in weak sense if and only if
the condition in Definition 2 is satisfied by $E_{B}$ for every convex circular
bounded set $B$ in $E$, instead of $\bigcup_{i}E_{B_{i}}$ .

\S 2. Unique-continuation of solutions of partial differential equations.

For a linear partial differential operator $P(D)$ with constant coefficients,
as is well known, the following three conditions are equivalent to each other:

(i) $P(D)$ is elliptic.
(ii) The family of solutions of the equation $P(D)u=0$ has the (strict)

unique-continuation property.
(iii) All solutions of the equation $P(D)u=0$ are analytic.
Our main purpose in this section is to generalize the above theorem for

partial ellipticity.
4. Relative quasi-analyticity of solutions of partially conditionally elliptic

equations. We begin with a brief explanation of the concept of partially
conditionally elliptic operator as defined in [1]. Let $P=P(D_{x}, D_{y})$ be a linear
partial differential operator with constant coefficients on $x=(x_{1}, x_{2}, \cdots , x_{m})$

$\in R^{m},$ $y=$ $(y_{1}, y_{2}, \cdots , y_{n})\in R^{n}$ . $P$ is called partially conditionally elliptic in $x$

if any solution $u(x, y)$ of the equation $Pu=0$ analytic in $y$ is analytic in $x$

also. This notion is characterized as follows.
THEOREM. $P$ is partially conditionally elliptic in $x$ if and only if the fol-

lowing two equivalent conditions are satisfied:
(18) $|\xi^{\prime}|\leqq c(1+|\eta|+|\xi^{\prime\prime}|)$ for $P(\xi, \eta)=0$ ,
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where $\xi^{\prime}={\rm Re}(\xi)$ and $\xi^{\prime\prime}={\rm Im}(\xi)$ .
(19) $P(D_{x}, D_{y})=P_{0}(D_{x})+\sum_{i>0}P_{i}(D_{x})Q_{i}(D_{y}),$

$P_{0}$ is elliptic

$\deg P_{i}<\deg P_{0}$ and $\deg P_{i}+\deg Q_{i}\leqq\deg P_{0}$ .
Now we state one of our main results.
THEOREM 3. The following three conditions are equivalent to each other:

$(i^{\prime})$ $P$ is partially conditionally elliptic in $x$ .
$(ii^{\prime})$ The family of solutions in $\Omega^{m}\times R^{n}$ of the equation $Pu=0$ has the

unique-continuation property in $x$ .
(iii’) The family $\{u: Pu=0\}$ is relatively quasi-analytic in weak sense in

$x$, where $\{u(x)\}$ are $C(R^{n})$-valued functions.
We use similar notations to those in [1]:

$|D^{\alpha}g|^{2}=\sum_{|p|=\alpha}|D^{p}g|^{2}$
$\alpha=an$ integer, $p=(p_{1}, \cdots, p_{m})$

and for a sphere $K$ in $R^{m}$ with radius $r$

$|g,$ $K|^{2}=\int_{K}|g(x)|^{2}dx$ ,

$|D^{\alpha}g,$
$K|_{d}=\sum_{0\leqq|\nu|+|\mu|\leqq q_{0}+\alpha}|D^{\nu}xD/y^{I}g,$

$K|\sigma^{|\mathcal{V}|+|\mu 1}$

where $q_{0}=\max(\deg P,$ $[\frac{n}{2}]+1)$ .
LEMMA 5. For a $C^{\infty}$-solution $v$ of $Pv=0$, we have

$|D_{x}v,$ $K|_{\sigma}\leqq C(\sigma^{-1}|v, L|_{\sigma}+|D_{y}v, L|_{\sigma})$ ,

where $L$ is the sphere with radius $ r+\sigma$ having the common center with $K$, and
$C$ is a suitable positive constant.

PROOF. We cite the following inequality ([2, Lemma 7.5.1]).

$\sigma^{p_{0}}|D_{x}^{a}v,$
$K|\leqq C^{\prime}(\sigma^{p_{0}}|P_{0}v, L|+\sum_{|p|<p_{0}}\sigma^{|p|}|D_{x}^{p}v, L|)$

for $\alpha\leqq p_{0}$ , $\sigma\leqq 1$ , where $p_{0}=\deg P$ .
Hence we have

$|D_{x}v,$ $K|_{\sigma}\leqq|D_{x^{0+1}}^{q}v,$

$K|\sigma^{q_{0}}+\sum_{1\mu^{\mu_{|\overline{\overline{>}}0}}}\{D_{x}^{\nu}D_{y^{y}}v,$
$K|\sigma^{q_{0}}|\nu|+||q_{0}+1$

$+\sum_{<|\nu|+|\mu|_{-\rightarrow}q_{0}}|D_{x}^{\nu}D_{y}^{\mu}v,$

$K|\sigma^{|\nu|+|\mu|- 1}$

$\leqq C^{\prime}(\sigma^{q_{0}}|D_{x^{0}}^{q-po+1}P_{0}v, L|+\sum_{\mathfrak{l}p1<q_{0}}\sigma^{|p|}|D_{x}^{p+1}v, L|)$

$+\sum_{|\nu|+\dagger\mu|=q_{0}}|’$
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$\leqq C^{\prime}(\sigma^{q_{0}}|D_{x^{0}}^{q-vo+1}\sum_{j>0}P_{j}(D_{x})Q_{j}(D_{y})v, L|+\sum_{|p|<q_{0}}\sigma^{|p|}|D_{x}^{p+1}v, L|)$

$+|D_{y}v,$ $L|_{\sigma}+\sigma^{-1}|v,$ $L|_{\sigma}$

$\leqq C^{\prime}(\sigma^{q_{0}}\sum_{|\nu|\leqq q_{0}}|c_{\nu}D_{x}^{\nu}v, L|+\sigma^{q_{0}}\sum_{|_{\nu}|+|\mu|\leqq q_{0}}|c_{\nu\mu}D_{y}D_{x}^{\nu}D_{y}^{\mu}v, L|)$

$+C^{\prime}\sigma^{-1}|v,$ $L|_{\sigma}+|D_{y}v,$ $L|_{\sigma}+\sigma^{-1}|v,$ $L|_{\sigma}$ ,

where $c_{\nu},$ $c_{\nu\mu}$ depend only on $P$. Hence our inequality is proved for a new
constant $C$ .

PROOF OF THEOREM 3. $(iii^{\prime})\rightarrow(ii^{\prime})$ . This implication is evident from the
definition of relative quasi-analyticity in weak sense.

$(ii^{\prime})\rightarrow(i^{\prime})$ . Assume that $P$ is not partially conditionally elliptic in $x$ . We
put

$P(\xi, \eta)=P_{0}(\xi)+\sum_{j^{\backslash },0}P_{j}(\xi)\eta^{\beta(j)}$
$|\beta(j)|\geqq 1$ .

Then $P_{0}$ is not elliptic in $x$ , or $\deg P_{0}<\deg P$ , by virtue of (19). If $P_{0}$ is not
elliptic in $x$, then there exists a null solution $u_{0}(x)\not\equiv 0$ of the equation
$P_{0}(D_{x})u(x)=0$, such that $u_{0}(x)=0$ for $\langle x, N\rangle>0$ , with respect to a character-
istic plane $\{x:\langle x, N\rangle=0\}$ of $P_{0}$ (see [2]). Since $|\beta(j)|\geqq 1$ , the null solution
$u_{0}(x)$ satisfies the equation $Pu=0$ . Hence the family $\{u: Pu=0\}$ has not the
unique-continuation property. If $\deg P_{0}<\deg P=p$ , the principal part of $P$ is

$\sum_{\{\alpha|+|\beta|=p}C_{\alpha 1m}\alpha\beta_{1}\cdots\beta_{n}\xi_{\iota}^{\alpha_{1}}\cdots\xi_{m}^{a_{m}}\eta_{1}^{\beta_{1}}\cdots\eta_{n^{n}}^{\beta}$
$|\beta|>0$ .

Hence the hyperplane $\chi_{1}=0$ is a characteristic plane. Since a null solution
with respect to the characteristic plane $\chi_{1}=0$ exists, the family { $u(x)=u(x, y)$ :
$Pu=0\}$ has not the unique-continuation property.

$(i^{\prime})\rightarrow(iii^{\prime})$ . The space $E=C(R^{n})$ , which is an $(F)$ -space, satisfies the first
countability condition of Mackey. Hence it suffices to show that the family
{ $u$ : $Pu=0$ and $u(x)\in E_{B}$ for any $x\in R^{7h}$ } is relatively quasi-analytic for any
convex circular bounded set $B$ in $E$ of the form

$B=\{h(y)\in C(R^{n})||h(y)|\leqq H_{0}(y)\}$

where $H_{0}(y)$ is a continuous positive function.
For a fixed function $w(y)\in(C_{0}^{\infty})$ and a fixed solution $u$ of $Pu=0,$ $u(x, y)*$

$w(y)$ is infinitely differentiable in $x$, since $P$ is partially hypoelliptic in $x$. Let
$K_{1}$ be a compact set in $R^{n}$ . Then for any pair of indices $\mu,$ $\nu$ there exists a
continuous function $H_{\nu\mu}(y)$ such that

$\sup_{x\in K_{1}}|D_{x}^{\mu}D_{y}^{\nu}u*w|\leqq H_{\nu\mu}(y)$ for all $y\in R^{n}$ .

It is easy to see that in the above inequality we can replace all $H_{\nu 1}$ with one
continuous positive function $H$ if we take suitable constants $C_{\mu}>0$ , that is,
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$\sup_{x\in K_{1}}|D_{x}^{\mu}D_{y}^{\nu}u*w|\leqq C_{\nu}{}_{\mu}H(y)$ for all $y\in R^{n}$ .

For a solution $u(x, y)$ of the equation $Pu=0$ in $E_{B}$ , we put

$v(x, y)=u(x, y)*w(y)*f_{k}(y)$ ,

where $f_{k}(y)$ is a function associated with $H(y)$ in Theorem 1. Then we have

$\sup_{x\in K_{1}.|y|\leqq R}|(D_{x}^{\nu}D_{y}^{l}u*w)*D_{y}^{q}f_{k}|\leqq C_{v,\mu,k}b_{q}A^{|q|}$

for some constants $C_{\nu,u,k}$ and $A$ . Note that $v$ is also a solution of $Pv=0$ . Let
$K$ be a sphere in $R^{m}$ with radius $r$ and $L$ be the sphere with radius $ r+\sigma$

$(0<\sigma\leqq 1)$ having the common center with $K$. Then we have by Lemma 5
for $|y|\leqq R$ ,

$|D_{x}^{a}v,$ $K|_{\sigma/\alpha}\leqq C^{\alpha}\sum_{|q|\leqq\alpha}(|q\alpha_{1})(\frac{\alpha}{\sigma})^{\alpha-|q|}|D_{y}^{q}v,$ $L|_{\sigma/\alpha}$

$\leqq C^{\alpha}\sum_{|q|\leqq\alpha}2^{\alpha}(\frac{\alpha}{\sigma})^{a-|q|}\sum_{|\nu|+|\mu I\leqq q_{0}}|D_{x}^{\nu}D_{y}^{q+\mu}v,$
$L|(\frac{\sigma}{\alpha})^{I\nu|+|\mu|}$

$\leqq(\frac{2C}{\sigma})^{\alpha}\sum_{|q|\leqq\alpha}\alpha^{\alpha-|q|}\sum_{\nu||+|\mu|\leqq q_{0}}$ C’ $\sup_{x\in L}|D_{y}^{q}(D_{x}^{\nu}D_{y}^{\mu}u*w)*f_{k}|$

$\leqq C^{\prime}(\frac{2C}{\sigma})^{\alpha}\sum_{q\leqq\alpha}\alpha^{\alpha-|q|}\sum_{|\nu|+|\mu|\leqq q_{0}}\sup_{x\in L}|(D_{x}^{\nu}D_{y}^{t!}u*w)*(D_{y}^{q}f_{k})|$

$\leqq C^{\prime}(\frac{2C}{\sigma})^{\alpha}\alpha^{\alpha}\sum_{|q|\leqq\alpha}\frac{b_{q}}{\alpha^{|q|}}A^{|q|}\max_{1\nu|+|\mu|\leqq q_{0}}C_{\mu,\nu,k}$ .

Hence we have for a new constant $C$

$|D_{x}^{a}v,$ $K|_{\sigma}\leqq C^{\alpha}\alpha^{\alpha}\sum_{|q|\leqq\alpha}\frac{b_{q}}{\alpha^{|q|}}\leqq c_{\alpha\alpha\max_{|q|\leqq\alpha}}^{\alpha\alpha nq_{q\overline{|}}}-\frac{b}{\alpha^{1}}$ .

By virtue of Condition (1) in \S 1, we have for any $q^{\prime}$ with $|q^{\prime}|=|q|-1$

$\frac{b_{q}}{\alpha^{|q|}}\geqq\frac{b_{q^{\prime}}}{\alpha\}q|-1}$ for $ a_{q}\geqq\alpha$ ,

$\frac{b_{q}}{\alpha^{|p|}}\leqq\frac{b_{q^{\prime}}}{\alpha^{1q|-1}}$ for $ a_{q}<\alpha$ .

Hence $\max_{|q|\leqq\alpha}\frac{b_{q}}{\alpha^{|q|}}=\max_{|p|=\alpha}(b_{0},$ $\frac{b_{p}}{\alpha^{\alpha}})$ .
For $|p|=\alpha$ we have thus by Sobolev’s inequality

$\sup_{|x|\leqq\gamma-\epsilon}|D_{x}^{p}v|\leqq C|D_{x}^{\ell l}v,$
$K|_{\sigma}\sigma^{-q_{0}}\leqq B^{\alpha}(b_{0}\alpha^{\alpha}+b_{p})$ ,

where $B$ is a constant depending on $K$ and on $\sigma$ . Thus $v(x, 0)\in C\{b_{q}+q!\}$ .
By Proposition below the family $C\{b_{q}+q !\}$ is quasi-analytic. Since $v(x, 0)$
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$=\langle u(x), w*f_{k}\rangle$ , and since $\{w*f_{k} : w\in(C_{0}^{\infty}), k=1, 2, \}$ is total, $u(x)$ is rela-
tively quasi-analytic in $E_{B}$ .

PROPOSITION (T. Yamanaka). For a sequence $\{a_{i}\}$ such that

$ 0<a_{1}\leqq a_{z}\leqq a_{3}\cdots$ ,
we put

$b_{q}=a_{1}a_{2}\cdots a_{q}$ , $c_{q}=b_{q}+q!$ $(q=1,2, )$ .
If $\sum\frac{1}{a_{i}}=\infty$ ($i$ . $e$ . the family $C\{b_{q}\}$ is quasi-analytic), then

$\sum_{q}\frac{1}{q_{\sqrt{c_{q}}}}=\infty$ ,

$\langle i$ . $e$ . the family $C\{c_{q}\}$ is quasi-analytic).
PROOF. At first we shall verify that

$\sum_{i=1}^{\infty}\frac{1}{a_{i}+i}=\infty$ .

Put $S_{1}=\{i|a_{i}\leqq i\},$ $S_{2}=\{i|a_{i}>i\}$ . If $\sum_{i\in S_{2}}\frac{1}{a_{i}}=\infty$ , we have

$\sum_{i=1}^{\infty}\frac{1}{a_{i}+i}\geqq\sum_{i\in S_{2}}\frac{1}{a_{i}+a_{i}}=\infty$ .

Hence it is done. Thus we may assume that $\sum_{t\in S_{2}}\frac{1}{a_{i}}<\infty$ . Then $\sum_{i\in S_{1}}\frac{1}{a_{i}}=\infty$ ,

and so $S_{1}$ is an infinite set. Let $i_{0}$ be an arbitrary index. Then there exists
an index $i_{1}$ such that

$i_{1}\geqq 2i_{0}$ , $i_{1}\in S_{1}$ .
We have

$\sum_{i=i_{0}}^{i_{1}}\frac{1}{a_{i}+i}\geqq\sum_{t=i_{0}}^{\dot{\tau}_{1}}\frac{1}{a_{\iota_{1}}+i_{1}}\geqq\sum_{i=i_{0}}^{\iota_{1}}-2^{1_{\overline{i_{1}}}}\geqq\frac{1}{4}$ .

This implies the divergence of $\sum_{i=1}^{\infty}\frac{1}{a_{i}+i}$ , since $i_{0}$ is arbitrary.

Put $d_{q}=(a_{1}+1)(a_{2}+2)\ldots(a_{q}+q)$ , for $q=1,2,3,$ $\cdots$ By the equality

$\sum_{i=1}^{\infty}\frac{1}{a_{i}+i}=\infty$ , we have

$\sum_{q}\frac{1}{q_{\sqrt{d_{q}}}}=\infty$ .

Since $c_{q}\leqq d_{q}$ for $q=l,$ $2,3,$ $\cdots$ , we have

$\sum_{q}\frac{1}{q\sqrt{c_{q}}}=\infty$ .

It is to be noted that, there exist two sequences $\{a_{i}\}$ and $\{a_{i}^{\prime}\}$ satisfying

$ 0<a_{1}\leqq a_{2}\leqq\ldots$ $ 0<a_{1}\leqq a_{2}\leqq\ldots$ $\sum\frac{1}{a_{i}}=\infty$ , $\sum\frac{1}{a_{i}}=\infty$ ,
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nevertheless
$\Sigma\frac{1}{a_{t}+a_{i}^{\prime}}<\infty$ .

Such an example was given also by T. Yamanaka.
COROLLARY TO THEOREM 3. If the solutions $u(x)=u(x, y)$ of an equation

$Pu=0$ has the unique-continuation property in $x$, then it has the strict unique-
continuation property.

EXAMPLE 3. The wave equation ( $\frac{\partial}{\partial t^{2}}-\frac{\partial^{2}}{\partial x_{1}^{2}}...-\frac{\partial^{2}}{\partial x_{m}^{2}}$) $u=0$ is parti-

ally conditionally elliptic in $x$ . If every point of t-axis is an infinite order
zero point of a solution $u$ , then $u$ is identically zero in the whole space. In
particular, if a solution $u$ is zero in the double characteristic cone $ x_{1}^{2}+x_{2}^{2}+\cdots$

$+x_{m}^{2}<t^{2}$, and if $u$ is infinitely differentiable at the origin, then $u$ is zero in the
whole space. The fact, that a solution $u$ which is zero in the cylinder
$x_{1}^{2}+\cdots+x_{m}^{2}<r^{2}$ is zero in the whole space, is a direct consequence of Holm-
gren’s theorem. Recently Lax-Morawetz-Phillips proved ([2, Theorem IV])
that if a weak $C^{1}$ -solution $u$ with finite energy is zero in the double charac-
teristic cone $x_{1}^{2}+x_{2}^{2}+\cdots+x_{m}^{2}<t^{2}$ , then $u$ is zero in the whole space. It happens
that there exists a non-zero distribution solution $u$ (with infinite energy) which
is zero in the double characteristic cone. In case of $C^{\infty}$-coefficients, Kumano-

go [3] showed that an equation of the form $(\frac{\partial^{l}}{\partial t^{2}}-\frac{\partial^{2}\partial^{2}}{\partial x_{1}^{2}\partial x_{2}^{2}}+f\frac{\partial}{\partial t}+g)u$

$=0$ has a non-zero $C^{\infty}$-solution which is zero in the cylinder $x_{1}^{2}+x_{2}^{2}<1$ .
5. Relative analyticity of solutions in a bounded domain. When we con-

sider the unique-continuation property in $R^{m}\times\Omega^{n}$ for a bounded domain
$\Omega^{n}\subset R^{n}$, the situation is a little different from Theorem 3. In fact, the con-
dition i) does not imply the unique-continuation property. We shall only
prove the following

THEOREM 4. Let $\Omega^{n}$ be a bounded domain in $R^{n}$ . Then concerning follow-
ing three conditions, the implication $i^{\prime\prime}$) $\rightarrow iii^{J/}$) $\rightarrow ii^{\prime\prime}$ ) holds good.

$(i^{\prime/})$

$P=P_{0}(D_{x})+\sum_{j>0}P_{j}(D_{x})Q_{j}(D_{y}),$
$P_{0}$ is elliptic,

$\deg P_{j}+\deg Q_{j}<\deg P_{0}$ for $j>0$ .
$(ii^{\prime\prime})$ The family $\{u(x, y)\in C(R^{m}\times\Omega^{n})| Pu=0\}$ has the unique-continuation

property in $x$ .
(iii”) The family $\{u(x)=u(x, y)\in C(R^{m}\times\Omega^{n})| Pu=0\}$ is relatively analytic

in $x$.
Notice that (ii;/) does not imply $(i^{\prime\prime})$ . The implication $(iii^{\prime\prime})\rightarrow(ii^{\prime\prime})$ is evident

from the definition of relative analyticity. We shall show that $(i^{\prime\prime})$ implies
1(iii”). Let $f(t)$ be a function in Corollary to Lemma 2 for $\epsilon=-2(p-1)^{-}-(p_{0}$

$=\deg P_{0})$ . For a solution $u$ of $Pu=0$ in $R^{7n}\times\Omega^{n}$, we put $v(x)=\langle u,f\rangle_{y}$
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$=\int_{t2^{n}}u(x, y)f(y)dy$ . Then in a similar way to the proof of Theorem 3, we
obtain the analyticity of $v(x)$ . In fact, since

$|D_{x}^{p}v,$ $K|_{\sigma}\leqq C(\sigma^{-p_{0}}|D_{x}^{p-p0}v, L|_{a}+|D_{x}^{p-p0}\langle P_{0}u, f\rangle_{y}, L|_{\sigma})$

$\leqq C(\sigma^{-p}|D_{x}^{p-p0}v, L|_{\sigma}+\sum_{J>0}|D_{x}^{p-p0}\langle P_{j}Q_{f}u, f\rangle_{y}, L|_{\sigma})$

$\leqq C^{\prime}(\sigma^{-p}|D_{x}^{p-p0}v, L|_{\sigma}\sum_{0\leqq\mu\leqq p_{0}-1}|\langle D_{x}^{\mu+p-p0}u, D_{y^{0-l^{I}}}^{p-1}f\rangle_{y}, L|_{\sigma})$
,

we have for $kp_{0}/\sigma>1$

$|D_{x}^{kp_{0}}v,$
$K|_{\sigma/kp0}\leqq A^{kp_{0}}\sum_{|q|=0}^{k(p0-1)}(\frac{kp_{0}}{\sigma})p-1(p_{0}+1)^{kp_{0}}|\langle u, D_{y}^{q}f\rangle_{y}kp_{0}-[-|q_{0}|p0]L|_{\sigma/kp0}$

$\leqq B^{kp_{0}}\sum_{q}k^{kp-(1+\epsilon)|q|}|q|^{(1+\epsilon)|q|}|v,$
$L|_{\sigma/kp0}$

$\leqq C^{k}k^{kp_{0}}|v,$ $L|_{\sigma/kp}$ .

\S 3. Unique-continuation of solutions with some growth conditions.

As is well known, the Cauchy problem of heat equation $(\partial/\partial t-\Delta)u=0$ is
solved uniquely when solutions of exponential order at $\infty$ are considered. (On
the uniqueness of solutions of Kowalevskaja system, see Yamanaka [8].) Our
purpose in this section is to consider a generalization of the above fact, the
unique-continuation property of solutions of partially hypoelliptic equations
under some growth conditions.

6. Relative analyticity of solutions with some growth conditions of parti-
ally hypoelliptic equations. A linear partial differential operator $P(D_{x}, D_{y})$

with constant coefficients is called partially hypoelliptic in $\chi$ if any distribution
solution $u(x, y)$ of the equation $Pu=0$ is infinitely differentiable in $x$ as a
$(D_{y}^{\prime})$ -valued function. This notion is characterized as follows. (See [1].)

THEOREM. $P$ is partially hypoelliptic in $\chi$ if and only if the following two
equivalent conditions are satisfied:
(20) $P(\xi, \eta)=0,$ $\xi^{;/}$ and $\eta$ bounded; $\xi^{\prime}$ bounded.

$(\xi^{\prime}={\rm Re}(\xi), \xi^{\prime\prime}={\rm Im}(\xi).)$

(21) $P(D_{x}, D_{y})=P_{0}(D_{x})+\sum_{J>0}P_{j}(D_{x})Q_{j}(D_{x})$ ,

where $P_{0}$ is hypoelliptic and $P_{j}\ll P_{0}$ . ($P_{j}\ll P_{0}$ means $P_{j}(\xi^{\prime})/P_{0}(\xi^{\prime})\rightarrow 0$ as $\xi^{\prime}\rightarrow\infty.$)

Let $E_{y}=$ { $v(y)\in C(R^{n})|v(y)$ is of exponential order at $\infty$ }, that is,

$E_{y}=\bigcup_{k=1}^{\infty}\{v(y)\in C(R^{n})|v(y)=0(\exp(k|y|))\}$ . Each subset $\{v(y)\in C(R^{n})|v(y)=$

$O(\exp(k|y|))\}$ for any fixed $k$ is a Banach space with respect to the norm $\Vert v\Vert_{k}$

$=\sup_{y}|v(y)e^{-k|y|}|$ . We consider $E_{y}$ the limit inductive space of the sequence
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of Banach spaces above.
THEOREM 5. A linear partial differential operator $P(D_{x}, D_{y})$ with constant

coefficients is partially hypoelliptic in $x$ if and only if the family $\{u(x, y)$

$\in C(R^{m}\times R^{n})|Pu=0$ and $u(x, y)=0(\exp C(|x|+|y|))$ } is uniformly relatively
analytic in $x$ as $E_{y}$ -valued functions.

$CoROLLARY$ . $P=P(D_{x})$ is hypoelliptic if and only if all solutions $u(x)$ of
$Pu=0$ satisfying $u(x)=0(\exp C|x|)$ are analytic functions.

A better result than this corollary was already given in [6].

For the proof of Theorem 5, we need some lemmas.
LEMMA 6. For any fixed hypoelliptic operator $P_{0}$ , there exist some integer

$\nu$ and an operator $S:L^{2}\rightarrow L^{2}$ such that ( $\Delta$ is Laplacian)

$S^{v}=-\Delta+1$ , and

$P_{0}\gg Q$ implies $\Vert S^{h}Qv\Vert<\Vert P_{0}S^{h-1}v\Vert+C^{h}\Vert v\Vert$

for $v\in(C_{0}^{\infty})$ , $h=1,2,$ $\cdots$

where $C$ depends only on $Q$ .
PROOF. Since the space $\{Q|Q\ll P_{0}\}$ is finite-dimensional, there exist posi-

tive constants $\epsilon$ and $k_{Q}$ such that

$|Q(\xi^{\prime})(1+|\xi^{\prime}|^{2})^{\epsilon}|\leqq|P_{0}(\xi^{\prime})|$ for any $Q\ll P_{0},$ $|\xi^{\prime}|\geqq k_{Q}$ .
We pick up an integer $\nu>1/\epsilon$ , and define $S=q-1(1+|\xi|^{2})^{1/\nu}\mathscr{Z}(S^{\gamma}$ means Fourier
transformation, and g-l the inverse),

$C=\sup_{|\xi|\leqq k_{Q}}\{(1+|\xi^{\prime}|^{2})^{1/\nu}(1+|Q(\xi^{\prime})|)\}$ . Since

$(1+|\xi^{\prime}|^{2})^{h/\nu}|Q(\xi^{\prime})|\leqq\max\{(1+|\xi^{\prime}|^{2})^{\frac{h-1}{\nu}}|P_{0}(\xi^{\prime})|, C^{h}\}$ ,

we obtain the required inequality by the Fourier transformation. $q$ . $e$ . $d$ .
We put for an integer $k>v(S^{v}=-\Delta+1)$

(22) $\left\{\begin{array}{l}f(x)=g- 1(exp(-\xi_{1}^{2k}-\ldots-\xi_{m}^{2k}))\\g(y)=9^{-1}(exp(-\eta_{1}^{2k}-\ldots-\eta_{m}^{2k})).\end{array}\right.$

LEMMA 7. The following inequalities hold good.

$\Vert e^{ax}D_{x}^{p}f\Vert\leqq C^{\{p|+1}N!$ ,
(23)

$\Vert e^{ay}D_{y}^{q}g\Vert_{1}\leqq C^{\prime|q|}N^{\prime}!$ ,

where $N=$ $(N_{1}, \cdots , N_{m}),$ $N^{\prime}=(N_{1}^{\prime}, \cdots , N_{n}^{\prime}),$ $N_{i}=[\frac{2p_{i}+1}{2k}],$ $N_{j}^{\prime}=[\underline{2q}_{2^{j}}\frac{+1}{k}],$ $N$ !

$=\prod_{i=1}^{m}N_{i}$ !, $N^{\prime}!=\prod_{J=1}^{n}N_{j}^{\prime}$ ! and $C$, C’ are constants not depending on $p,$ $q$ .
PROOF. We show only the inequality concerning $f$. The another is simi-

larly obtained. We have formally for $a=$ ($a,$ $a,$ $\cdots$ , a)
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$g(e^{ax}D_{x}^{p}f)=\frac{1}{(2\pi)^{2}m}\int_{R^{m}}e^{(a- i\xi)x}D_{x}^{p}f(x)dx$

$=(\xi+ia)^{p}(gf)(\xi+ia)=(\xi+ia)^{p}e^{-\Sigma(\xi_{j}+ia)^{2k}}$

Since $(\xi+ia)^{p}e^{-\Sigma(\xi_{j}+ia)^{2k}}\in L^{2},$ $S^{i}(e^{ax}D_{x}^{p}f)$ exists and satisfies the above equality.
Let us estimate the norm of $\mathscr{D}(e^{ax}D_{x}^{p}f)$ .
\langle 24) $\Vert e^{ax}D_{x}^{p}f\Vert^{2}=\Vert g(e^{ax}D_{x}^{p}f)\Vert^{2}$

$=\int_{R^{m}}|(\xi+ia)^{p}e^{-\Sigma(\epsilon_{j^{+ia)^{2k}}}}|^{2}d\xi$

$=\prod_{j=1}^{m}\int_{-\infty}^{\infty}|(\xi_{j}+ia)^{2p}Je^{-2(\xi}J^{+ia)^{2k}}|d\xi$ .

Put $0<\alpha_{0}<\tan-4^{\pi_{k^{-}}}$ Then ${\rm Re}(\xi_{j}+ia)^{2k}>0$ for $\left|\begin{array}{l}a\\--\xi_{j}\end{array}\right|\leqq\alpha_{0}(j=1, 2, m)*$

Since for $\beta={\rm Re}(1+i\alpha_{0})^{2k}$ we have

${\rm Re}(\xi_{j}+ia)^{2k}={\rm Re}(\xi_{j}^{2k}(1+\frac{ia}{\xi_{j}})^{2k})$

$\geqq\xi_{j}^{2k}{\rm Re}(1+i\alpha_{0})^{2k}=\beta\xi_{j}^{2k}$ , for $|\frac{a}{\xi_{j}}|\leqq\alpha_{0}$ ,

we have
$|(\xi_{j}a)^{2p}|\leqq|\xi_{j}(1+\alpha_{0})|^{2p}Je^{-\beta\xi 2k}j$ ,

for $|\frac{a}{\xi_{j}}|\leqq\alpha_{0}$ .
Hence it holds that

\langle 25)
$\int_{|^{\infty}\frac{a}{a_{0}}|^{|(\xi_{j}+ia)^{zp_{j}}e^{-2(\xi_{j}+ia)^{2k}}}}|d\xi_{j}$

$\leqq(1+\alpha_{0})^{2p_{j}}\int_{0}^{\infty}\xi_{j}^{2p_{j}}e^{-2\beta\xi_{j}^{2k}}d\xi_{j}$ .

Set $s=\xi_{j}^{\mu}$ for $\mu=\frac{2p_{j}+1}{N_{j}+1}$ . Since $\frac{2k}{\mu}\geqq 1$ , we have

(26) $\int_{0^{\infty}}\xi_{j}^{2p_{j}}e^{-z\rho\xi_{j}^{2k}}d\xi_{j}=\frac{1}{\mu}\int_{0^{\infty}}s\frac{2p_{j}+1}{\mu}-1e^{-2\beta\$^{\frac{2k}{\mu}}}ds$

$\leqq 1+\int_{0^{\infty}}s^{N}!e^{-2\beta s}ds=1+\frac{N_{j}!}{(2\beta)^{N_{j}+1}}$ .

On the other hand, it is easy to see that

$|(\xi_{j}+ia)^{2p};e^{-2(\xi}J^{+ia)^{2k}}|\leqq|a(1+\frac{1}{\alpha_{0}})|^{2p_{j}}e^{2|(1+\frac{1}{a_{0}})|^{2k}}a$

for $|\frac{a}{\xi_{j}}|\geqq\alpha_{0}$ .
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Hence

\langle 27) $\int_{0}^{|\frac{a}{a_{0}}|}|(\xi_{j}+ia)^{2p_{j}}e^{-2(\xi_{j}+ia)^{2k}}|d\xi_{j}\leqq|a(1+\frac{1}{\alpha_{0}})|^{2p_{j}}e^{2|a(1+\frac{1}{\alpha_{0}})|^{2k}}|\frac{a}{\alpha_{0}}|$ .
From (24), (25), (26) and (27) it follows that

$\Vert e^{ax}D_{x}^{p}f\Vert^{2}\leqq\prod_{J=1}^{m}\{\frac{|a|}{\alpha_{0}}(1+\frac{1}{\alpha_{0}})^{2p_{j}}e^{2|a(1+\frac{1}{\alpha_{0}})|^{2k}}2p_{j^{+1}}$

$+(1+\alpha_{0})^{2p}J(1+\overline{(}2^{-}\beta)^{N^{\frac{!}{j^{+1}})\}}}N_{j}$

$\leqq\prod_{j=1}^{m}N_{j}!\{AB^{2p_{j}}+(1+\alpha_{0})^{zp_{j(\max}}(1,$ $\frac{1}{2\beta}))^{2p_{j}+1}\}$

$\leqq C^{2|p|}N!\leqq C^{2|p|}(N!)^{2}$ . q. e. d.

We use the following notations for functions $u(x, y)$ and $v(x, y)$ :

$\langle u, v\rangle_{x}=\int u\cdot vdx$, $\Vert u\Vert_{x}^{2}=\int|u|^{2}dx$

$\langle u, v\rangle_{y}=\int u\cdot vdy$ , $\Vert u\Vert_{y}^{2}=\int|u|^{2}dy$ .

LEMMA 8. Let $u$ be a solution of $Pu=0$ . Using the notation ${}^{t}Q_{0}=1$ ,

(28) $\Vert\langle S^{h}P_{0}(fu), g\rangle_{y}\Vert_{x}<C\sum_{J\geqq 01\alpha}.\sum_{\leqq\deg P_{0}}(\Vert\langle S^{h-1}P_{0}(D^{\alpha}f\cdot u),{}^{t}Q_{j}g\rangle_{y}\Vert_{x}$

$+C^{h-1}\Vert\langle D^{\alpha}f\cdot u,{}^{t}Q_{j}g\rangle_{y}\Vert_{x})$ ,

where $C$ is a positive constant independent of $h$ .
PROOF. Since

$\langle S^{h}P_{0}(fu), g\rangle_{y}=\sum_{|\alpha|\geqq 0}\frac{1}{\alpha!}\langle S^{h}(D^{\alpha}f\cdot P_{0}^{(\alpha)}u, g\rangle_{y}$

$=\langle S^{h}(f\cdot P_{0}u), g\rangle_{y}+\sum_{|\alpha|>0}\frac{1}{\alpha!}\langle S^{h}(D^{\alpha}f\cdot P_{0}^{(\alpha)}u), g\rangle_{y}$

$=\sum_{j}\langle S^{h}(f\cdot P_{j}u),{}^{t}Q_{j}g\rangle_{y}+\sum_{|\alpha|>0}\frac{1}{\alpha!}\langle S^{h}(D^{\alpha}f\cdot P_{0}^{(\alpha)}u), g\rangle_{y}$ ,

we have

(29) $\Vert\langle S^{h}P_{0}(fu), g\rangle_{y}\Vert_{x}\leqq\sum_{j}\Vert\langle S^{h}(f\cdot P_{j}u),{}^{t}Q_{j}g\rangle_{y}\Vert_{x}$

$+\sum_{1\alpha|>0}\frac{1}{\alpha!}\Vert\langle S^{h}(D^{\alpha}f\cdot P_{0}^{(\alpha)}u), g\rangle_{y}\Vert_{x}$ .
Since

$D^{\alpha}f\cdot P_{0}^{(a)}u=P_{0}^{(\alpha)}(D^{\alpha}f\cdot u)-\sum_{|\beta|>0}\frac{1}{\beta!}D^{\alpha+\beta}f\cdot P_{0}^{(a+\beta)}u$ ,

it holds that
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(30) $\sum_{|\alpha|>0}\frac{1}{\alpha!}\Vert\langle S^{h}(D^{\alpha}f\cdot P_{0}^{(\alpha)}u), g\rangle_{y}\Vert_{x}\leqq C^{\prime}\sum_{|\alpha|>0}\Vert\langle S^{h}P_{0}^{(a)}(D^{\alpha}f\cdot u), g\rangle_{y}\Vert_{x}$ .

Similarly we have

(31) $\Vert\langle S^{h}(f\cdot P_{j}u),{}^{t}Q_{j}g\rangle_{y}\Vert_{x}\leqq C^{\prime\prime}\sum_{\alpha||>0}\Vert\langle S^{h}P_{f}^{(a)}(D^{\alpha}f\cdot u),{}^{t}Q_{j}g\rangle_{y}\Vert_{x}$
,

where C’ and $C^{\prime\prime}$ depend only on $P$.
By Lemma 6 we have

(32) $\Vert\langle S^{h}P_{0}^{(\alpha)}(D^{\alpha}f\cdot u), g\rangle\Vert\leqq\Vert\langle S^{h-1}P_{0}(D^{\alpha}f\cdot u), g\rangle\Vert+C_{1}^{h}\Vert\langle D^{\alpha}f\cdot u, g\rangle\Vert$ ,

and

(33) $\Vert\langle S^{h}P_{j}^{(\alpha)}(D^{\alpha}f\cdot u),{}^{t}Q_{j}g\rangle\Vert\leqq\Vert\langle S^{h-1}P_{0}(D^{\alpha}f\cdot u),{}^{t}Q_{j}g\rangle\Vert+C_{2}^{h}\Vert\langle D^{\alpha}f\cdot u,{}^{t}Q_{j}g\rangle\Vert$ .
We calculate (30) using (32), and (31) using (33). Then we can estimate (29)
as follows.

$\Vert\langle S^{h}P_{0}(fu), g\rangle_{y}\Vert_{x}\leqq C^{\prime}\sum_{j}\sum_{|\alpha|>0}(\Vert\langle S^{h-1}P_{0}(D^{\alpha}f\cdot u),{}^{t}Q_{j}g\rangle\Vert+C_{2}^{h}\Vert\langle D^{\alpha}f\cdot u,{}^{t}Q_{j}g\rangle\Vert)$

$+C^{\prime\prime}\sum_{|\alpha|>0}(\Vert\langle S^{h-1}P_{0}(D^{\alpha}f\cdot u), g\rangle\Vert+C_{1}^{h}\Vert\langle D^{\alpha}f\cdot u, g\rangle\Vert)$ .

LEMMA 9. Every solution $u$ of $Pu=0$ with $|u(x, y)|<Ke^{C(|x|+|y|)}$ satisfies
$\Vert\langle(D_{x}^{a}f)u, D_{y}^{\beta}g\rangle_{y}\Vert_{x}<KAB^{|a|+|\beta|}\lambda^{m\lambda}\mu^{n\mu}$ ,

where $\lambda=(\frac{|\alpha|+1}{k}),$ $\mu=(\frac{|\beta|+1}{k})$ .
PROOF. We have by Lemma 7 for $N,$ $N^{\prime}$ with $N_{j}=[\frac{2\alpha_{j}+1}{2k}],$ $N_{j}^{\prime}=[\frac{2\beta_{j}+1}{2k}]$ ,

$\Vert\prod_{j=1}^{n}e^{a1y}J^{1D_{y}^{\beta}g\Vert_{1}}\leqq\Vert\prod_{j=1}^{n}(e^{ay}J+e^{-ay}j)D_{y}^{\beta}g\Vert_{1}\leqq 2^{n}B^{\prime|\beta|+1}N^{\prime}$ !,

and similarly

$\Vert\prod_{j=1}e^{a|x}J^{1}D_{x}^{\alpha}f\Vert\leqq 2^{m}B^{\prime|\alpha|+1}Nm$ !.

Combining above two inequalities we have

$\Vert\langle(D_{x}^{\alpha}f)u, D_{y}^{\beta}g\rangle_{y}\Vert_{x}^{2}\leqq\int\{\int|uD_{y}^{\beta}g|dy\}^{2}|D_{x}^{a}f|^{2}dx$

$\leqq K^{2}\{\int|e^{B|y|}D_{y}^{\beta}g|dy\}^{2}\int|e^{B|x|}D_{x}^{a}f|^{2}dx$

$=K^{2}\Vert e^{B|y|}D_{y}^{\beta}g\Vert_{1}^{2}\Vert e^{B}$ Ixl $D_{x}^{a}f\Vert^{2}$

$\leqq K^{2}2^{2n}B^{\prime 2|\alpha|+2}(N^{\prime}!)^{2}2^{2m}B^{\prime\prime 2|\beta|+2}(N^{\prime}!)^{2}$

$\leqq(KAB^{|\alpha|+|\beta|}N!N^{\prime}!)^{2}$ .
Since $\lambda^{m\lambda}\geqq N$ !, $\mu^{n\mu}\geqq N^{\prime}$ !, our assertion is proved.
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LEMMA 10. Let $u(x)$ be a continuous function. If there exists an integer
$k$ such that $u(x)*\varphi(x)$ is analytic for any $\varphi(x)\in(D^{k})((D^{k})=\{f\in(C^{k})|$ carrier
off is compact}), then $u(x)$ itself is analytic.

PROOF. Let $T$ be the operator: $(D^{k})\ni\varphi\rightarrow u*\varphi\in A(R^{m})$ , where $A(R^{m})=$

the limit inductive space of { $A(U)=the$ space of all analytic functions on $U$

with the topology of uniform convergence on every compact subset of $U$ } and
$U$ runs over all complex neighbourhood of $R^{m}$ . Then the transposed operator
${}^{t}T:A^{\prime}(R^{m})\ni\phi\rightarrow u*\phi\in(D^{k})$ ‘ is defined on $A^{\prime}(R^{m})$ . Since every element $\varphi$ of
$A(R^{m})$ is infinitely differentiable, the element $\phi$ of $A^{\prime}(R^{m})$ is also differentiable:

$D^{p}\phi\in A^{\prime}(R^{m})$ , $\langle D^{p}\phi, \varphi\rangle=(-1)^{|p|}\langle\phi, D^{p}\varphi\rangle$ .
Hence we have $u*D^{p}\phi=D^{p}(u*\phi)\in(D^{k})^{\prime}$ , which implies $u*\phi\in(C)$ since $p$ is
arbitrary. This means ${}^{t}T$ is an operator: $A^{\prime}(R^{m})\rightarrow(C)$ . By the closed graph
theorem ${}^{t}T$ is continuous from $A^{\prime}(R^{m})$ to $(C)$ . The scalar product $\langle u, \phi\rangle$ is
defined by $u*\phi(O)$ . Then $u\in A(R^{m})^{\prime\prime}=A(R^{m})$ .

PROOF OF THEOREM 5. At first we shall prove the sufficiency. By virtue
of Lemma 8, for a solution $u$ of $Pu=0$ such that $\max_{\alpha}|P_{0}^{(a)}u|\leqq Ke^{a(\prime x|+Iy|)}$, we
have ( $\beta_{j}$ is a multi-index with $|\beta_{j}|\leqq\deg P_{0}$)

(34) $\Vert\langle S^{h}P_{0}(fu), g\rangle_{y}\Vert_{x}\leqq C^{h}\sum_{k_{1}\cdots k_{h}}\sum_{\beta_{1}\cdots\beta h}\Vert\langle P_{0}(D^{\beta_{1}+\cdots+\beta h}f\cdot u),{}^{t}Q_{k_{1}}\cdots\ell Q_{kh}g\rangle_{y}\Vert_{x}$

$+C^{h}\sum_{i=1}^{h}\sum_{1^{k}i}\sum_{\beta_{1}\cdots\beta_{i}}\Vert\langle D^{\beta_{1}+\cdots+\beta_{i}}f\cdot u,{}^{t}Q_{k_{1}}\cdots {}^{t}Q_{k_{i}}g\rangle_{y}\Vert_{x}$ .

We denote $Q_{k}(D_{y})=\sum_{\alpha}L_{k}^{(\alpha)}D_{y}^{\alpha}$ . Let $L=\max|L_{k}^{(\alpha)}|,$ $\lambda=\frac{(h+1)\deg P_{0}+1}{k}$ and

$\mu=\max_{j}\frac{(h+1)\deg Q_{j}+1}{k}$ . Since $P_{0}(D^{\beta_{1}+\cdots\beta_{h}}f\cdot u)=\sum_{\beta}\frac{1}{\beta!}D^{\beta_{1}+\cdots+\beta_{h}\dashv-\beta}f\cdot P_{0^{(\beta)}}u$ , we
have by Lemma 9 for $q=\max_{j}\deg Q_{j}$

$\Vert\langle S^{h}P_{0}(fu), g\rangle_{y}\Vert_{x}\leqq C^{h}\sum_{h}\Sigma\Vert\langle D^{\beta_{1}+\cdots+\beta_{h}+\beta}f\cdot P_{0}^{(\beta)}u,{}^{t}Q_{k_{1}}\cdots {}^{t}Q_{k_{h}}g\rangle_{y}\Vert_{x}k_{1}\cdots k\beta_{1}\cdots\beta_{h},\beta$

$+C^{h}\sum_{j=1}^{h}\sum_{k_{1}\cdots k_{j}}\sum_{\rho_{1}\cdots\rho_{j}}\Vert\langle D^{\beta\iota+\cdots+\beta_{j}}f\cdot u,{}^{t}Q_{k_{1}}\cdots {}^{t}Q_{k_{j}}g\rangle_{y}\Vert_{x}$

$\leqq C^{h}\sum_{k_{1}\cdots k_{h}}\sum_{\beta_{1}\cdots\beta_{h},\beta}K.A.B^{|\beta_{1}|+\cdots+|\beta n^{|+|\beta|+hq}}L^{h}\lambda^{m\lambda}\mu^{n\mu}$

$+C^{h}\sum_{i=1}^{h}\sum_{k_{1}\cdots k_{i}}\sum_{\beta_{1}\cdots\beta_{i}}K.A.B^{|\beta_{1}|+\cdots+|\beta_{i}|+|\beta|+jq}L^{j}\lambda^{ml}\mu^{n\mu}$ .

Let $k_{0}=the$ number of $Q_{k},$ $l=the$ number of $ P\wp$) with $P_{0}^{(\beta)}\neq 0$ . Then
$\sum_{k_{1}\cdots k_{h}}1$

$=k_{0}^{h},\sum_{\beta_{1}\cdots\beta_{h},\beta}1=l^{h+1}$ . So we have for $p=\deg P_{0},\overline{B}=\max(B, 1)$ and $\overline{L}=\max(L, 1)$ ,

$\Vert S^{h}\langle P_{0}(fu), g\rangle_{y}\Vert_{x}\leqq k_{0}^{h}l^{h+1}C^{h}(h+1)KA\overline{B}^{(h+1)p+hq}\overline{L}^{h}\lambda^{m\text{{\it \‘{A}}}}\mu^{n\mu}$ .
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This implies that $\langle P_{0}(fu), g\rangle_{y}=P_{0}(f\langle u\cdot g\rangle_{y})$ is an entire function, for $\nu\geqq 2$

and for $k>2\nu(m\deg P_{0}+\max_{j}n\deg Q_{j})$ , since $S^{\nu}=-\Delta+1$ . Then $f\langle u, g\rangle_{y}$ is.

an entire function, since $\varliminf_{|\xi|\rightarrow\infty}P_{0}(\xi^{\prime})>0$ . Hence $\langle u, g\rangle_{y}$ is analytic except $zeroe$

point of $f$, especially in a neighbourhood of the origin. This implies the
analyticity of $\langle u, g\rangle_{y}$ : $u(x+x_{0}, y)$ is also a solution of $Pu=0$ for any $x_{0}\in R^{m}$

and hence $u(x+x_{0}, y)$ is analytic in a neighbourhood of the origin.
If $u$ is a solution satisfying $|u(x, y)|<Ke^{a(|x|+|y\{)}$ , then for any $\varphi\in(D^{k}\rangle$

$(k=degreeP_{0})u*\varphi$ is a solution satisfying $|u*\varphi|\leqq K_{\varphi}e^{(|x|+\mathfrak{l}y|)}$ hence $ u*\varphi$ is.
analytic. By Lemma 10 $u$ itself is analytic.

Next we shall prove the necessity. Let $E_{x,y}=the$ space { $ v(x, y)\in C(R^{m}\times R^{n}\rangle$

$|v(x, y)$ is of exponential order at $\infty$ } with the limit inductive topology con-
cerning the sequence of norms $\Vert v\Vert_{k}=\sup|v(x, y)e^{-k(|x|+|y|)}|$ , and $A(R^{m})=the$

limit inductive space of { $A(U)=the$ space of all analytic functions with the
topology of uniform convergence on every compact subset of $U$ }, where $U$

runs over all complex neighbourhood of $R^{m}$ . Let $u$ be a solution of $Pu=0$ .
By the assumption there exists a total subspace $F$ of $E_{y}^{\prime}$ such that

$v(x)=\int u(x, y)\varphi(y)dy$ is analytic in $x$ for any $\varphi\in F$ .

Since the linear mapping associated with fixed $\varphi:u\rightarrow v=\int u\varphi dy$ is a closed

operator, it is continuous from $E_{x,y}$ to $A(R^{m})$ . This continuity means that for
any compact set $K\subset R^{m}$ there exists a function $\Phi(x, y)$ with $|\Phi(x, y)e^{j(|x|+|y|)}|$,

$\rightarrow 0$ as $|x|+|y|\rightarrow\infty,$ $j=1,2,$ $\cdots$ such that

$\sup_{x\in K}|\frac{\partial v}{\partial x_{j}}|\leqq C_{j}(\varphi)\sup_{x,y}|\Phi(x, y)u(x, y)|$ .

Put $u(x, y)=e^{(i\xi x+i\eta y)}$ for $P(\xi, \eta)=0$ . Then for $\xi^{\prime\prime}={\rm Im}(\xi),$ $\eta^{\prime\prime}={\rm Im}(\eta)$ ,

$\sup_{K}|e^{-\xi\prime\prime x}g_{\varphi}(\eta)|\sum_{?}|\xi_{i}|\leqq C(\varphi)\sup_{x,?/}|\Phi(x, y)e^{-x\xi-y\eta^{\parallel}}7|$ .

We fix a compact set $K^{\prime}\subset R^{n}$ . For any point $p\in K^{\prime}$ there exists an element
$\varphi_{p}\in F$ such that $\mathscr{Z}\varphi_{p}(p)\neq 0$ since $F$ is total on $E_{y}$ , and so we can choose
$p_{1},$ $\cdots$ , $p_{s}$ such that

$\sum_{f=1}^{s}|\mathscr{Z}\varphi_{p_{j}}(\eta)|>0$ , for any $\eta\in K^{\gamma}$ .

Hence we have

$\sum_{j=1}^{m}|\xi_{j}|\sup_{K}|e^{-\xi\parallel}x|\sum_{j=1}^{s}|\ovalbox{\tt\small REJECT}\varphi_{p_{j}}(\eta)|\leqq\sum_{J=1}^{s}C(\varphi_{p_{j}})\sup_{x,y}|\Phi(x, y)e^{-x\xi\kappa-v\eta^{\prime\prime}}|$ ,

for $\eta\in K^{\prime}$ .
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This means that the boundedness of $\eta$ and $\xi^{\prime f}$ implies the boundedness of $\xi$ .
$q$ . $e$ . $d$ .

In the same way as above, we can prove the following theorem.
THEOREM 6. Let $\Omega^{m}$ be an arbitrary open domain in $R^{m}$ . The family

{ $u(x, y)\in C(\Omega^{m}\times R^{n})|$ $Pu=0,$ $|u(x, y)|\leqq C(x)e^{B|y|}$ for some constant $B$ and $ C(x\rangle$

$\in C(\Omega^{m})\}$ is relatively analytic in $x$ if and only if $P$ can be expressed in the
form

$P(D_{x}, D_{y})=P_{0}(D_{x})+\sum_{j}P_{j}(D_{x})Q_{f}(D_{y})$ ,

where $P_{0}$ is elliptic and $\deg P_{0}>\deg P_{j}$ .
EXAMPLE. Let $P=\frac{\partial}{\partial t}-A$ , where $A$ is a differential operator with con-

stant coefficients in n-dimensional x-space. Then a solution $u(t, x)$ of the
equation $Pu=0$ in $(-\lambda, \lambda)\times R^{n}$, such that $|u(t, x)|\leqq C(t)e^{B|x|}$ and $u(t, x)=0$ for
$t<0$ , is identically zero in the domain.
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