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Introduction

The present paper, first of all, introduces the notion of an l-system on
which our theory is based. An l-system $L$ is defined to be a system of a real
semi-simple Lie algebra $\mathfrak{g}$ and three subalgebras of $\mathfrak{g}$ satisfying certain condi-
tions (Definition 1.1). To every l-system $L$ we associate a homogeneous space
$M_{L}=G/G^{\prime}$ of a Lie group $G$ over a closed subgroup $G^{\prime}$ of $G$ (see \S 1). It is
remarkable that the homogeneous space $M_{L}=G/G^{\prime}$ is a prolongation of a
compact Riemannian symmetric space in the following sense (cf. Proposition
3.2): A maximal compact subgroup $K$ of $G$ acts transitively on $M_{L}$ , and the
homogeneous space $M_{L}=K/K\cap G^{\prime}$ is a compact Riemannian symmetric space,
A recent work of T. Nagano [7] proves that, roughly speaking, any prolonga-
tion of a compact Riemannian symmetric space is locally isomorphic with a
homogeneous space of the form $M_{L}=G/G^{\prime}$ .

Now let $L$ be an l-system and let $M_{L}=G/G^{\prime}$ be the corresponding homo-
geneous space. $G$ being considered as a transformation group on $M_{L}$ , the
linear isotropy group $\tilde{G}$ of $G$ at the origin $0$ of $M_{L}$ is a subgroup of the
general linear group $GL(\iota \mathfrak{n})$ of the tangent vector space $\mathfrak{m}$ to $M_{L}$ at $0$ . In this
way, to every l-system $L$ there corresponds a representation $(\tilde{G}, \mathfrak{m})$ . Therefore
there can be defined the notion of a G-structure: A G-structure on a mani-
fold $M$ is a principal fiber bundle $\tilde{P}$ over the base space $M$ with structure
group $\tilde{G}$ which is a subbundle of the bundle of frames of $M$ (Definition 5.1).

The main purpose of the present paper is, for a given l-system $L$ , to
study conditions for the equivalence of two G-structures. Our main results
(Theorems 9.3, 9.4, 10.1 and 10.2) may be stated as follows: Under general
hypotheses on $L$ , to every G-structure $\tilde{P}$ there is associated a system, called
the normal connection of type $(L)$ , in such a way that the equivalence of two
G-structures can be characterized. The normal connection of type $(L)$ is a
Cartan connection corresponding to the homogeneous space $M_{L}=G/G^{\prime}$ and is
found to be a generalization of the normal conformal connection. It should
be here noted that there also exists the notion of the normal connection of
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type $(L)$ under a weaker hypothesis on $L$ (Theorems 9.1 and 9.2), which just
generalizes the notion of the normal projective connection.

In \S 1, we construct the homogeneous space $M_{L}=G/G^{\prime}$ and study the
fundamental properties of it. In \S 2, we define the notion of an irreducible
l-system (Definition 2.1). It is shown that an arbitrary l-system $L$ is decom-
posed into a product of irreducible l-systems (Propositions 2.1 and 2.2) and
that the set of all irreducible l-systems is devided into two classes called of
type $(R)$ and of type $(C)$ (Definition 2.2). \S 3 is devoted to the study of the
duality which lies among l-systems. This leads to the investigation of the
maximal compact subgroups of the group $G$ . In \S 4, it is shown that the set
of all isomorphism classes of irreducible l-systems of type $(C)$ is in a one to
one correspondence with the set of all isomorphism classes of compact irre-
ducible hermitian symmetric spaces. \S 5, \S 6 and \S 7 are preliminary to the
subsequent two sections. In \S 8, it is proved that to every G-structure $\tilde{P}$ on a
manifold $M$ there is associated a tensor field $T$ of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$ called the

torsion tensor field of $\tilde{P}$ . This notion turns out to be a generalization of the
notion of the Nijenhuis tensor field of an almost complex structure.

\S 9 is concerned with the construction of the normal connection of type
\langle$L$), which will be carried out following the construction of the normal projec-
tive connection given in [9]. Hypotheses on $L$ for the existence of the normal
connection of type $(L)$ will be stated in terms of an endomorphism $\Phi_{L}$ and an
integer $\delta(L)$ (as for the cohomological interpretations of these hypotheses, see
Appendix). The endomorphism $\Phi_{L}$ has an intimate relationship to the quad-
ratic form which appears in the study of discrete subgroups of a Lie group,
for example, in [11]. The integer $\delta(L)$ is the dimension of the first derived
space associated with the representation $(\tilde{G}, \mathfrak{m})$ . Finally in \S 10, we study the
endomorphism $\Phi_{L}$ and the integer $\delta(L)$ by using the results in \S 2, \S 3 and \S 4
and show that hypotheses on $L$ for the existence of the normal connection of
type $(L)$ are generally satisfied. Owing to the results in \S 2, the problems
will be reduced to the case where $L$ is an irreducible l-system of type $(C)$ .

Preliminary remark

Throughout this paper, we always assume the differentiability of class
$C^{\infty}$, and by a manifold we shall mean a manifold satisfying the second counta-
bility axiom. $R$ (resp. $C$ ) will denote the field of real numbers (resp. of com-
plex numbers).
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\S 1. The groups $G$ , $G^{\prime}$ and $\tilde{G}$

DEFINITION 1.1. Let $fJ$ be a real semi-simple Lie algebra and let $\iota \mathfrak{n},$

$\mathfrak{m}^{*}$ and
$\tilde{\mathfrak{g}}$ be three subalgebras of $\mathfrak{g}$ . The (ordered) system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ is called an
l-system if it satisfies the following conditions:

(1. 1) $\mathfrak{g}=\mathfrak{m}+\mathfrak{m}^{*}+\tilde{\mathfrak{g}}$ (direct sum of vector spaces);

$(l. 2)$ Both $\mathfrak{m}$ and $\mathfrak{m}^{*}$ are abelian;

(1. 3) $[\tilde{\mathfrak{g}}, \mathfrak{m}]\subset \mathfrak{m}$ and $[\tilde{\mathfrak{g}}, \mathfrak{m}^{*}]\subset \mathfrak{m}^{*};$

(1. 4) $[\mathfrak{m}, \mathfrak{m}^{*}]=\tilde{\mathfrak{g}}$ .
Let $L_{i}=(\mathfrak{g}_{i}, \mathfrak{m}_{i}, \mathfrak{m}_{i}^{*},\tilde{\mathfrak{g}}_{i})(i=1,2)$ be an l-system. An isomorphism $f$ of the Lie
algebra $Q_{1}$ onto the Lie algebra $\mathfrak{g}_{2}$ is called an isomorphism of $L_{1}$ onto $L_{2}$ if

$f(\mathfrak{m}_{1})=\mathfrak{m}_{2},$ $f(\mathfrak{m}_{1}^{*})=\mathfrak{m}_{2}^{*}$ (and hence $f(\tilde{\mathfrak{g}}_{1})=\tilde{\mathfrak{g}}_{2}$).

Let $\mathfrak{g}$ be a real Lie algebra, let $\mathfrak{n}$ be a subspace of $\mathfrak{g}$ and let $\tilde{\mathfrak{g}}$ be a sub-
algebra of 1;. The system $S=(\mathfrak{g}, \mathfrak{n},\tilde{\mathfrak{g}})$ will be called an infinitesimal (affine)
symmetric space or briefly an s-system if it satisfies the following conditions:

$(s. 1)$ $\mathfrak{g}=\mathfrak{n}+\tilde{\mathfrak{g}}$ (direct sum);

$(s. 2)$ $[\tilde{\mathfrak{g}}, n]\subset \mathfrak{n}$ ;
$(s. 3)$ $[\mathfrak{n}, \mathfrak{n}]\subset\tilde{\mathfrak{g}}$ .

We see from Def. 1.1 that1), for any l-system $L=(q, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ , the system
$S=(\mathfrak{g}, \mathfrak{m}+\mathfrak{m}^{*},\tilde{\mathfrak{g}})$ forms an s-system.

From now on, we shall consider a fixed l-system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ and de-
note by $\varphi$ the Killing form of $\mathfrak{g}$ .

We have easily
LEMMA 1.1.

$\varphi(\mathfrak{m}, \mathfrak{m})=\varphi(\mathfrak{m}^{*}, \mathfrak{m}^{*})=\varphi(\mathfrak{m}+\mathfrak{m}^{*},\tilde{\mathfrak{g}})=\{0\}$

We put
$\langle\xi, \omega\rangle=\varphi(\xi, \omega)$

for all $\xi\in \mathfrak{m}$ and $\omega\in \mathfrak{m}^{*}$ .
PROPOSITION 1.1. (1) The bilinear mapping $m\times m^{*}\ni(\xi, \omega)\rightarrow\langle\xi, \omega\rangle\in R$

gives a duality between the two vector spaces $\mathfrak{m}$ and $n\tau^{*},$ $i$ . $e.$ , if $\xi\in \mathfrak{m}$ (resp.
$\omega\in \mathfrak{m}^{*})$ and if $\langle\xi, \mathfrak{m}^{*}\rangle=\{0\}$ (resp. $\langle \mathfrak{m},$ $\omega\rangle=\{0\}$ ), then $\xi=0$ (resp. $\omega=0$). In
particular, $\dim \mathfrak{m}=\dim \mathfrak{m}^{*}$ . (2) The restriction of $\varphi$ to $\tilde{\mathfrak{g}}$ is non-degenerate.

This follows immediately from Lemma 1.1 and the fact that $\varphi$ is non-
degenerate.

LEMMA 1.2. (1) If $\xi\in \mathfrak{m}$ (resp. $\omega\in \mathfrak{m}^{*}$) and if $[\xi, \mathfrak{m}^{*}]=\{0\}$ (resp. [$\mathfrak{m}$ , to]
$=\{0\})$ , then $\xi=0$ (resp. $\omega=0$). (2) If $A\in\tilde{\mathfrak{g}}$ and if $[A, \mathfrak{m}]=\{0\}$ or $[A, \mathfrak{m}^{*}]$

1) Therefore, some of our results (in \S 1-\S 4) essentially follow from Berger [1].
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$=\{0\}$ , then $A=0$ .
PROOF. (1) Suppose that a $\xi\in \mathfrak{m}$ satisfies the condition $[\xi, \mathfrak{m}^{*}]=\{0\}$ . We

have $\langle[\xi,\tilde{\mathfrak{g}}], \mathfrak{m}^{*}\rangle=\varphi(\tilde{\mathfrak{g}}, [\xi, \mathfrak{m}^{*}])=\{0\}$ , whence $[\xi,\tilde{\mathfrak{g}}]=\{0\}$ (Prop. 1.1, (1)). It
follows that $\xi$ is in the center of $\mathfrak{g}$ (conditions $(l$ . $1)$ and $(l$ . $2)$). Since $\mathfrak{g}$ is
semi-simple, we have $\xi=0$ . The second assertion can be similarly proved.
(2) Suppose that an $A\in\tilde{\mathfrak{g}}$ satisfies the condition $[A, \mathfrak{m}]=\{0\}$ . We have
$\langle \mathfrak{m}, [A, \mathfrak{m}^{*}]\rangle=\varphi([A, r\mathfrak{n}], \mathfrak{m}^{*})=\{0\}$ , whence $[A, \mathfrak{m}^{*}]=\{0\}$ . Since $\tilde{\mathfrak{g}}=[\mathfrak{m}, \mathfrak{m}^{*}]$

(condition $(l$ . $4)$), we get $[A, g]=\{0\}$ . If follows that $A$ is in the center of $\mathfrak{g}$

and hence $A=0$ . The second assertion can be similarly proved.

NOTATION. Let $\mathfrak{g}$ be a Lie algebra and let $\mathfrak{h}$ be a subalgebra of $\mathfrak{g}$ . $N(\mathfrak{h}, \mathfrak{g})$

(resp. $C(\mathfrak{h},$ $\mathfrak{g})$) will denote the normalizer (resp. the centralizer) of $\mathfrak{h}$ in $\mathfrak{g}$ .
By Lemma 1.2, we have easily
PROPOSITION 1.2. (1) $N(\mathfrak{m}, \mathfrak{g})=\mathfrak{m}+\tilde{\mathfrak{g}}$ and $N(\mathfrak{m}^{*}, Q)=x\mathfrak{m}^{*}+\tilde{\mathfrak{g}}$ . (2) $C(\mathfrak{m}, \mathfrak{g})=\mathfrak{m}$

and $C(\mathfrak{m}^{*}, \mathfrak{g})=\mathfrak{m}^{*}$ , in other words, both $\mathfrak{m}$ and $\mathfrak{m}^{*}$ are maximal abelian subalge-
bras of $\mathfrak{g}$ .

We shall denote by $A(\mathfrak{g})$ the group of all automorphisms of the Lie alge-
bra $\mathfrak{g}$ . $\mathfrak{g}$ being semi-simple, the Lie algebra of $A(q)$ may be identified with
the Lie algebra $\mathfrak{g}$ in such a way that $adaX=aX$ for all $a\in A(\mathfrak{g})$ and $X\in \mathfrak{g}$ .
We prefer the notation $adaX$ to the one $aX$.

NOTATION. Let $G$ be a Lie group and let $\mathfrak{g}$ be the Lie algebra of $G$ .
Given a subalgebra $\mathfrak{h}$ of $\mathfrak{g},$

$N(\mathfrak{h}, G)$ (resp. $C(\mathfrak{h},$ $G)$) will denote the normalizer
(resp. the centralizer) of $\mathfrak{h}$ in $G$ , which is, by definition, the subgroup of $G$

consisting of all the elements $a$ such that $ada\mathfrak{h}=\mathfrak{h}$ (resp. $adaX=X$ for all
$X\in \mathfrak{h})$ . The Lie algebra of $N(\mathfrak{h}, G)$ (resp. $C(\mathfrak{h},$ $G)$) coincides with $N(\mathfrak{h}, \mathfrak{g})$ (resp.

$C(\mathfrak{h}, \mathfrak{g}))$ .
We shall denote by $\tilde{G}$ the intersection of the normalizer of $\mathfrak{m}$ in $A(\mathfrak{g})$ and

that of $\mathfrak{m}^{*}$ in $A(\mathfrak{g}),$ $i$ . $e.,\tilde{G}=N(\mathfrak{m}, A(\mathfrak{g}))\cap N(\mathfrak{m}^{*}, A(\mathfrak{g}))$ . It follows from Prop. 1.2,
(1) that the Lie algebra of $\tilde{G}$ is identical with the Lie algebra $\tilde{\mathfrak{g}}$ . Note that
the group $\tilde{G}$ may be characterized as the, group of all automorphisms of $L$ .
We now define a representation $\rho$ of $\tilde{G}$ on $\mathfrak{m}$ by $\rho(a)\xi=ada\xi$ for all $a\in\tilde{G}$

and $\xi\in \mathfrak{m}$ and denote by the same letter $\rho$ the corresponding representation
of $\tilde{\mathfrak{g}}$ on $\mathfrak{m}$ ; we have $\rho(A)\xi=[A, \xi]$ for all $A\in\tilde{\mathfrak{g}}$ and $\xi\in \mathfrak{m}$ .

In the same manner as in Lemma 1.2, (2), we can prove
LEMMA 1.3. The representation $\rho$ of $\tilde{G}$ on $\mathfrak{m}$ is faithful.
By Prop. 1.1, (1), the vector space $\mathfrak{m}^{*}$ may be identified with the dual space

of $\mathfrak{m}$ and, by Lemma 1.3, the group $\tilde{G}$ (resp. the Lie algebra g) may be identi-
fied with a subgroup (resp. a subalgebra) of the general linear group $GL(\mathfrak{m})$

of $\mathfrak{m}$ (resp. the Lie algebra $\mathfrak{g}Y(\mathfrak{m})$ of all endomorphisms of m). Under these
identifications, we have the equalities:
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(1.1) $ ada\xi=a\xi$ , $ ada\omega={}^{t}a^{-1}\omega$ , $adaB=aBa^{-1}$ ,

$[A, \xi]=A\xi$ , $[A, \omega]=-{}^{t}A\omega$ , $[A, B]=AB-BA$

for all $a\in\tilde{G},$
$\xi\in \mathfrak{m},$ $\omega\in\iota \mathfrak{n}^{*}$ and $A,$ $B\in\tilde{\mathfrak{g}}$ , where ${}^{t}A$ stands for the transpose

of an endomorphism $A$ of $\mathfrak{m}$ with respect to the duality between $\mathfrak{m}$ and $\mathfrak{m}^{*}$ .
Let $\tilde{\varphi}$ be the Killing form of $\tilde{\mathfrak{g}}$ . Then a direct calculation gives
LEMMA 1.4.

$\varphi(A, B)=\tilde{\varphi}(A, B)+2TrAB$

for all $A,$ $B\in\tilde{\mathfrak{g}}$ , where $TrC$ is the trace of an endomorphism $C$ of $\mathfrak{m}$ .
PROPOSITION 1.3.

$\tilde{G}=N(\tilde{\mathfrak{g}}, GL(\mathfrak{m}))$ .
PROOF. We have clearly $\tilde{G}\subset N(\tilde{\mathfrak{g}}, GL(\mathfrak{m}))$ . Take any $a\in N(\tilde{\mathfrak{g}}, GL(\mathfrak{m}))$ and

define an automorphism $\hat{a}$ of $\mathfrak{g}$ (as a vector space) as follows: $\hat{a}\xi=a\xi,\hat{a}\omega=^{c}a^{-1}\omega$

and $\hat{a}A=aAa^{-1}$ for all $\xi\in \mathfrak{m},$ $\omega\in \mathfrak{m}^{*}$ and $A\in\tilde{\mathfrak{g}}$ . We show that $\hat{a}$ , thus ob-
tained, is an automorphism of the Lie algebra $\mathfrak{g}$ . By (1.1), it suffices to verify
the equality: $\hat{a}[\xi, \omega]=[\hat{a}\xi,\hat{a}\omega]$ for all $\xi\in \mathfrak{m}$ and $\omega\in \mathfrak{m}^{*}$ . By Lemma 1.4, we
have $\varphi(\hat{a}A,\hat{a}B)=\varphi(A, B)$ for all $A,$ $B\in\tilde{\mathfrak{g}}$ . Hence, we have $\varphi(\hat{a}[\xi, \omega],\hat{a}A)$

$=\varphi([\xi, \omega], A)=\langle[A, \xi], \omega\rangle=\langle[\hat{a}A,\hat{a}\xi],\hat{a}\omega\rangle=\varphi([\hat{a}\xi,\hat{a}\omega],\hat{a}A)$ for all $A\in\tilde{\mathfrak{g}}$ . It
follows from Prop. 1.1, (2) that $\hat{a}[\xi, \omega]=[\hat{a}\xi,\hat{a}\omega]$ , which proves our assertion.
We have clearly $a=\hat{a}\in\tilde{G}$ .

$CoROLLARY$ . The identity transformation $E_{L}$ of $\mathfrak{m}$ is in the center of $\tilde{\mathfrak{g}}$ .
PROPOSITION 1.4.

$\langle\xi, \omega\rangle=2Tr[\xi, \omega]$

for all $\xi\in \mathfrak{m}$ and $\omega\in \mathfrak{m}^{*}$ .
PROOF. By Lemma 1.4 and Cor. to Prop. 1.3, we have $\varphi([\xi, \omega], E_{L})$

$=2Tr[\xi, \omega]$ . We have $\varphi([\xi, \omega], E_{L})=\langle\xi, [\omega, E_{L}]\rangle=\langle\xi, \omega\rangle$ .
We shall denote by $G^{\prime}$ the normalizer of $\mathfrak{m}^{*}$ in $A(\mathfrak{g}),$ $i$ . $e.,$ $G^{\prime}=N(\mathfrak{m}^{*}, A(\mathfrak{g}))$ .

By Prop. 1.2, (1), the Lie algebra of $G^{\prime}$ is given by $\mathfrak{g}^{\prime}=\mathfrak{m}^{*}+\tilde{\mathfrak{g}}$ . We have clearly
$\tilde{G},$

$\exp \mathfrak{m}^{*}\subset G^{\prime}$ , where $\exp \mathfrak{m}^{*}$ denotes the abelian subgroup of $A(\mathfrak{g})$ generated
by $\mathfrak{m}^{*}$ .

LEMMA 1.5.
$G^{\prime}=N(\mathfrak{g}^{\prime}, A(\mathfrak{g}))$ .

PROOF. We have clearly $G^{\prime}\subset N(\mathfrak{g}^{\prime}, A(\mathfrak{g}))$ . Take any $a$ in $N(\mathfrak{g}^{\prime}, A(\mathfrak{g}))$ . We
have $\varphi(ada\mathfrak{m}^{*}, \mathfrak{g}^{\prime})=\varphi(\mathfrak{m}^{*}, \mathfrak{g}^{\prime})=\{0\}$ (Lemma 1.1). Hence, it follows from Lemma
1.1 and Prop. 1.1 that $ada\mathfrak{m}^{*}\backslash \subset \mathfrak{m}^{*},$ $i$ . $e.,$

$a\in G^{\prime}$ .
We have

$\mathfrak{g}=\mathfrak{m}+\mathfrak{g}^{\prime}$ (direct sum).

Taking account of Lemma 1.5, we now define a homomorphism 1 of $G^{\prime}$ into
$GL(\mathfrak{m})$ by
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(1.2) $ ada\xi\equiv l(a)\xi$ mod $fi^{\prime}$

for all $a\in G^{\prime}$ and $\xi\in \mathfrak{n}\tau$ . We shall denote by the same letter 1 the correspond-
ing homomorphism of $Q^{\prime}$ into gl(m), $i$ . $e.$ ,

[X, $\xi$] $\equiv l(X)\xi mod \mathfrak{g}^{\prime}$

for all $X\in \mathfrak{g}^{\prime}$ and $\xi\in \mathfrak{m}$ . We see easily that 1(X) coincides with the g-com-
ponent of $X$ in the decomposition $Q^{\prime}=\mathfrak{m}^{*}+\tilde{\mathfrak{g}}$ . Now it is clear that the restric-
tion of 1 $(: G^{\prime}\rightarrow GL(\iota \mathfrak{m}))$ to $\tilde{G}$ is the identity transformation of $\tilde{G}$ . We have

$ad(\exp\omega)\xi=\xi+[\omega, \xi]+\frac{1}{2}[\omega, [\omega, \xi]]$

for all $\omega\in \mathfrak{m}^{*}$ and $\xi\in \mathfrak{m}$ , which implies that the group $\exp \mathfrak{m}^{*}$ is contained in
the kernel of 1.

PROPOSITION 1.5.
$l(G^{\prime})=\tilde{G}$ .

PROOF. As we have seen above, the restriction of 1 to $\tilde{G}$ is the identity
transformation of $\tilde{G}$ . Hence $l(\tilde{G})=\tilde{G}$ . Therefore we have only to prove that
$l(G^{\prime})\subset\tilde{G}$ . Take any $a$ in $G^{\prime}$ . We have $[adaA, \xi]=ada[A, ada^{-1}\xi]$

$\equiv ada(Al(a)^{-1}\xi)\equiv l(a)Al(a)^{-1}\xi mod \mathfrak{g}^{\prime}$ for all $\xi\in \mathfrak{m}$ and $A\in\tilde{\mathfrak{g}}$ . This implies that
$l(a)Al(a)^{-1}$ coincides with the g-component of $adaA$ (in the decomposition
$Q^{\prime}=\mathfrak{m}^{*}+\tilde{\mathfrak{g}})$ for all $A\in\tilde{\mathfrak{g}}$ . Therefore, $l(a)\in\tilde{G}$ by Prop. 1.3.

LEMMA 1.6. Let $a\in G^{\prime}$ be in the kernel $ofl$ . (1) $ ada\omega=\omega$ for all $\omega\in \mathfrak{m}^{*}$ .
(2) If we put $\omega=adaE_{L}-E_{L}$ , then we have $\omega\in \mathfrak{m}^{*}$ and

$ada\xi-\xi\equiv[\omega, \xi]mod \mathfrak{m}^{*}$

for all $\xi\in \mathfrak{m}$ .
PROOF. (1) By Lemma 1.1, we have $\langle\xi, ada\omega\rangle=\varphi(ada^{-1}\xi, \omega)=\langle\xi, \omega\rangle$

for all $\xi\in \mathfrak{m}$ , whence $ ada\omega=\omega$ . (2) It follows from the proof of Prop. 1.5
that $adaA\equiv Amod \mathfrak{m}^{*}$ for all $A\in\tilde{\mathfrak{g}}$ . Hence $\omega\in \mathfrak{n}\iota^{*}$ . Since $E_{L}$ is in the
center of $\tilde{\mathfrak{g}}$ , we get $[E_{L}, ada^{-1}\xi]\equiv\xi mod \mathfrak{m}^{*}$ . Therefore we have $[\omega, \xi]$

$=ada[E_{L}, ada^{-1}\xi]-\xi\equiv ada\xi-\xi mod \mathfrak{m}^{*}$ .
PROPOSITION 1.6. The kernel of $l$ is equal to $\exp \mathfrak{m}^{*}$ .
PROOF. As we have seen above, the group $\exp \mathfrak{m}^{*}$ is contained in the

kernel of $l$ . Take any $a\in G^{\prime}$ in the kernel of 1. By Lemma 1.6, we can
find an $\omega\in \mathfrak{m}^{*}$ such that $ada\xi-\xi\equiv[\omega, \xi]mod \mathfrak{m}^{*}$ for all $\xi\in \mathfrak{m}$ . If we put
$b=(\exp(-\omega))a$ , then we have easily $adb\xi\equiv\xi mod \mathfrak{m}^{*}$ for all $\xi\in \mathfrak{m}$ . Let us
prove that $ adb\xi=\xi$ for all $\xi em$ . We set $\gamma(\xi)=adb\xi-\xi$ , which is in $\mathfrak{m}^{*}$ .
We have $adb[\xi, \xi^{\prime}]=[\xi, \gamma(\xi^{\prime})]-[\xi^{\prime}, \gamma(\xi)]=0$ . Hence we get $\langle\xi, \gamma(\xi^{\prime})\rangle$

$=\langle\xi^{\prime}, \gamma(\xi)\rangle$ by Prop. 1.4. On the other hand, we have $adb^{-1}\xi^{\prime}=\xi^{\prime}-\gamma(\xi^{\prime})$ by
Lemma 1.6, (1). Hence we have $\langle\xi^{r}, \gamma(\xi)\rangle=\varphi(\xi^{\prime}, adb\xi-\xi)=\varphi(\xi^{\prime}, adb\xi)$

$=\varphi(adb^{-1}\xi^{\prime}, \xi)=\varphi(\xi^{\prime}-\gamma(\xi^{\prime}), \xi)=-\langle\xi, \gamma(\xi^{\prime})\rangle$ . Consequently, we have $\gamma=0,$ $i$ . $e.$ ,
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$ adb\xi=\xi$ for all $\xi\in \mathfrak{m}$ . By Lemma 1.6 (1), we have $adbw=w$ for all $w\in \mathfrak{m}^{*}$ .
It follows that $adbX=X$ for all $X\in \mathfrak{g}$ , which means $b=e,$ $i$ . $e.,$ $a=\exp w$ ,

where $e$ is the identity element of $A(\mathfrak{g})$ .
PROPOSITION 1.7. Every element of $G^{\prime}$ is uniquely expressed in the form

a $\exp\omega$ , where $a\in\tilde{G}$ and $w\in \mathfrak{m}^{*}$ .
PROOF. Take any $a\in c/$ . Since $l(G^{\prime})=\tilde{G}\subset G^{\prime}$ and since the restriction of

[ to $\tilde{G}$ is the identity transformation of $\tilde{G}$ , we see that $l(a)^{-1}a$ is in the kernel
of $l$ , i. e., of the form $\exp\omega$ with an $\omega\in \mathfrak{m}^{*}$ (Prop. 1.6). Hence $a=l(a)\exp w$ .
It remains to prove the uniqueness. Suppose that an $a\in G^{\prime}$ is expressed as
bexp $\omega$ with a $b\in\tilde{G}$ and an $w\in \mathfrak{m}^{*}$ . We have $l(a)=l(b)=b$ and hence
$c=l(a)^{-1}a=\exp w$ . But we have $adc\xi\equiv\xi+[\omega, \xi]mod \mathfrak{m}^{*}$ for all $\xi\in \mathfrak{m}$ . Since

$\mathfrak{m}$ is a maximal abelian subalgebra of $\mathfrak{g}$ (Prop. 1.2, (2)), this equality means
that $\omega$ is uniquely determined by $c$ and hence by $a$ .

Finally, let $A(\mathfrak{g})^{o}$ be the connected component of the identity of $A(\mathfrak{g})$ that
is just the adjoint group of $\mathfrak{g}$ . We set $G=A(\mathfrak{g})^{o}$ . $\tilde{G}$ , which is an open sub-
group of $A(\mathfrak{g})$ . The homogeneous space $M_{L}=G/G^{\gamma}$ will be called associated
with the l-system $L$ . Since $G/G^{\prime}=A(\mathfrak{g})^{o}/G^{\prime}\cap A(\mathfrak{g})^{o}$ , the space $M_{L}$ is connected.
By (1.2) and Prop. 1.5, we see that the group $\tilde{G}$ may be identified with the
linear isotropy group of $G/G^{\prime}$ and that the homomorphism 1 may be identified
with the homomorphism of the isotropy group $G^{\prime}$ of $G/G^{\prime}$ onto the linear
isotropy group $\tilde{G}$ . Later on, we shall see that $M_{L}$ is compact and the action
of $G$ on $M_{L}$ is effective.

EXAMPLE. Let $P^{m}(K)$ be the m-dimensional projective space over a field
$K$, where $K=R$ or $C$ . The group $G$ of all projective transformations of $P^{m}(K)$

acts transitively on $P^{m}(K)$ and hence the space $P^{m}(K)$ may be represented by
a homogeneous space $G/G^{\prime},$ $G^{\prime}$ being the isotropy group of $G$ at a point $0$ of
$P^{m}(K)$ . Now, with the projective space $P^{m}(K)$ there is associated an l-system
$L$ as follows: The Lie algebra $\mathfrak{g}$ of $G$ may be identified with the Lie algebra
@l$(m+l, K)^{2)}$ . Therefore every element of $\mathfrak{g}$ is uniquely expressed as

$ M(\xi, \omega, A)=(^{-\frac{1}{m+1}TrA}\xi$
$A-\frac{1}{m+1}TrA\omega)$ .

where

$\xi=\left(\begin{array}{l}\xi_{1}\\\vdots\\\xi_{m}\end{array}\right),$ $w=(\omega_{1}, \omega_{m}),$ $A=(A_{ij})_{1\leqq i,j\leqq m}$ .

Setting $\tilde{\xi}=M(\xi, 0,0),\tilde{\omega}=M(O, w, 0)$ and $\tilde{A}=M(0,0, A)$ , we have $M(\xi, \omega, A)$

2) For the classical groups and their Lie algebras, we use the notations given in.
C. Chevalley, Theory of Lie groups I.
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$=\tilde{\xi}+\tilde{\omega}+\tilde{A},$ $[\tilde{\xi},\tilde{\xi}^{\prime}]=[\tilde{w},\tilde{\omega}^{\prime}]=0,$
$[\tilde{A},\tilde{A}^{\prime}]=[\overline{A,A}^{\gamma}],$ $[\tilde{A},\tilde{\xi}]=A\xi\sim,$ $[\tilde{A},\tilde{w}]=-\omega A\sim$

and $[\tilde{\xi},\tilde{\omega}]=\overline{\xi\omega+w\xi.}$ Let $\mathfrak{m}$ (resp. $\mathfrak{m}^{*}$ , resp. g) be the subalgebra of $\mathfrak{g}$ consist-
ing of all elements $\tilde{\xi}$ (resp. $\tilde{w}$ , resp. $\tilde{A}$). Then we see from the above con-
sideration that the system $L=(\mathfrak{g}, \iota \mathfrak{n}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ forms an l-system. An l-system
which is isomorphic with the l-system $L$ , will be called of type $P^{m}(K)$ . One
notes that the homogeneous space $P^{m}(K)=G/G^{\prime}$ may be regarded as the
homogeneous space associated with the l-system $L$ .

\S 2. Decomposition of an $l$-system

LEMMA 2.1. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system and let $\mathfrak{h}$ be an ideal of $\mathfrak{g}$ .
Then we have

$\mathfrak{h}=(\mathfrak{h}\cap \mathfrak{m})+(\mathfrak{h}\cap \mathfrak{m}^{*})+(\mathfrak{h}\cap\tilde{\mathfrak{g}})$ ,

and the system $(\mathfrak{h}, \mathfrak{h}\cap \mathfrak{m}, \mathfrak{h}\cap \mathfrak{m}^{*}, \mathfrak{h}\cap\tilde{\mathfrak{g}})$ forms an l-system.
PROOF. Take any $X\in \mathfrak{h}$ and express it as $\xi+w+A$ , where $\xi\in \mathfrak{m},$

$\omega\in\iota \mathfrak{n}^{*}$

and $A\in\tilde{\mathfrak{g}}$ . We have $[E_{L}, X]=\xi-\omega$ and $[E_{L}, [E_{L}, X]]=\xi+\omega$ . Since $[E_{L}, \mathfrak{h}]$ ,
$[E_{L}, [E_{L}, \mathfrak{h}]]\subset \mathfrak{h}$ , it follows that $\xi,$ $w\in \mathfrak{h}$ and hence $A\in \mathfrak{h}$ . The second half of
Lemma 2.1 can be easily proved by considering the complementary ideal of $\mathfrak{h}$

in $\mathfrak{g}$ .
Let $L_{i}=(\mathfrak{g}_{i}, \mathfrak{m}_{i}, \mathfrak{n}h^{*}\tilde{9}_{i})(1\leqq i\leqq s)$ be an l-system. If we set $\mathfrak{g}=\mathfrak{g}_{1}\times$ $\times \mathfrak{g}_{s}$ ,

$\mathfrak{m}=\mathfrak{m}_{1}\times\cdots\times \mathfrak{m}_{s},$ $\mathfrak{m}^{*}=\mathfrak{m}_{1}^{*}\times\cdots\times \mathfrak{m}_{s}^{*}$ and $\tilde{\mathfrak{g}}=\tilde{\mathfrak{g}}_{1}\times\cdots\times\tilde{\mathfrak{g}}_{s}$ , then we see that the
system $(\mathfrak{g}, \iota \mathfrak{n}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ forms an l-system, which will be called the product of
$L_{1},$ $\cdots$ , $L_{s}$ and denoted by $L_{1}\times\cdots\times L_{s}$ .

By Lemma 2.1, we get
PROPOSITION 2.1. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system and let $\mathfrak{g}=\mathfrak{g}_{1}+\cdots+J_{S}$

be the decomposition of $\mathfrak{g}$ into simple ideals. We set $\mathfrak{m}_{i}=\mathfrak{g}_{i}\cap \mathfrak{m},$
$\mathfrak{m}_{t}^{*}=\mathfrak{g}_{i}\cap \mathfrak{m}^{*}$

and $\tilde{\mathfrak{g}}_{i}=\mathfrak{g}_{i}\cap\tilde{\mathfrak{g}}$ . Then the systems $L_{i}=$ $(\mathfrak{g}_{i}, \mathfrak{m}_{t}, \mathfrak{m}_{i}^{*}, \tilde{\mathfrak{g}}_{i})$ are l-systems and the given
l-system $L$ is isomorphic with the product $L_{1}\times\cdots\times L_{s}$ .

Given an l-system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ , we shall denote by $(\tilde{\mathfrak{g}}, \mathfrak{m})$ the (identity)
representation of $\tilde{\mathfrak{g}}$ on $\mathfrak{m}$ .

PROPOSITION 2.2. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system. A necessary and
sufficient condition that the representation $(\tilde{\mathfrak{g}}, \mathfrak{m})$ is irreducible is that $\mathfrak{g}$ is simple.

PROOF. Necessity follows from Prop. 2.1. Sufficiency is proved as follows:
Take any g-stable subspace $\mathfrak{m}^{\prime}$ of $\mathfrak{m}$ and set $\mathfrak{g}^{\prime}=\mathfrak{m}^{\prime}+[[\mathfrak{m}^{\prime}, \mathfrak{m}^{*}],$ $\mathfrak{m}^{*}$] $+[\mathfrak{m}^{\prime}, \mathfrak{m}^{*}]$ .
We see easily that $\mathfrak{g}^{\prime}$ is an ideal of $\mathfrak{g}$ . Therefore we have $\mathfrak{m}^{\prime}=\{0\}$ or $\mathfrak{m}$

according as $\mathfrak{g}^{\prime}=\{0\}$ or $\mathfrak{g}$ .
DEFINITION 2.1. An l-system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ is called irreducible if the

representation $(\tilde{\mathfrak{g}}, \mathfrak{m})$ is irreducible.
DEFINITION 2.2. An irreducible l-system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ is called of type
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$(R)$ (resp. of type $(C)$) if the representation $(\tilde{\mathfrak{g}}, \mathfrak{m})$ is of first class (resp. of
second class).

In general, let $(\mathfrak{g}, V)$ be a real representation, $i$ . $e.,$ $V$ is a real vector space
and $\mathfrak{g}$ is a subalgebra of $\mathfrak{g}I(V)$ . $V^{c}$ denoting the complexification of $V,$ $\mathfrak{g}$ may
be regarded as a (real) subalgebra of the complex Lie algebra of all complex
endomorphisms of $V^{c}$ . Assuming that the representation $(\mathfrak{g}, V)$ is irreducible,
we say that $(\mathfrak{g}, V)$ is of first class (resp. of second class) if the complex repre-
sentation $(\mathfrak{g}, V^{c})$ is irreducible (resp. reducible) [3].

Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{n}\iota^{*},\tilde{\mathfrak{g}})$ be an l-system. We shall denote by $\tilde{C}$ (resp. i) the
center of the group $\tilde{G}$ (resp. the Lie algebra g). By Prop. 1.3, we have
$\sim c=C(\tilde{\mathfrak{g}}, \mathfrak{g}I(\mathfrak{m}))$ and $\tilde{C}\subset C(\tilde{\mathfrak{g}}, GL(\mathfrak{m}))\subset\tilde{G}$ .

This being said, we have
PROPOSITION 2.3. The notation being as above, we assume that $L$ is irredu-

cible. (1) If $L$ is of type $(R)$ , then 7 consists of all the elements $\lambda E_{L}$ , where
$\lambda\in R$ . (2) If $L$ is of type $(C)$ , then there is an element $I_{L}$ of $\sim_{C}$ such that
$I_{L}^{2}=-E_{L}$ and such $that\sim c$ consists of all the elements $\lambda E_{L}+\mu I_{L}$ , where $\lambda,$ $\mu\in R$ .
Moreover, $I_{L}$ is unique up to the factor $-1$ . (3) $\tilde{C}=C(\tilde{\mathfrak{g}}, GL(\mathfrak{m}))=\sim c\cap GL(\mathfrak{m})$ .

We shall now show that an irreducible l-system of type $(C)$ is really
“ complex”.

LEMMA 2.2. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system. Then we have

$A\cdot[\xi, \omega]=[[A, \xi],$ $\omega$] $=-[\xi, [A, w]]$

for all $A\in\sim_{C},$ $\xi\in \mathfrak{m}$ and $\omega\in\iota \mathfrak{n}^{*}$ .
PROOF. We have A. $[\xi, w]\cdot\xi‘=[A, [[\xi, w], \xi^{\prime}]]=[A, [\xi, [\omega, \xi^{\prime}]]]=[[A$ ,

$\xi],$ $[\omega, \xi^{\prime}]]=[[A, \xi],$ $\omega$] $\cdot\xi^{\prime}$ for all $\xi^{\prime}\in \mathfrak{m}$ . Hence A. $[\xi, w]=[[A, \xi],$ $\omega$]. The
second equality is clear.

By Lemma 2.2, we have
PROPOSITION 2.4. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an irreducible l-system of type $(C)$ .

(1) $I_{L}\cdot\tilde{\mathfrak{g}}=\tilde{\mathfrak{g}}$ . (2) $\mathfrak{g}$ is given a complex structure as follows: $\sqrt{-1}\xi=[I_{L}, \xi]$ ,
$\sqrt{-1}\omega=-[I_{L}, \omega]$ and $\sqrt{-1}A=I_{L}\cdot$ $A$ for all $\xi\in \mathfrak{m},$ $\omega\in \mathfrak{m}^{*}$ and $A\in\tilde{\mathfrak{g}}$ . (3) $\mathfrak{g}$

is a complex Lie algebra with respect to this complex structure, so that $\mathfrak{m},$

$\mathfrak{m}^{*}$

and $\tilde{\mathfrak{g}}$ are complex subalgebras of $\mathfrak{g}$ .
Finally, let $L=(\mathfrak{g}, \mathfrak{m}, \iota \mathfrak{n}^{*},\tilde{\mathfrak{g}})$ be an l-system and let $\mathfrak{g}^{C},$ $\iota \mathfrak{n}^{\sigma},$ $\mathfrak{m}^{*c}$ and $\tilde{\mathfrak{g}}^{c}$ be

the complexifications of $\mathfrak{g},$ $\mathfrak{m},$
$\mathfrak{m}^{*}$ and $\tilde{\mathfrak{g}}$ respectively. If we consider $\mathfrak{g}^{c},$ $\mathfrak{m}^{c},$ $\mathfrak{m}^{*c}$

and $\tilde{\mathfrak{g}}^{c}$ as real Lie algebras, we find that the system $(\mathfrak{g}^{C}, \mathfrak{m}^{\sigma}, \mathfrak{m}^{*\sigma},\tilde{\mathfrak{g}}^{c})$ forms an
l-system, which will be called the complexification of $L$ and denoted by $L^{c}$ .

By Prop. 2.3, we have
PROPOSITION 2.5. If $L$ is an irreducible l-system of type $(R)$ , then the

complexification $L^{C}$ of $L$ is irreducible of type $(C)$ .
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\S 3. The duality

The following lemma is a generalization of Prop. 1.3. The proof (which
is omitted) is analogous to that of Prop. 1.3.

LEMMA 3.1. Let $L_{i}=(\mathfrak{g}_{i}, \mathfrak{m}_{i}, \mathfrak{n}h^{*},\tilde{\mathfrak{g}}_{i})(i=1,2)$ be an l-system. Let $f^{\prime}$ be an
isomorphism of $g_{1}$ onto $\tilde{\mathfrak{g}}_{2}$ and let $f^{\prime\prime}$ be an isomorphism of $\mathfrak{m}_{1}$ onto $\mathfrak{m}_{2}$ . If
$f^{\prime\prime}[A, \xi]=[f^{\prime}A, f^{\prime\prime}\xi]$ for all $A\in\tilde{\mathfrak{g}}_{1}$ , and $\xi\in \mathfrak{m}_{1}$ , there exists a unique isomor-
phism $f$ of $L_{1}$ onto $L_{2}$ such that $fA=f^{\gamma}Aandf\xi=f^{\prime\prime}\xi for$ all $A\in \mathfrak{g}_{1}$ and $\xi\in \mathfrak{m}_{1}$ .

Hereafter we shall study a fixed l-system $L=(\mathfrak{g}, \mathfrak{n}\iota, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ and use the
notations in the previous sections. We shall say that the l-system $L^{*}=(\mathfrak{g},$

$\mathfrak{m}^{*}$ ,
$\mathfrak{m},\tilde{\mathfrak{g}})$ is the dual of $L$ and that an isomorphism $\theta$ of $L$ onto $L^{*}$ is involutive
if $\theta$ is an involutive automorphism of $\mathfrak{g}$ . Moreover an involutive isomorphism
$\theta$ of $L$ onto $L^{*}$ will be called a $*$ -isomorphism if $\theta$ is the involutive automor-
phism of $\mathfrak{g}$ associated with a certain Cartan decomposition of $\mathfrak{g}$ , or equivalently
if the quadratic form $fl\ni X\rightarrow\varphi(X, \theta X)\in R$ is negative definite.

PROPOSITION 3.1. There exists at least one $*$ -isomorphism $\theta$ of $L$ onto $L^{*}$ .
PROOF. By Prop. 2.1, we may assume without loss of generality that $L$

is irreducible. The representation $(\tilde{\mathfrak{g}}, \mathfrak{m})$ being irreducible, the Lie algebra $\tilde{\mathfrak{g}}$

is reductive: $\tilde{\mathfrak{g}}=\sim c+[\tilde{\mathfrak{g}},\tilde{\mathfrak{g}}]$ (direct sum) and the Lie algebra $[\tilde{\mathfrak{g}},\tilde{\mathfrak{g}}]$ is semi-simple.
By Prop. 2.3 and the theorem of E. Cartan, Mostow and Iwasawa [8], we can
find an involutive automorphism $0$ ’ of $\tilde{\mathfrak{g}}$ and a negative definite inner pro-
duct $(, )$ on $\mathfrak{m}$ which satisfy the following conditions: The quadratic form
$\emptyset\ni A\rightarrow\tilde{\varphi}(A, \theta^{J}A)\in R$ is negative semi-definite and

(3.1) $(A\xi, \xi^{\prime})+(\xi, \theta^{\prime}A\cdot\xi^{\prime})=0$

for all $A\in\tilde{\mathfrak{g}}$ and $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ . It follows from Lemma 1.4 that the quadratic
form $\tilde{\mathfrak{g}}\ni A\rightarrow\varphi(A, \theta^{\prime}A)\in R$ is negative definite. We now define an isomor-
phism $\theta^{\prime\prime}$ of $\mathfrak{m}$ onto $\mathfrak{m}^{*}$ by $\langle\xi, \theta^{\prime\prime}\xi^{\prime}\rangle=(\xi, \xi^{\prime})$ for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ . From (3.1), we
get $\theta^{\prime\prime}[A, \xi]=[\theta^{\prime}A, \theta^{\prime\prime}\xi]$ for all $A\in\tilde{\mathfrak{g}}$ and $\xi\in \mathfrak{m}$ . Therefore by Lemma 3.1,
there is a unique isomorphism $\theta$ of $L$ onto $L^{*}$ such that $\theta A=\theta^{\gamma}A$ and
$\theta\xi=\theta^{\prime\prime}\xi$ for all $A\in\tilde{\mathfrak{g}}$ and $\xi\in tt$ . Since we have $\theta^{-1}A=\theta^{\prime}A$ and $\theta^{-1}\xi=\theta^{\prime\prime}\xi$

for all $A\in\tilde{\mathfrak{g}}$ and $\xi\in \mathfrak{m}$ , it follows from Lemma 3.1 that $\theta$ is involutive. It
remains to prove that $\theta$ is a $*$ -isomorphism. Every $X\in \mathfrak{g}$ can be uniquely
expressed as $\xi+\theta\xi^{\prime}+A$ , where $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ and $A\in\tilde{\mathfrak{g}}$ . We have $\varphi(X, \theta X)$

$=(\xi, \xi)+(\xi^{\prime}, \xi^{\prime})+\varphi(A, \theta A)$ . Since both the inner product $(, )$ and the quadratic
form $\tilde{\mathfrak{g}}\ni A\rightarrow\varphi(A, \theta A)$ are negative definite, this equality means that the quad-
ratic form $\mathfrak{g}\ni X\rightarrow\varphi(X, \theta X)\in R$ is also negative definite.

Let $\theta$ be an involutive isomorphism of $L$ onto $L^{*}$ . We shall denote by $\mathfrak{g}_{\theta}$

the eigen space of the involutive automorphism $\theta$ of $\mathfrak{g}$ corresponding to the
eigen value 1. $tJ_{\theta}$ is, as usual, a subalgebra of $\mathfrak{g}$ and, putting $\tilde{\mathfrak{g}}_{\theta}=\tilde{\mathfrak{g}}\cap \mathfrak{g}_{\theta}$ and
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$\mathfrak{m}_{\theta}=(\mathfrak{m}+\mathfrak{m}^{*})\cap \mathfrak{g}_{\theta}$ , we find that the system $(\mathfrak{g}_{\theta}, \mathfrak{m}_{\theta},\tilde{\mathfrak{g}}_{\theta})$ forms an s-system and
that $\dim \mathfrak{m}_{\theta}=\dim \mathfrak{n}\iota$ . Noting that $\theta$ is an element of $A(\mathfrak{g})$ , we have $ad\theta\tilde{G}=\tilde{G}$

and $ad\theta G=G$ , where $ad\theta a=\theta a\theta^{-1}$ for all $a\in A(0)$ . We shall denote by $G_{\theta}$

the subgroup of $G$ consisting of all fixed points $(\in G)$ of $ ad\theta$ . The Lie algebra
of $G_{\theta}$ is given by $\mathfrak{g}_{\theta}$ . We put $\tilde{G}_{\theta}=G_{p}\cap\tilde{G}$ . Then we have easily $\tilde{G}_{\theta}=G_{\theta\cap}G^{\prime}$

and
PROPOSITION 3.2. (1) The homogeneous space $G_{\theta}/\tilde{G}_{\theta}$ is an $a$]$fine$ symmetric

homogeneous space, and is naturally an open submanifold of $G/G^{\prime}$ . (2) If $\theta$ is
$a*$ -isomorphism, $G_{\theta}/\tilde{G}_{\theta}$ is a compact Riemannian symmetric homogeneous space,
and $G_{\theta}/\tilde{G}_{\theta}=G/G^{\prime}$ .

PROOF. (1) Let $\alpha$ be the involutive automorphism of $\mathfrak{g}$ associated with
the s-system $(\mathfrak{g}, \mathfrak{m}+\mathfrak{m}^{*},\tilde{\mathfrak{g}}),$ $\alpha$ being an element of $A((\})$ . We have $ad\alpha\tilde{G}=\tilde{G}$

and $ad\alpha G=G$ . Since $\theta\alpha=\alpha\theta$ , it follows that $ad\alpha G_{\theta}=G_{\theta}$ . Let $H$ be the sub-
group of $G_{\theta}$ consisting of all fixed points $(\in G_{\theta})$ of $ ad\alpha$ . Then we have
$\tilde{G}_{\theta}\subset H$ and we see that the Lie algebra of $H$ coincides with that of $\tilde{G}_{\theta},$

$i$ . $e.$ ,
$\tilde{\mathfrak{g}}_{\theta}$ . Hence $G_{\theta}/\tilde{G}_{\theta}$ is an affine symmetric homogeneous space with respect to
the involution : $G_{\theta}\ni a\rightarrow ad\alpha a\in G_{\theta}$ . We have $\dim G_{\theta}/\tilde{G}_{\theta}=\dim \mathfrak{m}_{\theta}=\dim \mathfrak{m}$

and $\tilde{G}_{\theta}=G_{\theta}\cap G^{\prime}$ , which indicates that $G_{\theta}/\tilde{G}_{\theta}$ is naturally an open submanifold
of $G/G^{\prime}$ . (2) Since the quadratic form $\mathfrak{g}\ni X\rightarrow\varphi(X, \theta X)\in R$ is negative de-
finite, we know that $G_{\theta}$ is compact. Therefore $G_{\theta}/\tilde{G}_{\theta}$ is a compact Riemannian
symmetric homogeneous space. Since $G_{\theta}/\tilde{G}_{\theta}$ is an open and closed submani-
fold of $G/G^{\prime}$ and since $G/G^{\prime}$ is connected, we get $G_{\theta}/\tilde{G}_{\theta}=G/G^{\prime}$ .

REMARK 1. If $L$ is an irreducible l-system of type $(C)$ and if $\theta$ is a
$*$-isomorphism, then $G_{\theta}/\tilde{G}_{\theta}$ can be proved to be a compact hermitian symmetric
homogeneous space and $G$ to be the group of all complex automorphisms of
$G_{\theta}/\tilde{G}_{\theta}$ , cf. \S 4.

REMARK 2. Let $\theta$ be an involutive isomorphism of $L$ onto $L^{*}$ . We define
the dual $\theta^{*}$ of $\theta$ , being again an involutive isomorphism of $L$ onto $L^{*}$ , as fol-
lows: $\theta^{*}X=-\theta X$ if $X\in \mathfrak{m}+\mathfrak{m}^{*}$ and $\theta^{*}X=\theta X$ if $X\in\tilde{\mathfrak{g}}$ . We have $\mathfrak{m}_{\theta}+\mathfrak{n}\tau_{\theta*}$

(direct sum) $=\mathfrak{n}\tau+\mathfrak{m}^{*}$ and $\tilde{G}_{\theta}=\tilde{G}_{\theta*}$ . Under the hypothesis that $\theta$ is a $*$ -isomor-
phism, $G_{\theta*}/\tilde{G}_{\theta}$ may be regarded as the non-compact form of $G_{\theta}/\tilde{G}_{\theta}$ .

Finally we shall prove the uniqueness of $*$-isomorphisms. Hereafter, the
symbol $G^{o}$ will denote the connected component of the identity of a Lie group
$G$ . If $\theta$ is a $*$-isomorphism of $L$ onto $L^{*}$ , we know that $G_{\mathring{\theta}}$ is a maximal
compact subgroup of the adjoint group $A(\mathfrak{g})^{o}=G^{o}$ of $\mathfrak{g}$ .

LEMMA 3.2. Let $\theta$ be a $*$ -isomorphism of $L$ onto $L^{*}$ . Then $\tilde{G}_{\theta}^{o}$ is a
maximal compact subgroup of $\tilde{G}^{o}$ .

PROOF. Let $(, )$ be the positive definite inner product on $\mathfrak{m}$ defined by
$(\xi, \xi^{\prime})=-\langle\xi, \theta\xi^{\prime}\rangle$ for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ and denote by ${}^{t}a$ the transpose of an endo-
morphism $a$ of $\mathfrak{m}$ with respect to this inner product. Then we have ${}^{t}a^{-1}$
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$=ad\theta a\in\tilde{G}$ for all $a\in\tilde{G}$ , and $\tilde{G}_{\theta}$ consists of all elements $a\in\tilde{G}$ such that
$a={}^{t}a^{-1}$ . Le.nma 3.2 follows from these and the fact that $\tilde{G}=N(\tilde{\mathfrak{g}}, GL(\mathfrak{m}))$ is
an algebraic subgroup of $GL(\mathfrak{m})$ , cf. [6].

PROPOSITION 3.3. Let $\theta_{i}(i=1,2)$ be $a*$ -isomorphism of $L$ onto $L^{*}$ . Then
there exists an $a\in\tilde{G}^{o}$ such that $a\theta_{1}a^{-1}=\theta_{2}$ .

PROOF. By Prop. 2.1, we may assume without loss of generality that $L$

is irreducible. By Lemma 3.2, $\tilde{G}_{\mathring{\theta}_{i}}$ is a maximal compact subgroup of $\tilde{G}^{o}$ .
Hence we can find an $a\in\tilde{G}^{o}$ such that $ada\tilde{G}_{\mathring{\theta}_{1}}=\tilde{G}_{\mathring{\theta}_{2}}$ or equivalently $ada\tilde{\mathfrak{g}}_{\theta_{1}}$

$=\tilde{\mathfrak{g}}_{\theta_{2}}$ . Since $a\theta_{1}a^{-1}$ is again a $*$-isomorphism of $L$ onto $L^{*}$ and since $\tilde{\mathfrak{g}}_{a\theta_{1}a^{-1}}$

$=ada\tilde{\mathfrak{g}}_{\theta_{1}}$ , we may assume that $\tilde{\mathfrak{g}}_{\theta_{1}}=\tilde{\mathfrak{g}}_{\theta_{2}}$ . It follows from Prop. 1.1 that $\theta_{1}A$

$=\theta_{2}A$ for all $A\in\tilde{\mathfrak{g}}$ . We now put $u=\theta_{1}^{-1}\theta_{2}$ , which is an element of $\tilde{G}$ : $\theta_{1}(u\xi)$

$=\theta_{2}\xi$ for all $\xi\in \mathfrak{m}$ . We see easily that $u$ is in the center $C$ of $\tilde{G}$ . Therefore
by Prop. 2.3, (3), $u$ is of the form $\lambda E_{L}(\lambda\neq 0)$ or $\lambda E_{L}+\mu I_{L}((\lambda, \mu)\neq 0)$ according
as $L$ is of type $(R)$ or of type $(C)$ . But we have $\langle\xi, \theta_{i}\xi\rangle<0$ for all $\xi\in \mathfrak{m}$

$(\neq 0)$ , and if $L$ is of type $(C),$ $\theta_{i}$ is an anti-automorphism of $\mathfrak{g}$ (see Prop. 4.1).

It follows that $u$ is of the form $\lambda E_{L}$ with a $\lambda>0$ in either case. Finally we
set $b=\frac{1}{\sqrt{\lambda}}E_{L}$ , which is an element of $\tilde{C}^{o}$ . Then we have $ b\theta_{1}b^{-\iota}(\xi)=\theta_{2}\xi$ for

all $\xi\in \mathfrak{m}$ and consequently $b\theta_{1}b^{-1}=\theta_{2}$ .

\S 4. Classification of irreducible $l$-systems of type $(C)$

PROPOSITION 4.1. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an irreducible l-system of type $(C)$

and let $\theta$ be a $*$ -isomorphism of $L$ onto $L^{*}$ . The notation being as in \S 3, $we$

have: (1) $\mathfrak{g}_{\theta}$ is a simple compact real form of $\mathfrak{g}$ , where $\mathfrak{g}$ should be regarded
as a complex Lie algebra as in Prop. 2.4; (2)3) $\tilde{\mathfrak{g}}_{\theta}$ is a real form of $\tilde{\mathfrak{g}}$ ; (3) $I_{L}$

is in the center of $\tilde{\mathfrak{g}}_{\theta}$ ; (4)4) $\mathfrak{m}_{\theta}$ is a real form of $\mathfrak{m}+\mathfrak{m}^{*}$ , more precisely, $\mathfrak{m}$

(resp. $\mathfrak{m}^{*}$) consists of all elements $X-\sqrt{-1}[I_{L}, X]$ (resp. $X+\sqrt{-1}[I_{L},$ $X]$),

where $X\in \mathfrak{m}_{\theta}$ .
PROOF. (1) Since the quadratic form $\mathfrak{g}\ni X\rightarrow\varphi(X, \theta X)\in R$ is negative

definite, $\theta$ is an anti-automorphism of $\mathfrak{g}$ and hence $\mathfrak{g}_{\theta}$ is a compact real form
of $\mathfrak{g}$ . By Prop. 2.2, $\mathfrak{g}_{\theta}$ is a simple Lie algebra. (2) is clear, because $\theta\tilde{\mathfrak{g}}=\tilde{\mathfrak{g}}$ .
(3) We have $\theta E_{L}=-E_{L}$ and $I_{L}=\sqrt{-1}E_{L}$ . Since $\theta$ is an anti-automorphism,
we get $\theta I_{L}=I_{L}$ , i. e., $I_{L}\in\tilde{\mathfrak{g}}_{\theta}$ . $I_{L}$ is clearly in the center of $\tilde{\mathfrak{g}}_{9}$ . (4) Take any
$\xi\in \mathfrak{m}$ and set $X=\xi+\theta\xi(\in \mathfrak{n}\tau_{3})$ . We have $[I_{L}, X]=\sqrt{-1}\xi-\sqrt{-1}\theta\xi$ , whence
$\xi=-\frac{1}{2}(X-\sqrt{-1}[I_{L}, X])$ and $\theta\xi=\frac{1}{2}(X+\sqrt{-1}[I_{L}, X])$ . Since $\dim_{R}\mathfrak{m}_{\theta}=$

$\dim_{R}\mathfrak{m}$ , we get (4).

We shall say that an s-system $S=(\mathfrak{g}_{0}, \mathfrak{m}_{0},\tilde{\mathfrak{g}}_{0})$ is simple (resp. compact) if $\mathfrak{g}_{0}$

3) and 4) By Prop. 2.4, $\mathfrak{m},$

$\mathfrak{m}^{*}$ and $\sim_{\mathfrak{g}}$ are complex subalgebras of $\mathfrak{g}$ .



Equivalence problems associated uith homogeneous spaces 115

is simple (resp. compact). A simple compact s-system $S=(\mathfrak{g}_{0}, \mathfrak{n}\uparrow_{0}, Q_{0})$ will be
called hermitian if the center of $\tilde{\mathfrak{g}}_{0}$ is not trivial. The notation being as in
Prop. 4.1, we find from Prop. 4.1 that the system $S=(\mathfrak{g}_{\theta}, \mathfrak{m}_{\ell},\tilde{\mathfrak{g}}_{\theta})$ is a simple
compact hermitian s-system.

PROPOSITION 4.2. Let $S=(\mathfrak{g}_{0}, \mathfrak{m}_{0’\tilde{9}_{0}})$ be a simple compact hermitian s-system
and set $f!=\mathfrak{g}_{0}^{c}$ and $\tilde{\mathfrak{g}}=\tilde{\mathfrak{g}}_{0}^{c}$ . There are complex subalgebras $\mathfrak{m}$ and $\mathfrak{m}^{*}$ of $\mathfrak{g}$ satis-
fying the following conditions: (1) If we consider $\mathfrak{g},$ $\mathfrak{m},$

$\mathfrak{m}^{*}$ and $\tilde{\mathfrak{g}}$ as real alge-
bras, then the system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ forms an irreducible l-system of type $(C)$ ;
(2) The conjugation $\theta$ of $\mathfrak{g}$ with respect to $\mathfrak{g}_{0}$ gives a $*$ -isomorphism of $L$ onto
$L^{*}$ such that $S=(\mathfrak{g}_{\theta}, \mathfrak{m}_{\theta},\tilde{\mathfrak{g}}_{\theta})$ .

For a proof of Prop. 4.2, see Helgason [2].

To each irreducible l-system of type $(C),$ $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ , we now associate
a fixed $*$ -isomorphism $\theta$ of $L$ onto $L^{*}$ , and we set $S=(\mathfrak{g}_{\theta}, m_{\theta},\tilde{\mathfrak{g}}_{\theta})$ which is a
simple compact hermitian s-system. In virtue of Props. 3.3, 4.1 and 4.2, we
arrive at the following conclusion: The assignment $L\rightarrow S$ gives a one-to-one
correspondence between the set of all isomorphism classes of irreducible
l-system of type $(C)$ and the set of all isomorphism classes of simple compact
hermitian s-systems.

Here is the list of classification of simple compact hermitian s-systems
and hence of irreducible l-systems of type $(C)$ .

$|_{\frac{V}{VI}}^{\frac{TypeofS(orL)}{I_{m,m},(m\geqq m\geqq 1)}}\frac{II_{m}(m\geqq 3)}{III_{m}(m\geqq 2)}\frac\frac\frac{IV_{m}(m\geqq 3)}{}|_{\frac{e}{e_{7}}}^{\frac{\mathfrak{g}_{\theta}}{e\wedge\iota((m+m^{\prime})}}\frac{}{a,\wedge o(2m,R)}\frac\frac{e_{t}-\mathfrak{o}(m+2,R)}{6}\frac{\Re)(m)}{}|_{\frac{\Phi(10,R)x_{-}^{q}o(2,R)}{\mathfrak{e}_{6}\times\wedge ao(2,R)}}^{\frac{t!\sim}{}}\theta\frac{p_{\downarrow\iota(m)\times e_{\iota\iota(m^{\prime})\times R}}\wedge’\wedge}{}\frac\frac{}{@o(m,R)\times i\wedge i0(2,R)}\frac{\iota\iota(m)}{\downarrow\iota(m)}|$

One notes that an irreducible l-system of type $I_{m,1}$ means an l-system of
type $P^{m}(C)$ .

PROPOSITION 4.3. Let $L$ be an irreducible l-system of type $(R)$ . Then $L$ is
of type $P^{m}(R)$ if and only if $L^{c}$ is of type $I_{m,1}$ .

PROOF. This follows easily from Lemma 3.1.
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\S 5. $G^{\tilde}$-structures

Throughout this and subsequent four sections, we shall study a fixed
f-system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ and use the notations and identifications given in \S 1.
We set $n=\dim \mathfrak{m}$ .

Let $M$ be a manifold of dimension $n$ . The bundle of frames of $M,$ $F$, is
a principal fiber bundle over the base space $M$ with the general linear group
$GL(n, R)$ of degree $n$ as structure group. If we identify the two groups
$GL(n, R)$ and $GL(\mathfrak{m})$ with respect to a fixed base of $\mathfrak{m}$ , the principal fiber
bundle $F$ may be defined as follows: The point-set of $F$ is the totality of all
isomorphisms of $\mathfrak{m}$ onto $T_{p}(M)$ , where $p$ runs over $M$ ; the action of $GL(\mathfrak{m})$

on $F$ is given by $F\times GL(\mathfrak{m})\ni(x, a)\rightarrow xa=x\circ a\in F$ ; the projection $\pi_{F}$ of $F$

onto $M$ is defined by $\pi_{F}(x)=p$ if $\chi$ maps $\mathfrak{m}$ onto $T_{p}(M)$ .
Considering the (identity) representation of $\tilde{G}$ on $\mathfrak{m}$ , we give the following

definition.
DEFINITION 5.1. Let $M$ be an n-dimmensional manifold. A G-structure

on $M$ is a principal fiber bundle $\tilde{P}$ over the base space $M$ with structure
group $\tilde{G}$ which is a subbundle of the bundle of frames of $M,$ $F$.

Let $\tilde{P}$ be a G-structure on a manifold $M$ and let ft be the projection of $\tilde{P}$

onto $M,\tilde{\pi}$ being the restriction of $\pi_{F}$ to $\tilde{P}$ . The basic form $\tilde{\theta}$ of $\tilde{P}$ is, by
definition, the m-valued l-form on $\tilde{P}$ defined by $0(X)=x^{-1}\tilde{\pi}X$ for all $x\in\tilde{P}$ and
$X\in T_{x}(\tilde{P})$ .

NOTATION. Let $P$ be a principal fiber5) bundle over a manifold $M$ with a
Lie group $G$ as structure group. $R_{a}$ (resp. $A^{*}$) will denote the right transla-
tion (resp. the vertical vector field) on $P$ corresponding to an $a\in G$ (resp. an
$A\in \mathfrak{g}),$

$\mathfrak{g}$ being the Lie algebra of $G$ .
PROPOSITION 5.1. (1) Let $X$ be a tangent vector to $\tilde{P}$ at $x\in\tilde{P}$ . $\tilde{\theta}(X)=0$

if and only if $X$ is vertical, $i$ . $e.$ , of the form $A_{x}^{*}$ with a (unique) $A\in\tilde{\mathfrak{g}}$ . (2)
$R$“ $\tilde{\theta}=a^{-1}\tilde{\theta}$ for all $a\in\tilde{G}$ .

DEFINITION 5.2. Let $\tilde{P}_{i}(i=1,2)$ be a G-structure on a manifold $M_{i}$ and
let $\tilde{\theta}_{i}$ be the basic form of $\tilde{P}_{i}$ . An isomorphism of $\tilde{P}_{1}$ onto $\tilde{P}_{2}$ is a bundle
isomorphism $\varphi$ of $P_{1}$ onto $\tilde{P}_{2}$ such that $\varphi^{*}\tilde{\theta}_{2}=\tilde{\theta}_{1}$ . A homeomorphism $f$ of $M_{1}$

onto $M_{2}$ is called a G-homeomorphism of $M_{1}$ onto $M_{2}$ if it is covered by an
isomorphism $\varphi$ of $P_{1}$ onto $\tilde{P}_{2}$ .

PROPOSITION 5.2. The notation being as in Def. 5.2, every G-homeomorphism
$f$ of $M_{1}$ onto $M_{2}$ is covered by a unique isomorphism $\varphi$ of $P_{1}$ onto $\tilde{P}_{2}$ .

Assuming that a G-structure is given on a manifold $M$, let us define the
notion of a tensor field on $M$ in terms of the G-structure.

5) As for a principal fiber bundle, we use the notations and terminologies given
in [5].
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NOTATION. $q_{s}^{\gamma}(\mathfrak{m})$ will denote the vector space of all tensors of type $\left(\begin{array}{l}r\\s\end{array}\right)$

on $\mathfrak{m}$ , $i$ . $e.,$ $ff_{s}^{r}(\mathfrak{m})=(\otimes^{r}\mathfrak{m})\times(\otimes^{s}\mathfrak{m}^{*})$ . Given vector spaces $V_{1},$ $\cdots$ , $V_{l}$ and
$V,$ $\rightarrow C(V_{1}, \cdots, V_{l} ; V)$ will denote the vector space of all multi-linear mappings of
$V_{1}\times\cdots\times V_{l}$ into $V$ . We may naturally identify $X(\mathfrak{m}^{*}$ , , $\iota \mathfrak{n}^{*},$

$\iota \mathfrak{n}$ , , $\mathfrak{m}$ ;
(with $\mathfrak{m}^{*}p$ times and $\mathfrak{m}q$ times) with $\sigma r_{s+q}^{r+p}(\mathfrak{m})$ ; for example, $\rightarrow C(\mathfrak{m};\mathfrak{m})=\mathfrak{g}\mathfrak{l}(\mathfrak{m})$

$=\mathfrak{m}\otimes \mathfrak{m}^{*}$ and $X(\mathfrak{m}, \mathfrak{m};R)=\Leftarrow \mathcal{L}(\mathfrak{m};\mathfrak{m}^{*})=\mathfrak{m}^{*}\otimes \mathfrak{m}^{*}$ . The group $GL(\mathfrak{m})$ linearly acts
on $\Psi_{s}(\mathfrak{m})$ through the mapping $GL(\mathfrak{m})\times\Psi_{s}(\mathfrak{m})\ni(a, X)\rightarrow X^{a}\in f_{s}^{r}(\mathfrak{m})$ , where
$(\xi_{1}\otimes\cdots\otimes\xi_{r}\otimes\omega_{1}\otimes\cdots\otimes\omega_{s})^{a}=(a\xi_{1})\otimes\cdots\otimes(a\xi_{r})\otimes(aw_{1})\otimes\cdots\otimes({}^{t}a^{-1}\omega_{s})$ for all
$\xi_{1},$ $\cdots$ , $\xi_{r}\in \mathfrak{m}$ and $w_{1},$ $\cdots$ , $\omega_{s}\in \mathfrak{m}^{*}$ .

DEFINITION 5.3. Let $\tilde{P}$ be a G-structure on a manifold $M$. A tensor field

of type $\left(\begin{array}{l}r\\s\end{array}\right)$ on $M$ is a mapping $\Phi$ of $\tilde{P}$ into gg (m) satisfying the equality

$\Phi_{xa}=(\Phi_{x})^{a\rightarrow 1}$

for all $x\in\tilde{P}$ and $a\in\tilde{G}$ .
As is clear, this definition of a tensor field on $M$ is equivalent to the usual

one.
EXAMPLES. (1) A tensor field of type $\left(\begin{array}{l}1\\0\end{array}\right)$ (a vector field) on $M$ is a map-

ping $X$ of $\tilde{P}$ into $\mathfrak{m}$ such that $X_{x\zeta\iota}=a^{-1}X_{x}$ . (2) A tensor field of type $\left(\begin{array}{l}0\\1\end{array}\right)$ (a

l-form) on $M$ is a mapping $E$ of $\tilde{P}$ into $\mathfrak{m}^{*}$ such that $E_{xa}=^{f}aE_{x}$ . (3) A tensor

field of type $\left(\begin{array}{l}1\\1\end{array}\right)$ on $M$ is a mapping $U$ of $\tilde{P}$ into gl(m) such that $U_{xa}=a^{-1}U_{x}a$ .
(3) We define a mapping $\Psi_{L}$ of $\mathfrak{m}\otimes \mathfrak{m}^{*}$ into $\tilde{\mathfrak{g}}\subset \mathfrak{g}\mathfrak{l}(\mathfrak{m})$ by $\Psi_{L}(\xi, w)=[\xi, w]$ for

all $\xi\in \mathfrak{m}$ and $\omega\in \mathfrak{m}^{*}$ , which is a tensor of type $\left(\begin{array}{l}2\\2\end{array}\right)$ on $\mathfrak{m}$ . We have $\Psi_{L}^{a}=\Psi_{L}$

for all $a\in\tilde{G},$ $i$ . $e.$ ,
$a\cdot[a^{-1}\xi,{}^{t}a\omega]\cdot a^{-1}=[\xi, \omega]$

for all $\xi\in \mathfrak{m}$ and $w\in \mathfrak{m}^{*}$ . This means that the constant mapping $\tilde{P}\ni x\rightarrow\Psi_{L}$

$\in\sigma_{2}^{2}(\mathfrak{m})$ is a tensor field of type $(_{2}^{2})$ on $M$. It can be shown that6) $\tilde{G}$ consists

of all elements $a\in GL(\mathfrak{m})$ leaving $\Psi_{L}$ invariant.
In what follows, we shall consider a fixed G-structure $\tilde{P}$ on a manifold $M$.
DEFINITION 5.4. An affine connection in $\tilde{P}$ is a linear mapping $B$ of $\mathfrak{m}$

into the vector space $x(P)$ of all vector fields on $\tilde{P}$ satisfying the conditions:
(B. 1) $\tilde{\theta}(B(\xi))=\xi$ for all $\xi\in \mathfrak{m},\tilde{\theta}$ being the basic form of $\tilde{P}$ ;
(B. 2) $R_{a}B(\xi)=B(a^{-1}\xi)$ for all $a\in\tilde{G}$ and $\xi\in \mathfrak{m}$ .
By condition (B. 1) and Prop. 5.1, 1, we get
LEMMA 5.1. Let $B$ be an $aJ\pi ne$ connection in P. Every tangent vector $X$

6) Therefore, we see that a $\tilde{G}$ -structure $\tilde{P}$ on a manifold $M$ is a . tensor structure

on $M$ defined by a suitable tensor field of type $(_{2}^{2})$ on $M$.
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to $\tilde{P}$ at $x\in\tilde{P}$ is uniquely written in the form $B(\xi)_{x}+A_{x}^{*}$ , where $\xi\in \mathfrak{m}$ and $A\in\tilde{\mathfrak{g}}$ .
Let $B$ be an affine connection in $\tilde{P}$ . By Lemma 5.1, we can find, for each

$\chi\in fl$ and $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ , a unique pair $(T_{x}(\xi, \xi^{\prime}),$ $R_{x}(\xi, \xi^{\prime}))$ of elements of $\mathfrak{m}$ and $\tilde{\mathfrak{g}}$

respectively as follows:

$[B(\xi), B(\xi^{\prime})]_{x}=B(T_{x}(\xi, \xi^{\prime}))_{x}+R_{x}(\xi, \xi^{\prime})_{x}^{*}$ .
The elements $T_{x}(\xi, \xi^{\prime})$ and $R_{x}(\xi, \xi^{\prime})$ are bilinear and anti-symmetric with re-
spect to the two variables $\xi$ and $\xi^{\prime}$ . By condition (B. 2), the mappings
$T:\tilde{P}\ni x\rightarrow T_{x}\in\rightarrow C(\mathfrak{n}\iota, m;\mathfrak{m})$ and $R:\tilde{P}\ni x\rightarrow R_{x}\in X(\mathfrak{m}, \mathfrak{m};\tilde{\mathfrak{g}})$ are tensor fields of

type $\left(\begin{array}{l}1\\2\end{array}\right)$ and of type $\left(\begin{array}{l}1\\3\end{array}\right)$ on $M$ respectively, $i$ . $e.,$ $T_{xa}(\xi, \xi^{\prime})=a^{-1}T_{x}(a\xi, a\xi^{\prime})$

and $R_{xa}(\xi, \xi^{\prime})=a^{-1}R_{x}(a\xi, a\xi^{\prime})a$ . The tensor field $T$ and $R$ are called the tor-
sion and curvature tensor fields of $B$ respectively. The Ricci tensor field of
$B$ is, by definition, the tensor field $R^{*}:$ $\tilde{P}\ni\chi\rightarrow R_{x}^{*}\in\rightarrow C(\mathfrak{m};\mathfrak{m}^{*})$ of type $\left(\begin{array}{l}0\\2\end{array}\right)$ on
$M$ defined by $\langle\xi^{\prime}, R_{x}^{*}(\xi)\rangle=the$ trace of the endomorphism $\eta\rightarrow R_{x}(\eta, \xi)\xi^{\prime}$ of rn.
We have $R_{x}^{*}(\xi)=\sum_{i}$ [$R_{x}(\xi,$ $e_{i})$ , Of] for all $\xi\in m$ , where $(e_{i})$ is a base of $\mathfrak{m}$ and

$(\omega^{i})$ is the dual base of $(e_{i})$ . We now define the covariant derivative of a

tensor field $\Phi$ of type $(_{s}^{r})$ on $\Lambda f$. At each $x\in\tilde{P}$ , let $\nabla\Phi_{x}$ be the linear map-

ping of $m$ into $\Psi_{s}(\mathfrak{m})$ defined by $\nabla_{\xi}\Phi_{x}=B(\xi)_{x}\Phi$ . By condition (B. 2), we have

$\nabla_{\xi}\Phi_{xa}=(\nabla_{a\xi}\Phi_{x})^{a-1}$

This indicates that the mapping $\nabla\Phi$ : $\tilde{P}\ni x\rightarrow\nabla\Phi_{x}\in t(m;T_{s}^{r}(\mathfrak{m}))=f_{s+1}^{r}(\mathfrak{m})$ is a

tensor field of type $\left(\begin{array}{l}r\\s+1\end{array}\right)$ on $M$, which is called the covariant derivative of $\Phi$ .
The following proposition will be usefull in our later arguments.
PROPOSITION 5.3. (1) Let $B_{i}(i=1,2)$ be an affine connection in $\tilde{P}$ and let

T. be the torsion tensor field of $B_{i}$ . Then there is a unique tensor field
$U$ : $\tilde{P}\ni x\rightarrow U_{x}\in X(m;\tilde{\mathfrak{g}})$ of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$ such that

(5.1) $B_{2}(\xi)_{x}=B_{1}(\xi)_{x}+U_{x}(\xi)_{x}^{*}$

for all $x\in\tilde{P}$ and $\xi\in \mathfrak{m}$ . In this case, we have

$ T_{2}(\xi, \xi^{\prime})=T_{1}(\xi, \xi^{\prime})+U(\xi)\xi^{\prime}-U(\xi^{\prime})\xi$

for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ . (2) If $B_{1}$ is an affine connection in $\tilde{P}$ and if $U$ is a tensor

field of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$, then the linear mapping $B_{2}$ of minto $x(P)$ defined by

(5.1) is an affine connection in $\tilde{P}$ .
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\S 6. $G^{\prime}$-bundles

DEFINITION 6.1. Let $\tilde{P}$ be a G-structure on a manifold $M$. We say that
a system $(P,\overline{l})$ is a $G^{\prime}$ -bundle associated to the G-structure $\tilde{P}$ , if $P$ is a prin-
cipal fiber bundle over the base space $M$ with structure group $G^{\gamma}$ and if $\overline{l}$ is
a base preserving bundle homomorphism of $P$ onto $\tilde{P}$ corresponding to the
homomorphism 1 of $G^{\prime}$ onto $\tilde{G}$ .

Let $\tilde{P}$ be a G-structure on a manifold $M$ and let $(P,\overline{l})$ be a $G^{\prime}$ -bundle as-
sociated to $\tilde{P}$ . The m-valued l-form $\theta=\overline{l}^{*}\theta$ will be called the basic form of
$(P,\overline{l}),$

$\theta$ being the basic form of $\tilde{P}$ .
By Prop. 5.1, we have
PROPOSITION 6.1. (1) Let $X$ be a tangent vector to $P$ at $z\in P$ . $\theta(X)=0$

if and only if $X$ is vertical, $i$ . $e.$ , of the form $A_{z}^{*}$ with a (unique) $A\in \mathfrak{g}^{\prime}$ . (2)
$ R_{a}^{*}\theta=l(a)^{-1}\theta$ for all $a\in G^{\prime}$ .

We show that to each G-structure $\tilde{P}$ on a manifold $M$ there is associated
at least one $G^{\prime}$ -bundle, say $(P,\overline{l})$ . Indeed, the G-structure $\tilde{P}$ and the injection
of $\tilde{G}$ into $G^{\prime}$ give rise to a principal fiber bundle $P$ over the base space $M$

with structure group $G^{\prime}$ in such a way that $\tilde{P}$ is a subbundle of $P$ . Further-
more, there is a unique homomorphism $\overline{l}$ of $P$ onto $\tilde{P}$ subject to the condition
$\overline{l}(x)=x$ at each $x=\tilde{P}$ .

DEFINITION 6.2. Let $\tilde{P}_{i}(i=1,2)$ be a G-structure on a manifold $M_{i}$ , let
$(P_{i},\overline{l}_{i})$ be a $G^{\prime}$ -bundle associated to $\tilde{P}_{i}$ and let $\theta_{i}$ be the basic form of $(P_{i},\overline{l}_{i})$ .
An isomorphism of $(P_{1},\overline{l}_{1})$ onto $(P_{2},\overline{l}_{2})$ is a bundle isomorphism $\varphi$ of $P_{1}$ onto
$P_{2}$ such that $\varphi^{*}\theta_{2}=\theta_{1}$ .

PROPOSITION 6.2. The notation being as in Def. 6.2, let $\varphi$ be a bundle iso-
morphism of $P_{1}$ onto $P_{2}$ . Then $\varphi$ is an isomorphism of $(P_{1},\overline{l}_{1})$ onto $(P_{2},\overline{l}_{2})$ if
and only if there is a (unique) isomorphism $\tilde{\varphi}$ of $\tilde{P}_{1}$ onto $\tilde{P}_{2}$ such that $\tilde{\varphi}\circ\overline{l}_{1}$

$=\overline{l}_{2}\circ\varphi$ .
PROOF. First suppose that $\varphi$ is an isomorphism of $(P_{1}, \overline{l}_{1})$ onto $(P_{2},\overline{l}_{2})$ .

There is a unique bundle isomorphism $\tilde{\varphi}$ of $P_{1}$ onto $P_{2}$ such that $\tilde{\varphi}\circ\overline{l}_{1}=\overline{l}_{2}\circ\varphi$ .
Since $\varphi^{*}\theta_{2}=\theta_{1}$ , we have $\overline{l}_{1}^{*}\tilde{\theta}_{1}=\overline{l}_{1}^{*}(\tilde{\varphi}^{*}\tilde{\theta}_{2})$ . Hence $\tilde{\theta}_{1}=\tilde{\varphi}^{*}\tilde{\theta}_{2}$ . The converse is
easy.

PROPOSITION 6.3. The notation being as in Def. 6.2, let $\tilde{\varphi}$ be an isomor-
phism of $\tilde{P}_{1}$ onto $P_{2}$ . Then there is at least one isomorphism $\varphi$ of $(P_{1},\overline{l}_{1})ont(y$

$(P_{2},\overline{l}_{2})$ such that $\overline{l}_{2}\circ\varphi=\tilde{\varphi}\circ l_{1}^{\sim}$ .
PROOF. By Prop. 1.7 the homogeneous space $G^{\prime}/\tilde{G}$ is homeomorphic with

the vector space $\mathfrak{m}^{*}$ . Therefore we can find at least one bundle homomor-
phism $h_{i}$ of $\tilde{P}_{i}$ into $P_{i}$ (corresponding to the injection of $\tilde{G}$ into $G^{\prime}$) such that
$\overline{l}_{i}\circ h_{i}=1$ (the identity transformation of $\tilde{P}_{i}$). Hence there is a unique bundle
isomorphism $\varphi$ of $P_{1}$ onto $P_{2}$ such that $\varphi\circ h_{1}=h_{2}\circ\tilde{\varphi}$ . We have clearly $\overline{l}_{2}\circ\varphi$
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$\tilde{\varphi}\circ\overline{l}_{1}$ .
Let $\tilde{P}$ be a G-structure on a manifold $M$ and let $(P,\overline{l})$ be a $G^{\prime}$ -bunule as-

sociated to $\tilde{P}$ . We shall say that a bundle homomorphism $h$ of $\tilde{P}$ into $P$ (corres-
ponding to the injection of $\tilde{G}$ into $G^{\prime}$) is admissible if it satisfies the condition
$\overline{l}\circ h=1$ . By the proof of Prop. 6.3, there is at least one admissible homomor-
phism of $\tilde{P}$ into $P$.

PROPOSITION 6.4. (1) The notation being as above, let $h_{i}(i=1,2)$ be an
admissible homomorphism of $\tilde{P}$ into P. Then there exists a unique l-form
$F:\tilde{P}\rightarrow \mathfrak{m}^{*}$ on $M$ such that

(6.1) $h_{2}(x)=h_{1}(x)\cdot\exp F_{x}$

at each $x\in\tilde{P}$ . (2) If $h_{1}$ is an admissible homomorphism of $\tilde{P}$ into $P$ and $iJ$

$F:\tilde{P}\rightarrow \mathfrak{m}^{*}$ is a l-form on $M$, then the mapping $h_{2}$ of $\tilde{P}$ into $P$ defined by (6.1)
is an admissible homomorphism of $\tilde{P}$ into $P$.

PROOF. (1) At each $x\in\tilde{P},$ $h_{1}(x)$ and $h_{2}(x)$ lie in the same fiber of $P$. Hence
there is a unique $\tau\in G^{\prime}$ such that $ h_{2}(x)=h_{1}(x)\tau$ . Since $\overline{l}\circ h_{1}=\overline{l}\circ h_{2}=1$ , we
have $x=x\cdot 1(\tau),$ $i.e.,$ $l(\tau)=e$ . By Prop. 1.6, $\tau$ is of the form $\exp F_{x}$ with a
unique $F_{x}\in \mathfrak{m}^{*}$ . We must prove that the mapping $F:\tilde{P}\ni x\rightarrow F_{x}\in \mathfrak{m}^{*}$ is a
l-form on $M$. We have $\exp F_{xa}=a^{-1}(\exp F_{x})a=\exp(ada^{-1}F_{x})$ for all $\chi\in\tilde{P}$

and $a\in\tilde{G}$ , whence $F_{xa}=^{t}aF_{x}$ . (2) can be analogously proved.
We here state a lemma concerning a tensor field on a manifold with a $\tilde{G}-$

structure.
LEMMA 6.1. Let $\tilde{P}$ be a G-structure on a manifold $M$ and let $(P,\overline{l})$ be a

$G^{\prime}$ -bundle associated to P. If $\tilde{\Phi}:\tilde{P}\rightarrow T_{s}^{r}(\mathfrak{m})$ is a tensor field of type $\left(\begin{array}{l}r\\s\end{array}\right)$ on $M$,

then the mapping $\Phi=\tilde{\Phi}\circ\overline{l}:P\rightarrow\Psi_{s}(\mathfrak{m})$ satisfies the equality:

(6.2) $\Phi_{za}=(\Phi_{z})^{l(a)^{\vee 1}}$

for all $z\in P$ and $a\in G^{\prime}$ . Conversely, every mapping $\Phi$ : $P\rightarrow\Psi_{s}(m)$ satisfying

\langle 6.2) induces a unique tensor field $\tilde{\Phi}$ : $\tilde{P}\rightarrow ff_{s}^{r}(\mathfrak{m})$ of type $\left(\begin{array}{l}r\\s\end{array}\right)$ on $M$ such that
$\Phi=\tilde{\Phi}\circ\acute{l}$.

Lemma 6.1 enables us to define a tensor field of type $\left(\begin{array}{l}r\\s\end{array}\right)$ on $M$ to be a
mapping $\Phi$ : $P\rightarrow\Psi_{s}(\mathfrak{m})$ satisfying (6.2).

Example (the prototype of $G^{\prime}$ -bundles). Let us consider the homogeneous
space $M_{L}=G/G$ ‘. As usual, $G$ may be considered as a principal fiber bundle
over the base space $M_{L}$ with structure group $G^{\prime}$ : The action of $G^{\prime}$ on $G$ is
given by the mapping $G\times G^{\prime}\ni(z, a)\rightarrow za\in G$ , where $za$ stands for the product
of $z$ and $a$ in the group $G$ , and the projection $\pi$ of $G$ onto $M_{L}$ is defined by
$\pi(z)=zo,$ $0$ being the origin of $M_{L}$ , i. e., the coset $G^{\prime}$ of $G/G^{\prime}$ . The group $G$

acts on the bundle of frames $F$ of $M_{L}$ as follows: $(zx)\xi=z(x\xi)$ for all $z\in G$ ,
$x\in F$ and $\xi\in m$ , where $z$ in the right side should be confounded with the
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transformation on $M_{L}$ induced by $z$ . Now we have $\mathfrak{g}=\mathfrak{m}+\mathfrak{g}^{\prime}$ (direct sum).

This being said, we define an isomorphism $x_{0}$ of $\mathfrak{m}$ onto $T_{0}(M_{L})$ by $x_{0}\xi=\pi\xi_{e}$

for all $\xi\in \mathfrak{m}$ , where $\xi_{e}$ means the value at $e$ taken by the left invariant vector
field $\xi$ on $G$ . Note that we are identifying $\mathfrak{g}$ with the Lie algebra of all left
invariant vector fields on G. $x_{0}$ being a point of $F$, let $\overline{l}$ be the mapping of
$G$ into $F$ defined by $\overline{l}(z)=zx_{0}$ for all $z\in G$ .

LEMMA 6.2. The mapping $\overline{l}$ is a base preserving bundle homomorphism of
$G$ into $F$ corresponding to the homomorphism $l$ of $G^{\prime}$ into $GL(\mathfrak{m})$ .

PROOF. We first show that $ax_{0}=x_{0}l(a)$ for all $a\in G^{\prime}$ . In fact, we have
$(ax_{0})\xi=a(\pi\xi_{e})=\pi((ada\xi)_{e})=\pi((l(a)\xi)_{e})=(x_{0}l(a))\xi$ for all $\xi\in \mathfrak{m}$ , whence $ax_{0}=x_{0}l(a)$ .
It follows that $\overline{l}(za)=\acute{l}(z)l(a)$ for all $z\in G$ and $a\in G^{\prime}$ . Moreover we have
$\pi_{F}(\overline{l}(z))=\pi_{F}(zx_{0})=\pi(z)$ for all $z\in G,$ $\pi_{F}$ being the projection of $F$ onto $M_{L}$ .

Lemma 6.2 indicates that the image $\tilde{P}_{L}$ of $G$ by $\overline{l}$ is a G-structure on $M_{L}$

and that the system $(G,\overline{l})$ is a $G^{\prime}$ -bundle associated to $\tilde{P}_{L}$ .
PROPOSITION 6.5. Let $\theta$ be the basic form of $(G,\overline{l})$ . Then we have $\theta(\xi)=\xi$

for all $\xi\in \mathfrak{m}$ .
PROOF. Let il be the projection of $\tilde{P}_{L}$ onto $M_{L}$ and let $\tilde{\theta}$ be the basic

form of $\tilde{P}_{L}$ . Since $\theta=\overline{l}^{*}\tilde{\theta}$, we have $\overline{l}(z)\theta(\xi_{z})=\overline{l}(z)\tilde{\theta}(\overline{l}(\xi_{e}))=\tilde{\pi}(\overline{l}\xi_{z})=\pi\xi_{z}=z(\pi\xi_{e})$

$=(zx_{0})\xi=\overline{l}(z)\xi$ for all $z\in G$ and $\xi\in \mathfrak{m}$ , whence $\theta(\xi_{z})=\xi$ .

\S 7. Connections of type $(L)$

For all $a\in c/$ and $\xi\in m$ , we shall denote by $D(a, \xi)$ the $\mathfrak{g}^{\prime}$ -component of
$ ada\xi$ in the decomposition: $\mathfrak{g}=\mathfrak{m}+\mathfrak{g}^{\gamma}$ . We have $ada\xi=l(a)\xi+D(a, \xi)$ .

DEFINITION 7.1. Let $\tilde{P}$ be a G-structure on a manifold $M$ and let $(P,\overline{l})$

be a $G^{\prime}$ -bundle associated to $\tilde{P}$ . A connection of type $(L)$ in $(P,\overline{l})$ is a linear
mapping $C$ of $\mathfrak{m}$ into the vector space $X(P)$ of all vector fields on $P$ satisfying
the following conditions:

(C. 1) $\theta(C(\xi))=\xi$ for all $\xi\in \mathfrak{m},$
$\theta$ being the basic form of $(P, l^{\prime})$ ;

(C. 2) $R{}_{a}C(\xi)=C(l(a)^{-1}\xi)+D(a^{-1}, \xi)^{*}$ for all $a\in G^{\prime}$ and $\xi\in \mathfrak{m}$ .
EXAMPLE (the prototype of connections of type $(L)$). Let us consider the

G-structure $\tilde{P}_{L}$ on the hemogeneous space $M_{L}=G/G^{\prime}$ and the $G^{\prime}$ -bundle $(G,\overline{l})$

associated to $\tilde{P}_{L}$ . We define a linear mapping $C_{L}$ of $m$ into $X(G)$ by $ C_{L}(\xi)=\xi$

for all $\xi\in \mathfrak{m}$ . By Prop. 6.5, $C_{L}$ satisfies condition (C. 1). We have $ R_{a}\xi=ada^{-1}\xi$ ,
showing that $C_{L}$ satisfies condition (C. 2). Hence $C_{L}$ is a connection of type
$(L)$ in $(G,\overline{l})$ .

The notation being as in Def. 7.1, we study the fundamental properties of
a connection of type $(L)$ .

I. From condition (C. 1) and Prop. 6.1, (1), we get
LEMMA 7.1. Every tangent vector $X$ to $P$ at $z\in P$ is uniquely written in
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the form: $C(\xi)_{z}+A_{z}^{*}$ , where $\xi\in \mathfrak{m}$ and $A\in \mathfrak{g}^{\prime}$ .
For each $X\in \mathfrak{g}$ , we define a vector field $X^{*}$ on $P$ by $X^{*}=C(\xi)+A^{*}$ if

$X=\xi+A,$ $\xi\in \mathfrak{m}$ and $A\in \mathfrak{g}^{\prime}$ . The mapping $\mathfrak{g}\ni X\rightarrow X^{*}\in X(P)$ is linear and we
have

PROPOSITION 7.1.
(1) The mapping $X\rightarrow X_{z}^{*}$ gives an isomorphism of $\mathfrak{g}$ onto $T_{z}(P)$ at each

$z\in P$ ;
(2) $\theta(X^{*})\equiv Xmod \mathfrak{g}^{\prime}$ for all $X\in \mathfrak{g}$ ;
(3) $R_{a}X^{*}=(ada^{-1}X)^{*}$ for all $X\in \mathfrak{g}$ and $a\in G^{\prime}$ ;
(4) $[A^{*}, X^{*}]=[A, X]^{*}for$ all $X\in \mathfrak{g}$ and $A\in \mathfrak{g}^{\prime}$ .
This is easy from conditions (C. 1), (C. 2) and Lemma 7.1.
By Lemma 7.1, we can find, for each $z\in P$ and $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ , a unique pair

$(S_{z}(\xi, \xi^{\prime}),$ $K_{z}(\xi, \xi^{\prime}))$ of elements of $\mathfrak{m}$ and $\mathfrak{g}^{\prime}$ respectively as follows:

$[C(\xi), C(\xi^{\prime})]_{z}=C(S_{z}(\xi, \xi^{\prime}))_{z}+K_{z}(\xi, \xi^{\prime})_{z}^{*}$

or equivalently
$[\xi^{*}, \xi^{\prime*}]_{z}=(S_{z}(\xi, \xi^{\prime})+K_{z}(\xi, \xi^{\prime}))_{z}^{*}$ .

The elements $S_{z}(\xi, \xi^{\prime})$ and $K_{z}(\xi, \xi^{\prime})$ are bilinear and anti-symmetric with respect
to the two variables $\xi$ and $\xi^{\prime}$ .

LEMMA 7.2. Let $a\in G^{\prime},$ $\xi,$ $\xi^{\prime}\in m$ and $z\in P$. Then we have

$S_{za}(\xi, \xi^{\prime})+K_{za}(\xi, \xi^{\prime})=ada^{-1}S_{z}(l(a)\xi, l(a)\xi^{\prime})+ada^{-1}K_{z}(l(a)\xi, l(a)\xi^{\prime})$ .
PROOF. We have

$R_{a^{-1}}\cdot[\xi^{*}, \xi^{\prime*}]_{za}=[R_{a^{-1}}\xi^{*}, R_{a^{-1}}\xi^{\prime*}]_{z}=[(ada\xi)^{*}, (ada\xi^{\prime})^{*}]_{z}$

$=[(l(a)\xi)^{*}+D(a, \xi)^{*}, (l(a)\xi^{\prime})^{*}+D(a, \xi^{\prime})^{*}]_{z}$

$=(S_{z}(l(a)\xi, l(a)\xi^{\prime})+K_{z}(l(a)\xi, l(a)\xi^{\prime})+[D(a, \xi), l(a)\xi^{\prime}]$

$+[l(a)\xi, D(a, \xi^{\prime})]+[D(a, \xi), D(a, \xi^{\prime})])_{z}^{*}$ .
We have

$ada[\xi, \xi^{\prime}]=[ada\xi, ada\xi^{\prime}]=[l(a)\xi+D(a, \xi), l(a)\xi^{\prime}+D(a, \xi^{\prime})]$

$=[D(a, \xi), l(a)\xi^{\prime}]+[l(a)\xi, D(a, \xi^{\prime})]+[D(a, \xi), D(a, \xi^{\prime})]$

$=0$ .

Hence we get

(7.1) $R_{a^{-1}}\cdot[\xi^{*}, \xi^{\prime*}]_{za}=(S_{z}(l(a)\xi, l(a)\xi^{\prime})+K_{z}(l(a)\xi, l(a)\xi^{\prime}))_{z}^{*}$ .
On the other hand, we get

(7.2) $R.-1[\xi^{*}, \xi^{\prime*}]_{za}=(adaS_{za}(\xi, \xi^{\prime})+adaK_{za}(\xi, \xi^{\prime}))_{l}^{*}$ .
Lemma 7.2 follows immediately from (7.1) and (7.2).

We define, at each $z\in P$, a linear mapping $S_{z}^{*}$ of $m$ into $\tilde{\mathfrak{g}}$ by $S_{z}^{*}(\xi)$
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$=\sum_{i}[S_{z}(\xi, e_{i}), \omega^{i}]$ for all $\xi\in \mathfrak{m}$ , where $(e_{i})$ is a base of $\mathfrak{m}$ and $(\omega^{i})$ is the dual

base of $(e_{i})$ . Moreover, we denote by $W_{z}(\xi, \xi^{\prime})$ the g-component of $K_{z}(\xi, \xi^{\prime})$ in
the decomposition: $\mathfrak{g}^{\prime}=\mathfrak{m}^{*}+\tilde{\mathfrak{g}}$ , and define, at each $z\in P$, a linear mapping of
$\mathfrak{m}$ into $\mathfrak{m}^{*}$ by $W_{z}^{*}(\xi)=\sum_{i}[W_{z}(\xi, e_{i}), \omega^{i}]$ for all $\xi\in \mathfrak{m},$ $(e_{i})$ and $(\omega^{\dot{t}})$ being just

as above. It is clear that $S_{z}^{*}$ and $W_{z}^{*}$ are well defined.
PROPOSITION 7.2. Let $a\in G^{\prime},$ $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ and $z\in P$ .
(1) $S_{za}(\xi, \xi^{\prime})=l(a)^{-1}S_{z}(l(a)\xi, l(a)\xi^{\prime})$ ;

(2) Assume that $S_{w}=0$ at each $w\in P$. Then,

$W_{za}(\xi, \xi^{\prime})=l(a)^{-1}W_{z}(l(a)\xi, l(a)\xi^{\prime})l(a)$ ;

(3) Assume that $S_{w}^{*}=0$ at each $w\in P$. Then,

$W_{za}^{*}(\xi)={}^{t}l(a)W_{z}^{*}(l(a)\xi)$ .
PROOF. There is a unique element to of $\mathfrak{m}^{*}$ such that $a=l(a)\cdot\exp w$ (Prop.

1.6). Then we have, from Lemma 7.2,

$S_{za}(\xi, \xi^{\prime})+W_{za}(\xi, \xi^{\prime})\equiv l(a)^{-1}S_{z}(l(a)\xi, l(a)\xi^{\prime})$

$-[\omega, l(a)^{-1}S_{z}(l(a)\xi, l(a)\xi^{\prime})]+l(a)^{-1}W_{z}(l(a)\xi, l(a)\xi^{\prime})l(a)mod \mathfrak{n}\iota^{*}$ .
(1) and (2) are immediate from this equality. We have

$W_{za}(\xi, \xi^{\prime})=-[\omega, l(a)^{-1}S_{z}(l(a)\xi, l(a)\xi^{\prime})]+l(a)^{-1}W_{z}(l(a)\xi, l(a)\xi^{\prime})l(a)$ ,

and hence it follows that

$W_{za}^{*}(\xi)=-\sum_{i}[[\omega, l(a)^{-1}S_{z}(l(a)\xi, l(a)e_{i})], \omega^{i}]$

$+\sum_{i}$ [ $l(a)^{-1}W_{z}(l(a)\xi,$ $l(a)e_{i})l(a)$ , co’]

$=-[\omega, adl(a)^{-1}\sum_{i}[S_{z}(l(a)\xi, l(a)e_{i}),{}^{t}l(a)^{-1}\omega^{i}]]$

$+adl(a)^{-1}\sum_{i}[W_{z}(l(a)\xi, l(a)e_{i}),{}^{t}l(a)^{-1}\omega^{i}]$ .

Since $(l(a)e_{i})$ forms a base of $r\mathfrak{n}$ and $({}^{t}l(a)^{-1}\omega^{i})$ is the dual $bas_{\vee}^{\mathfrak{Q}}$ of $(l(a)e_{i})$ , we
get

$W_{za}^{*}(\xi)=-[\omega, adl(a)^{-1}S_{z}^{*}(l(a)\xi)]+{}^{t}l(a)W_{l}^{*}(l(a)\xi)={}^{t}l(a)W_{z}^{*}(l(a)\xi)$ .
Prop. 7.2, (1) shows that the mapping $S:P\ni z\rightarrow S_{z}\in\rightarrow C(\mathfrak{m}, \iota \mathfrak{n};\mathfrak{m})$ is a tensor

field of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$ (see Lemma 6.1), which will be called the torsion ten-

sor field of $C$ . It follows that the mapping $S^{*}:$ $P\ni z\rightarrow S_{z}^{*}\in\rightarrow C(m;\tilde{\mathfrak{g}})$ is a ten-

sor field of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$. Similarly, Prop. 7.2, (2) (resp. (3)) means that the

mapping $W:P\ni z\rightarrow W_{z}\in\rightarrow C(\mathfrak{m}, \mathfrak{m};\tilde{\mathfrak{g}})$ (resp. $W^{*}:$ $P\ni z\rightarrow W_{z}^{*}\in X(\mathfrak{m};\mathfrak{n}\tau^{*})$) is a

tensor field of type $\left(\begin{array}{l}1\\3\end{array}\right)$ (resp. of type $\left(\begin{array}{l}0\\2\end{array}\right)$ on $M$ under the condition that $S=0$
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(resp. $S^{*}=0$).

II. Let us fix an admissible homomorphism $h$ of $\tilde{P}$ into $P$ .
PROPOSITION 7.3. There exists a unique pair $(B, J)$ of an affine connection

$B$ in $\tilde{P}$ and a tensor field $J:\tilde{P}\ni x\rightarrow J_{x}\in\rightarrow C(\mathfrak{m};\mathfrak{m}^{*})$ of type $\left(\begin{array}{l}0\\2\end{array}\right)$ on $M$ such that

(7.3) $h\cdot B(\xi)_{x}=C(\xi)_{z}+J_{x}(\xi)_{z}^{*}$

for all $x\in\tilde{P}$ and $\xi\in \mathfrak{m}$ , where $z=h(x)$ .
PROOF. First we make a general remark: Let $X$ be a tangent vector to

$P$ at $z\in P$ . Then, $IX=0$ if and only if $X$ is of the form $\omega_{z}^{*}$ with a unique
$\omega\in \mathfrak{m}^{*}$ . Uniqueness: By $(7.3),$ $wehave\overline{l}\circ h\cdot B(\xi)_{x}=\overline{l}\cdot C(\xi)_{z}+\overline{l}\cdot J_{x}(\xi)_{z}^{*}=\overline{l}\cdot C(\xi)_{z}$ .
Since $\overline{l}\circ h=1$ , this means that $B$ and hence $J$ are uniquely determined by $C$ .
Existence: First we define a linear mapping $B$ of $\mathfrak{m}$ into $x(P)$ by $B(\xi)_{x}$

$=\overline{l}\cdot C(\xi)_{z}$ for all $x\in\tilde{P}$ and $\xi\in \mathfrak{m}$ , where $z=h(x)$ . By condition (C. 1), we have
$\tilde{\theta}(B(\xi)_{x})=\theta(C(\xi)_{z})=\xi$ , showing that $B$ satisfies condition (B. 1). By condition
(C. 2), we get $R_{a}\cdot B(\xi)_{x}=R_{a}\circ\overline{l}\cdot C(\xi)_{z}=\overline{l}\circ R_{a}\cdot C(\xi)_{z}=\overline{l}\cdot C(a^{-1}\xi)_{za}=B(a^{-1}\xi)_{xa}$ for
all $a\in\tilde{G}$ . Hence $B$ satisfies condition (B. 2). Thus $B$ is an affine connection
in $\tilde{P}$ . Next we have $\overline{l}\cdot(h\cdot B(\xi)_{x}-C(\xi),)=B(\xi)_{x}-B(\xi)_{x}=0$ . Hence, $h\cdot B(\xi)_{x}$

$-C(\xi)_{z}$ is of the form $J_{x}(\xi)_{z}^{*}$ with a unique $J_{x}(\xi)\in \mathfrak{m}^{*}$ . It is clear that $J_{x}(\xi)$ is
linear with respect to the variable $\xi$ . We must prove that the mapping
$J:\tilde{P}\ni x\rightarrow J_{x}\in f(\mathfrak{m};\mathfrak{m}^{*})$ is a tensor field of type $\left(\begin{array}{l}0\\2\end{array}\right)$ on $M$. For all $a\in\tilde{G}$ , we
have $R_{a}\circ h\cdot B(\xi)_{x}=h\circ R_{a}\cdot B(\xi)_{x}=h\cdot B(a^{-1}\xi)_{xa}=C(a^{-1}\xi)_{za}+J_{xa}(a^{-1}\xi)_{za}^{*}$ and
$R_{a}\circ h\cdot B(\xi)_{x}=R_{a}\cdot C(\xi)_{z}+R_{a}\cdot J_{x}(\xi)_{z}^{*}=C(a^{-1}\xi)_{za}+(ada^{-1}J_{x}(\xi))_{u\iota}^{*}$ . It follows that
$J_{xa}(a^{-1}\xi)=ada^{-1}J_{x}(\xi)={}^{t}aJ_{x}(\xi)$ , which proves that $J$ is a tensor field of type

$\left(\begin{array}{l}0\\2\end{array}\right)$ on $M$.
The affine connection $B$ and the $\cdot$ tensor field $J$ in Prop. 7.3 will be called

induced from $C$ by $h$ .
Let $z$ be a point of $P$ and set $x=\overline{l}(z)$ . Since $z$ and $h(x)$ lie in the same

fiber of $P$, there is a unique $a\in G^{\prime}$ such that $z=h(x)a$ . Since $x=\overline{l}(z)=x\cdot l(a)$ ,

we have $1(a)=e$ , i. e., $a$ is of the form $\exp\omega$ with a unique $w\in \mathfrak{m}^{*}$ .
In what follows, $B$ (resp. $J$) will denote the affine connection (resp. the

tensor field) induced from $C$ by $h$ .
PROPOSITION 7.4. The notation being as above, we have

(7.4) $C(\xi)_{z}=R_{a}\circ h\cdot B(\xi)_{x}-(J_{x}(\xi)+D(a^{-1}, \xi))_{z}^{*}$

for all $z\in P$ and $\xi\in \mathfrak{m}$ .
PROOF. We put $y=h(x)$ . By (7.3), we have $R_{a}\circ h\cdot B(\xi)_{x}=R_{a}\cdot C(\xi)_{y}$

$+R_{a}\cdot J_{x}(\xi)_{y}^{*}=C(\xi)_{z}+D(a^{-1}, \xi)_{z}^{*}+(ada^{-1}J_{x}(\xi))_{z}^{*}=C(\xi)_{z}+(J_{x}(\xi)+D(a^{-1}, \xi))_{z}^{*}$ .
As for the affine connection $B$ , we shall use the notations in \S 5.
LEMMA 7.3. Let $\chi\in P,$ $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ and set $z=h(x)$ . We have
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$T_{x}(\xi, \xi^{\prime})+J_{x}(T_{x}(\xi, \xi^{\prime}))+R_{x}(\xi, \xi^{\prime})$

$=S_{z}(\xi, \xi^{\prime})+K_{z}(\xi, \xi^{\prime})+[J_{x}(\xi), \xi^{\prime}]+[\xi, J_{x}(\xi^{\prime})]+\nabla_{\xi}J_{x}(\xi^{\prime})-\nabla_{\xi^{\prime}}J_{x}(\xi)$ .
PROOF. For all $\xi\in \mathfrak{m}$ , we define a vector field $H(\xi)$ on $P$ by $H(\xi)_{w}$

$=(\xi+J_{y}(\xi))_{w}^{*}$ at each $w\in P$, where $y=\overline{l}(w)$ . Since $\overline{l}\circ h=1,$ $(7.3)$ means that
$H(\xi)$ is h-related to $B(\xi)$ , i. e., $h\cdot B(\xi)_{x}=H(\xi)_{x}$ at each $x\in P$, where $z=h(x)$ .
It follows that $[H(\xi), H(\xi^{\prime})]$ is also h-related to $[B(\xi), B(\xi^{\prime})],$ $i$ . $e.$ ,

(7.5) $h\cdot[B(\xi), B(\xi^{\prime})]_{x}=[H(\xi), H(\xi^{\prime})]_{z}$ .
First we have

(7.6) $h\cdot[B(\xi), B(\xi^{\prime})]_{x}=h\cdot B(T_{x}(\xi, \xi^{\prime}))_{x}+h\cdot R_{x}(\xi, \xi^{\prime})_{x}^{*}$

$=H(T_{x}(\xi, \xi^{\prime}))_{z}+R_{x}(\xi, \xi^{\prime})_{z}^{*}$

$=(T_{x}(\xi, \xi^{\prime})+J_{x}(T_{x}(\xi, \xi^{\prime}))+R_{x}(\xi, \xi^{\prime}))_{z}^{*}$ .
Let $f$ be any function defined on a neighborhood $U$ of $z$ . We have

$(H(\xi^{\prime})f)(w)=(\xi^{\gamma}+J_{y}(\xi^{\prime}))_{w}^{*}f$

at each $w\in U$, where $y=\overline{l}(w)$ . Since $\overline{l}\cdot H(\xi)_{z}=B(\xi)_{x}$ , it follows easily that
$H(\xi)_{z}H(\xi^{\gamma})f=(\nabla_{\xi}J_{x}(\xi^{\prime}))_{z}^{*}f+(\xi+J_{x}(\xi))_{z}^{*}((\xi^{\prime}+J_{x}(\xi^{\prime}))^{*}f)$ .

From this and an analogous equality, we get

(7.7) $[H(\xi), H(\xi^{\prime})]_{z}=(\nabla_{\xi}J_{x}(\xi^{\prime})-\nabla_{\xi^{l}}J_{x}(\xi))_{z}^{*}$

$+[(\xi+J_{x}(\xi))^{*}, (\xi^{\prime}+J_{x}(\xi^{\prime}))^{*}]_{z}$

$=(S_{z}(\xi, \xi^{\prime})+K_{z}(\xi, \xi^{\prime})+[\xi, J_{x}(\xi^{\prime})]$

$+[J_{x}(\xi), \xi^{\prime}]+\nabla_{\xi}J_{x}(\xi^{\prime})-\nabla_{\xi^{l}}J_{x}(\xi))_{z}^{*}$ .
Lemma 7.3 follows from (7.5), (7.6) and (7.7).

PROPOSITION 7.5. The notation being as in Lemma 6.1, we have

(1) $\hat{S}=T$ ;

(2) Assume that $S=0$ . Then,

$\tilde{W}(\xi, \xi^{\prime})=R(\xi, \xi^{\prime})-[J(\xi), \xi^{\prime}]+[J(\xi^{\prime}), \xi]$ ;

(3) Assume that $S^{*}=0$ . Then,

$(\tilde{W}^{*})(\xi)=R^{*}(\xi)--\frac{1}{2}J(\xi)+\sum_{i}[[J(e_{i}), \xi], w^{i}]$ ,

where $(e_{i})$ is a base of $\mathfrak{m}$ and $(w^{i})$ is the dual base of $(e_{i})$ .
PROOF. First note that $W$ (resp. $W^{*}$) is a tensor field on $M$ under the

condition that $S=0$ (resp. $S^{*}=0$). (1) and (2) are immediate from Lemma
7.3. Let us prove (3). From 7.3, we get $(\tilde{W}^{*})(\xi)=R^{*}(\xi)-\sum_{i}[[J(\xi), e_{i}], \omega^{i}]$

$+\sum_{i}[[J(e_{i}), \xi], w^{i}]$ . But, for all $\xi^{\prime}\in \mathfrak{m}$ , we have $\langle\xi^{\prime}, \sum_{i}[[J(\xi), e_{i}], w^{i}]\rangle$
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$=\sum_{i}\varphi([\xi^{\prime}, J(\xi)], [e_{i}, w^{i}])=\sum_{i}\langle[\xi^{\prime}, J(\xi)]e_{i}, \omega^{i}\rangle=Tr[\xi^{\prime}, J(\xi)]$ . Since $Tr[\xi^{\prime}, J(\xi)]$

$=\frac{1}{2}\langle\xi^{\prime}, J(\xi)\rangle$ (Prop. 1.4), we get $\sum_{i}[[J(\xi), e_{i}], w^{i}]=\frac{1}{2}J(\xi)$ .
III. PROPOSITION 7.6. Let $h_{i}(i=1,2)$ be an admissible homomorphism of

$\tilde{P}$ into $P$ and let $B_{i}$ be the affine connection in $P$ induced from $C$ by $h_{i}$ . Let
$F$ be the l-form on $M$ defined by (6.1). Then we have

$B_{2}(\xi)_{x}=B_{1}(\xi)_{x}+[F_{x}, \xi]_{x}^{*}$

for all $x\in P$ and $\xi\in \mathfrak{m}$ .
PROOF. Let $x$ be a point of $P$ . If we set $z=h_{2}(x)$ and $a=\exp F_{x}$ , then

we have $x=\overline{l}(z)$ and $z=h_{1}(x)\cdot a$ . Hence from Prop. 7.4, we get

(7.8) $C(\xi)_{z}=R_{a}\circ h_{1}\cdot B_{1}(\xi)-(J_{x}(\xi)+D(a^{-1}, \xi))_{z}^{*}$ ,

$J$ being the tensor field on $M$ induced from $C$ by $h_{1}$ . We have

$\overline{l}\circ R_{a}\circ h_{1}=1,$ $l(D(a^{-1}, \xi))=-[F_{x}, \xi]$ and $B_{2}(\xi)_{x}=\overline{l}\cdot C(\xi)_{z}$ .
Therefore by applying $\overline{l}$ to the both sides of (7.8), we obtain the desired
equality.

We shall denote by $\mathfrak{A}(C)$ the family of affine connections in $P$ which are
induced from $C$ by all admissible homomorphisms of $P$ into $P$.

PROPOSITION 7.7. Each affine connection in $\mathfrak{A}(C)$ is induced from $C$ by a
unique admissible homomorphism of $P$ into $P$.

PROOF. Suppose that an affine connection $B$ in $P$ is induced from $C$ by
two admissible homomorphisms, say $h_{1}$ and $h_{2}$ , of $P$ into $P$ . Let $F$ be the l-form
on $M$ defined by (6.1). Then by Prop. 7.6, we have $[F_{x}, \xi]=0$ for all $x\in P$

and $\xi\in \mathfrak{m}$ . Therefore we get $F=0$ (Prop. 1.2, (2)).

\S 8. The torsion tensor field of a $G^{\tilde}$-structure

Let $P$ be a G-structure on a manifold $M$. Given a tensor field $ T:\tilde{P}\rightarrow$

$x(\mathfrak{m}, \mathfrak{m};\mathfrak{m})$ of type $(_{2}^{1})$ on $M$, we define a new tensor field $T^{*};P\rightarrow X(\mathfrak{m};\tilde{\mathfrak{g}})$

of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$ by $T_{x}^{*}(\xi)=\sum_{\iota}[T_{x}(\xi, e_{i}), w^{i}]$ for all $\xi\in \mathfrak{m}$ and $x\in P$ , where
$(e_{i})$ is a base of $\mathfrak{m}$ and $(w^{i})$ is the dual base of $(e_{i})$ .

THEOREM 8.1. Let $P$ be a G-structure on a manifold M. Then there exists

a unique tensor field $\tau$ ; $P\rightarrow\rightarrow c(\mathfrak{m}, \mathfrak{m}:\mathfrak{m})$ of type $(_{2}^{1})$ on $M$ satisfying the fol-
lowing conditions:

(1) $T^{*}=0$ ;

(2) There exists at least one affine connection $B$ in $P$ whose torsion tensor
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field is equal to $T$ .
DEFINITION 8.1. Let $P$ be a G-structure on a manifold $M$. The tensor

field $\tau;P\rightarrow\rightarrow C(\mathfrak{m}, \mathfrak{m};\mathfrak{m})$ of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$ whose unique existence is assured

by Th. 8.1, is called the torsion tensor field of the $\tilde{G}$ -structure $P$ .
The proof of Th. 8.1 is preceeded by several lemmas. Let $g$ be the sub-

space of $x(\mathfrak{m}, \mathfrak{m};\mathfrak{m})$ consisting of all elements $T$ such that $T(\xi, \xi^{\prime})=-T(\xi^{\prime}, \xi)$

for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ . We set $\mathcal{E}=x(\mathfrak{m};\tilde{\mathfrak{g}})$ and define a linear mapping $\Delta$ of $S$ into
$g$ by $\Delta(U)(\xi, \xi^{\prime})=U(\xi)\xi^{\prime}-U(\xi^{\prime})\xi$ for all $U\in \mathcal{E}$ and $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ . Furthermore we
define a linear mapping $\Delta^{*}$ of 9’ into $\mathcal{E}$ by $\Delta^{*}(T)(\xi)=\sum_{i}[T(\xi, e_{i}), w^{i}]$ for all
$T\in q$ and $\xi\in \mathfrak{m}$, where $(e_{i})$ isa base of $\mathfrak{m}$ and $(w^{i})$ is the dual base of $(e_{i})$ . $\sigma$

(resp. $\mathcal{E}$) is clearly a G-stable subspace of $t(\mathfrak{m}, \mathfrak{m};\mathfrak{m})$ (resp. $X(\mathfrak{m};\mathfrak{g}1(\iota \mathfrak{n}))$).

We have easily
LEMMA 8.1. Let $T\in f,$ $U\in c$ and $a\in\tilde{G}$ .
(1) $\Delta(U(\iota)=\Delta(U)^{a}$ ;

(2) $\Delta^{*}(T^{a})=\Delta^{*}(T)^{a}$ .
Let $\theta$ be a fixed $*$-isomorphism of $L$ onto $L^{*}$ . We define positive definite

inner products $(, )$ on $\mathfrak{m},$
$9^{\prime}$ and $\mathcal{E}$ respectively as follows: $(\xi, \xi^{\prime})=-\langle\xi, \theta\xi^{\prime}\rangle$

1for all $\xi,$

$\xi^{\prime}\in \mathfrak{m};(T, T^{\prime})=_{2}--\sum_{i,j}(T(e_{i}, e_{j}),$
$T^{\prime}(e_{i}, e_{j}))$ for all $T,$ $T^{\prime}\in f$, where $(e_{i})$

is an orthonormal base with respect to the inner product $(, )$ on $\mathfrak{m};(U, U^{\prime})$

$=-\sum_{i}\varphi(U(e_{i}), \theta U^{\prime}(e_{i}))$ for all $U,$ $U^{\prime}\in\epsilon,$ $(e_{i})$ being just as above.

LEMMA 8.2.
$(T, \Delta(U))=(\Delta^{*}(T), U)$

for all $T\in g$ and $U\in c$ .
PROOF.

1
$(T, \Delta(U))=_{2}---\sum_{i,j}\langle T(e_{i}, e_{j}), \theta\Delta(U)(e_{i}, e_{j})\rangle$

$=-\frac{1}{2}\sum_{i,j}\varphi(T(e_{i}, e_{j}),$ $[\theta U(e_{i}), \theta e_{j}]-[\theta U(e_{j}), \theta e_{i}])$

$=\sum_{i,j}\varphi([T(e_{i}, e_{j}), \theta e_{j}], \theta U(e_{i}))$

$=-\sum_{i}\varphi(\Delta^{*}(T)(e_{i}), \theta U(e_{i}))$

$=(\Delta^{*}(T), U)$ .

We put $\Theta=\Delta^{*}\circ\Delta$ . Then we have easily, from Lemma 8.2,
LEMMA 8.3.

(1) $\Theta(\mathcal{E})=\Delta^{*}(9^{\prime})$ ;
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(2) $\Theta^{-1}(0)=\Delta^{-1}(0)$ ;

(3) $\epsilon=\Theta^{-1}(0)+\Theta(S)$ (direct sum).

PROOF OF THEOREM 8.1. We first prove uniqueness. Let $B$ (resp. $B^{\prime}$ ) be an
affine connection in $P$ and let $T$ (resp. $T^{\prime}$ ) be the torsion tensor field of $B$ (resp.
$B^{\prime})$ . Assuming that $T^{*}=T^{\prime*}=0$ , we must prove $T=T^{\prime}$ . By Prop. 5.3, we can
find a tensor field $ u;P\rightarrow\epsilon$ of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$ such that $T^{\prime}=T+\Delta(U)$ . Since
$\Delta^{*}(T)=T^{*}=\Delta^{*}(T^{\prime})=T^{f*}=0$ , we have $\Theta(U)=0$ . Therefore by Lemma 8.3,
(2), we get $\Delta(U)=0$ , whence $T=T^{\prime}$ . Let us now prove existence. We see
from the proof of Lemma 3.2 that the group $\tilde{G}_{\theta}$ is a (maximal) compact sub-
group of $\tilde{G}$ and that the homogeneous space $\tilde{G}/\tilde{G}_{\theta}$ is homeomorphic with a
euclidean space. Hence there is at least one affine connection, say $B^{\prime}$ , in $P$ ,
cf. [5]. Denoting by $\tau/$ the torsion tensor field of $B^{\prime}$ , we can find, at each
$x\in P$, a unique element $U_{x}$ of $\Theta(\mathcal{E})$ such that $\Delta^{*}(T_{x}^{\prime})=\Theta(U_{x})$ (Lemma 8.3).

For all $x\in P$ and $a\in\tilde{G}$ , we have $\Delta^{*}(T_{xa}^{\prime})=\Theta(U_{xa})=\Theta(U_{x}^{a-1})$ and $U_{x^{-1}}^{a}\in\Theta(s)$

(Lemma 8.1), whence $U_{xa}=U_{x}^{a^{-1}}$ . This means that the mapping $ U:P\ni x\rightarrow$

$U_{x}\in\Theta(c)$ is a tensor field of type $\left(\begin{array}{l}1\\2\end{array}\right)$ on $M$. Therefore by Prop. 5.3, there

is an affine connection $B$ in $P$ whose torsion tensor field is given by $T=T^{\prime}$ –

$\Delta(U)$ . We have $T^{*}=\Delta^{*}(T)=\Delta^{*}(T^{\prime})-\Theta(U)=0$ , completing the proof of Th.
8.1.

REMARK. The notion of the torsion tensor field of a G-structure gener-
alizes the notion of the Nijenhuis tensor field of an almost complex structure.
In fact, let $L$ be an irreducible l-system of type $I_{m}$ , ,, i. e., of type $P^{m}(C)$ . In
this case, the associated representation $(\tilde{G}, m)$ is equivalent to the representa-
tion $(GL(m, C),$ $C^{m}$), and it can be proved that the torsion tensor field of a
G-structure coincides with the Nijenhuis tensor field of the corresponding
almost complex structure.

\S 9. Normal connections of type $(L)$

Let $P$ be a G-structure on a manifold $M$. We introduce an equivalence
relation in the set of all affine connections in $P$ as follows: Let $ B_{i}(i=1,2\rangle$

be an affine connection in P. $B_{1}\sim B_{2}$ if and only if there is a l-form $F:\tilde{P}\rightarrow \mathfrak{n}\tau^{*}$

on $M$ such that

(9.1) $B_{2}(\xi)_{x}=B_{1}(\xi)_{x}+[F_{x}, \xi]_{x}^{*}$

for all $x\in P$ and $\xi\in \mathfrak{m}$ . One notes that the l-form $F$ in (9.1) is uniquely
determined by $B_{1}$ and $B_{2}$ (cf. Prop. 7.7) and that, given an affine connection
$B_{1}$ in $P$ and a l-form $F$ on $M$, the linear mapping $B_{2}$ of $\mathfrak{m}$ into $x(P)$ defined
by (9.1) is an affine connection in $P$ (Prop. 5.3). Moreover since $[[\omega, \xi],$ $\xi^{\prime}$]
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$=[[w, \xi^{\prime}],$ $\xi$] for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ and $w\in \mathfrak{m}^{*}$ , it follows from Prop. 5.3 that if
$B_{1}\sim B_{2}$ , then the torsion tensor fields of the two connections coincide.

DEFINITION 9.1. We say that two affine connections $B_{1}$ and $B_{2}$ in $\tilde{P}$ are
mutually L-equivalent if $B_{1}\sim B_{2}$ . Let ?I be a class of mutually L-equivalent
affine connections in $P$ . The torsion tensor field $T$ of $\mathfrak{A}$ is defined to be the
torsion tensor field of some affine connection in $\mathfrak{A}$ . The class $\mathfrak{A}$ is called ad-
missible if $T^{*}=0$ or equivalently if $T$ coincides with the torsion tensor field
of $P$ .

From Props. 6.4, 7.5 and 7.6, we get
PROPOSITION 9.1. Let $(P,\overline{l})$ be a $G^{\prime}$ -bundle associated to $\tilde{P}$ and let $C$ be a

connection of type $(L)$ in $(P,\overline{l})$ . The family $\mathfrak{A}(C)$ of affine connections in $P$

induced from $C$ forms a class of mutually L-equivalent affine connections in
P. The class $\mathfrak{A}(C)$ is admissible if and only if $S^{*}=0$ .

DEFINITION 9.2. Let $P_{i}(i=1,2)$ be a G-structure on a manifold $M_{i}$ and
let $\mathfrak{A}_{4}$ be a class of mutually L-equivalent affine connections in $P_{i}$ . An isomor-
phism $\tilde{\varphi}$ of $P_{1}$ onto $P_{2}$ is called an isomorphism of $(P_{1}, \mathfrak{A}_{1})$ onto $(P_{2}, \mathfrak{A}_{2})$ if
$\tilde{\varphi}\mathfrak{A}_{1}=\mathfrak{A}_{2}$ . A homeomorphism $f$ of $M_{1}$ onto $M_{2}$ is called a homeomorphism of
$(M_{1}, \mathfrak{A}_{1})$ onto $(M_{2}, \mathfrak{A}_{2})$ if there is a (unique) isomorphism $\tilde{\varphi}$ of $(P_{1}, \mathfrak{A}_{1})$ onto
$(P_{2}, \mathfrak{A}_{2})$ which covers $f$.

Now let us define an endomorphism $Q_{L}$ of $x(|\mathfrak{n};\mathfrak{m}^{*})$ by

$Q_{L}(J)(\xi)=\sum_{i}[[J(e_{i}), \xi], \omega^{i}]$

for all $J\in X(\mathfrak{m};\iota \mathfrak{n}^{*})$ and $\xi\in \mathfrak{m}$ , where $(e_{i})$ is a base of $\iota \mathfrak{n}$ and $(w^{i})$ is the dual
base of $(e_{i})$ .

LEMMA 9.1.
$Q_{L}(J^{a})=Q_{L}(J)^{a}$

for all $J\in\rightarrow C(\mathfrak{m};\mathfrak{m}^{*})$ and $a\in\tilde{G}$ .
Furthermore we define an endomorphism $\Phi_{L}$ of $x(m;\iota \mathfrak{n}^{*})$ to be

$\Phi_{L}(J)=\frac{1}{2}J-Q_{L}(J)$

for all $J\in x(\mathfrak{m};\mathfrak{m}^{*})$ .
From now on (Th. 9.1-Prop. 9.4), we assume that the endomorphism $\Phi_{L}$

is an automorphism.
THEOREM 9.1. Let $P$ be a G-structure on a manifold $M$, let $\mathfrak{A}$ be an ad-

$mi$ssible class of mutually L-equivalent affine connections in $P$ and let $(P,\overline{l})$ be
a $G^{\prime}$ -bundle associated to P. The notation being as in \S 7, there exists a con-
nection $C$ of type $(L)$ in $(P,\overline{l})$ satisfying the condition:

(9.2) $\mathfrak{A}(C)=\mathfrak{A}$ , $S^{*}=0$ and $W^{*}=0$ .
PROOF. We fix an affine connection $B$ in $\mathfrak{A}$ and an admissible homomor-
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phism $h$ of $P$ into $P$ . Since $\Phi_{L}$ is assumed to be an automorphism, we can
find, at each $x\in P$ , a unique linear mapping $J_{x}$ of $\mathfrak{m}$ into $\mathfrak{m}^{*}$ such that

(9.3) $R_{x}^{*}=\Phi_{L}(J_{x})$ ,

where $R^{*}$ is the Ricci tensor field of $B$ . It follows from Lemma 9.1 that the

mapping $I:P\ni x\rightarrow J_{x}\in\rightarrow C(\mathfrak{m};\mathfrak{m}^{*})$ is a tensor field of type $\left(\begin{array}{l}0\\2\end{array}\right)$ on $M$. Using
$h,$ $B$ and $J$ thus obtained, we define a linear mapping $C$ of $\mathfrak{m}$ into $X(P)$ by
(7.4). From Prop. 6.1 and conditions (B. 1) and (B. 2), we infer that $C$ satisfies
conditions (C. 1) and (C. 2), $i$ . $e.,$ $C$ is a connection of type $(L)$ in $(P,\overline{l})$ . It is
clear that $B$ (resp. $J$) coincides with the affine connection (resp. the tensor
field), induced from $C$ by $h$ . Hence $\mathfrak{A}(C)=\mathfrak{A}$ . Since $\mathfrak{A}$ is admissible, we see
from Prop. 7.5, (1) that $S^{*}=0$ . Finally from (9.3) and Prop. 7.5, (3), we get
$W^{*}=0$ .

DEFINITION 9.3. Let $P$ be a G-structure on a manifold $M$ and let $\mathfrak{A}$ be an
admissible class of mutually L-equivalent affine connections in $P$ . We say
that a system $(P,\overline{l}, C)$ is a normal connection of type $(L)$ associated to $\mathfrak{A}$ , if
$(P,\overline{l})$ is a $G^{\prime}$ -bundle associated to $P$ and if $C$ is a connection of type $(L)$ in
$(P, 1)$ satisfying condition (9.2).

DEFINITION 9.4. Let $\tilde{P}_{i}(i=1,2)$ be a G-structure on a manifold $M_{i}$ and
let $(P_{i},\overline{l}_{i}, C_{i})$ be a normal connection of type $(L)$ associated to a certain admis-
sible class of mutually L-equivalent affine connections in P.. An isomorphism
$\varphi$ of $(P_{1},\overline{l}_{1})$ onto $(P_{2},\overline{l}_{2})$ is called an isomorphism of $(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2},\overline{l}_{2}, C_{z})$

if $\varphi C_{1}=C_{2}$ .
THEOREM $9.2^{7)}$ . Let $P_{i}(i=1,2)$ be a G-structure on a manifold $M_{i}$ , let $\mathfrak{A}_{i}$

be an admissible class of mutually L-equivalent affine connections in $P_{i}$ and
let $(P_{i},\overline{l}_{i}, C)$ be a normal connection of type $(L)$ associated to $\mathfrak{A}_{i}$ . If $\tilde{\varphi}$ is an
isomorphism of $(P_{1}, \prime Jt_{1})$ onto $(P_{2},4I_{2})$ , tnere corresponds to $\tilde{\varphi}$ a unique isomor-
phism $\varphi$ of $(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2}, l_{2}, C_{2})$ which induces $\overline{\varphi}i$ . $e.,$ $l_{2}\circ\varphi=\overline{\varphi}\circ l_{1}$ . Con-
versely every isomorphism $\varphi$ of $(P_{1}, l_{1}, C_{1})$ onto $(P_{2}, l_{2}, C_{2})$ induces a unique
isomorphism $\tilde{\varphi}$ of $(P_{1}, \mathfrak{A}_{1})$ onto $(P_{2}, \mathfrak{A}_{2})$ .

PROOF. First suppose that there is given an $i_{Somof}phism\overline{\varphi}$ of $(P_{1}, \mathfrak{A}_{1})$

onto $(P_{2}, \mathfrak{A}_{2})$ . We take a fixed affine connection $B_{1}$ in $\prime X_{1}$ and set $B_{2}=\tilde{\varphi}B_{1}$ .
Since $\tilde{\varphi}\mathfrak{A}_{1}=\mathfrak{A}_{2},$ $B_{2}$ belongs to $\mathfrak{A}_{2}$ . Since (

$ll_{i}=\mathfrak{A}(C_{i})$ , it follows from Prop. 7.7
that the affine connection $B_{i}$ is induced from $C_{i}$ by a unique admissible homo-
morphism $h_{i}$ of $P_{i}$ into $P_{i}$ . By the proof of Prop. 6.3, there is a unique bundle
isomorphism $\varphi$ of $P_{1}$ onto $P_{2}$ such that $\varphi\circ h_{1}=h_{2}\circ\tilde{\varphi}$ . We have $\overline{l}_{2}\circ\varphi=\tilde{\varphi}\circ\overline{l}_{1}$

and hence $\varphi$ is an isomorphism of $(P_{1},\overline{l}_{1})$ onto $(P_{2},\overline{l}_{2})$ . Let $J_{i}$ be the tensor

7) This allows us to speak of the ’ normal connection of type $(L)$ associated to

a G-structure $\tilde{P}$.
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field on $M_{i}$ induced from $C_{i}$ by $h_{i}$ . Since $B_{2}=\tilde{\varphi}B_{1}$ and since $\Phi_{L}$ is an auto-
morphism, we have $(J_{2})_{\varphi}^{\sim_{(x)}}=(J_{1})_{x}$ at each $x\in P_{1}$ (Prop. 7.5, (3)). Therefore, it
follows from Prop. 7.4 that $\varphi C_{1}=C_{2}$ , which shows that $\varphi$ is an isomorphism
of $(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2},\overline{l}_{2}, C_{2})$ . Let us now prove the uniqueness of $\varphi$ . Let $\varphi^{\prime}$

be a second isomorphism of $(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2},\overline{l}_{2}, C_{2})$ such that $\overline{l}_{2}\circ\varphi^{\prime}=\tilde{\varphi}\circ\overline{l}_{1}$ .
We put $h_{2}^{\prime}=\varphi^{\prime}\circ h_{1}\circ\tilde{\varphi}^{-1}$ , being an admissible homomorphism of $P_{2}$ into $P_{2}$ .
Then we have $B_{2}(\xi)_{y}=\tilde{\varphi}\cdot B_{1}(\xi)_{x}=\tilde{\varphi}\circ\overline{l}_{1}\cdot C_{1}(\xi)_{z}=\overline{l}_{2}\circ\varphi^{\prime}\cdot C_{1}(\xi)_{z}=\overline{l}_{2}\cdot C_{2}(\xi)_{w}$ at each
$y\in P_{2}$ , where $x=\tilde{\varphi}^{-1}(y),$ $z=h_{1}(x)$ and $w=h_{2}^{\prime}(y)$ . This means that the affine
connection $B_{2}$ is induced from $C_{2}$ by $h_{2}^{\prime}$ . Hence we have $h_{2}^{\prime}=h_{2}$ by Prop. 7.7.
Since $\varphi^{\prime}\circ h_{1}=h_{2}\circ\tilde{\varphi}=\varphi\circ h_{1}$ , we get $\varphi^{\prime}=\varphi$ . Now suppose that there is given
an isomorphism $\varphi$ of $(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2},\overline{l}_{2}, C_{2})$ . By Prop. 6.2, $\varphi$ induces a
unique isomorphism $\tilde{\varphi}$ of $P_{1}$ onto $P_{2}$ . We take any affine connection $B_{1}$ in $\mathfrak{A}_{1}$

and denote by $h_{1}$ the corresponding admissible homomorphism of $P_{1}$ into $P_{1}$ .
If we put $h_{2}=\varphi\circ h_{1}\circ\tilde{\varphi}^{-1}$ , being an admissible homomorphism of $P_{2}$ into $P_{2}$ ,

then we have $(\tilde{\varphi}B_{1}(\xi))_{y}=\tilde{\varphi}\cdot B_{1}(\xi)_{x}=\tilde{\varphi}\circ\overline{l}_{1}\cdot C(\xi)_{z}=\overline{l}_{2}\circ\varphi\cdot C_{1}(\xi)_{Z}=\overline{l}_{2}\cdot C_{2}(\xi)_{w}$ at
each $y\in\tilde{P}_{2}$ , where $x=\tilde{\varphi}^{-1}(y),$ $z=h_{1}(x)$ and $w=h_{2}(y)$ . This means that the
affine connection $\tilde{\varphi}B_{1}$ in $P_{2}$ is induced from $C_{2}$ by $h_{2}$ . Thus $\tilde{\varphi}B_{1}\in \mathfrak{A}_{2}$ . There-
fore $\tilde{\varphi}\mathfrak{A}_{1}\subset \mathfrak{A}_{2}$ and hence $\tilde{\varphi}\mathfrak{A}_{1}=\mathfrak{A}_{2}$ .

Let $\tilde{P}$ be a G-structure on a manifold $M$ and let $\mathfrak{A}$ be a class of mutually
L-equivalent affine connections in $P$ . We denote by $G(M, \mathfrak{A})$ the group of all
transformations of $(M, \mathfrak{A})$ .

PROPOSITION 9.2. The notation being as above, we assume that $M$ is con-
nected and that the class $\mathfrak{A}$ is admissible. Then the group $G(M, \mathfrak{A})$ is a Lie
group of dimension $\leqq\dim \mathfrak{g}$ with respect to the natural topology.

PROOF. By Th. 9.1, there is associated to $\mathfrak{A}$ a normal connection $(P,\overline{l}, C)$

of type $(L)$ . By Th. 9.2 and Prop. 5.2, $G(M, \mathfrak{A})$ may be identified with the
group of all automorphisms of $(P,\overline{l}, C)$ ; the notation being as in \S 7, $G(M, \mathfrak{A})$

consists of all transformations $\varphi$ of $P$ satisfying the equalities: $\varphi X^{*}=X^{*}$ ,
$R_{a}\circ\varphi=\varphi\circ R_{a}$ for all $X\in \mathfrak{g}$ and $a\in G^{\prime}$ . Therefore by Prop. 7.1, (1) and a
theorem of S. Kobayashi [4], $G(M, \mathfrak{A})$ becomes a Lie group of dimension
$\leqq\dim \mathfrak{g}$ in such a way that it is a Lie transformation group on $P$ and hence
on $M$.

Let us now consider the G-structure $\tilde{P}_{L}$ on the homogeneous space
$M_{L}=G/G^{f}$ , the $G^{\prime}$ -bundle $(G,\overline{l})$ associated to $P_{L}$ and the connection $C_{L}$ of type
$(L)$ in $(G,\overline{l})$ which have been observed in \S 6 and \S 7. We have $[C_{L}(\xi), C_{L}(\xi^{\prime})]$

$=[\xi, \xi^{\prime}]=0$ for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ . Hence the system $(G,\overline{l}, G_{L})$ forms a normal
connection of type $(L)$ associated to the admissible class $\mathfrak{A}_{L}=\mathfrak{A}(C_{L})$ .

PROPOSITION 9.3. We have naturally $G=G(M_{L}, \mathfrak{A}_{L})$ .
PROOF. For all $a\in G$ , we denote by $L_{a}$ (resp. $T_{a}$) the left translation on

$G$ (resp. the transformation of $M_{L}$) induced by $a$ . Now let $a$ be any element
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of $G$ . We have $L_{a}X=X$ for all $X\in \mathfrak{g}$ . Hence we see that $L_{a}$ is an automor-
phism of $(G,\overline{l}, C_{L})$ . Since $L_{a}$ induces the transformation $T_{a}$ of $M_{L}$, it follows
from Th. 9.2 that $T_{a}$ is a transformation of $(M_{L}, \mathfrak{A}_{L})$ , i. e., $T_{a}\in G(M_{L}, \mathfrak{A}_{L})$ .
Since $T_{a}$ is covered by a unique automorphism of $(G,\overline{l}, C_{L})$ , we deduce that
the homomorphism $G\ni a\rightarrow T_{a}\in G(M_{L}, \mathfrak{A}_{L})$ is injective. Thus we have proved
$G\subset G(M_{L}, \mathfrak{A}_{L})$ . Conversely we shall prove $G(M_{L}, \mathfrak{A}_{L})\subset G$ . We take any ele-
ment $f$ of $G(M_{L}, \mathfrak{A}_{L})$ . By Th. 9.2, $f$ is induced by a unique isomorphism $\varphi$ of
$(G,\acute{l}, C_{L})$ . We have $\varphi X^{*}=X^{*}$ for all $X\in \mathfrak{g}$ . Since $X^{*}=X$, there is a unique
element $a$ of $G$ such that $\varphi=L_{a}$ . Consequently we get $f=T_{a}$ , which proves
our assertion.

PROPOSITION 9.4. Let $U_{i}(i=1,2)$ be a connected open set of $M_{L}$ . Every
homeomorphism $f$ of $(U_{1}, \mathfrak{A}_{L})$ onto $(U_{2}, \mathfrak{A}_{L})$ is extended to a unique transforma-
tion of $M_{L}$ of the form $T_{a}(a\in G)$ .

The proof of Prop. 9.4 is entirely similar to that of Prop. 9.3 and there-
fore it is omitted.

REMARK. Prop. 9.3 implies that the action of $G$ on the homogeneous space
$M_{L}=G/G^{\prime}$ is effective under the hypothesis that $\Phi_{L}$ is an automorphism.
However this hypothesis is unnecessary, as is seen from the proof of Th. 9.2.

The following discussions will be concerned with the equivalence problems
associated with G-structures.

The notation being as in \S 8, we put

$\delta(L)=\dim\Delta^{-1}(0)$ .
For each $\omega\in \mathfrak{m}^{*}$ , let $\tilde{\omega}$ be the element of $\mathcal{E}$ defined by $\tilde{w}(\xi)=[\omega, \xi]$ for all
$\xi\in \mathfrak{m}$ . Since $[[\omega, \xi],$ $\xi^{\prime}$] $=[[\omega, \xi^{\prime}],$ $\xi$] for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ , it follows from Prop.
1.2, (2) that the assignment $\omega\rightarrow\tilde{\omega}$ gives an injective linear mapping of $\mathfrak{m}^{*}$

into $\Delta^{-1}(0)$ . Hence we have
LEMMA 9.2. $\delta(L)\geqq n=\dim \mathfrak{m}$, and the equality holds good if and only if

the mapping $\omega\rightarrow\tilde{w}$ gives an isomorphism of $\mathfrak{m}^{*}$ onto $\Delta^{-1}(0)$ .
From Prop. 5.3 and Lemma 9.2, we get
PROPOSITION 9.5. Assume that $\delta(L)=n$ . Every G-structure $P$ on a mani-

fold $M$ admits a unique admissible class, say $\langle P\rangle$ , of mutually L-equivalent
affine connections.

Hereafter we assume that $\Phi_{L}$ is an automorphism and that $\delta(L)=n$ .
DEFINITION 9.5. Let $P$ be a G-structure on a manifold $M$. We say that

a system $(P,\overline{l}, C)$ is a normal connection of type $(L)$ associated to $P$ if it is
a normal connection of type $(L)$ associated to the unique class $\langle P\rangle$ .

THEOREM 9.3. To every G-structure $P$ on a manifold $M$ there is associated
at least one normal connection $(P,\overline{l}, C)$ of type $(L)$ .

THEOREM 9.4. Let $P_{i}(i=1,2)$ be a G-structure on a manifold M. and let
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$(P_{i},\overline{l}_{i}, C_{i})$ be a normal connection of type $(L)$ associated to $P_{i}$ . If $\tilde{\varphi}$ is an iso-
morphism of $P_{1}$ onto $P_{2}$ , there corresponds to $\tilde{\varphi}$ a unique isomorphism $\varphi$ of
$(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2},\overline{l}_{2}, C_{2})$ which induces $\tilde{\varphi}$ . Conversely, every isomorphism $\varphi$ of
$(P_{1},\overline{l}_{1}, C_{1})$ onto $(P_{2},\overline{l}_{2}, C_{2})$ induces a unique isomorphism $\tilde{\varphi}$ of $P_{1}$ onto $P_{2}$ .

Ths. 9.3 and 9.4 follow from Ths. 9.1 and 9.2 respectively.
Given a G-structure $\tilde{P}$ on a manifold $M$, we shall denote by $G(M)$ the

group of all G-transformations of $M$.
Prop. 9.2 yields
PROPOSITION 9.6. The notation being as above, we assume that $M$ is con-

nected. Then the group $G(M)$ is a Lie group of dimension $\leqq\dim \mathfrak{g}$ with respect
to the natural topology.

Props. 9.3 and 9.4 yield
PROPOSITION 9.7. $G=G(M_{L})$ .
PROPOSITION 9.8. Let $U_{i}(i=1,2)$ be a connected open set of $M_{L}$ . Every

G-homeomorphism $f$ of $U_{1}$ onto $U_{2}$ is extended to a unique transformation of
$M_{L}$ of the form $T_{a}(a\in G)$ .

EXAMPLES. (1) Let $L$ be an l-system of type $P^{m}(R)$ . If $m\geqq 2$ , the endo-
morphism $\Phi_{L}$ is an automorphism (Th. 10.1). The normal connection of type
$(L)$ is nothing but the normal projective connection of degree $m$ . (2) The m-
dimensional M\"obius space gives rise to an l-system $L$ such that the complexi-
fication $L^{c}$ of $L$ is irreducible of type $IV_{m}[10]$ . If $m\geqq 3$ , the endomorphism
$\Phi_{L}$ is an automorphism and $\delta(L)=n$ (Ths. 10.1 and 10.2). The normal con-
nection of type $(L)$ is nothing but the normal conformal connection of degree
$m$ .

\S 10. The endomorphism $\Phi_{L}$ and the integer $\delta(L)$

THEOREM 10.1. Let $L$ be an l-system and let $L\cong L_{1}\times\cdots\times L_{s}$ be a decom-
position of $L$ into irreducible l-systems. Then $\Phi_{L}$ is an automorphism if and
only if none of $L_{i}$ is of type $P^{1}(R)$ or $P^{1}(C)$ .

In general, let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system. We identify $X(\mathfrak{m};\mathfrak{m}^{*})$ and
$\mathfrak{m}^{*}\otimes \mathfrak{m}^{*}$ as follows: $(\omega\otimes w^{\prime})\xi=\langle\xi, w^{\prime}\rangle\omega$ for all $\omega,$

$w^{\prime}\in \mathfrak{m}^{*}$ and $\xi\in \mathfrak{m}$ . The
duality $\langle,\rangle$ between $\mathfrak{m}$ and $\mathfrak{m}^{*}$ yields a duality $\langle,\rangle$ between $\mathfrak{m}\otimes \mathfrak{m}$ and $\mathfrak{m}^{*}\otimes \mathfrak{m}^{*}$ ,
and the endomorphism $Q_{L}$ is then defined by

$\langle\xi\otimes\xi^{\prime}, Q_{L}(\omega\otimes\omega^{\prime})\rangle=\varphi([\xi, w], [\xi^{\prime}, w^{\prime}])$

for all $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ and to, $\omega^{\prime}\in \mathfrak{m}^{*}$ .
LEMMA 10.1. Let $L_{i}(1\leqq i\leqq s)$ be an l-system and let $L$ be the product of

$L_{1}$ , $\cdot$ .. , $L_{s}$ . Then $\Phi_{L}$ is injective if and only if each $\Phi_{L_{i}}$ is injective.
PROOF. We set $L_{i}=$ $(\mathfrak{g}_{i}, \mathfrak{m}_{i}, \mathfrak{m}_{i}^{*}, \tilde{\mathfrak{g}}_{i})$ and $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ and identify $\mathfrak{g}_{i}$ with
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an ideal of $\mathfrak{g}$ . We have $\mathfrak{m}^{*}\otimes m^{*}=\sum_{i,j}\mathfrak{m}_{b}^{*}\otimes\eta\gamma_{j}^{*}$ (direct sum). Lemma 10.1 fol-

lows from the following facts: (1) $Q_{L}(\mathfrak{m}_{i}^{*}\otimes \mathfrak{m}_{i}^{*})\subset \mathfrak{m}_{i}^{*}\otimes \mathfrak{m}_{i}^{*}$ and $Q_{L}(\mathfrak{n}t_{i}^{*}\otimes \mathfrak{m}_{j}^{*})$

$=\{0\}(i\neq j)$ ; (2) $Q_{L_{i}}$ is identical with the restriction of $Q_{L}$ to $\mathfrak{m}_{i}^{*}\otimes \mathfrak{m}_{i}^{*}$ .
LEMMA 10.2. Let $L$ be an l-system and let $L^{c}$ be the complexification of

L. Then $\Phi_{L}$ is injective if and only if $\Phi_{L^{C}}$ is injective.
PROOF. Setting $L=(\mathfrak{g}, m, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ , we have $L^{c}=(\mathfrak{g}^{c}, \mathfrak{m}^{c}, \mathfrak{m}^{*c},\tilde{\mathfrak{g}}^{c})$ . We identify

$\mathfrak{m}^{*c}\bigotimes_{c}\mathfrak{m}^{*c}$ with a subspace of $\mathfrak{m}^{*c}\bigotimes_{R}\mathfrak{m}^{*c}$ as follows:

$\omega\otimes=_{2^{-(\omega\otimes w^{\prime}-(\sqrt{-1}\omega)\otimes(\sqrt{-1}\omega^{\prime}))}}^{1}$

for all to, $\omega^{\prime}\in \mathfrak{m}^{*c}$ . Furthermore we define an injective linear mapping $\rho$ of
$\mathfrak{m}^{*}\otimes \mathfrak{m}^{*}$ into $\mathfrak{m}^{*c}\bigotimes_{c}\mathfrak{m}^{*c}$ by $\rho(\omega\otimes\omega^{\prime})=\omega\bigotimes_{c}\omega^{\prime}$ . We have $\mathfrak{m}^{*c}\bigotimes_{c}\mathfrak{m}^{*c}=\rho(\mathfrak{m}^{*}\otimes m^{*})$

$+\sqrt{-1}\rho(\mathfrak{m}^{*}\otimes \mathfrak{m}^{*})$ (direct sum). Now Lemma 10.2 is an immediate consequence
from the followings: (1) $Q_{L}c(\mathfrak{m}^{*c}\otimes \mathfrak{n}\tau^{*c})\subset \mathfrak{m}^{*c}\bigotimes_{c}\mathfrak{n}\tau^{*c}$ ; (2) $Q_{L}c$ restricted to

$\mathfrak{m}^{*c}\bigotimes_{c}\mathfrak{m}^{*c}$ is complex linear; (3) $Q_{L}c\circ\rho=\rho\circ Q_{L}$ .
Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an irreducible l-system of type $(C)$ . By Prop. 2.4,

$\mathfrak{g}$ becomes a complex Lie algebra in such a way that $\mathfrak{m},$

$\mathfrak{m}^{*}$ and $\tilde{\mathfrak{g}}$ are complex
subalgebras of $\mathfrak{g}$ . Let us identify $Il1^{*}\bigotimes_{c}m^{*}$ with a subspace of $\mathfrak{m}^{*}\otimes \mathfrak{m}^{*}as$ above.

Then we have easily $Q_{L}(\mathfrak{m}^{*}\otimes \mathfrak{m}^{*})\subset \mathfrak{m}^{*}\bigotimes_{c}\mathfrak{m}^{*}$ . Now take a $*$-isomorphism $\theta$ of
$L$ onto $L^{*}$ and let $S=(\mathfrak{g}_{\theta}, \mathfrak{n}\iota_{P},\tilde{\mathfrak{g}}_{\theta})$ be the corresponding simple compact hermitian
s-system. We have $\mathfrak{g}=\mathfrak{g}_{\theta}^{c},\tilde{\mathfrak{g}}=\tilde{\mathfrak{g}}_{\theta}^{c}$ and $m+\mathfrak{n}\tau^{*}=m_{\theta}^{c}$ (Prop. 4.1). Let $\varphi_{\theta}$ be the
Killing form of $\mathfrak{g}_{\theta}$ and let $\langle,\rangle_{\theta}$ be the positive definite inner product on $\mathfrak{m}_{\theta}$

defined by $\langle X, Y\rangle_{\theta}=-\varphi_{\theta}(X, Y)$ for all $X,$ $Yem_{\theta}$ ; the inner product $\langle, \rangle_{\theta}$

on $\mathfrak{m}_{\theta}$ gives rise to a positive definite inner product $\langle,\rangle_{\theta}$ on $\mathfrak{m}_{\theta}\otimes \mathfrak{m}_{\theta}$ . This
being said, we define an endomorphism $P^{8)}$ of $m_{\theta}\otimes \mathfrak{m}_{\theta}$ by

$\langle X\otimes X^{\prime}, P(Y\otimes Y^{\prime})\rangle_{\theta}=\varphi_{\grave{\theta}}([X, Y], [X^{\prime}, Y^{\prime}])$

for all $X,$ $X^{\prime},$ $Y,$ $Y^{\prime}\in \mathfrak{m}_{\theta}$ , cf. [11]. It is shown that $P$ is self-adjoint with
respect to the inner product $\langle,\rangle_{\theta}$ . Now the endomorphism $P$ is naturally ex-
tended to a complex endomorphism $P^{c}$ of $(\mathfrak{m}_{\theta}\otimes \mathfrak{m}_{\theta})^{C}=\mathfrak{m}_{\theta}^{c}\bigotimes_{c}\mathfrak{m}_{\theta^{\gamma}}^{(}’$ . Then we can

8) Let $X_{1},$ $\cdots$ $X_{n}$ be an orthonormal base of $\mathfrak{m}_{\theta}$ with respect to the inner product
$<$ $>\theta$ . Set

$[[X_{h}, X_{k}],$ $X_{j}$] $=\sum_{i}R_{ijhk}X_{i}$ .
Then $R_{ijhk}$ may be considered as the components of the curvature tensor field of the

(compact irreducible hermition) symmetric space $M_{L}=G_{\theta}/\tilde{G}_{\theta}$ . If $f=\sum_{i,j}f_{ij}X_{i}\otimes X_{j}$
, we

get
$P(f)=\sum(\sum R_{ihjk}f_{hk})X_{i}\otimes X_{j}$ .

$i,jh,h$



Equivalence problems associated with homogeneous spaces 135

prove that $P^{c}$ leaves $\mathfrak{m}^{*}\bigotimes_{c}\mathfrak{m}^{*}$ stable and that $Q_{L}$ and $P^{c}$ coincide on $\mathfrak{m}^{*}\bigotimes_{c}\mathfrak{m}^{*}$ .
LEMMA 10.3. Let $L$ be an irreducible l-system of type $(C)$ . Then $\Phi_{L}$ is

injective except the case when $L$ is of type $I_{1,1}$ .
PROOF. We first remark that $L$ is of type $I_{1,1}$ if and only if $\dim \mathfrak{g}_{\theta}=3$ .

Let $P^{*}$ be the restriction of $P^{c}$ to $\mathfrak{m}^{*}\bigotimes_{c}m^{*}$ . Then we see from the above

argument that $\Phi_{L}$ is injective if and only if $-2^{-}1$ is not an eigen value of $P^{*}$ .
If $\dim \mathfrak{g}_{\theta}=3$ , we have easily $\Phi_{L}=0$ . If $\dim \mathfrak{g}_{\theta}\geqq 3$ , we infer from [11] $tha\dot{t}$

1the maximal eigen value of $P$ and hence of $P^{*}$ is smaller than
$--2$

from which

follows that $\Phi_{L}$ is injective.
Theorem 10.1 follows from Lemmas 10.1, 10.2, 10.3 and Props. 2.1, 2.2, 2.5,

4.3.
Now we give our attention to the integer $\delta(L)$ .
Given an l-system $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}}),$ $n(L)$ will denote the dimension of $\mathfrak{m}$ .
THEOREM 10.2. Let $L$ be an l-system and let $L\cong L_{1}\times\cdots\times L_{s}$ be a decom-

position of $L$ into irreducible l-systems. We assume that each $L_{i}$ is of classical
type. Then $\delta(L)=n(L)$ if and only if none of $L_{i}$ is of type $P^{m}(R)$ or $P^{m}(C)$

$(m\geqq 2)$ .
LEMMA 10.4. Let $L_{i}(1\leqq i\leqq s)$ be an l-system and let $L$ be the product of

$L_{1},$ $\cdots$ , $L_{s}$ . Then $\delta(L)=n(L)$ if and only if $\delta(L_{i})=n(L_{i})$ for each $i$ .
PROOF. $\delta(L)=\sum_{t}\delta(L_{\iota}),$ $n(L)=\sum_{i}n(L_{i})$ and $\delta(L_{i})\geqq n(L_{i})$ .

LEMMA 10.5. Let $L$ be an l-system and let $L^{c}$ be the complexification of
L. Then $\delta(L)=n(L)$ if and only if $\delta(L^{C})=n(L^{C})$ .

PROOF. $\delta(L^{c})=2\delta(L)$ and $n(L^{c})=2n(L)$ .
A direct calculation gives
LEMMA 10.6. Let $L$ be an irreducible l-system of type $(C)$ . Assuming that

$L$ is of classical type, we have $\delta(L)=n(L)$ except the case when $L$ is of type
$I_{m,1}(m\geqq 2)$ or $III_{3}$ .

Since $III_{3}\cong I_{8,1}$ , Th. 10.2 follows from Lemmas 10.4, 10.5, 10.6 and Props.
2.1, 2.2, 2.5, 4.3.

REMARK. Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system. Set $\mathcal{E}^{\prime}=X(\mathfrak{m};\mathfrak{m}^{*})$ and
denote by $ff^{\prime}$ the subspace of $X(\mathfrak{m}, m;\tilde{\mathfrak{g}})$ consisting of all elements $W$ such
that $W(\xi, \xi^{\prime})=-W(\xi^{\prime}, \xi)$ for all $\xi,$ $\xi‘\in \mathfrak{m}$ . Define linear mappings $\Delta^{\prime}$ of $\mathcal{E}^{\prime}$

into $9i^{\prime}$ and $\Delta^{\gamma*}$ of $f^{\prime}$ into $\mathcal{E}^{\prime}$ respectively as follows: $\Delta^{\prime}(J)(\xi, \xi^{\prime})=[J(\xi), \xi^{\prime}]$

$-[J(\xi^{\prime}), \xi]$ for all $J\in S^{\prime}$ and $\xi,$ $\xi^{\prime}\in \mathfrak{m}$ ; $\Delta^{\prime*}(W)(\xi)=\sum_{i}[W(\xi, e_{i}), \omega^{i}]$ for all
$W\in f^{\prime}$ and $\xi\in \mathfrak{m}$, where $(e_{i})$ is a base of $\mathfrak{m}$ and $(w^{i})$ is the dual base of $(e_{i})$ .
Then we have

$\Phi_{L}=\Delta^{\gamma*}\circ\Delta^{\gamma}$ .
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Now take a $*$-isomorphism $\theta$ of $L$ onto $L^{*}$ and define positive definite inner
products $(,)$ in $\mathcal{E}^{\prime}$ and $q$‘ respectively as follows: $(J, J^{\prime})=-\sum_{i}\langle\theta J(e_{i}), J^{\prime}(e_{i})\rangle$

for all $J,$ $J^{\prime}\in \mathcal{E}^{\prime}$ where $(e_{i})$ is an orthonormal base of $\mathfrak{m}$ with respect to the
inner product $(,)$ introduced in \S 8, $i.e.,$ $\langle e_{i}, \theta e_{j}\rangle=-\delta_{ij}$ ;

$(W, W^{\prime})=-\frac{1}{2}\sum_{i.j}\varphi(W(e_{i}, e_{j}),$ $\theta W^{\prime}(e_{i}, e_{j}))$

for all $W,$ $W^{\prime}\in f^{\prime},$ $(e_{i})$ being just as above. Then, analogously to Lemma 8.2,
we get

$(W, \Delta^{\gamma}(J))=(\Delta^{\prime*}(W), J)$

for all $W\in q$ ’ and $J\in \mathcal{E}^{\prime}$ , from which follows that

(1) $\Phi_{L}^{-1}(0)=\Delta^{\prime-1}(0)$ ,

(2) $(\Phi_{L}(J), J)=(\Delta^{\prime}(J), \Delta^{\prime}(J))\geqq 0$ .
We mention that we can give a direct proof of Th. 10.1 by using (1).

Appendix
The cohomology group associated with an l-system

As we have observed in the text, the operators $\Delta,$ $\Delta^{*},$ $\Theta,$ $\Delta^{\prime},$ $\Delta^{\prime*},$ $\Phi_{L}$ and
the integer $\delta(L)$ play very important roles in the construction of the normal
connections of type $(L)$ . In this appendix, we shall give cohomological inter-
pretations of these operators and integer9).

Let $L=(\mathfrak{g}, \mathfrak{m}, \mathfrak{m}^{*},\tilde{\mathfrak{g}})$ be an l-system. We use the notations and identifica-
tions given in the text. Put $q(\mathfrak{m})=\sum_{r,s}T_{s}(\mathfrak{m})$ (for the definition of $9_{s}^{\gamma}(\mathfrak{m})$ , see
\S 5). Then the group $G_{(}cGL(m))$ linearly acts on Ez“(m) through the mapping
$\tilde{G}\times \mathcal{G}(\mathfrak{m})\ni(a, X)\rightarrow X^{a}\in Z(\mathfrak{m})$ (\S 5). Note that $\mathfrak{n}\iota,$

$m^{*},\tilde{\mathfrak{g}}(\subset \mathfrak{g}I(\mathfrak{m}))$ and hence ti
are G-stable subspaces of $q(\mathfrak{m})$ .

For each integer $p$ , define a subspace $\mathfrak{g}_{p}$ of $\mathfrak{g}$ as follows: $\mathfrak{g}_{p}=\mathfrak{m}(p=-1)$ ,
$=\tilde{\mathfrak{g}}(p=0),$ $=\mathfrak{m}^{*}(p=1)$ and $=0(p\neq-1,0,1)$ . Then the family $(\mathfrak{g}_{p})$ satisfies
the followings:

(1)
$\mathfrak{g}=\sum_{p}\mathfrak{g}_{p}$

(direct sum),

(2) $[\mathfrak{g}_{p}, \mathfrak{g}_{q}]\subset \mathfrak{g}_{p+q}$ .
(1) and (2) mean that $\mathfrak{g}$ is a graded Lie algebra. By utilizing the family $(\mathfrak{g}_{p})$

thus obtained, we shall define the cohomology group $H(L)=\sum_{p,q}H^{p,q}(L)$ asso-
ciated with the l-system $L$ .

Let $C^{p,q}(L)$ be the vector space of all $\mathfrak{g}_{p-1}$ -valued q-forms on $\mathfrak{m}=\mathfrak{g}_{-1}$ and

9) We owe to the referee these cohomological interpretations.
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put
$C(L)=\sum_{p,q}C^{p,q}(L)$ .

Then, $C^{p,q}(L)$ and hence $C(L)$ are G-stable subspaces of $\sigma(\mathfrak{m})$ : $(c^{a})(x_{1}$ , $\cdot$ . , $x_{q})$

$=$ $(c(a^{-1}x_{1}, \cdots , a^{-1}x_{q}))^{a}$ for all $c\in C^{p,q}(L),$ $a\in\tilde{G}$ and $x_{1},$ $\cdots$ , $ x_{q}\in \mathfrak{n}\tau$ . More pre-
cisely, $C^{0,q}(L)$ (resp. $C^{1,q}(L)$ , resp. $C^{2,q}(L)$) is a G-stable subspace of $\sigma_{q}^{1}(\mathfrak{m})$ (resp.
$\sigma_{q+1}^{1}(\mathfrak{m})$ , resp. $\sigma_{q+1}^{0}(\mathfrak{m}))$ , and $C^{p,q}(L)=0(p\neq 0,1,2)$ . Now define coboundary
operator $\partial$ : $C(L)\rightarrow C(L)$ to be $\partial C^{p,q}(L)\subset C^{p-1,Q+1}(L)$ and

$(\partial c)(x_{1}, x_{q+\tau})=\sum_{i=1}^{q+1}(-1)^{i}[c(x_{1}, \hat{x}_{i}, x_{q+1}), x_{i}]$

for all $c\in C^{p,q}(L)$ and $x_{1},$ $\cdots$ , $x_{q+1}\in \mathfrak{m}$ .
We have easily
LEMMA 1. $\partial(c^{a})=(\partial c^{a}),$ $c\in C(L),$ $a\in\tilde{G}$ .
LEMMA 2. $\partial^{2}=0$ .
PROOF. Take any $c\in C^{p.q}(L)$ and $x_{1}$ , , $x_{q+2}\in \mathfrak{m}$ . Then we have

$(\partial^{2}c)(x_{1}, x_{q+2})=\sum_{i}(-1)^{i}[(\partial c)(x_{1}, \hat{x}_{i}, x_{q+2}), x_{i}]$

$=\sum_{j<i}(-1)^{i+j}[[c(x_{1}, \hat{x}_{j}, \hat{x}_{i}, x_{q\dashv 2}), x_{j}], x_{i}]$

$+\sum_{j>i}(-1)^{i+j-1}[[c(x_{1}, \hat{x}_{i}, \hat{x}_{j}, x_{q+2}), x_{j}], x_{i}]$

$=\sum_{J<i}(-1)^{i+j}[[c(x_{1}, \hat{x}_{j}, \hat{x}_{i}, x_{q+2}), x_{j}], x_{t}]$

$+\sum_{J<i}(-1)^{t+J-1}[[c(x_{1}, \cdots,\hat{x}_{j}, \cdots,\hat{x}_{i}, \cdots, x_{q+2}), x_{i}], x_{j}]$ .

Since $[\mathfrak{m}, \mathfrak{m}]=0$ , we get $(\partial^{2}c)(x_{1}, \cdots , x_{q+2})=0$ .
As usual, to the complex $(C(L)=\sum_{p.q}C^{p,q}(L), \partial)$ there is associated the coho-

mology group $H(L)=\sum_{p,q}H^{p,q}(L)$ :

$H^{p,q}(L)=\partial^{-1}(0)\cap C^{p,q}(L)/C^{p+1,q-1}(L)$ .
We can easily verify that $H^{p,q}(L)=0(p\neq 0,1,2),$ $H^{0,0}(L)=\mathfrak{m},$ $H^{1,0}(L)=H^{2,0}(L)$

$=0$ and $H^{0,1}(L)=\mathfrak{g}l(\mathfrak{m})/\tilde{\mathfrak{g}}$ (Lemma 1.2).

We now define the (formal) adjoint operator $\partial^{*}:$ $C(L)\rightarrow C(L)$ of $\partial$ to be
$\partial^{*}C^{p,q}(L)\subset C^{P+1,q-1}(L)$ and

$(\partial^{*}c)(x_{1}, x_{q-1})=(-1)^{q}\sum_{i=1}^{n}[c(x_{1}, x_{q-1}, e_{i}), \omega^{i}]$

for all $c\in C^{p,q}(L)$ and $x_{1},$ $\cdots$ , $\chi_{q-1}\in \mathfrak{m}$ , where $(e_{i})$ is a base of $\mathfrak{m}$ and $(w^{i})$ is the
dual base of $(e_{i})$ . It is evident that $\partial^{*}c$ is well defined.

We get easily
LEMMA 3. $\partial^{*}(c^{a})=(\partial^{*}c)^{a},$ $c\in C(L),$ $a\in\tilde{G}$ .
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Let us now show that $\partial^{*}$ is really the adjoint operator of $\partial$ with respect
to a certian positive definite inner product $(,)$ on $C(L)$ . Take any $*$-isomor-
phism $\theta$ of $L$ onto $L^{*}$ and define a positive definite inner product $(,)$ on $\mathfrak{g}$ by
$(x, y)=-\varphi(x, \theta y)$ for all $x,$ $y\in \mathfrak{g}$ . This being said, we define a positive definite
inner product $(,)$ on $C^{p,q}(L)$ by

$(c, c^{\prime})=\frac{1}{q!}\Sigma(c(e_{i_{1}}i_{1}.\cdots,i_{q} e_{i_{q}}),$ $c^{\prime}(e_{t_{1}}, e_{\iota_{q}}))$

for all $c,$ $c^{\prime}\in C^{p,q}(L)$ , where $(e_{i})$ is an orthonormal base of $\mathfrak{m}$ with respect to
the inner product $(,)$ . The inner products $(,)$ on $C^{p,q}(L)$ naturally give rise
to a positive definite inner product $(,)$ on $C(L)$ .

LEMMA 4. $\partial^{*}$ is the adjoint operator of $\partial$ with respect to the inner pro-
duct $(,)$ on $C(L):(\partial c, c^{\prime})=(c, \partial^{*}c^{\prime}),$ $c$ , $c’\in C(L)$ .

PROOF. Let $c\in C^{p,q}(L)$ and $c^{\prime}\in C^{p-1,q+1}(L)$ . Then we get

$(\partial c, c^{\prime})=-\frac{1}{(q+1)!}.\sum_{i_{1\prime\prime}i_{q+1}}\varphi((\partial c)(e_{i_{1}}, e_{i_{q+1}}),$ $\theta\cdot c^{\prime}(e_{i_{1}}, e_{i_{q+1}}))$

$=-\frac{1}{(q+1)!}\sum_{i_{1},\cdots,i_{Q}+1}\sum_{j}(-1)^{j}\varphi([c(e_{i_{1}}, \hat{e}_{ij}, e_{i_{q+1}}), e_{ij}], \theta\cdot c^{\prime}(e_{i_{1}}, e_{i_{q+1}}))$

$=\frac{(-1)^{q+1}}{(q+1)!}\sum_{j}\wedge\sum_{i_{1},\cdots,i_{j\prime}\cdot\cdot t_{q+1}}.,\sum_{i_{j}}\varphi(c(e_{i_{1}}, \hat{e}_{ij}, e_{i_{q+1}})$ ,

$\theta[c^{\prime}(e_{i_{1}}, \hat{e}_{i_{j}}, e_{\iota_{q+1}}, e_{ij}), \theta e_{ij}])$

$=\frac{1}{q+1}\sum_{j_{j}}\sum_{i_{1},\cdots,i,\cdot t_{q+1}}..,(c(e_{i_{1}}, \hat{e}_{ij}, e_{i_{q+1}}), (\hat{o}^{*}c^{\prime})(e_{i_{1}}, \hat{e}_{i_{j}}, e_{i_{q+1}}))$

$=(c, \partial^{*}c^{\prime})$ ,

where we have used the fact that $(-\theta e_{i})$ is the dual base of $(e_{i})$ .
An important consequence of Lemma 4 is that there is defined the notion

of a harmonic form in $C(L)$ . We put $\square =\partial^{*}\partial+\partial\partial^{*}$ (Laplace Bertrami opera-
tor). Then a form in $\coprod^{=1}(0)=\ovalbox{\tt\small REJECT}=\sum_{p,q}\ovalbox{\tt\small REJECT}^{p,q}$ is called harmonic. As usual we
get $\ovalbox{\tt\small REJECT}^{p,q}=\partial^{-1}(0)\cap\partial^{*-1}(0)\cap C^{p,q}(L)$ and the orthogonal decompositions:

$C^{p,q}(L)=\ovalbox{\tt\small REJECT}^{p,q}+\coprod C^{p,q}(L)$ ,

$=\ovalbox{\tt\small REJECT}^{p,q}+\partial C^{p+1,q-1}(L)+\partial^{*}C^{p-1,q+1}(L)$ ,

$\partial^{-1}(0)\cap C^{p,q}(L)=\ovalbox{\tt\small REJECT}^{p,q}+\partial C^{p+1,q-1}(L)$ .
Therefore we get $H^{p,q}(L)=\ovalbox{\tt\small REJECT}^{p_{l}q}$ .

Relations between our previous notations and cohomology:
(A) $\mathcal{E}=C^{1,1}(L),$ $9^{\prime}=C^{0,2}(L),$ $\Delta=\partial|C^{1,1}(L),$ $\Delta^{*}=\partial^{*}|C^{0,2}(L),$ $\Theta=\partial^{*}\partial|C^{1,1}(L)$

(\S 8);

(B) $\mathcal{E}^{\prime}=C^{2,1}(L),$ $Z^{\prime}=C^{1,2}(L),$ $\Delta^{\prime}=\partial|C^{2,1}(L),$ $\Delta^{\prime*}=\partial^{*}|C^{1,2}(L),$ $\Phi_{L}=\partial^{*}\partial$

$|C^{2,1}(L)=\square |C^{2,1}(L)$ (\S 9 and \S 10);
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(C) $\tilde{\omega}=-\partial w,$ $\omega\in \mathfrak{m}^{*}=C^{2,0}(L),$ $\delta(L)=\dim(\partial^{-1}(0)\cap C^{1,1}(L)),$ $n(L)$

$=\dim\partial C^{2,0}(L)$ (\S 9 and \S 10);
(D) $R^{*}=\partial^{*}R,$ $S^{*}=\partial^{*}S,$ $W^{*}=\partial^{*}W,$ $T^{*}=\partial^{*}T$ (\S 5, \S 7 and \S 8).
Finally we add
PROPOSITION. (1) $\Phi_{L}$ is an automorphism if and only if $H^{2,1}(L)=0$ . (2)

$\delta(L)=n(L)$ if and only if $H^{1,1}(L)=0$ .
PROOF. (1) follows from (B) and the fact that $H^{2,1}(L)=\ovalbox{\tt\small REJECT}^{2,1}$ . (2) is im-

mediate from (C).
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