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§1. Introduction.

The concepts of vertical and complete lifts from a differentiable manifold
M of class C>~ to its cotangent bundle °T(M) were introduced in a recent
paper, [4] Vertical lifts of functions, vector fields, 1-forms and tensor fields
of type (1,1) or (1,2) were defined. The definitions of complete lifts were
restricted to vector fields, tensor fields of type (1, 1) and skew-symmetric ten-
sor fields of type (1, 2). In each case, the complete lift of a tensor field has
the same type as the original; however vertical lifts do not have this property.
In §2 of the present paper, we summarise the details of the relevant formulae.

In the present paper we introduce another type of “lift” from M to
¢“T(M), which we call the horizontal lift. We apply our definition to vector
fields, tensor fields of type (1, 1) and connections in M. As in the previous
paper, we obtain from our construction useful information about the relation-
ships between the structures of M and °T(M).

The most significant difference between the constructions in the present
paper and the earlier constructions is that we now assume that a symmetric
affine connection is given in the manifold M. The definition of horizontal lift
depends upon this connection, whereas the definitions of vertical and complete
lifts were independent of connections.

§2. Notations and preliminary results.

Throughout, M denotes a differentiable manifold of class C* and of dimen-
sion n. Its cotangent bundle is denoted by °T(M) and x:°T(M)— M is the
projection mapping. We write U for a coordinate neighbourhood in M and
n~'(U) for the corresponding coordinate neighbourhood in ¢T(M).

Suffixes A, B, C, D take the values 1 to 2n. Suffixes a, b, ¢, -+, h, 1,7, -+
take the values 1 to n and 1=i-+n, etc. The summation convention for re-
peated indices is used. Whenever notations such as (Fz4) are used for matrices,
the suffix on the left indicates the column and the suffix on the right indicates



186 K. Yano and E. M. PATTERSON

the row.

We write 95(M) for the set of tensor fields of class C* and of type (7, s)
in M. Vector fields in M are denoted by X, Y, Z, tensor fields of type (1, 1)
by F, G, and tensor fields of type (1, 2) by S, 7. The Lie product of X and
Y is denoted by [X, Y] and the Lie derivative with respect to X by .Lx.

If fegyM), the vertical lift f¥ of f is the function in *T(M) defined by

fV=form (2.1)
If Xegy(M), the vertical lift XV of X is the function in °T(M) defined by
XV(A, p)=p(Xa) (2.2)

where A is a point of M and p is a covariant vector at A, so that (4, p) is a
point in °T(M) on the fibre over A. Two vector fields in °T(M) which have
the same action on all functions of the form X7 are identically equal (see [4],
[Proposition 1).

If we 3YM), the vertical lift w” of w is a vector field in *T(M) satisfying

w"(f7)=0 2.3)
and

oV (X7") = (o(X))" . @24

If Fegli(M), the vertical lift F¥V of F is a vector field in °T(M) satisfying
F7(f")=0 2.5
FV X")y=FX). (2.6)

If Xegl(M), the complete lift X¢ of X is a vector field in *T(M) satisfying
X(fry=&Xry @7
XezZn=[X,Z]". 2.8)

Suppose that S, 7' are tensor fields in *T(M) of type (0, 7) or (1,7) which
have the same action on vector fields of the form Z¢, where Z < g4(M). Then
§=T (see [4], Proposition 2.

If Segy(M), the vertical lift S¥ of S is a tensor field of type (1,1) in
“T(M), satisfying

ST(@")=0 2.9
SY(XO)=(Sy)" (2.10)
where Sy is the tensor field of type (1, 1) in M given by
Sx(Y)=S(X,Y).
The vertical lifts S¥, TV of the tensor fields S, T of type (1, 2) in M satisfy
SYTV=0 2.11)
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and if F e gi{(M), then
SVFV=90. (2.12)

If FeJY(M), the complete lift F¢ of F is a tensor field of type (1,1) in
*T(M), satisfying
FY ") =(wF)" (2.13)
FOXO)=FX)H(LLF), (2.14)
where wF is defined by (wF)XY)=wY) for all Y « g}(M). If Se gYM) and
G = 9i(M), then

F¢SY =(SF)", (2.15)

FCeGY=(GF). (2.16)
Also

SYF¢=(SF)

if and only if
S(X,FY)=SFX,Y)
for all X, Y € gy(M).

§3. The horizontal lift of a vector field.

Let / be a symmetric affine connection in M. Suppose that A is a point
of M and that U, U* are coordinate neighbourhoods containing A. Any point
in the fibre over A is of the form (A4, p), where p is a covariant vector at A.
Let V/ have components I'% and I'% relative to U, U* respectively at A and
let p have components p, and p¥ relative to U, U*. We write

Tu=p09, Th=ptlie. @31

Let X be a vector field in M. Then the vector at (4, p) in °T(M) whose
components X4 relative to =Y U) are given by

~

Xr=X"  XE=T,X°

has components X*4 relative to =} (U*), where

Xtz x40, X#h= [ X%
This can be proved by a straightforward calculation using the laws of trans-
formation of the components of X, p and JV at A.

We denote by X# the vector field in °T(M) obtained in this way and call
X*H the horizontal lift of X to *T(M).

The vector field X# satisfies

XEfV = (XY (32)
XEZV=(WxZ)", 3.3)
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where f e (M) and Z< I¥M). By of the previous paper [4],
X*# is completely determined by [(3.3)

We now prove certain propositions for horizontal lifts, most of which are
analogous to those established in the previous paper [4] for complete lifts.
We begin with a relationship between the horizontal and complete lifts of a
vector field.

PropoOSITION 1. If X & IYM), then
XE=X+TX).
PrOOF. Suppose that Z <= J§(M). By (2.8)
X7Zv=[X,Z7
and by (2.6)
FVXYWZ7 = X)Z)Y =F LX) .
Hence
XO+FXMZY =X, Z]+V . X)) =T x2Z)",

so that, by (3.3), the actions of X# and X°+(# X)” on Z” are the same. The
required result follows from Proposition 1 of the previous paper [4].

PROPOSITION 2. Let S, T be tensor fields in *T(M) of type (0,7) or (1,7)
(where r is a positive integer) such that

S‘(X(n’ Tty )?(r)) = 7~1()?<1>; ) X(T))

for all vector fields X (s=1, ---,7) which are of the form w¥ or ZH, where
we M) and Ze TYM). Then S=T.

Proor. In the coordinate neighbourhood zn~(U), the vector fields F
whose components are given by

B__ 5B
Ep® = 0%

span the module of vector fields in ‘T(M). Hence any tensor field in ¢T(M)
of type (0, ) or (1, r) is determined in z—'(U) by its action on the vector fields

Let wqy, -+, @ be the 1-forms in M given in U by
Wepp = Osn -
Then
Es=wf, .
Let X, «-+, X be the vector fields in M given in U by
Xty =20}.

Then X% is expressible in the form

Ew+fiEg -
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It follows that w%, -+, wl,, X%, ---, X%, also span the module of vector fields
in “T(M). Hence any tensor field of type (0, ») or (1, 7) is determined in z~'(U)
by its action on w,, -+, wly, X&, -+, X,

PrROPOSITION 3. If X e M) and we IYM), then
[XH, 0"]1=F xw)" .
Proor. If Ze gY(M), then, by (2.4), (3.2) and (2.3),
[XH, V]2V = XAV ZV— @V X HZY
=X @) —a"VxZ)"
= {X(@@N} —(wl xZ))"
= {V (0(2)— WV xZ)}¥

={(V x)2)}7.
But, by (2.4),
Vx) ZV = {(V x0)(Z)}" .

ProroSITION 4. If X e (M) and F € (M), then
[X7, FV]=FF) .

This can be proved by a similar argument.
PRPPOSITION 5. If X, Y e M), then

[X#, YA]=[X, Y I"+&X, Y)),

where K is the curvature tensor in M.
Proor. 1If Ze< M), then

[XH, YH]ZV = XHYBZV _YHXHZYV
= XA 2 —YH 1 Z)
=V 3V Z—V V3 Z)V
=V xnZ+KX, Y)Z)

=[X, YJHZVH{K(X, Y)}VZ".
(see [17, p. 133).
PrROPOSITION 6. If X, Y e 9¥M), then

[XC Y)=[X, YI"+ (L)
where the term involving the Lie derivative of the connection is given by
(LxDy=VyF X+K(X, Y).

Proor. By Propositions 1, 4 and 5
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[XC YE|=[X"T-F X)", Y]
=[X" YE]+[YH, T X)]
=[X, YIHH{KX, Y)+V,(V X)}¥
=[X, Y+ {(LDp}
PROPOSITION 7. If Fedi(M) and X € I{(M), then
FOXH=FX)+[VF1"
where [VF )y e TYM) is given by
PF 1Y =FxF)Y—FF)X.
Proor. By Proposition 1 and equations (2.14) and (2.16),
FOXE=Fo(X°+WF X))
=F X+ LY HT XIF)
=XV FX ) LY+ X)F)
=FX)E—-FEX) +{VxF—FVX)F+FT X)}7+((VX)F)”
= (FX)T4-{V xF+F¥ X)—V FX)} .
But, if Y e (M), we have
(PxF+FT X)—VEXNY =W xF)Y +FV y X)—Vy(FX)
=W xF)Y—FyF)X.
PrOPOSITION 8. If Se M), then
STXH=(Sy)".
Proor. By (2.10), (2.12) and Proposition 1,
SVXHE=SV(X°+F X))
=(Sx" -

§4. The horizontal lift of a tensor field of type (1, 1).

Suppose now that F = gi(M); we shall define the horizontal lift of F. Let
U, U* be coordinate neighbourhoods containing the point A of M and let I,
I'% be defined as at the beginning of § 3 (see [3.I)). The tensor field of type
(1,1) at the point (A, p) in °T(M) whose components Fy# relative to 7=3(U)

are given by
ﬁih:Ff,;h, th:(),

ﬁiﬁ: —Fithu‘l“FhaFi"' ’

R — Fhi
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has components %4 relative to z~(U*), where
Fer=Fp,  Prr=o0,
Ff=—IEFfetrTEFFe,  Ff=Fy.

We denote this tensor field by F# and call it the horizontal lift of F.
Since FZ e gi(°T(M)), it is completely determined by its action on vector fields
of the form »” and X#, where w € IYM) and X € I§(M). We have

FEwV = (wF)", ‘.1

FEXHE—(FX)X. “.2)
Also, if G e g¥(M), then

FEGY =(GF)” 4.3

and the action of F¥ on the complete lift X¢ is given by
FAXC=FX)E—{(VX)F}¥ (4.4
PROROSITION 9. If F € gi(M), then
FC=FHA4VF"
where [VF ] e 9¥M) is given by
VEF1Y =(FF)Y—F,F).

Proor. By Proposition 2 it is sufficient to show that the actions of FC—FH
and [FF]” on w¥ and X# are the same. By (2.13) and (4.1),

(FC—F M@V =0
and by (2.9)
FFJPw” =0.
By Proposition 7,

(FO—FDXT=FX)"+VF 1 —FX)?

=[VFly".
But
PFIX?=[VFI(X°+FT X)")

=[FF1;".
ProrosiTION 10. If Fe (M) and S TY(M), then
FHSYV =(SF)V.
Proor. By Proposition 9 and equations (2.11) and (2.15),
FHSY =FC¢SY—[VF"S"”
=(SF)".
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PROPOSITION 11. Suppose that F € Ii(M) and S IYM). Then
SYFE=(SF)”
if and only if
S(X,FY)=SFX, Y)
for all X, Y € Iy(M).
ProoF. By Proposition 9 and equation (2.11),

SYFH —SVEC

so that the proposition follows at once from the result stated at the end of §2.
PRroroOSITION 12. If F, G € 9Y(M), then

FHIGEAGHEFE =(FG+GF)X.
Proor. If w e (M), then, by (4.1)
FEGHEY = FE(wG) = (wGF )" = (GF )2 w¥
so that
(FEGE+GHF D)oV = (FG+GF)HwV .
If Xegy(M), then, by (4.2)
FEGHEXHE —FHGXYW =(FGX)! =FGHX*H.
Therefore
(FEGEAGEF ) XH = (FG+GF )2 XH

The required result now follows from Proposition 2.

§5. Almost complex structures in the cotangent bundle.

We now show how horizontal lifts can be used to obtain almost complex
and similar structures on °T'(M).

THEOREM 1. Let F be an almost complex structure on M. Then F¥ is an
almost complex structure on °T(M).

PrROOF. Since F is an almost complex structure,

Fi=—]I
where [ is the unit tensor of type (1, 1).
By Propostion 12, '
and hence we have
(F = (D).
Since the horizontal lift of the unit tensor in M is clearly the unit tensor in

°“T(M), it follows that F¥ is an almost complex structure on °T(M).
THEOREM 2. Let F be an f-structure on M, (see [2]), so that
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F34F=0.
Then FH satisfies
(FEP++FHE=0.

Proor. From Proposition 12, we have
(FHy = FH.
Again applying Proposition 12, but this time with G replaced by F2, we have

(P E )+ *F " = 2F Y
Hence :
(FEP =(F9H

It follows that if F3+F =0, then (FER+FZ=0.

An almost complex structure F' on a manifold is integrable if and only if
the Nijenhuis tensor of F is zero. We now consider the Nijenhuis tensor of
F® in order to determine the circumstances in which F# is integrable. We
first prove the following proposition, in which F is any tensor field of type
1,1) in M.

PROPOSITION 13. Suppose that F € TY(M) and that N is the Nijenhuis ten-
sor of FE, Then if ¢, we IYM) and X, Y € I(M), we have

K¢, 0"y =0
Nx#, o) = {0 pxF)—ol £F)F}7
N(x™, Y& ={NX, Y)}#
+{KFX, FY)—K(FX, Y)F-K(X, FY)F+K(X, Y)F2}¥

where N is the Nijenhuis tensor of F.
Proor. If ¢, w € 9Y(M), then

N(@¥, @) = [F2J¥, F 2oV 1+F 1Y, V]
—FA[F7gY, 0"1—F7[¢", F 20" ]
=[(@F), (@FY+EF 7 [$", "]
—FA[($F), 0" 1—F [, (0F )]
=0

by of the previous paper [4].
If Xegy(M) and o € IYM), then, by and
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NX#, ") =[F X", FAoV]+FEPLXY, o]
—FHEFEXH, 9" —FE[ X", FEo"]
=[(FX)", (@F) 1+F *PLX7, 0]
—FE[(FX)H, " ]—-FE X4, (wF)"]
= {V ex(@F)}7+(F 2T )"
~F ()’ —F % (0F )"
= {V ex(@F )+ x0)F *— (7 px)F —( x(@F )F }
= {0 pxF)—wl xF)F }V .
If X, Y ay(M), then by [42) and Proposition 5,
N(X# Y #)=[F2X", FAY #]+F 2L X T, Y 7]
—FH[FHEXH, YH]—FH X" FHYH]
=[EX)", FYYI+EFE DX, Y]
—FE[(FX)2, YE]—-FHE(XH (FY )]
=[FX,FY " +F [ X, Y -FHFX, Y] —FHX,FY }#
+H{KFX, FY)Y +F KX, Y)Y
—FHE{KFX, )})V-FE{K(X, FY)}¥
=[FX, FY 4+ {F*[X, Y}E—{F[FX, Y }—{FL[X, FY ]}
+{K({FX, FY)+K(X, Y)F*—K(FX, Y)F-K(X, FY)F}V
= {N(X, V)
+H{KFX, FY)+K(X, Y)F:—KFX, Y)F—KX, FY)F}7.

THEOREM 3. Let F be a Kihlerian structure in M, with respect to the con-
nection V. Then the almost complex structure F¥ in T (M) is integrable.
Proor. If F is Kéihlerian, then
(i) F is a complex structure in M,
(i) FF=0,
(ili) the curvature tensor of J satisfies
KFX, FY)=KX,Y).

(see [3], Chapter 1V). From (i) it follows that the Nijenhuis tensor of F is
zero. From (iii) we get

KFX,Y)=—KX, FY)

since F2= —J. Hence, again using F? = —],
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KFX, FY)+K(X, Y)F:—KFX, Y)F-K(X, FY)F=0.
It follows from Proposition 13 that
N7, o)=0, NXZ o")=0,
N(X®, Y5 =0.
Since N is skew-symmetric, we also have
Nw”, X™)=0.
Hence, by N is zero and so F¥ is integrable.

§6. The horizontal lift of a connection.

In the previous paper, we used the idea of a Riemann extension of a sym-
metric affine connection in order to define the complete lift /¢ of a symmetric
connection / in M. We now consider other possible connections in °7T'(M) and
select one which we call the horizontal lift of V.

In order to construct a connection 7 in ¢T'(M), we can choose any tensor
field 7* of type (1, 2) in °T (M) and write

J=re+T.

The most interesting connections which we can obtain in this way will be
those which, like /¢ itself, have the property

F_’iliz-l—'_’;i:

so that 7 coincides with 7 on M. We therefore choose 7 to be such that

n

Tj'h:O.

The simplest method of constructing such a tensor field T in °T'(M) is to
begin with a tensor field T of type (1, 3) in M and to form its vertical lift T7.
We construct TV in the same way as we constructed vertical lifts of tensor
fields of type (1,1) or (1, 2) in the previous paper [4]. Thus the components
of TV are given by

Tnﬁ = Da Tm'ja’
and the remaining components are zero.
In particular, we can form a connection V¥ in ¢T'(M) by writing

VaE=pc—K" 6.1)

where K is the curvature tensor of V in M. We call V# the horizontal lift
of V.

It follows quickly from the definition that if the components of V' in a
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coordinate neighbourhood U of M are ['%, then the components 4, of V¥ in
7~Y(U) are given by

ry=ry, =0, [%=0, [%=0,

Jji

I = p(— 0,14+ T8 %+ T3 (6.2)
ﬁf[:—th, '7;%:_1'1"7”, l:;.ii-:—:o.

From these formulae, we can readily deduce that covariant differentiation

with respect to the connection V# satisfies
Vivew” =0, Vi, YH=0,
Zaw” = yo)¥, EaYH=F yY)H.

(6.3)

We can also prove the following result without difficulty.
THEOREM 4. Let C be an autoparallel curve of VE in °T(M). Then the
projection of C in M is a geodesic in M.

§7. The torsion and curvature tensors of the horizontal lift of a
connection in M.

In the next two propositions, we determine the torsion and curvature ten-
sors of VX,

PROPOSITION 14. Let T be the torsion tensor of the horizontal lift VH.
Then T is the skew-symmetric tensor field determined by

T@”, o"y=0, T(XH 0")=0,
Txa, v =—(KX, V)V

where ¢, w € TI(M) and X, Y € Ty(M).
Proor. We can prove this result by using (6.1) and the components of
V# given by (6.2). Alternatively, since

T ¥)=raf—rzX—[X 7]
we have
T<¢’V’ o) =Viye" —Vv¢7—[¢7, o¥]

=0
by (6.3) and Proposition 4 of the previous paper [4];
T(Xx", o) =V a0 Vi X2—[ X", %]
= x0)V —F yw)" =0
by (6.3) and Proposition 3;
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T(XH, YA =P 8nY TP 8g X7 —[XH, Y H]
=W xYVYE—F X[ X, Y I#—(K(X, V)V
=—KX, )V

by (6.3), and the fact that // is symmetric.
PROPOSITION 15. Let K be the curvature tensor of VH. Then, if ¢,¢, »

e M) and X, Y, Zc 9YM), we have
K@, ¢n=0, Rx7, ¢n=0,
KX, Y B)o¥ = —(o(K(X, Y))¥
Kx#, ymze =KX, Y)Z)" .
Proor. This can be deduced from equations (6.3) by a routine verification.

In terms of the components of K relative to the coordinate neighbourhood
n~}(U), the result of Proposition 15 is equivalent to the statement that

]?kjih:Kkjih
K wii = Pl 5 Kies" 1 %Ki jn”)
[?kﬁ’; - _—Kkjhi

and the remaining componernts of K are zero.

PROPOSITION 16. The covariant derivative VEK of the curvature tensor 1is
given by

vERYZX, ¥, 2)=0
if one or more of X ¥, Z is the vertical lift of a 1-form in M, and

TERYXH, Y, ZHho” = —{ol 1KY, Z)}¥
TEKY X", YE ZOWE={VK)X, Y, Z)W }¥.

This result can also be proved by means of a routine verification. Similar
results for higher order covariant derivatives can also be obtained by this
process.

THEOREM 5. The curvature tensor K of ‘T(M) with respect to V¥ is pa-
rallel if and only if the curvature tensor K of M with respect to V is parallel.

Proor. This follows at once from Proposition 16, since clearly V mf s
zero if and only if V'K is zero.
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