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Let $p$ be a fixed odd prime, and let $q_{n}=p^{n+1}$ for any integer $n\geqq 0$ . Let
$F_{n}$ denote the cyclotomic field of $q_{n}$ -th roots of unity over the rational field;
and $\Phi_{n}$ , the local cyclotomic field of $q_{n}$-th roots of unity over the p-adic num-
ber field. The main purpose of the present paper is to introduce three com-
pact modules $\mathfrak{X},$ $\mathfrak{Y}$ , and $\mathfrak{Z}$ into the theory of cyclotomic fields $F_{n}$ and $\Phi_{n}$ ,

$n\geqq 0$ . They are defined as inverse limits of certain subgroups $\mathfrak{X}_{n},$ $\mathfrak{Y}_{n}$ , and $\mathfrak{Z}_{n}$

respectively, of the additive group of $\Phi_{n},$ $n\geqq 0$ , and $\mathfrak{Y}$ is a submodule of
$\mathfrak{X};\mathfrak{Z}$ , a submodule of $\mathfrak{Y}$ We shall determine the algebraic structure of $\mathfrak{X}/\mathfrak{Z}$

by direct computation, and we shall also show by class field theory how $\mathfrak{X}/\mathfrak{Y}$

and $\mathfrak{Y}/\mathfrak{Z}$ are related respectively to the ideal class groups and the unit groups
of the fields $F_{n},$ $n\geqq 0$ . Using these results, we shall then study the group-
theoretical meaning of the classical class number formula for $F_{n}$ as noted in
a previous paper [10].

\S 1.

1.1. Let $Z,$ $Z_{p},$ $Q$ and $Q_{p}$ denote the ring of rational integers, the ring of
$p$ -adic integers, the rational field, and the $p$ -adic number field respectively.
We shall fix an algebraic closure $\Omega$ of $Q_{p}$ , and consider all algebraic extensions
of $Q$ and $Q_{p}$ as subfields of 9.

Let $F$ denote the union of all $F_{n},$ $n\geqq 0$ ; and $\Phi$ , the union of all $\Phi_{n},$ $n\geqq 0$ .
Then both $F/Q$ and $\Phi/Q_{p}$ are abelian extensions, and their Galois groups are
identified in a natural way. Put

$G=G(F/Q)=G(\Phi/Q_{p})^{1)}$ ,

$G_{n}=G(F_{n}/Q)=G(\Phi_{n}/Q_{p})$ ,

$\Gamma=G(F/F_{0})=G(\Phi/\Phi_{0})$ ,

$\Gamma_{n}=G(F/F_{n})=G(\Phi/\Phi_{n})$ , $n\geqq 0$ ,
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1) $G$ ( / \rangle shall denote the Galois group of the Galois extension in the paren-
thesis.
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so that $\Gamma=\Gamma_{0},$ $G_{n}=G/\Gamma_{n}$ .
Let $W_{n}(n\geqq 0)$ denote the group of all $q_{n}$-th roots of unity in $F_{n}$ (in $\Phi_{n}$),

and let $W$ be the union of all $W_{n},$ $n\geqq 0$ . Let $U$ be the multiplicative group
of all $p$ -adic units in $Q_{p}$ . Then there exists an isomorphism

$\kappa;G\rightarrow U$

such that
$\zeta^{\sigma}=\zeta^{\mathcal{K}(\sigma)}$

for any $\sigma$ in $G$ and $\zeta$ in $W$. The image of $\Gamma$ under $\kappa$ is the subgroup $U_{0}$ of
all $u$ in $U$ such that $u\equiv 1mod p$ . Let $V$ denote the subgroup of all $(p-1)- st$

roots of unity in $U;V$ is a cyclic group of order $p-1$ , and

$U=U_{0}\times V$ .

Let $\Delta$ denote the subgroup of $G$ , corresponding to $V$ under $\kappa$ . Then

$ G=\Gamma\times\Delta$ ,

and $\Delta$ is canonically isomorphic to $G_{0}$ .
For any $u$ in $U$, let $\sigma(u)$ denote the inverse image of $u$ under $\kappa;\sigma(u)$ is

the element of $G$ such that $\zeta^{\sigma_{(u)}}=\zeta^{u}$ for any $\zeta$ in $W$. We denote by $\sigma(u)_{n}$

the image of $\sigma(u)$ under the natural homomorphism $G\rightarrow G_{n}(n\geqq 0)$ . Clearly
$\sigma(u)_{n}$ depends only upon the residue class of $umod q_{n}$ .

In general, for any group $\mathfrak{G}$ and any additive abelian group $A$ , let $A[\mathfrak{G}]$

denote the set of all maps $f:\mathfrak{G}\rightarrow A$ such that $f(x)=0$ except for a finite
number of $x’ s$ in G. Defining $f+g$ by

$(f+g)(x)=f(x)+g(x)$ ,

we make $A[\mathfrak{G}]$ into a module. If $A$ is a ring, $A[\mathfrak{G}]$ is nothing but the addi-
tive group of the group ring of \copyright over $A$ . If there is a homomorphism $G\rightarrow \mathfrak{G}$ ,

we can also make $A[\mathfrak{G}]$ into a G-module, by defining $\sigma f$ as
$(\sigma f\cdot)(x)=f(s^{-1}x)$ , $x\in \mathfrak{G}$ ,

where $s$ denotes the image of $\sigma$ under $G\rightarrow \mathfrak{G}$ .
For any integer $i$ , we define an element $\iota_{6}$ of the group ring $Z_{p}[G]$ by

$\iota\epsilon=(p-1)^{-1}\sum_{\tau}v^{-i}\sigma(v)$ , $v\in V$ .

The elements $ 0_{\epsilon}1_{6}\ldots$ , $p-2_{6}$ form a system of orthogonal idempotents in $Z_{p}[G]$

with $\sum_{i}x_{6}=1$ . We also put

$+_{\epsilon=_{}\sum_{even}{}^{t}\epsilon}$ $-\epsilon=_{t}\sum_{odd}i_{6}$

Then $+_{\epsilon+\epsilon}-=1,$ $+_{\epsilon^{-}\epsilon}=0$ . If $A$ is a $Z_{p}[G]$ -module, we define submodules of $A$

by
$\star A=+_{\epsilon A}$ , $-A=-\epsilon A$ , $\iota A={}^{t}\epsilon A$ , $0\leqq i\leqq p-2$ .
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Then we obtain the direct decompositions

$A=+A\oplus^{-}A=^{0}A\oplus^{1}A\oplus\cdots\oplus^{p-2}A$ .
1.2. Let

$\mathfrak{R}_{n}=Z_{p}[G_{n}]$ , $\mathfrak{S}_{n}=Q_{p}[G_{n}]$ , $n\geqq 0$ .
By means of the natural homomorphism $G\rightarrow G_{n}$ , both $\mathfrak{R}_{n}$ and $\mathfrak{S}_{n}$ become G-
modules and hence, also $Z_{p}[G]$ -modules. Let $\mathfrak{R}_{n}^{0}$ denote the submodule of all
$\sum_{\rho}a_{p}\rho(\rho\in G_{n}, a_{p}\in Z_{p})$ in $\mathfrak{R}_{n}$ such that $\sum_{\rho}a_{\rho}=0$

, and let

$\mathfrak{A}_{n}=\mathfrak{B}_{n}+\mathfrak{R}_{n}^{0}$ , $\mathfrak{B}_{n}=\mathfrak{R}_{n}\xi_{n}$ ,

where

$\xi_{n}=q_{n}^{-1}\sum_{a}(a_{2}^{q_{n}-p}---)\sigma(a)_{n}$ , $0\leqq a<q_{n},$ $(a, p)=1$ .

Clearly $\mathfrak{A}_{n}$ and $\mathfrak{B}_{n}$ are $Z_{p}[G]$ -submodules of $\mathfrak{S}_{n}$ .
Let $m\geqq n\geqq 0$ . Then the natural homomorphism $G_{m}\rightarrow G_{n}$ defines a $Z_{p}[G]-$

homomorphism
$t_{n,m}$ ; $\mathfrak{S}_{m}\rightarrow \mathfrak{S}_{n}$

in the obvious manner. There also exists an injective Z.[G]-homomorphism

$t_{m,n}^{\prime}$ : $\mathfrak{S}_{n}\rightarrow \mathfrak{S}_{m}$

such that
$t_{m,n}^{\prime}\circ t_{n,m}(\alpha)=1)\alpha\eta m$

’
$\alpha\in \mathfrak{S}_{m}$ ,

where

$\nu_{n,m}=\sum_{r=0}^{p^{m-n}-1}\sigma(1+p)^{ip^{n}}$

Since $t_{n,m}(\sigma(a)_{m})=\sigma(a)_{n}$ , we see easily that $t_{n,m}(\mathfrak{R}_{m})=\mathfrak{R}_{n},$ $t_{n,m}(\mathfrak{R}_{m}^{0})=\mathfrak{R}_{n}^{0}$ , and

$t_{n,m}(\xi_{m})=\xi_{n}$ .
Hence

$t_{n,m}(\mathfrak{A}_{m})=\mathfrak{A}_{n}$ , $r_{n,m}(\mathfrak{B}_{m})=\mathfrak{B}_{n}$ .

Let $\mathfrak{A}$ and $\mathfrak{B}$ denote the inverse limits of $\backslash J1_{n}$ and $\mathfrak{B}_{n},$ $n\geqq 0$ , respectively,
relative to the maps $t_{n,m},$ $m\geqq n$ :

$\mathfrak{A}=\lim \mathfrak{A}_{n}$ , $\mathfrak{B}=\lim \mathfrak{B}_{n}$ .
$\mathfrak{A}_{n}$ is a compact submodule of $\mathfrak{S}_{n}$ in the natural topology of $\mathfrak{S}_{n}$ defined by
the $p$ -adic topology of $Q_{p}$ . Hence $\mathfrak{A}$ is a compact $Z_{p}[G]$ -module, and $\mathfrak{B}$ is a
closed submodule of $\mathfrak{A}$ . Since $\mathfrak{B}_{n},$ $n\geqq 0$ , is compact, the compact $Z_{p}[G]$ -module
$\mathfrak{A}/\mathfrak{B}$ is the inverse limit of $\mathfrak{A}_{n}/\mathfrak{B}_{n},$ $n\geqq 0$ :

$\mathfrak{A}/\mathfrak{B}=\lim^{\backslash }J1_{n}/\mathfrak{B}_{n}$ .
Hence

$\neq(\mathfrak{A}/\mathfrak{B})=\lim^{\pm}\mathfrak{A}_{n}/\pm \mathfrak{B}_{n}$ , ${}^{t}(\mathfrak{A}/\mathfrak{B})=\lim^{i}\mathfrak{A}_{n}/i\mathfrak{B}_{n}$ , $0\leqq i\leqq p-2$ ,
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where $\pm(\mathfrak{A}/\mathfrak{B})$ etc. denote the components of the decompositions of respective
modules defined in 1.1.

Let
$f\xi_{n}=^{f}\epsilon\xi_{n}$ , $i\xi_{n}=^{i}\epsilon\xi_{n}$ , $0\leqq i\leqq p-2$ .

Then

$+\xi_{n}=(2p^{n})^{-1}\sum_{\rho}\rho$ , $\rho\in G_{n}$ ,

(1)
$-\xi_{n}=(2q_{n})^{-1}\sum_{a}(2a-q_{n})\sigma(a)_{n}$ , $0\leqq a<q_{n},$ $(a, p)=1$ ,

and

(2) $\kappa(\sigma)\sigma^{-}\xi_{n}\equiv^{-}\xi_{n}mod \mathfrak{R}_{n}^{0}$ , $\sigma\in G$ .
PROPOSITION 1.

$0\mathfrak{A}_{n}=^{0}\mathfrak{B}_{n}\oplus^{0}\mathfrak{R}_{n}^{0}$ , $0\mathfrak{B}_{n}=Z_{p^{+}}\xi_{n}$ ,

$i\mathfrak{A}_{n}=i\mathfrak{R}_{n}$ , $\iota \mathfrak{B}_{n}=0$ , $i$ even, $i\neq 0$ ,

$i\mathfrak{A}_{n}=^{\iota}\mathfrak{R}_{n}$ , $\iota \mathfrak{B}_{n}=\mathfrak{R}_{n^{\iota}}\xi_{n}=^{i}\mathfrak{R}_{n}{}^{t}\xi_{n}$ , $iodd,$ $i\neq p-2$ ,

$p-2\mathfrak{A}_{n}=^{p-2}\mathfrak{B}_{n}$ .

PROOF. It is clear that $i\mathfrak{A}_{n}=v\mathfrak{B}_{n}+t\mathfrak{R}_{n}^{0}$ and $i\mathfrak{B}_{n}=\mathfrak{R}_{n^{i}}\xi_{n}=i\mathfrak{R}_{n^{i}}\xi_{n}$ for every $i$ .
Let $i$ be even. It follows from (1) that $i\xi_{n}=i\epsilon^{+}\xi_{n}=+\xi_{n}$ or $i\xi_{n}=0$ according
as $i=0$ or $i\neq 0$ . Since $0\mathfrak{B}_{n}=\mathfrak{R}_{n}^{+}\xi_{n}=Z_{p^{+}}\xi_{n}$ and $Z_{p^{+}}\xi_{n}\cap^{0}\mathfrak{R}_{n}^{0}=0$ , we obtain
$0\mathfrak{A}_{n}=^{0}\mathfrak{B}_{n}\oplus^{0}\mathfrak{R}^{0_{p}}$ . We also see from the above that $i\mathfrak{B}_{n}=\mathfrak{R}_{n^{i}}\xi_{n}=0$ and $\iota \mathfrak{A}_{n}=^{i}\mathfrak{R}_{n}^{0}=^{i}\mathfrak{R}_{n}$

for $i\neq 0$ .
Next, let $i$ be odd and $i\neq p-2$ . It then follows from (2) that $\iota\xi_{n}=^{i}\epsilon^{-}\xi_{n}$

is contained in $\iota \mathfrak{R}_{n}^{0}=i\epsilon \mathfrak{R}_{n}^{0}$ . Hence $i\mathfrak{A}_{n}=\mathfrak{R}_{n^{i}}\xi_{n}+i\mathfrak{R}_{n}^{0}=^{i}\mathfrak{R}_{n}^{0}=^{i}\mathfrak{R}_{n}$ .
To prove the last equality, we consider cohomology groups of $\Gamma/\Gamma_{n}$ . It

follows from (2) that

$\kappa(\sigma)\sigma^{p-2}\xi_{n}\equiv p-2\xi_{n}$ $mod^{p-2}\mathfrak{R}_{n}^{0p-2}=\mathfrak{R}_{n}$ , $\sigma\in G$ ,

and that $p-2\mathfrak{A}_{n}/p-2\mathfrak{R}_{n}$ is a $cycl\cdot ic$ group of order $q_{n}$ generated by the coset of
$p-2\xi_{n}$ . The above congruence then shows that $H^{k}(\Gamma/\Gamma_{n}, p-2\mathfrak{A}_{n}/p-2\mathfrak{R}_{n})=0$ for
every $k$ . Since $p-2\mathfrak{R}_{n}\cong Z_{p}[\Gamma/\Gamma_{n}]$ as $(\Gamma/\Gamma_{n})$-modules, we also have $H^{k}(\Gamma/\Gamma_{n}$ ,
$p-2\mathfrak{R}_{n})=0$ . Hence $H^{k}(\Gamma/\Gamma_{n}, p-2\mathfrak{A}_{n})=0$ . However, as $p-2\mathfrak{A}_{n}$ is a free $Z_{p}$-module
of rank $p^{np-2}\mathfrak{A}_{n}$ is isomorphic to $p(p-2\mathfrak{A}_{n})$ , and $H^{k}(\Gamma/\Gamma_{n}, p(p-2\mathfrak{A}_{n}))=0$ . There-
fore, $H^{k}(\Gamma/\Gamma_{n}, p-2?t_{n}/p(p-2\mathfrak{A}_{n}))=0$ for every $k_{2}$ and we see that $p-2\mathfrak{A}_{n}/p(p-2\mathfrak{A}_{n})$

$\cong(Z/pZ)[\Gamma/\Gamma_{n}]$ as $(\Gamma/\Gamma_{n})$-modules. On the other hand, since $p-2\xi_{n}$ generates
$p-z\mathfrak{A}_{n}/p-2\mathfrak{R}_{n}$ , it is not contained in the submoduie $p(p-2\mathfrak{A}_{n})+p-2\mathfrak{R}_{n}$ of index $p$ in
$p-2)|_{n}$ . Hence the cosets of $\rho^{p-2}\xi_{n},$ $\rho\in\Gamma/\Gamma_{n}$ , form a basis of the abelian group
$p-2\mathfrak{A}_{n}/p(p-2\mathfrak{A}_{n})$ . It follows that $p-2\mathfrak{A}_{n}=^{p-2}\mathfrak{B}_{n}+p(p-2\mathfrak{A}_{n})$ , and hence that $p-2\mathfrak{N}_{n}$

$=p-2\mathfrak{B}_{n}$ .
It also follows from the above proof that
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$\mathfrak{A}_{n\cap}\mathfrak{R}_{n}=p^{n}(0\mathfrak{B}_{n})\oplus \mathfrak{R}_{n}^{0}$ ,

$\mathfrak{A}_{n}/(?t_{n\cap}\mathfrak{R}_{n})=(0\mathfrak{B}_{n}/p^{n}(0\mathfrak{B}_{n}))\oplus(p-2?1_{n}/p-2\mathfrak{R}_{n})$ .
Since $[^{p-2}\mathfrak{A}_{n} : p-2\mathfrak{R}_{n}]=q_{n}$ , we obtain

$[\mathfrak{R}_{n} : \mathfrak{A}_{n\cap}\mathfrak{R}_{n}]=p^{n}$ ,
\langle 3)

$[\mathfrak{A}_{n} : \mathfrak{A}_{n\cap}\mathfrak{R}_{n}]=p^{2n+1}$ .
Now, let $\mathfrak{R}$ be the inverse limit of $\mathfrak{R}_{n},$ $n\geqq 0$ , relative to $t_{n,m}$ ; $\mathfrak{R}_{zn}\rightarrow \mathfrak{R}_{n},$ $m\geqq n$ ,

and let $\mathfrak{R}^{0}$ be defined similarly. $\mathfrak{R}$ is a compact $Z_{p}[G]$ -module, and $\mathfrak{R}^{0}$ is a
closed submodule of $\mathfrak{R}$ . Since $t_{n,m}(i\xi_{m})=?\xi_{n},$ $m\geqq n$ , the elements $i\xi_{n},$ $n\geqq 0$ ,

determine an element $ i\xi$ in Wt. It then follows immediately from the above
proposition that

$0(\mathfrak{A}/\mathfrak{B})=^{0}\mathfrak{R}^{0}$ ,

$i(\mathfrak{A}/\mathfrak{B})=i\mathfrak{R}$ , $i$ even, $i\neq 0$ ,

$ i(\mathfrak{A}/\mathfrak{B})=’ \mathfrak{R}/\iota \mathfrak{R}^{i}\xi$ , $i$ odd, $i\neq p-2$ ,

$p-2(\mathfrak{A}/\mathfrak{B})=0$ .

In general, for any compact $Z_{p}[\Gamma]$ -module $A$ , we put

$A^{(n)}=A/\omega_{n}A$ , $n\geqq 0$ ,

where
$\omega_{n}=1-\sigma(1+p)^{p^{n}}$ $n\geqq 0$ .

PROPOSITION 2. The natural homomorphisms $-(\mathfrak{A}/\mathfrak{B})\rightarrow^{-}\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ and $i(\mathfrak{A}/\mathfrak{B})$

$\rightarrow i\mathfrak{A}_{n}/i\mathfrak{B}_{n},$ $i\neq 0$ , induce isomorphisms

$-(\mathfrak{A}/\mathfrak{B})^{(n)}\cong-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ ,

$\iota(\mathfrak{A}/\mathfrak{B})^{(n)i}\cong \mathfrak{A}_{n}/i\mathfrak{B}_{n}$ , $i\frac{\neq}{}0,$ $n\geqq 0$ .
PROOF. Let $i\neq 0$ and $m\geqq n\geqq 0$ . We first notice that $H^{k}(\Gamma_{n}/\Gamma_{m}, i\mathfrak{A}_{m})=0$

for every $k$ . For $i=p-2$ , this can be shown similarly as in the proof of the
previous proposition. For $i\neq p-2$ , it follows from $i\mathfrak{A}_{m}=i\mathfrak{R}_{m}$ .

Since $t_{m,n}^{\prime}\circ t_{n,m}(\alpha)=1\prime_{n,m}\alpha,$ $\alpha\in i\mathfrak{A}_{m}$ , and since $t_{m,n}^{\prime}$ is injective, we see from
$H^{1}(\Gamma_{n}/\Gamma_{m}, i\mathfrak{A}_{m})=0$ that the kernel of $t_{n,m}$ ; $\mathfrak{A}_{m}\rightarrow i\mathfrak{A}_{n}$ is $\omega_{n}^{i}\mathfrak{A}_{m}$ . Therefore, the
kernel of $i\mathfrak{A}_{m}/i\mathfrak{B}_{m}\rightarrow^{i}\mathfrak{A}_{n}/i\mathfrak{B}_{n}$ is $\omega_{n}(i\mathfrak{A}_{m}/i\mathfrak{B}_{m})$ . Since this holds for every $m\geqq n$ ,

the kernel of $i(\mathfrak{A}/\mathfrak{B})\rightarrow^{i}\mathfrak{A}_{n}/i\mathfrak{B}_{n}$ is $\omega_{n}^{l}(\backslash JI/\mathfrak{B})$ . As $\iota(\mathfrak{A}/\mathfrak{B})\rightarrow^{i}\mathfrak{A}_{n}/i\mathfrak{B}_{n}$ is surjective,
we obtain an isomorphism $i(\mathfrak{A}/\mathfrak{B})^{(n)}\rightarrow i\mathfrak{A}_{n}/i\mathfrak{B}_{n}$ . The isomorphism $-(\mathfrak{A}/\mathfrak{B})^{(n_{\grave{\prime}}}$

$\cong-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ is a consequence of what has just been proved.

1.3. Let $\Lambda$ denote the local rlng of formal power series in an indeter $\cdot$

minate $T$ with coefficients in $Z_{p}$ :
$\Lambda=Z_{p}[[T]]$ .
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Since $i\mathfrak{R}_{n}=\iota_{\epsilon \mathfrak{R}_{n}}$ is isomorphic to $Z_{p}[\Gamma/\Gamma_{n}]$ as algebras over $Z_{p}$, there
exists a ring isomorphism over $Z_{p}$ :

$\prime \mathfrak{R}_{n}\rightarrow A/(1-(1+T)^{p^{n}})$ ,

which maps $\iota_{6\sigma(1+p)_{n}}$ to the coset of $1+Tmod (1-(1+T)^{p^{n}})$ ; here $(1-(1+T)^{p^{n}})$

denotes the principal ideal of $\Lambda$ generated by $1-(1+T)^{p^{7\iota}}$ . These isomorphisms,
for $n\geqq 0$ , then define a topological ring isomorphism over $Z_{p}$ :

$\iota \mathfrak{R}\rightarrow\Lambda$ ,

mapping $\iota_{6\sigma(1}+p$) to $1+T$ . We see easily that $i\mathfrak{R}_{n}^{0}$ corresponds to $(T)/(1-(1$

$+T)^{p^{n}})$ so that $i\mathfrak{R}^{0}\rightarrow(T)$ under the above isomorphism. For odd $\iota\neq p-2$ , let
${}^{t}\xi\rightarrow {}^{t}g$

under the same isomorphism. We shall next describe the power series ${}^{t}g$.
For any $a$ in $Q_{p}$ , there exist a rational integer $b$ and a power of $p,$ $p^{m}$

$(m\geqq 0)$ , such that $p^{m}a\equiv bmod p^{m},$ $0\leqq b<p^{m}$ . The rational number $b/p^{m}$ is
then uniquely determined by $a$ , and hence will be denoted by $\langle a\rangle$ . If $a$ is a
rational number with its denominator a power of $p$ , then $\langle a\rangle$ is nothing but
the fractional part of $a:\langle a\rangle=a-[a]$ . With this notation, we may write $-\xi_{n}$

in the form

$-\xi_{n}=-\epsilon(\sum_{o}\langle-q^{a_{n}}-\rangle\sigma(a)_{n})$ ,

where $a$ ranges over any system of representatives of $U/(1+q_{n}Z_{p})$ . Since
$v(1+p)^{e}$ $0\leqq e<p^{n},$ $v\in V$ .

form such a system of representatives, we obtain

${}^{t}\xi_{n}=i\epsilon^{-}\xi_{n}=^{i}\epsilon(\sum\sum_{v}\langle\frac{v(1+p)^{e}}{q_{n}}\rangle\sigma(v)_{n}\sigma(1+p)_{n}^{e})$

$=i6(\sum\sum_{?)}\langle\frac{v(1+p)^{e}}{q_{n}}\rangle v^{\iota}\sigma(1+p)_{n}^{e})$ ,

for any odd $i\neq p-2$ . Hence we see that

$\iota g(T)=\varliminf_{n}ig_{n}(T)$ ,

where ${}^{t}g_{n}(T)$ denotes the polynomial of degree at most $p^{n}$ defined by

$\iota g_{n}(T)=\sum_{e=0}^{p^{n}-1}\sum_{v}\langle v(1_{q}+_{n}p)^{e_{-\rangle v^{i}(1+T)^{c}}}$

We notice that
${}^{t}g(\mathcal{I}’)\equiv\iota_{g_{m}(T)\equiv g_{n}(T)}t$ $mod (1-(1+T)^{p^{n}})$ , $m\geqq n$ .

Hence
1 $ p-\iota$

$\iota g(0)={}^{t}g_{0}(0)=-\Sigma av(a)^{i}$ ,
$ po=\downarrow$
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where $v(a)$ denotes the element of $V$ such that $v(a)\equiv amod p$ .
Now the following proposition is an immediate consequence of what is

stated in the above:
PROPOSITION 3. Let $\Lambda=Z_{p}[[T]]$ be made into a $Z_{p}[\Gamma]$ -module so that

$\sigma(1+p)x=(1+T)x$

for any $x$ in $\Lambda$ . Then, as $Z_{p}[\Gamma]$ -modules,

$0(\mathfrak{A}/\mathfrak{B})\cong(T)=T\Lambda(\cong\Lambda)$ ,

$ i(\mathfrak{A}/\mathfrak{B})\cong\Lambda$ , $i$ even, $i\neq 0$ ,

${}^{t}(\mathfrak{A}/\mathfrak{B})\cong\Lambda/(^{i}g)$ , $i$ odd, $i\neq p-2$ ,

$p-2(\mathfrak{A}/\mathfrak{B})=0$ ,

where $(^{i}g)$ denotes the principal ideal of A generated by the $ig$ defined in the
above.

Let $\chi$ be any character of $U/(1+q_{n}Z_{p})$ with values in 2. Then there
exists an integer $i$ such that $\chi(v)=v^{i}$ for every $v$ in $V$. With $i$ fixed, let

$iD_{n}=\prod_{\chi}(\frac{1}{q_{n}}\sum_{a}a\chi(a))$ ,

where $0\leqq a<q_{n},$ $(a, p)=1$ , and where $\chi$ ranges over all characters of
$U/(1+q_{n}Z_{p})$ satisfying $\chi(v)=v^{i},$ $v\in V$. Then the classical formula for the first
factor $-h_{n}$ of the class number of $F_{n}$ states that

(I) $-h_{n}=2q_{n}\prod_{i}(--1_{i}2-D_{n})$ , $0\leqq i\leqq p-2,$ $(i, 2)=1^{2)}$ .

Hence $iD_{n}\neq 0$ for every odd index $i(0\leqq i\leqq p-2)$ . Furthermore, it is easy to
see that $iD_{n}$ is a p-adic integer for $i\neq p-2$ and $q_{n^{p-2}}D_{n}$ is a p-adic unit3).

PROPOSITION 4. The compact $\Gamma$ -module $-(\mathfrak{A}/\mathfrak{B})$ is $s$ trictly $\Gamma- finite^{4)}$ , and the
order $of-(\mathfrak{A}/\mathfrak{B})^{(n)}=-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ is equal to the exact power of $p$ dividing the first
factor $-h_{n}$ of the class number of $F_{n}(n\geqq 0)$ . For any odd $i$ , the $\Gamma$-module
$i(\mathfrak{A}/\mathfrak{B})$ is also strictly $\Gamma- finite$ , and if $i\neq p-2$ , the order of $i(\mathfrak{A}/\mathfrak{B})^{(n)}=^{i}\mathfrak{A}_{n}/i\mathfrak{B}_{n}$

is equal to the exact power of $p$ dividing the p-adic integer $iD_{n}\neq 0$ .
PROOF. We may write ${}^{t}D_{n}$ in the form:

${}^{t}D_{n}=\prod_{\zeta}(\sum_{e=0}^{p^{n}-1}\sum_{v}\langle\frac{v(1+p)^{e}}{q_{n}}\rangle v^{i}\zeta^{e})$ ,

where $\zeta$ ranges over all $p^{n}$ -th roots of unity in $\Omega$ . Hence we see that $iD_{n}$ is
equal to the determinant of the circulant matrix whose first row is

2) See [5], \S 5.
3) See [10], \S 2.
4) For the theory of $\Gamma- finite$ modules which will be used throughout the paper,

see [8] and [11].
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( $\cdots$ , $\sum_{v}\langle\underline{v(}\frac{1+p)^{e}}{q_{n}}\rangle v^{i},$ ) $e=0,1$ , $\cdot$ .. , $p^{n}-1$ . On the other hand, it follows

from Proposition 3 that for odd $i\neq p-2$ , we have
$i(\mathfrak{A}/\mathfrak{B})^{(n)}\cong\Lambda/(^{i}g, 1-(1+T)^{p^{n}})$

$=\Lambda^{(n)}/(^{i}g_{n})$ , $n\geqq 0$ ,

where
$\Lambda^{(n)}=\Lambda/\omega_{n}\Lambda=\sum_{e=0}^{p^{n}-1}Z_{p}(1+T)^{e}$

Since $(1+T)^{p^{n}}=1$ on $\Lambda^{(n)}$ , we see from the above that $i(\mathfrak{A}/\mathfrak{B})^{\langle n)}$ is finite, and
its order is equal to the exact power of $p$ dividing $iD_{n}\neq 0$ . On the other
hand, we know that $q_{n^{p-2}}D_{n}$ is a $p$ -adic unit, that $-(\mathfrak{A}/\mathfrak{B})^{(n)}$ is the direct sum
of $i(\mathfrak{A}/\mathfrak{B})^{(n)}$ with odd $i$ , and that $p-2(\mathfrak{A}/\mathfrak{B})^{(n)}=p-2?I_{n}/p-2\mathfrak{B}_{n}=0$ . Hence it follows.
from (I) that the order of $-(\mathfrak{A}/\mathfrak{B})^{(n)}$ is equal to the exact power of $p$ dividing
$-h_{n}$ .

For odd $i\neq p-2$ , let $p^{c(n;:)}$ denote the order of ${}^{t}(\mathfrak{A}/\mathfrak{B})^{(n)}$ Using ${}^{t}(\mathfrak{A}/\mathfrak{B})$

$\cong\Lambda/(^{i}g)$ , we may express the characteristic function $c(n;i)$ of the $\Gamma$ -module.
$i(\mathfrak{A}/\mathfrak{B})$ as follows : By Weierstrass’ preparation theorem, there exist an
integer $e_{i}\geqq 0$ , a unit $i_{\mathcal{U}(T)}$ in $A=Z_{p}[[T]]$ , and a polynomial ${}^{t}m(T)$ of $Che$.
form:

$\iota m(T)=^{i}a_{0}+\cdots+{}^{t}a_{d_{i}-1}T^{tl_{i}-1}+T^{a_{t}}$ , $\iota_{O_{k}}\in pZ_{p}$ .
such that

$fg(T)=p^{e_{i}i}u(T)^{i}m(T)$ .

The integers $d_{i}\geqq 0$ and $e_{i}\geqq 0$ then give the invariants of $\iota(\mathfrak{A}/\mathfrak{B})$ ; namely, for
all sufficiently large $n$ , we have

$c(n;i)=d_{i}n+e_{i}p^{n}+r_{i}$ ,

with an integer $r_{i}$ independent of $n$ . It follows in particular that the invariant
$e_{i}$ is positive if and only if $ig(T)$ is divisible $byp$ in $\Lambda=Z_{p}[[T]]$ , namely, if
and only if for every $n\geqq 0$ ,

$\sum_{v}\langle\frac{v(1+p)^{e}}{q_{n}}\rangle v^{\iota}\equiv 0$ $mod p$ , $0\leqq e<p^{n}$ ,

or equivalently

$\sum_{t)}\langle\frac{av}{q_{n}}\rangle v^{i}\equiv 0$ $mod p$ ,

for any $a$ in $U^{6)}$ .
1.4. The algebra $S_{n}=Q_{p}[G_{n}]$ has an involution $\alpha\rightarrow\alpha^{*}$ such that $\rho^{*}=\rho^{-\iota}$

for any $\rho$ in $G_{n}$ . We see easily that $\mathfrak{R}_{n}^{*}=\mathfrak{R}_{n},$ $(\mathfrak{R}_{n}^{0})^{*}=\mathfrak{R}_{n}^{0}$ , and

5) See [11]. The ring $\Lambda$ was first introduced by Serre into the theory of $\Gamma$-finite
modul es.

6) See [7],
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$\mathfrak{A}_{n}^{*}=\mathfrak{B}_{n}^{*}+\mathfrak{R}_{n}^{0}$ , $\mathfrak{B}_{n}^{*}=\mathfrak{R}_{n}\xi_{n}^{*}$ ,

where

$\xi_{n}^{*}=q_{n}^{-1}\sum_{a}(a-\underline{q_{n_{2}^{\underline{-p}}}})\sigma(a)_{n}^{-1}$ , $0\leqq a<q_{n},$ $(a, p)=1$

The homomorphism $t_{n,m}$ ; $\mathfrak{S}_{m}\rightarrow \mathfrak{S}_{n},$ $m\geqq n$ , commutes with the involutions on
$\mathfrak{S}_{m}$ and $\mathfrak{S}_{n}$ , and maps $\mathfrak{A}_{m}^{*}$ onto $\mathfrak{A}_{n}^{*}$ . Hence if we denote by $\mathfrak{A}^{*}$ the inverse
limit of $\mathfrak{A}_{n}^{*},$ $n\geqq 0$ , relative to $t_{n,m}$ , then the maps $\mathfrak{A}_{n}\rightarrow \mathfrak{A}_{n}^{*},$ $n\geqq 0$ , define a topo-
iogical $Z_{p}$-isomorphism

$\mathfrak{A}\rightarrow \mathfrak{A}^{*}$

such that
$(\sigma\alpha)^{*}=\sigma^{-1}\alpha^{*}$ , $\sigma\in G$ .

The inverse limit of $\mathfrak{B}_{n}^{*},$ $n\geqq 0$ , gives a closed submodule $\mathfrak{B}^{*}$ of $\mathfrak{A}^{*}$ , and the
above isomorphism induces similar isomorphisms $\mathfrak{B}\rightarrow \mathfrak{B}^{*}$ and $\backslash $

)$\{/\mathfrak{B}\rightarrow \mathfrak{A}^{*}/\mathfrak{B}^{*}$ .
Since

$(^{\pm}\epsilon)^{*}=\epsilon\pm$ , $(^{J_{6}})^{*}=^{i_{\xi}}$ , $0\leqq i\leqq p-2,$ $i+j=p-1$ ,

we have
$\pm(\mathfrak{A}^{*})=(\pm \mathfrak{A})^{*}\backslash $ , $i(\mathfrak{A}^{*})=(j?I)^{*}$ , $i+j=p-1$ .

These modules will be denoted simply by $\pm \mathfrak{A}^{*}$ and $i\mathfrak{A}^{*}$ respectively, and simi-
larly for the submodules of $\mathfrak{B}^{*}$ and $\mathfrak{A}^{*}/\mathfrak{B}^{*}$ .

Let
${\rm Res}:Q_{p}\rightarrow Q_{p}/Z_{p}$

be the natural homomorphism of the additive group $Q_{p}$ so that ${\rm Res}(a),$ $a\in Q_{p}$ ,

denotes the residue class of a $mod Z_{p}$ . For each $n\geqq 0$ , we define a non-
degenerate symmetric pairing $\mathfrak{S}_{n}\times \mathfrak{S}_{n}\rightarrow Q_{p}/Z_{p}$ by

$(\alpha, \beta)_{n}={\rm Res}(\sum_{p}a_{\rho}b_{p})$ ,

,for any $\alpha=\sum_{\rho}a_{\rho}\rho$ and $\beta=\sum_{p}b_{\rho}\rho(\rho\in G_{n})$ in $\mathfrak{S}_{n}$ . Then we see easily that

$(\sigma\alpha, \sigma\beta)_{n}=(\alpha, \beta)_{n}$ , $\alpha,$ $\beta\in \mathfrak{S}_{n},$ $\sigma\in G$ ,

$(\alpha\gamma, \beta)_{n}=(\alpha, \beta\gamma^{*})_{n}$ , $\alpha,$ $\beta,$ $\gamma\in \mathfrak{S}_{n}$ ,

$(t_{n,m}(\alpha), \beta)_{n}=(\alpha, t_{m,n}^{\prime}(\beta))_{m}$ , $\alpha\in \mathfrak{S}_{m},$ $\beta\in \mathfrak{S}_{n},$ $m\geqq n$ .
PROPOSITION 5. For each $n\geqq 0$ , there exists a non-degenerate pairing

$(x,y^{*})_{n}$ :
$-(\mathfrak{A}_{n}/\mathfrak{B}_{n})\times-(9t_{n}^{*}/\mathfrak{B}_{n}^{*})\rightarrow Q_{p}/Z_{p}$

such that
$(\sigma x, \sigma y^{*})_{n}=(x, y^{*})_{n}$ , $\sigma\in G$ ,

$(t_{n.m}(x), y^{*})_{n}=(x, t_{m,n}^{\prime}(y^{*}))_{m}$ , $m\geqq n$ ,

for $x$ $in\rightarrow(\mathfrak{A}_{n}/\mathfrak{B}_{n})$ and $y^{*}$ in $-(\mathfrak{A}_{n}^{*}/\mathfrak{B}_{n}^{*})$ or in $-(9Q^{*}/\mathfrak{B}_{m}^{*})$ .
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PROOF. We first notice that since $t_{m,7l}^{\prime}(\mathfrak{A}_{n}^{*})=t_{m,n}^{\prime}\circ t_{n,m}(\mathfrak{A}_{m}^{*})=\iota)nmm$

similarly $t_{m.n}^{\prime}(\mathfrak{B}^{*_{l}})=1/_{n,m}\mathfrak{B}_{m}^{*},$ $t_{m,n}^{\prime}$ induces homomorphisms $\mathfrak{A}_{\eta}^{*}/\mathfrak{B}_{n}^{*}\rightarrow \mathfrak{A}_{m}^{*}/\mathfrak{B}^{*_{b}}$ and
$-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*}\rightarrow-\mathfrak{A}_{m}^{*}/-\mathfrak{B}_{m}^{*},$ $m\geqq n$ .

Now the pairing $(\alpha, \beta)_{n}$ on $\mathfrak{S}_{n}$ induces a non-degenerate pairing $-\mathfrak{S}_{n}\times-\mathfrak{S}_{n}$

$\rightarrow Q_{p}/Z_{p}$ . For any subgroup $A$ of $-\mathfrak{S}_{n}$ , let $A^{\perp}$ denote the annihilator of $A$ in
$-\mathfrak{S}_{n}$ . Since $-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ is finite, it follows from $-\mathfrak{B}_{n}=-\mathfrak{R}_{n^{-}}\xi_{n}$ that $-\xi_{n}$ has an
inverse in the algebra $-\mathfrak{S}_{n}$ . Therefore, $-\xi_{n}^{*}=(-\xi_{n})^{*}$ also has an inverse in $-\mathfrak{S}_{n}$ .
As $(^{-}\mathfrak{R}_{n})^{\perp}=-Jl_{n}$ , it follows from $()=(^{-}\mathfrak{R}_{n}, \beta(-\xi_{n})^{*})_{n}$ that

$(^{-}\mathfrak{B}_{n})^{\perp}=(-\mathfrak{R}_{n})^{\perp}(-\xi_{7t}^{*})^{-1}=-\mathfrak{R}_{n}(-\xi_{n^{\backslash }}^{*})^{-1}$ .

Since $-\mathfrak{A}_{n}=-\mathfrak{B}_{n}+-\mathfrak{R}_{n}^{0}=-\mathfrak{B}_{n}+-\mathfrak{R}_{n}$ , we have
$(^{-\mathfrak{A}_{n})^{\perp}=(\mathfrak{B}_{n})\cap(\mathfrak{R}_{n})^{\perp}=^{-\mathfrak{R}_{n}(\xi_{7}^{*})^{-1}\cap^{-\mathfrak{R}_{n}}}}-\perp--,$ ,

and
$(^{-}\mathfrak{B}_{n})^{\perp}/(^{-}\mathfrak{A}_{n})^{\perp}=^{-}\mathfrak{R}_{n}(-\xi_{n}^{*})^{-1}/(^{-}\mathfrak{R}_{n}(-\xi_{n}^{*})_{\cap^{-}}^{-1}\mathfrak{R}_{n})$

$\cong-\mathfrak{R}_{n}/(^{-}\mathfrak{R}_{n\cap^{-}}\mathfrak{R}_{n^{-}}\xi_{n}^{*})$

$\cong(-\mathfrak{R}_{n}^{-}\xi_{n}^{*}+\leftrightarrow \mathfrak{R}_{n})/-\mathfrak{R}_{n}^{-}\xi_{n}^{*}$

$=^{-\mathfrak{A}_{n}^{*}}/-\mathfrak{B}_{n}^{*}$ .

Clearly the pairing on $-\mathfrak{S}_{n}$ induces a non-degenerate pairing of $\leftrightarrow \mathfrak{A}_{n}/-\mathfrak{B}_{n}$ and
$\langle^{-}\mathfrak{B}_{n}$) $\perp/(^{-}\mathfrak{A}_{n})^{\perp}$ into $Q_{p}/Z_{p}$ . Using the above isomorphisms, we then obtain a
pairing $(x, y^{*})_{n}$ : $(^{-}\mathfrak{A}_{n}/-\mathfrak{B}_{n})\times(-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*})\rightarrow Q_{p}/Z_{p}$ .

Let $\alpha$ be an element of $-\mathfrak{A}_{n}$ representing $x$ in $-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ , and let $\beta$ be an
element of $-\mathfrak{R}_{n}$ representing $y^{*}$ in $-\mathfrak{N}_{n}^{*}/-\mathfrak{B}_{n}^{*}$ , where $-\mathfrak{A}_{n^{1}}^{*}=-\mathfrak{B}_{n}^{*}+^{-}\mathfrak{R}_{n}$ . Then, by
the definition,

$(x,y^{*})_{n}=(\alpha, \beta(-\xi_{n}^{*})^{-1})_{n}=(\alpha^{-}\xi_{n}^{-1}, \beta)_{n}$ .
Hence it is clear that $(\sigma x, \sigma y^{*})_{n}=(x, y^{*})_{n}$ for any $\sigma$ in $G$ . Next, let $x$ be in
$-\mathfrak{A}_{m}/-\mathfrak{B}_{m}$ , and let $\alpha$ be an element of -% representing $x$. Using the fact that
$t_{n,m}$ is a ring homomorphism mapping $-\xi_{m}$ to $-\xi_{n},$ $m\geqq n$ , we have

$(t_{n,m}(x), y^{*})_{n}=(t_{n.m}(\alpha)^{-}\xi_{n}^{-1}, \beta)_{n}=(t_{n,m}(\alpha^{-}\xi_{m}^{-1}), \beta)_{n}$

$=(\alpha^{-}\xi_{m}^{-1}, t_{m.n}^{\prime}(\beta))_{m}$

$=(x, t_{m,n}^{\prime}(y^{*}))_{m}$ .
Hence the proposition is proved.

PROPOSITION 6. The $\Gamma$ -modules $-(\mathfrak{A}/\mathfrak{B})$ and $i(\mathfrak{A}/\mathfrak{B})$, with odd $i$, are regular
and self-adjoint7).

PROOF For each $n\geqq 0$ , we define a pairing $-(\mathfrak{A}_{n}/\mathfrak{B}_{n})\times-(\mathfrak{A}_{n}/\mathfrak{B}_{n})\rightarrow Q_{p}/Z_{T)}$ by

$(x, y)_{n}=(x, y^{*})_{n}$ , $x,$ $y\in-(\mathfrak{A}_{n}/\mathfrak{B}_{n})$ ,

where the right-hand side denotes the pairing of $-(\mathfrak{A}_{n}/\mathfrak{B}_{n})$ and $-(\mathfrak{A}_{n}^{*}/\mathfrak{B}_{n}^{*})$ given

7) See [8], \S 5.
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in Proposition 5. It is clear that $(x, y)_{n}$ is non-degenerate and satisfies

$(\sigma x, y)_{n}=(x, \sigma y)_{n}$ , $\sigma\in G$ ,

$(t_{n,m}(x), y)_{n}=(x, t_{m,n}^{f}(y))_{m}$ , $m\geqq n$ ,

for $\chi$ in $-(\mathfrak{A}_{n}/\mathfrak{B}_{n})$ and $y$ in $-(\mathfrak{A}_{n}/\mathfrak{B}_{n})$ or in $-(\mathfrak{A}_{m}/\mathfrak{B}_{m})$ . Since $-(\mathfrak{A}/\mathfrak{B})^{(n)}=-(\mathfrak{A}_{n}/\mathfrak{B}_{n})$ ,

the existence of $(x, y)_{n}$ shows that $-(\mathfrak{A}/\mathfrak{B})$ is self-adjoint. It is easy to see
that for each odd $i,$ $(x, y)_{n}$ induces a pairing $i(\mathfrak{A}_{n}/\mathfrak{B}_{n})\times i(\mathfrak{A}_{n}/\mathfrak{B}_{n})\rightarrow Q_{p}/Z_{p}$ with
similar properties. Hence $i(\mathfrak{A}/\mathfrak{B})$ is also self-adjoint. Since every self-adjoint
$\Gamma$ -module is regular, the proposition is completely proved.

We note that we can obtain a similar result for any strictly $\Gamma- finite$

$\Gamma$ -module of the type $\Lambda/(g),$ $ g\in\Lambda$ .

1.5. The group $W$, which is the union of all $W_{n},$ $n\geqq 0$ , the group of $q_{n}$-th
roots of unity in $F_{n}$ , is isomorphic to the additive group $Q_{p}/Z_{p}$ . In the fol-
lowing, we shall fix an isomorphism

$c;W\rightarrow Q_{p}/Z_{p}$ ,

and denote by $\zeta_{n}$ the $q_{n}$-th root of unity in $W_{n}$ such that

$\ell(\zeta_{n})={\rm Res}(\frac{1}{q_{n}})$ , $n\geqq 0$ .

Let $0_{n}$ denote the ring of all integers in the local cyclotomic field $\Phi_{n}$ , and
let $\mathfrak{p}_{n}$ be the unique prime ideal of $0_{n};\mathfrak{p}_{n}$ is the principal ideal generated by

$\pi_{n}=1-\zeta_{n}$ .

The additive group of the field $\Phi_{n}$ , which we shall denote again by $\Phi_{n}$ ,

is a locally compact abelian group in its natural $\mathfrak{p}_{n}$-adic topology. Let $T_{n}$

and $T.,m(m\geqq n\geqq 0)$ denote the trace map from $\Phi_{n}$ to $Q_{p}$ and that from $\Phi_{m}$

to $\Phi_{n}$ respectively, and let
$\langle\alpha, \beta\rangle_{n}={\rm Res}(T_{n}(\alpha\beta))$

for any $\alpha,$
$\beta$ in $\Phi_{n}$ . Then we have a non-degenerate, symmetric pairing

$\Phi_{n}\times\Phi_{n}\rightarrow Q_{p}/Z_{p}$ such that

$\langle\alpha, \beta\rangle_{n}=\langle\alpha^{\sigma}, \beta^{\sigma}\rangle_{n}$ , $\alpha,$ $\beta\in\Phi_{n},$ $\sigma\in G$ ,

$\langle\alpha, \beta\rangle_{m}=\langle T_{n.m}(\alpha), \beta\rangle_{n}$ , $\alpha\in\Phi_{m},$ $\beta\in\Phi_{n},$ $m\geqq n$ .
For any closed subgroup $A$ of $\Phi_{n}$ , we denote by $A^{\perp}$ the annihilator of $A$ in
$\Phi_{n}$ relative to this pairing. Then $ A\perp$ is a closed subgroup of $\Phi_{n}$ such that
$(A^{\perp})^{\perp}=A$ , and $A$ and $\Phi_{n}/A\perp$ , as well as $A^{\perp}$ and $\Phi_{n}/A$ , form a pair of mutu-
ally dual locally compact abelian groups in the sense of Pontrjagin. If $A$ is
in particular a non-zero ideal of $\Phi_{n}$ , then $A\perp=A^{-1}\mathfrak{d}_{n}^{-1}$ , where

$\mathfrak{d}_{n}=q_{n}\mathfrak{p}_{n}^{-p^{n}}$
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is the different of $\Phi_{n}/Q_{p}$ . In the following, any pairing of locally compact

abelian groups with similar properties will be simply called a dual pairing.
Let $\Phi_{rr}^{*}$ denote the multiplicative group of $\Phi_{n}$ ; $\Phi_{7l}^{*}$ is also a locally compact

group in the $\mathfrak{p}_{n}$ -adic topology. Let $U_{n}$ denote the subgroup of all local units
in $\Phi_{n}^{*}$ , and let

$U_{n,0}=1+\mathfrak{p}_{n}$ .
Then $U_{n}$ is an open, compact subgroup of $\Phi_{n}^{*}$ , and

$\Phi_{n}^{*}=\Pi_{n}\chi U_{n}$ , $U_{n}=U_{n,0}\times V$ ,

where $\Pi_{n}$ denotes the cyclic subgroup of $\Phi_{n}^{*}$ generated by $\pi_{n}$ .
Let $\mathfrak{L}_{n}$ be the set of ali elements of the form $\log\alpha$ with $\alpha$ in $U_{n,0}$ :

$L_{n}^{\prime}=\log U_{n,0}$ .
$\mathfrak{L}_{n}$ is an open, compact $Z_{p}$-submodule of $\Phi_{n}$ , invariant under $G$ . Let

$\mathfrak{X}_{n}=\mathfrak{L}_{n}^{\perp}$ ;

$\chi_{n}$ is the set of all $\alpha$ in $\Phi_{n}$ such that $T_{n}(\alpha\log\beta)$ is contained in $Z_{p}$ for any
$\beta$ in $U_{n,0}$ . By the duality, $\chi_{n}$ is also an open, compact $Z_{p}$-submodule of $\Phi_{n}$ ,
invariant under $G$ .

Let

$\theta_{n}=q_{n}^{-1}\sum_{s=0}^{n}\zeta_{s}^{-1}=q_{n}^{-1}\sum_{s=0}^{n}\zeta_{n}^{-p^{s}}$ , $n\geqq 0$ .

PROPOSITION 7. The $(p-1)p^{n}$ elements $\theta_{n}^{r)},$ $\rho\in G_{n}$ , form a normal basis of
$\Phi_{n}/Q_{p}$ (as well as that of $F_{n}/Q$), and they generate over $Z_{p}$ a submodule $\mathfrak{Y}Jl_{n}$ of
index $p^{p^{n}-1}$ in $q_{n}^{-1}\mathfrak{o}_{n}$ :

$[q_{n}^{-1}0_{n} : \mathfrak{M}_{n}]=p^{p^{n}-1}$

PROOF. We use induction on $n$ . Since $\theta_{0}=p^{-1}\zeta_{0}^{-1}$ , the lemma is obvious
for $n=0$ . Let $n>0$ . It follows from the induction assumption that $q_{n-1}\mathfrak{M}_{n-1}$

is a free $Z_{p}$-module of rank $(p-1)p^{n-1}$ , wi,th index $p^{p^{n-1}-1}$ in $0_{n-1}$ . On the
other hand, it is easy to see that $0_{n}=0_{n-1}+q_{n}\mathfrak{M}_{n}$ and that $q_{n}\mathfrak{M}_{n-1}$ is contained
in $0_{n-1}\cap q_{n}\mathfrak{M}_{n}$ . Hence we obtain from $0_{n}/q_{n}\mathfrak{M}_{n}=0_{n-1}/(0_{n-1}\cap q_{n}\mathfrak{M}_{n})$ that

$[\mathfrak{o}_{n} : q_{n}\mathfrak{M}_{n}]\leqq[\mathfrak{o}_{n-1} : q_{n}\mathfrak{M}_{n-1}]$

$=[0_{n-1} ; q_{n-1}\mathfrak{M}_{n-1}][q_{n-1}\mathfrak{M}_{n-1} : q_{n}\mathfrak{M}_{n-1}]$

$=p^{p^{n-1}-1}p^{(p-1)p^{n-1}}$

$=p^{p^{n}-1}$ .
It follows that $(p-1)p^{n}$ elements $\theta_{n}^{0}$ are !inearly independent over $Q_{p}$ and
form a normal basis of $\Phi_{n}/Q_{p}$ . Considering the action of the Galois group of
$\Phi_{n}/\Phi_{n-1}$ on $q_{n}\mathfrak{M}_{n}$ , we then see that $q_{n}\mathfrak{M}_{n-1}=0_{n-1}\cap q_{n}\mathfrak{M}_{n}$ . Hence we obtain
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from the above that $[0_{n} : q_{n}\mathfrak{M}_{n}]=p^{p^{n}-1},$ $q.e$ . $d$ .
LEMMA. Let

$\alpha=\sum_{\rho}c_{p}\theta_{n}^{0}$ , $\rho\in G_{n}$ ,

with $c_{\rho}$ in $Z_{p}$ satisfying $\sum_{p}c_{p}=0$ . Then $\alpha$ is contained in $\mathfrak{X}_{n}$ .
PROOF. Let $\mu(m)(m\geqq 1)$ be the M\"obius’ function, and let

$\tau_{n}^{(a}=$
$\prod_{m=1,(m,p)=1}^{\infty}(1-\pi_{n}^{am})^{\frac{\mu(m)}{m}}$

for any integer $a\geqq 1^{8)}$ . Then these elements $\tau_{n}^{(a)}$ generate the group $U_{n,0}=1+\mathfrak{p}_{n}$

topologically. Hence an element $\alpha$ in $\Phi_{n}$ belongs to $\mathfrak{X}_{n}$ if and only if
$\langle\alpha, \log\tau_{n}^{(a)}\rangle_{n}=0$ for every $a\geqq 1$ .

Since

$T_{n}(\zeta_{n}^{j})=\left\{\begin{array}{l}(p-1)p^{n}, if p^{n+1}|j,\\-p^{n}, if p^{n+1}\mathcal{X}j,\\0, if p^{n}\prime\ell j,\end{array}\right.$ $p^{n}|j$ ,

we have

$T_{n}(\zeta_{n}^{-ip^{S}}\pi_{n}^{\alpha p^{e}})=\sum_{t=0}^{ap^{e}}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)T_{n}(\zeta_{n}^{t-ip^{S}})$

$=p^{n+1}\sum_{\iota\equiv ip^{S}(p^{n\cdot\vdash 1})}(-1)^{\iota}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)-p^{n}$ $\Sigma$ $(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)$ ,
$0\leqq t\leqq ap^{e}$

$\iota_{0\leqq\iota\leqq^{s}ap}---ip(p^{n}j$

for any $i$ prime to $p$ . Using

$\log\tau_{n}^{(a)}=-\sum_{e=0}^{\infty}p^{-e}\pi_{n}^{ap^{e}}$

we obtain

(4) $\tau_{n}(og)=-\sum_{e=0}^{\infty}p^{-e}\{\sum_{\iota\equiv ip^{s}(p^{n+1}}(-1)^{t\left(\begin{array}{l}ap^{e}\\l\end{array}\right)})$

$0\leqq t\leqq ap^{e}$

$-p^{-1}\sum_{tip(p^{n}}(-1)^{t\left(\begin{array}{l}ap^{e}\\l\end{array}\right)\}}$ .

The series

(5)
$\sum_{e-0}^{\infty}p^{-e}\{\sum_{0\leqq t\leqq ap^{e}}(-1)^{t\left(\begin{array}{l}ap^{\rho}\\l\end{array}\right)\}}\iota\equiv?v^{s_{(p}m_{)}}$

converges for $m=0$ , because $\sum_{0\leqq c\leqq ap^{e}}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)=(1-1)^{ap^{o}}=0$ . Since the series
on the right-hand side of (4) converges, we see by induction on $m$ that the
series (5) converges for every $m\geqq 0$ . Hence

8) See [2], \S 7.



Some modules in the lheory of cyclotomic fields 55

$T_{n}(q_{n}^{-I}\zeta_{n}^{-ip^{s}}\log\tau_{n}^{(a)})=-\sum_{e=0}^{\infty}p^{-e}\{\sum_{\iota\equiv ip^{s}(p^{n+1}}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\})$

$0\leqq i\leqq\alpha p^{e}$

$+\sum_{e=0}^{\infty}p^{-(e+1)\{\sum_{t\equiv ip^{s}(p^{n})}(-1)^{t\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\}}}$ .
$0\leqq t\leqq ap^{e}$

Using

$\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\equiv\left(\begin{array}{l}ap^{e+1}\\tp\end{array}\right)$ $mod p^{2e+2}9$ )

we have

$t_{0\leqq c\leqq ap^{e}}\sum_{\equiv ip^{s}(p^{n})}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)=c-\sum_{0^{-}\leqq tp\leqq ap}(-1)^{t}[\left(\begin{array}{l}ap^{e+1}\\tp\end{array}\right)+\{\left(\begin{array}{l}ap^{e}\\tp\end{array}\right)-\left(\begin{array}{l}ap^{e+1}\\tp\end{array}\right)\}]$

$=\sum_{)c\equiv ip^{S+1}(p^{n+_{1}1}}(-1)^{t}\left(\begin{array}{l}ap^{e+1}\\t\end{array}\right)+r_{e}$ ,

where $r_{e}\equiv 0mod p^{2e+z}$ . It follows that

$T_{n}(q_{n}^{-1}\zeta_{n}^{-ip^{s}}\log\tau_{n}^{(a)})=-\sum_{e=0}^{\infty}p^{-e}\{\sum_{e ,0\leqq t\leqq}(-1)^{t\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\}}\iota\equiv ip^{b}(p_{a^{n}p^{+1}})$

$+\sum_{e=0}^{\infty}p^{-(e+1)\{\sum_{0\leqq\iota\leqq ap}(-1)^{t\left(\begin{array}{l}ap^{e+1}\\t\end{array}\right)\}}}t\equiv iv^{s+1}(p_{e+1}^{n+1})$

$+\sum_{e=0}^{\infty}p^{-(e+1)}r_{e}$

$\equiv-\sum_{e=0}^{\infty}p^{-e}\{\sum_{t\equiv ip^{S}(p^{n+1}}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\})$

$0\leqq\iota\leqq ap^{e}$

$+\sum_{e=0}^{\infty}p^{-e}\{\sum_{0^{s}\leqq^{+}\iota^{1}\leqq ap^{e}}(-1)^{t\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\}}t\underline{=}ip(p^{n+1})$

$mod Z_{p}$ .

Taking the sum over $s=0,1,$ $\cdots$ , $n$ , we obtain for $\rho=\sigma(i)_{n}$ that

$T_{n}(\theta_{n}^{p}\log\tau_{n}^{(a)})\equiv-\sum_{e=0}^{\infty}p^{-e}\{\sum_{t\equiv i(p^{n+1})}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\}$

$0\leqq t\leqq ap^{e}$

$+\sum_{e=0}^{\infty}p^{-e}\{\sum_{c\underline{=}0(p^{n+1}}(-1)^{t}\left(\begin{array}{l}ap^{e}\\r\end{array}\right)\})$ $mod Z_{p}$ .
$0\leqq b\leqq ap^{e}$

However, if $t\equiv imod p^{n+1}$ , then $t$ is prime to $p$ , and

$(^{ap^{e}}t)=\frac{ap^{e}}{t}\left(\begin{array}{l}ap^{e}-l\\l-1\end{array}\right)\equiv 0$ $mod p^{e}$ .

9) See [2], Hilfssatz 2.
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Hence the first sum on the right-hand side of the above is contained in $Z_{p}$ .
$Th_{\vee}^{Q}refore$ ,

$T_{n}(\theta_{n}^{\gamma}\log\tau_{n}^{(a)})\equiv u_{n}^{(a)}$ $mod Z_{p}$ ,

where

$u_{n}^{(a)}=\sum_{e=0}^{\infty}p^{-e}\{\sum_{t\equiv 0(p^{n+1}}(-1)^{t}\left(\begin{array}{l}ap^{e}\\t\end{array}\right)\})$

$0\leqq t\leqq ap^{e}$

It then follows that

$T_{n}(\alpha\log\tau_{n}^{(a)})\equiv(\sum_{\rho}c_{\rho})u_{n}^{(a)}\equiv 0$
$mod Z_{p}$ .

Hence $\alpha$ is contained in $\mathfrak{X}_{n}$ .

1.6, Now, by Proposition 7, there exists a $Z_{p}[G]$ -isomorphism

$\varphi_{n}:\mathfrak{S}_{n\circ p}^{\cap}=[G_{n}]\rightarrow\Phi_{n}$ $n\geqq 0$ ,

such that
$\varphi_{n}(\rho)=\theta_{n^{\gamma}}$

for any $\rho$ in $G_{n}$ . Since

$\sum_{p}\theta_{n}=T_{n}(\theta)=-\frac{1}{p}$ , $\rho\in G_{n}$ ,

we have

$\varphi_{n}(-p\sum_{0}\rho)=1$ , $\rho\in G_{n}$ .
Let

$\mu_{n}=\underline{1}\zeta_{n}--$ $n\geqq 0$ .
$q_{n}$ $\pi_{n}$

$\rho Then$

$\sum_{0\leqq a<q_{n}}a\theta_{n}^{\sigma(a)}=q_{n}^{-1}\sum_{\$=0}^{n}\sum_{a}a\zeta_{s}^{-a}$

$(a,p)=l$

$=q_{n}^{-1}\sum_{s=0}^{n}$
$\sum_{0\leqq a<,(a,p)=^{Q}1^{S}}(\sum_{k=0}^{p^{n-s-l}}(a+kq_{s}))\zeta_{s^{-a}}$

$=\tau_{n}^{1}\sum_{s=0}^{n}\sum_{0\leqq a<q}p^{n-s}a\zeta_{n}^{-p^{n}}$

$+q_{n}^{-1}\sum_{s=0}^{\eta}\frac{(p^{n-s}-1)p^{\prime\iota-s}}{2}q_{s}\sum_{0\leqq a<q_{S}}\zeta_{s}^{-\alpha}$

$=q_{n}^{-1}\sum_{a=0}^{q_{n}-1}a\zeta_{n}^{-a}-q_{n}^{-1}\frac{(p^{n}-1)p^{n+1}}{2}$

$=\frac{\zeta}{\pi}n--\frac{p^{n}-1}{2}n$ .
Hence
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$\mu_{n}=q_{n}^{-J}\sum_{a}(a-\frac{q_{n}-p}{2})\theta_{n^{(a)}}^{\sigma}$ , $0\leqq a<q_{n},$ $(a, p)=1$ ,

and we have
$\varphi_{n}(\xi_{n})=\mu_{n}$ .

Since
$T_{\eta,m}(\theta_{m})=\theta_{n}$ , $m\geqq n\geqq 0$ ,

we also see that the following diagram is commutative:

$\mathfrak{S}_{m}\rightarrow\Phi_{m}I_{\varphi_{n}^{m}}^{t_{n}}\}T_{n,m}\varphi_{m}$

$\mathfrak{S}_{n}\rightarrow\Phi_{n}$

THEOREM 1. The map $\varphi_{n}$ : $\mathfrak{S}_{n}\rightarrow(p_{n}$ defines a $Z_{p}[G]$ -isomorphism

$\mathfrak{A}_{n}\rightarrow \mathfrak{X}_{n}$ , $n\geqq 0$ .

PROOF. $lt$ follows from the lemma in 1.5 that $\varphi_{n}(\mathfrak{R}_{n}^{0})$ is contained in $N_{n}$ ,

It also follows from Artin-Hasse’s explicit formula for Hilbert’s norm residue
symbol in ($p_{n}$ that $cz_{n}=\varphi_{n}(\xi_{n})$ is contained in $\mathfrak{X}_{n^{10)}}$ . Hence $\varphi_{n}(\mathfrak{A}_{n})=\varphi_{n}(\mathfrak{R}_{n}\xi_{n}+\mathfrak{R}_{n}^{()})$

is a submo\’oule of $\mathfrak{X}_{n}$ .
The annihilator of $\mathfrak{p}_{1l}^{p^{n}+1}=log(1+\mathfrak{p}_{n}^{p^{n}+1})$ relative to the pairing $\langle\alpha, \beta\rangle_{n}$ is

$\mathfrak{d}_{n}^{-p^{\gamma l-1}}\mathfrak{d}_{n}^{-1}=q_{\gamma p}^{-1}\mathfrak{p}_{n}^{-l}$ . Hence $\chi_{n}=(\log(1+\mathfrak{p}_{n}))\perp$ is contained $\ln q_{l}^{-1}\mathfrak{p}_{1}^{-1}$ , and $[q_{\gamma p}^{-1}\mathfrak{p}_{n}^{-1} : \mathfrak{X}_{n}]$

$=[\log(1+\mathfrak{p}_{n}):\log(1+\mathfrak{p}_{J}^{p_{p}^{n_{+1}}})]$ . However, the kernel of the $\log$ map: $1+\mathfrak{p}_{n}$

$\rightarrow\log(1+\mathfrak{v}_{n})$ is $W_{n}$ , and $W_{n}\cap(1+|3^{1^{y}},n_{+1})=1$ . Hence $[\log(1+p_{n}):\log(1+p^{p} )]$

$=q_{n}^{-1}[1+\mathfrak{p}_{n} : 1+0^{p_{p}^{n_{+1}}}]=q_{n}^{-1}p^{p^{n}}$ , and

$\lceil q_{n}^{-1}\ddagger)_{n}^{-1}$ ; $\#_{n}$] $=p^{p^{n}-n-1}$

On the other hand, it follows from (3) that $[\varphi_{n}(\mathfrak{R}_{n}):\varphi_{n}(\mathfrak{A}_{n}\cap \mathfrak{R}_{n})]=p^{n},$ [ $\varphi_{n}(\mathfrak{A}_{n})$ :
$\varphi_{n}(\}_{\backslash })t_{n}\cap \mathfrak{R}_{n})]=p^{2n+1}$ . By Proposition 7, $DJI_{n}=\varphi_{n}(\mathfrak{R}_{n})$ has index $p^{p^{n}-1}$ in $q_{71}^{-1}\mathfrak{o}_{n}$ .
Hence $[q_{n}^{-1}\mathfrak{p}_{?}^{-1} : \varphi_{n}(\mathfrak{R}_{n})]=p^{p^{n}}$ , and we obtain from the above that

$\lfloor q_{n}^{-1}\mathfrak{p}_{l}^{-1}$ : $\varphi_{n}(\}f\mathfrak{t}_{n})$] $=p^{p^{n}-n-1}$

Since $\varphi_{?l}(\backslash ?t_{n})$ is contained $\iota n\mathfrak{X}_{n}$ , we see that $\varphi_{\iota}(\mathfrak{A}_{n})=\mathfrak{X}_{n},$ $q$ . $e$ . $d$ .
Let

$\mathfrak{Z}_{n}=\varphi_{7\iota}(\mathfrak{B}_{n})$ , $n\geqq 0$ .
$\mathfrak{Z}_{n}$ is the submodule of $\mathfrak{X}_{n}$ generated over $Z_{p}$ by the conjugates $\mu_{n}^{\eta},$ $\rho\in G_{n}$ , of
$\mu_{n}$ . Clearly we have $Z_{p}[G]$ -isomorphisms

$\mathfrak{B}_{n}\rightarrow \mathfrak{Z}_{n}$ , $\mathfrak{A}_{n}/\mathfrak{B}_{n}\rightarrow \mathfrak{X}_{n}/\mathfrak{Z}_{n}$

Since the diagram

10) See [2] and 3.1 below
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$\varphi_{m}$

$\mathfrak{A}_{m}-\mathfrak{X}_{m}$

$\mathfrak{A}_{n}\mathfrak{X}_{n}I^{t_{n,7\prime}}\downarrow T_{n,m}\underline{\varphi_{n}^{l}}$

$m\geqq n\geqq 0$ ,

is commutative, we obtain $T_{n,m}(\mathfrak{X}_{m})=X_{n}$ , and similarly $T_{n,m}(\mathfrak{Z}_{m})=\mathfrak{Z}_{n}$ Hence,
let ee and $\mathfrak{Z}$ denote the inverse limits of $\mathfrak{X}_{n}$ and $\mathfrak{Z}_{n},$ $n\geqq 0$ , relative to $T_{n,m}$ : $\mathfrak{X}_{m}\rightarrow \mathfrak{X}_{n}$

and $\tau_{n,m}$ ; $\mathfrak{Z}_{m}\rightarrow \mathfrak{Z}_{n},$ $m\geqq n$ , respectively:

$\mathfrak{X}=\lim \mathfrak{X}_{n}$ , $\mathfrak{Z}=\lim \mathfrak{Z}_{n}$ ,

X is a compact $Z_{p}[G]$ -module, and $\mathfrak{Z}$ is a closed submodule of $\mathfrak{X}$ . From the
above, we obtain immediately the following

THEOREM 2. The maps $\varphi_{n}$ : $\mathfrak{S}_{n}\rightarrow\Phi_{n},$ $n\geqq 0$ , induce $Z_{p}[G]$ -isomorphisms:
$\mathfrak{A}\rightarrow \mathfrak{X}$ , $\mathfrak{B}\rightarrow \mathfrak{Z}$ , $\mathfrak{A}/\mathfrak{B}\rightarrow \mathfrak{X}/\mathfrak{Z}$

We now see the structure of the compact $Z_{p}[G]$ -modules $\mathfrak{X},$ $\mathfrak{Z}$ and $\mathfrak{X}/\mathfrak{Z}$

from the propositions in 1.2-1.4. We note in particular that $-(\mathfrak{X}/\mathfrak{Z})$ is a regular
strictly $\Gamma- finite\Gamma$ -module such that

$-(\mathfrak{X}/\mathfrak{Z})^{(n)}=-\mathfrak{X}_{n}/-\mathfrak{Z}_{n}\cong-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$ , $n\geqq 0$ ,

and that the order of $-(\mathfrak{X}/\mathfrak{Z})^{(n)}$ is equal to the exact power of $p$ dividing the
first factor $-h_{n}$ of the class number of $F_{n}$ .

\S 2.

2.1. For $m\geqq n\geqq 0$ , let $N_{n}$ and $N_{n,m}$ denote the norm map from $\Phi_{n}$ to $Q_{p}$

and that from $\Phi_{m}$ to $\Phi_{n}$ respectively. The restriction of $N_{n}$ on $F_{n}$ obviously
gives the norm map from $F_{n}$ to $Q$ , and similarly for the restriction of $N_{n,m}$

on $F_{7n}$ .
Let $P_{n}$ be the set of all $\alpha$ in $F_{n}$ such that the principal ideal $(\alpha)$ in $F_{n}$ is

a power of the prime ideal $(\pi_{n})$ . $P_{n}$ is a subgroup of the multiplicative group
$F_{n}^{*}$ of the field $F_{n}$ , and

$P_{n}=\Pi_{n}\times E_{n}$ ,

where $E_{n}$ is the group of all units of $F_{n}$ .
Let $+F_{n}$ denote the maximal real subfield of $F_{n}$ , and let $+F_{n}^{*}$ be its multi-

plicative group. Put

$+P_{n}=+F_{n}^{*}\cap P_{n}$ , $+E_{n}=+F_{n}^{*}\cap E_{n}$ .
Then $+E_{n}$ is the group of all units of $+F_{n}$ , and

$+P_{n}=+\Pi_{n}\times+E_{n}$ , $E_{n}=+E_{n}\times W_{n}$ ,

where $\Pi_{n}$ denotes the cyclic subgroup $of+F_{n}^{*}$ generated by $+\pi_{n}=\pi_{n}^{1+\delta},$ $\delta=\sigma(-1)$ .
It follows immediately from the definition that
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$P_{n}=F_{n}^{*}\cap P_{m}$ , $m\geqq n\geqq 0$ ,

and similarly for $+P_{n},$ $E_{n}$ , and $+E_{n}$ .
For any $m\geqq n,$ $N_{n,m}(P_{m})$ is a subgroup of $P_{n}$ . Let

$P_{n}^{\prime}=\bigcap_{m\geqq n}N_{n.m}(P_{m})$ .

Since N., $m(\pi_{m})=\pi_{n},$ $\pi_{n}$ is contained in $P_{n^{\prime}}$ , and
$P_{n}^{\prime}=\Pi_{n}\times E_{n}^{\prime}$ ,

with
$E_{n}^{\prime}=P_{n\cap}^{\prime}E_{n}=\bigcap_{m\geqq n}N_{n,m}(E_{m})$ .

Since $N_{n,m}(+\pi_{m})=+\pi_{n},$ $N_{n,m}(\zeta_{m})=\zeta_{n}$ , we also have
$+P_{n}=\Pi_{n}x^{+}E_{n}^{\prime}$ , $E_{n}^{\prime}=+E_{n}^{\prime}\times W_{n\prime}$

where

$+P_{n}^{\gamma+}=F_{n\cap}^{*}P_{n}^{\prime}=\bigcap_{m\geqq n}N_{n,m}(+P_{m})$ , $+E_{n}^{\prime}=+F_{n\cap}^{*}E_{n}^{\prime}=\bigcap_{m\geqq n}N_{n,m}(+E_{m})$ .

It follows that
$P_{n}/P_{n}^{\prime}=+P_{n}/+P_{n}^{\prime}=E_{n}/E_{n}^{\prime}=+E_{n}/+E_{n}^{\prime}$ , $n\geqq 0$ .

Let $Q_{n}$ denote the subgroup of $F_{n}^{*}$ generated by $\pi_{n}$ and its conjugates
$\pi_{n}^{0},$ $\rho\in G_{n}$ . Since $P_{n}^{\prime}$ is invariant under $G,$ $Q_{n}$ is contained in $P_{n}^{\prime}$ . Let

$C_{n}=E_{n\cap}Q_{n}=E$ A $\cap Q_{n}$ .
Then

$Q_{n}=\Pi_{n}\times C_{n}$ .

Since $\pi_{n}^{1-\delta}=-\zeta_{n},$ $\pm W_{n}$ is contained in $Q_{n}$ . It follows that

$C_{n}=+C_{n}\times W_{n}$ , $+Q_{n}=+\Pi_{n}\chi^{+}C_{n}$ ,

where $+Q_{n}=Q_{n}\cap^{+}F_{n}^{*}$ and $+C_{n}=C_{n}\cap^{+}F_{n}^{*}$ . Hence

$P_{n}/Q_{n}=+P_{n}/+Q_{n}=E_{n}/C_{n}=+E_{n}/+C_{n}$ ,

$P_{n}^{\prime}/Q_{n}=+P_{n}^{\prime}/+Q_{n}=E_{n}^{\prime}/C_{n}=+E_{n}^{\prime}/+C_{n}$ , $n\geqq 0$ .
Let $r$ be a fixed primitive root $mod p^{2}$ , and let

$\hat{c}n=\zeta_{n}^{-\frac{r-1}{2}}\frac{1-\zeta_{n}^{r}}{1-\zeta_{n}}=\zeta\frac{\frac{}{\underline{n}^{2}\zeta}r-\zeta_{n}^{-\frac{\gamma}{2}}}{n^{-\zeta_{n}^{-1}}}$

$n\geqq 0$ .

$\epsilon_{n}$ is a so-called circular unit of the cyclotomic field $F_{n}$ , and we see readily
that $+C_{n}$ is generated by $\pm\epsilon_{n}^{o},$ $\rho\in G_{n}$ . Hence the classical formula for the
second factor $+h_{n}$ of the class number of $F_{n}$ states that

(II) $+h_{n}=[+E_{n}:+C_{n}]^{11)}$ .

11) See [5], \S 11.
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It follows in particular that $+E_{n}/+c_{n}$ is a finite group.
Let $+c_{n}$ denote the Galois group of $+F_{n}/Q$ . Since $+P_{n}/+Q_{n}$ is finite and

since

$\epsilon_{n}^{2}=\epsilon_{n}^{1+\delta}=\frac{(1-\zeta_{n}^{r})(1-\zeta_{n}^{-r})}{(1-\zeta_{n})(1-\zeta_{n}^{-1})}=+_{\pi_{n}^{\tau-1}}$ $\sigma=\sigma(r)_{n}$ ,

we see that the subgroup of $+Q_{n}$ generated by $+\pi_{n}^{0}$ , $\rho\in+c_{n}$ , is G-isomorphic
to $Z[+G_{n}]$ and has a finite index in $+Q_{n}$ which is a power of 2. Hence the
cohomology groups

$H^{k}(\Gamma_{n}/\Gamma_{m}, +Q_{m})=0$ ,

for any $k$ and $m\geqq n\geqq 0$ .
PROPOSITION 8. The group $P_{n}^{\prime}$ has a G-subgroup $P_{n}^{\prime\prime}$ such that $P_{n^{\prime}}^{\prime}\cong Z[+G_{n}]$

as G-groups and such that the index $[^{+}P_{n}^{\prime} : P_{n^{\prime}}^{f}]$ is finite and prime to $p$ .
PROOF. For any $m\geqq 0$ , let $j\psi_{m}^{\prime}$ denote the extension of $F_{m}$ obtained by

adjoining all $q_{m}$ -th roots of elements in $+P_{m}$ , and let $1M$ be the union of the
increasing sequence of subfields $1M_{m}^{\prime},$ $m\geqq 0$ , in S2. Since $F_{-m}=+E_{m}\times W_{m}$ and
since $\vdash\pi_{l}^{p^{l\rightarrow m}}/+\pi_{m}$ belongs to $+E_{t}$ for any $l\geqq m,$ $lM$ is nothing but the abelian
extension of $F$ obtained by adjoining $p^{\iota}$ -th roots of elements in $E_{m}$ for all 1
and $m\geqq 0$ . Let $M_{m}$ be the maximal abelian extension of $F_{m}$ contained in $1M$.
Clearly $F$ is a subfield of ]$\psi_{m}$ . Let $A_{m}$ denote the character group of the
compact abelian Galois group $G(j\psi_{m}/F)$ . For any $\chi$ in $A_{m}$ and $\sigma$ in $G$ , we
define $\chi^{\sigma}$ by

$\chi^{\sigma}(u)=\chi(u^{\sigma}-1)$ , $u\in G(M_{m}/F)$ ,

where $u^{\sigma^{-1}}=s^{-1}us$ with an element $s$ in $G(M_{m}/Q)$ which induces $\sigma$ on $F$. We
then have

$\chi^{\sigma^{r}}=(\chi^{\tau})^{\sigma}$ $\chi\in A_{m},$ $\sigma,$
$\tau\in G$ ,

and $A_{m}$ becomes a $Z_{p}[G]$ -module. For the structure of $A_{m}$ , we know the
following : Let $J_{m}=-((Q_{p}/Z_{p})[G_{m}])$ . Then there exist an integer $n_{1}\geqq 0$ and
a fixed finite p-primary $Z_{p}[G]$ -module $D$ such that whenever $m\geqq n_{1}$ , the
$Z_{p}[G]$ -modules $A_{m}$ and $J_{m}$ have submodules $B_{m}$ and $D_{m}$ respectively, with the
property

$A_{m}/B_{m}\cong D$ , $B_{m}\cong J_{m}/D_{m}$ , $D_{m}\cong D$ .

Since $D$ is finite, $p^{e}D=0$ for some $e\geqq 0$ .
Now, given $n\geqq 0$ , we choose an $m$ such that $m\geqq n,$ $n_{1},2e$ . It is easy to see

that $F\cap 1\psi_{m}^{\gamma}=F_{m}$ and $G(FJM_{m}^{\prime}/F)=G(1\psi_{m}^{\prime}/F_{m})$ . Let $A_{m}^{\prime}$ be the submodule of
$A_{m}$ corresponding to the sub-extension $F1\psi_{m}^{\prime}/F$ of $M/F$. Then by the theory
of Kummer extensions, there exists an isomorphism $f:+P_{m}/(^{+}P_{m})^{q_{m}}\rightarrow A_{m}^{\prime}$ such
that

12) See [9], \S 10, Theorem 17.
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$f(x^{\sigma})=\kappa(\sigma)f(x)^{\sigma}$ $\sigma\in G$ ,

for any $x$ in $+P_{m}/(^{+}P_{m})^{q_{m}}$ . Such an isomorphism or homomorphism of $Z_{p}[G]-$

modules will be called in general a $\kappa$ -isomorphism or $\kappa- homomorphism^{lS)}$ .

As an abelian group, $+P_{m}/\{\pm 1\}$ is isomorphic to $Z^{s},$ $s=-2-(p-1)p^{m}1$ . Hence
$A_{m}^{\prime}\cong+P_{m}/(^{+}P_{m})^{q_{m}}\cong(Z/q_{m}Z)^{s}$ . Let $A_{m}^{\gamma\gamma}=p^{e}A_{m}^{\prime}$ . Since $A_{m}/B_{m}\cong D$ and $p^{e}D=0$ ,
$A_{m}^{\prime\prime}$ is a submodule of $B_{m}$ , isomorphic to $(Z/q_{m-e}Z)^{s}$ . Let $J_{m}^{\prime}$ be the submodule
of all $x$ in $J_{m}$ such that $q_{m-e}x=0$ . Since $p^{e}D_{m}=0$ and $m\geqq 2e,$ $D_{m}\underline{i}s$ contained
in $pI_{m}^{\prime}$ . Identifying $B_{m}$ with $J_{m}/D_{m}$ , put $B_{m}^{\prime}=J_{m}^{\prime}/D_{m}$ . Then $B_{m}^{\prime}$ is contained
in $A_{m}^{\prime\prime}$ , and $A_{m}^{\prime\prime}/B_{m}^{\prime}\cong D,$ $B_{m}^{\prime}/pB_{m}^{\prime}\cong I_{m}^{\prime}/pI_{m}^{\prime}\cong-((Z/pZ)[G_{m}])$ . Clearly $f$ induces a
$\kappa$ -isomorphism $g:+P_{m}/(^{+}P_{m})^{q_{m-e}}\rightarrow A_{m}^{\prime\prime}=p^{e}A_{m}^{\prime}$ . Let $S_{m}$ be the subgroup of $+P_{m}$

containing $(^{+}P_{m})^{q_{m-c}}$ such that $S_{m}/(^{+}P_{m})^{q_{m-e}}\rightarrow B_{m}^{\prime}$ under $g$. Then $g$ defines
$\kappa$ -isomorphisms $+P_{m}/S_{m}\rightarrow D$ and $S_{m}/S_{m}^{p}\rightarrow-((Z/pZ)[G_{m}])$ . It follows that $S_{m}/S_{m}^{p}$

is $Z_{p}[G]$ -isomorphic to $+((Z/pZ)[G_{m}])=(Z/pZ)[+G_{m}]$ . Let $\alpha_{m}^{\prime}$ be an element
of $S_{m}$ such that the cosets of $(\alpha_{m}^{\prime})^{\rho},$ $\rho\in+c_{m}$ , form a basis of $S_{m}/S_{m}^{p}$ , and let
$S_{m}^{\prime}$ be the subgroup of $S_{m}$ generated by these $(\alpha_{m}^{\prime})^{\rho}$ . We then see easily that
$S_{m}^{\prime}\cong Z[+G_{m}]$ as G-groups and that the index of $S_{m}^{\prime}$ in $S_{m}$ is finite and prime
to $p$ . It follows that $H^{k}(\Gamma_{n}/\Gamma_{m}, S_{m})=0$ for every $k$ . Hence $N_{n,m}(S_{m})=F_{n}\cap S_{m}$

$=+P_{n\cap}S_{m}$ .
Since $+P_{m}/S_{m}$ is $\kappa$ -isomorphic to a fixed finite module $D,$ $N_{n,m}(+P_{m})$ is con-

tained in $S_{m}$ whenever $m$ is sufficiently large. $N_{n,m}(+P_{m})$ is then contained in
$F_{n\cap}S_{m}=N_{n,m}(S_{m})$ , and we see that $N_{n,m}(+P_{m})=F_{n}\cap S_{m}=+P_{n}\cap S_{m}=N_{n,m}(S_{m})$ .
Hence $+P_{n}/N_{n,m}(+P_{m})=+P_{n}S_{m}/S_{m}$ and $[^{+}P_{n} : N_{n,m}(+P_{m})]\leqq[^{+}P_{m} : S_{m}]=[D : 0]$ .
Since $N_{n,m}(+P_{m})$ decreases as $m$ increases, it follows that

$+P_{n}^{\prime}=N_{n,m}(+P_{m})=N_{n,m}(S_{m})$ ,

whenever $m$ is sufficiently large. We fix such an $m$ and put

$P_{n}^{\prime\prime}=N_{n,m}(S_{m}^{\prime})$ .
I $t$ then follows from $S_{n}^{\prime}\cong Z[^{+}G_{m}]$ that $P_{n}^{\prime\prime}\cong Z[+G_{n}]$ as G-groups. Since
$[S_{m} : S_{m}^{\prime}]$ is finite and prime to $p$ , so is [ $N_{n.m}(S_{m})$ : N., $m(S_{m}^{\prime})$] $=[^{+}P_{n}^{\prime} : P_{n^{\prime}}^{\gamma}]$ .

$CoROLLARY$ .
i) For any $n$ and $s\geqq 0$ , there exists a $Z_{p}[G]$ -isomorphism

$+P_{n}^{\prime}/(^{+}P_{n}^{\prime})^{p^{S}}\cong(Z/p^{s}Z)[+G_{n}]$ .
ii) For any $k$ and $m\geqq n\geqq 0$ ,

$H^{k}(\Gamma_{n}/\Gamma_{m}$ . $+P_{m}^{\prime})=0$ .
iii) For $m\geqq n\geqq 0$ ,

13) The definition of rc-isomorphisms and rc-homomorphisms given here, as well
as that of $u^{\sigma}$ and $\chi^{\sigma}$ in the above, differs slightly from those given in [8], [9]. We
feel that the present definitions are more adequate.
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$+P_{n}^{\prime}=N_{n,m}(+P_{m}^{\prime})=+P_{n}\cap^{+}P_{m}^{\prime}=F_{n}\cap^{+}P_{m}^{\prime}$ ,

so that the natural homomorphism $+P_{n}/+P_{n}^{\prime}\rightarrow+P_{m}/+P_{m}^{\prime}$ is injective. If $m$ is suf-
ficiently larger than $n$ , then

$+P_{n}^{\prime}=N_{n,m}(+P_{m})$ .

iv) If $n$ is sufficiently large, $n\geqq n_{0}$ , then
$+P_{m}=+P_{n^{+}}P_{m}^{\prime}$ , $m\geqq n$ ,

so that $+P_{n}/+P_{n}^{\prime}\rightarrow+P_{m}/+P_{m}^{\prime}$ is also surjective, and

$+P_{n}/+P_{n}^{\prime}\cong+P_{m}/+P_{m}^{\prime}$ , $m\geqq n\geqq n_{0}$ .
The groups $+P_{n}/+P_{n}^{\prime}$ , $n\geqq n_{0}$ , are $\kappa$ -isomorphic to $lhe$ finite p-primary $Z_{p}[G]-$

module $D$ defined in the above.
PROOF. i) Since $[^{+}P_{n}^{\prime} : +P_{n}^{\prime\prime}]$ is prime to $p$ , we have

$+P_{n}^{\prime}/(^{+}P_{n}^{\prime})^{p^{S}}\cong+P_{n}^{\prime\prime}/(+P_{n^{\prime}}^{\prime} )’’\cong(Z/p^{s}Z)[+G_{n}]$ .
ii) This follows immediately from $H^{k}(\Gamma_{n}/\Gamma_{m}, +P_{m}^{\prime}/+P_{m^{\prime}}^{\prime})=H^{k}(\Gamma_{n}/\Gamma_{m}, +P_{m}^{\prime\prime})$

$=0$ .
iii) It has already been proved in the above that $+P_{n}^{\prime}=N_{n,m}(+P_{rn})$ for

$m\gg n$ . Given any $m\geqq n$ , choose a large $l\geqq m$ so that $+P_{m}^{\prime}=N_{m,l}(+P_{l})$ and
$+P_{n}^{\prime}=N_{n,l}(+P_{\iota})$ . Since $N_{n,l}=N_{n,m}\circ N_{m,l}$ , we obtain $+P_{n}^{\prime}=N_{n,m}(+P_{m}^{\prime})$ . It then
follows from $H^{0}(\Gamma_{n}/\Gamma_{m}, +P_{m}^{\prime})=0$ that $+P_{n}^{\prime}=N_{n.m}(+P_{m}^{\prime})=F_{n}\cap^{+}P_{m}^{\prime}=+P_{n}\cap^{+}P_{m}^{\prime}$ .

iv) Since $D$ is a finite p-primary $Z_{p}[G]$ -module, there exists an integer
$n_{0}\geqq 0$ such that $\Gamma_{n_{0}}$ acts trivially on $D$ . We may assume that $p^{n_{0}}D=0$ . Let
$n\geqq n_{0}$ and let $m$ be sufficiently larger than $n$ so that $+P_{n}^{\prime}=N_{n,m}(+P_{m})$ . Since
$+P_{m}/S_{m}$ is $\kappa$ -isomorphic to $D,$ $\Gamma_{n}$ acts trivially on $+P_{m}/S_{m}$ . Hence $(^{+}P_{m})^{\omega_{n}}$ is a
submodule of $S_{m}$ , and $H^{1}(\Gamma_{n}/\Gamma_{m}, S_{m})=0$ implies $(^{+}P_{m})^{\omega_{n}}=S_{m^{n}}^{\omega}$ . It follows that
$+P_{m}=(^{+}P_{m}\cap F_{n})S_{m}=+P_{n}S_{m}$ and $+P_{m}/S_{m}=+P_{n}S_{m}/S_{m}=+P_{n}/N_{n,m}(P_{m}^{+})=+P_{n}/+P_{n}^{\prime}$ .
Therefore $+P_{n}/+P_{n}^{\prime},$ $n\geqq n_{0}$ , is $\kappa$ -isomorphic to $D$ . For any $m\geqq n\geqq n_{0}$ , we then
see that $+P_{n}/+P_{n}^{\prime}\rightarrow^{+}P_{m}/+P_{m}^{\prime}$ is surjective and $+P_{m}=+P_{n^{+}}P_{m}^{\prime}$ .

From the above, we can obtain similar results for $P_{n}^{\prime}$ , E\’{n} , and $+E_{n}^{\prime}$ . For
example:

$N_{n,m}(+E_{m}^{\prime})=+E_{n}^{\prime}$ , $m\geqq n\geqq 0$ .
Some of these results were already obtained in [9].

2.2. Let $\Phi_{n}^{*}$ be as before the multiplicative group of the local field $\Phi_{n}$ .
For any $m\geqq n,$ $N_{n,m}(\Phi_{m}^{*})$ is a subgroup of $\Phi_{n}^{*}$ . Let

$\Phi_{n}^{\prime}=\bigcap_{m\geqq n}N_{n,m}(\Phi_{n}^{*})$ .
and let

$U_{n}^{\prime}=U_{n\cap}\Phi_{n}^{\prime}$ , $U_{n,0}^{\prime}=U_{n,0\cap}\Phi_{n}^{\prime}$ .
Clearly $\Phi_{n}^{\prime}$ , U\’{n}, and $U_{n,0}^{\prime}$ are subgroups of $\Phi_{n}^{*}$ . Since $N_{n,m}(\pi_{m})=\pi_{n}$ and
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$N_{n,m}(v)=v$ for any $v$ in $V,$ $m\geqq n$ , we see immediately that
$\Phi_{n}^{\prime}=\Pi_{n}\times U_{n}^{\prime}$ , $U_{n}^{\prime}=U_{n,0}^{\prime}\times V$ .

PROPOSITION 9.
i) $\Phi_{n}^{\prime}$ is a closed subgroup of $\Phi_{\gamma p}^{*}$ , consisting of all a in $\Phi_{n}$ such that $N_{n}(\alpha)$

is a power $ofp$ , and $U_{n}^{\prime}$ is a compact subgroup of $U_{n}$ , consisting $of^{>}$ all $\beta$ in
$U_{n}$ such that $N_{n}(\beta)=1$ ,

ii) $\Phi_{n}^{*}=\Phi_{n}^{\prime}\times U_{0},$ $U_{n}=U_{n}^{\prime}\times U_{0}=U_{n,0}^{\prime}\times U$.
iii) $N_{n,m}(\Phi_{m}^{\prime})=\Phi_{n}^{\prime}$ , $N_{n,m}(U_{m}^{\prime})=U_{p}^{\prime}$ , $N_{n,m}(U_{m,0}^{\prime})=U_{n,0}^{\prime}$ , $m\geqq n$ .
PROOF. i) By local class field theory14), $Q_{p}^{*}/N_{m}(\Phi_{m}^{*})$ is a cyclic group of

order $(p-1)p^{m}$ . Since $p=N_{m}(\pi_{m})$ is contained in $N_{m}(\Phi_{m}^{*})$ , we see from
$Q_{p}^{*}=\{p\}\times V\times U_{0}$ that $N_{m}(\Phi_{m}^{*})=\{p\}\times U_{0}^{1)};m$ here we denote by $\{p\}$ the multi-
plicative group generated by $p$ . Again by local class field theory, an element
$\alpha$ in $\Phi_{n}$ is contained in $N_{n,n\iota}(\Phi_{m}^{*}),$ $m\geqq n$ , if and only if $N_{n}(\alpha)$ is contained in
$N_{m}(\Phi_{m}^{*})$ . Hence $\alpha$ is in $\Phi_{n}^{\prime}$ if and only if $N_{n}(\alpha)$ is contained in the intersection
of $N_{m}(\Phi_{m}^{*})=\{p\}\times U_{0}^{p^{m}}$ for all $m\geqq n$ , namely, in $\{p\}$ . It then follows immedi-
ately that $U_{n}^{\prime}$ consists of all $\beta$ in $U_{n}$ such that $N_{n}(\beta)=1$ . It also follows that
$\Phi_{n}^{\prime}$ is a closed subgroup of $\Phi_{n}^{*}$ , and that $U_{n}^{\prime}$ is a compact subgroup of $U_{n}$ .

ii) Let $\alpha$ be any element of $\Phi_{n}^{*}$ , and let $N_{n}(\alpha)=p^{t}a$ with $a$ in $U_{0}^{p}‘‘=U_{()}^{(p-1)p^{n}}$ .
Then $a=b^{(p-1)p^{n}}=N_{n}(b)$ for some $b$ in $U_{0}$ , and $N_{n}(\alpha b^{-1})=p^{\iota}$ so that $\alpha b^{-1}$ is
contained in $\Phi_{n}^{\prime}$ . Hence $\Phi_{\eta}^{*}=\Phi_{n}^{\prime}U_{0}$ . Since $N_{n}(b)=b^{(p-1)p^{n}}\neq 1$ for any $b\neq 1$ in
$U_{0}$ , we have $\Phi_{n}^{\prime}\cap U_{0}=1$ . Therefore $\Phi_{n}^{*}=\Phi_{n}^{\prime}\times U_{0}$ . It then follows immediately
that $U_{n}=U_{n}^{\prime}\times U_{0}=U_{n,0}^{\prime}\times U$.

iii) It is obvious that $N_{n,m}(\Phi_{m}^{\prime})$ is contained in $\Phi_{n}^{\prime}$ , $m\geqq n$ . Let $\alpha$ be any
element of $\Phi_{n}^{\prime}$ . Then $\alpha=N_{71,m}(\alpha^{\prime})$ with $\alpha^{\prime}$ in $\Phi_{m}^{*}$ . By ii), $N_{n}(\alpha)=N_{m}(\alpha^{\prime})$ is a
power of $p$ . H\v{c}nce $\alpha^{\prime}$ is in $O_{m}^{\prime}$ , again by ii). Therefore $\alpha$ is contained in
$N_{n,m}(\Phi_{m}^{\prime})$ . Thus $\Phi_{n}^{\prime}=N_{n,m}(\Phi_{m}^{\prime})$ . It is then clear that $U_{7^{\prime}?}=N_{n,m}(U_{m}^{\prime}),$ $U_{7t,0}^{\prime}$

$=N_{n.m}(U_{m,0}^{\prime})$ .
Now, let $X_{n}$ denote the inverse limit of the sequence of finite groups

$\Phi_{n}^{\prime}/(\Phi_{n}^{\prime p}$ “, $s\geqq 0$ , relative to the natural homomorphisms $\Phi_{n}^{\prime}/\Phi_{n}^{Jp^{t}}\rightarrow\Phi_{n}^{\prime}/\Phi_{n^{\mathcal{D}^{\backslash }}}^{\prime},$ $t\geqq s$ :
$X_{n}=\lim\Phi_{n}^{\prime}/\Phi_{n}^{\prime p^{b}}$

$X_{n}$ is a $p$ -primary compact abelian group, and for any $a$ in $Z_{p}$ and $\chi$ in $X_{?\iota},$ $x^{a}$

is defined as usual. Since $V$ is the intersection of all $\Phi_{n^{\mathcal{D}^{b}}}^{\prime},$ $s\geqq 0$ , the natural
map $\Phi_{n}^{\prime}\rightarrow X_{n}$ imbeds $\Phi_{n}^{\prime}/V=\Pi_{n}\times U_{n,0}^{\prime}$ in $X_{n}$ as a dense subgroup of $X_{n}$ , and
we see that

$X_{n}=\overline{\Pi}_{n}\times U_{n,0}^{\prime}$ ,

where $\overline{\Pi}_{n}$ denotes the closure of $\Pi_{n}$ in $X_{n}$ , consisting of all elements of the
form $\pi_{n}^{\alpha}$ with $a$ in $Z_{p}$ .

14) For local and global class field theory used here and in the following, see
[1], [3], and [4].
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Clearly the surjective homomorphism $N_{n,m}$ : $\Phi_{m}^{\prime}\rightarrow\Phi_{n}^{\prime}$ induces a continuous
surjective homomorphism $N_{n,m}$ : $X_{m}\rightarrow X_{n},$ $m\geqq n$ . Let $X$ be the inverse limit
of $X_{n},$ $n\geqq 0$ , relative to such homomorphisms:

$X=\lim X_{n}$ .

Then $X$ is again a $p$ -primary compact abelian group, and $x^{a}$ is defined for any
$a$ in $Z_{p}$ and $x$ in $X$. Furthermore, since $\Phi_{n}^{\prime}$ is invariant under the action of
the Galois group $G$ , we may extend the action of $G$ on $X_{n},$ $n\geqq 0$ , and on $X$

in the natural way. Thus $X_{n},$ $n\geqq 0$ , and $X$ are compact $Z_{p}[G]$ -groups.
Let $\Psi_{n}$ be the maximal p-primary abelian extension of $\Phi_{n}$ in 9. Clearly

$\Phi$ is contained in $\Psi_{n}$ , and these $\Psi_{n},$ $n\geqq 0$ , form an increasing sequence of
subfields of 2. Let $\Psi$ be the union of all $\Psi_{n},$ $ n\geqq 0;\Psi$ is the maximal p-
primary abelian extension of $\Phi$ contained in $\Omega$ . Since $\Psi/Q_{p}$ is a Galois exten-
sion, $G=G(\Phi/Q_{p})$ acts on the abelian normal subgroup $G(\Psi/\Phi)$ of $G(\Psi/Q_{p})$ in
the obvious manner.

PROPOSITION 10. There exists a canonical G-isomorphism

$X\rightarrow G(\Psi/\Phi)$

which induces isomorphisms

$X^{(n)}\cong X_{n}\cong G(\Psi_{n}/\Phi)$ , $n\geqq 0$ .
PROOF. Let $G(\Psi_{m}/\Phi)\rightarrow G(\Psi_{n}/\Phi),$ $m\geqq n$ , be the natural homomorphism of

Galois groups. Then by local class field theory, there exists a canonical
isomorphism $X_{n}\rightarrow G(\Psi_{n}/\Phi)$ for each $n\geqq 0$ such that the following diagram is
commutative:

$x_{1^{m}}\rightarrow G(\Psi/\Phi)\downarrow^{m}$

$X_{n}\rightarrow G(\Psi_{n}/\Phi)$ , $m\geqq n$ .

Hence we have a G-isomorphism of $X$ onto $G(\Psi/\Phi)$ such that

$X\rightarrow G(\Psi/\Phi)$

$\downarrow$ $\downarrow$

$X_{n}\rightarrow G(\Psi_{n}/\Phi)$

is commutative. Since $\sigma(1+p)^{p^{n}}$ generates $\Gamma_{n}=G(\Phi/\Phi_{n})$ topologically, and
since $\Psi_{n}$ is the maximal abelian extension of $\Phi_{n}$ contained in $\Psi$ , we see that
$G(\Psi/\Psi_{n})=G(\Psi/\Phi)^{\omega_{n}}$ . However, $G(\Psi/\Psi_{n})$ is the kernel of the surjective homo-
morphism $G(\Psi/\Phi)\rightarrow G(\Psi_{n}/\Phi)$ . Hence it follows from the above diagram that
$X\rightarrow X_{n}$ is also surjective, and its kernel is $X^{\omega_{n}}$ , thus proving $X^{(n)}=X/X^{\omega_{n}}\cong X_{n}$ .

2.3. Let $A$ be any subgroup of $\Phi_{n}^{\prime}$ . Then the closure of the image of
$A$ under $\Phi_{n}^{\prime}\rightarrow X_{n}$ defines a closed subgroup of $X_{n}$ . Since the norm, from $F_{n}$
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to $Q$ , of any element in $P_{n}$ is a power of $p$ , it follows trom Proposition 9 that
$P_{n}$ is contained in $\Phi_{n}^{\prime}$ . Let $Y_{n}$ be the closed subgroup of $X_{n}$ determined by
$P_{n}$ as stated in the above, and let $Y_{n}^{\prime}$ and $Z_{n}$ denote the closed subgreups of
$X_{n}$ defined similarly by $P_{n}^{\prime}$ and $Q_{n}$ , respectively.

Let
$E_{n,0}=E_{n}\cap U_{n,0}$ , $E_{n,0}^{\prime}=E_{n}^{\prime}\cap U_{n,0}$ , $C_{n,0}=C_{n}\cap U_{n,0}$ ,

and let $E_{n},\overline{E}_{n,0}$ , etc. denote the closures of the respective groups in $U_{n}$ in the
$t_{n}$ -adic topology of $\Phi_{n}$ . Since

$\pi_{n}^{\sigma-1}\equiv\kappa(\sigma)$ $mod \mathfrak{p}_{n}$ ,

we see that
$\overline{E}_{n}=\overline{E}_{n,0}\times V$ , $\overline{E}_{n}^{\prime}=\overline{E}_{n,0}^{\prime}\times V$ , $\overline{C}_{n}=\overline{C}_{n,0}\times V$ .

Since $[P_{n};\Pi_{n}\times E_{n,0}]=[E_{n} : E_{n,0}]$ is prime to $p$ , we also have
$Y_{n}=\overline{\Pi}_{n}\times\overline{E}_{n,0}$

in $X_{n}=\overline{\Pi}_{n}\times U_{n,0}^{\prime}$ . Similarly

$Y_{n}^{\prime}=\overline{\Pi}_{n}\times\overline{E}_{n,0}^{\prime}$ , $Z_{n}=\overline{\Pi}_{n}\times\overline{C}_{n,0}$ .
Hence it follows that

$X_{n}/Y_{n}=U_{n,0}^{\prime}/\overline{E}_{n,0}=U_{n}^{\prime}/\overline{E}_{n}$ ,

$X_{n}/Y_{n}^{\prime}=U_{n,0}^{\prime}/\overline{E}_{n,0}^{\prime}=U_{n}^{\prime}/\overline{E}_{n}^{\prime}$ ,

$X_{n}/Z_{n}=U_{n,0}^{\prime}/\overline{C}_{n,0}=U_{n}^{\prime}/\overline{C}_{n}$ ,

$Y_{n}^{\prime}/Z_{n}=\overline{E}_{n,0}^{\prime}/\overline{C}_{n,0}=\overline{E}_{n}^{\prime}/\overline{C}_{n}$ , $n\geqq 0$ .

It is clear that for any $m\geqq n,$ $N_{n.m}:X_{m}\rightarrow X_{n}$ maps $Y_{m},$ $Y_{my}^{\prime}$ and $Z_{m}$ into
$Y_{n},$ $Y_{n}^{\prime}$ and $Z_{n}$ respectively. Hence we may define the inverse limits:

$Y=\lim Y_{n}$ , $Y^{\prime}=\lim Y_{n}^{\prime}$ , $Z=\lim Z_{n}$ ,

relative to the homomorphisms $N_{n.m},$ $m\geqq n$ , and we may consider $Y,$ $Y^{\prime}$ and
$Z$ as closed $Z_{p}[G]$ -subgroups of $X$. However, by Proposition 8, N., $m(P_{m})=P_{n}^{\prime}$

whenever $m$ is sufficiently larger than $n$ . Hence also $N_{n,m}(Y_{m})=Y_{n}^{\prime}$ for $m\gg n$ ,

and we see that
$Y=Y^{\prime}$ .

PROPOSITION 11. $X/Y$ is the mverse limit of $U_{n}^{\prime}/\overline{E}_{n}^{\prime},$ $n\geqq 0$ , and the naturaP
homomorphism $X/Y\rightarrow U_{n}^{\prime}/\overline{E}_{n}^{\prime}$ induces an isomorphism $(X/Y)^{(n)}\rightarrow U_{n}^{\prime}/\overline{E}_{n}^{\prime}$ :

$X/Y=\lim U_{n}^{\prime}/\overline{E}_{n}^{\prime}$ , $(X/Y)^{(n)}=U_{n}^{\prime}/\overline{E}_{n}^{\prime}$ .
Similarly,

$X/Z=\lim U_{n}^{\prime}/\overline{C}_{n}$ , $(X/Z)^{(n)}=U_{n}^{\prime}/\overline{C}_{n}$ .
PROOF. Since $N_{n,m}(P_{m}^{\prime})=P_{n}^{\prime},$ $m\geqq n$ , we have $N_{n.m}(Y_{m}^{\prime})=Y_{n}^{\prime},$ $m\geqq n$ .
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Hence the natural homomorphism $X\rightarrow X_{n}$ maps $Y^{\prime}$ onto $Y_{n}^{\prime}$ . Since $Y=Y^{\prime}$ ,
$X/Y=\lim X_{n}/Y^{\prime_{l}}=\lim U_{n}^{\prime}/\overline{E}_{n}^{\prime}$ . By Proposition 10, the kernel of $X\rightarrow X_{n}$ is
$X^{\omega_{n}}$ . Hence the kernel of $X\rightarrow X_{n}/Y_{n}^{f}$ is $Y^{\prime}X^{o_{n}}’$ . Since $X\rightarrow X_{n}/Y_{n}^{\prime}$ is surjec-
tive, we have $X_{n}/Y_{n}^{\prime}\cong X/Y^{\prime}X^{\omega_{n=}}(X/Y^{\prime})^{o_{71}^{\prime}}$ . The proof is similar for $X/Z$.

For each $n\geqq 0$ , let $L_{n}^{\prime}$ denote tlie maximal unramified $p$ -primary abclian
extension of $F_{n}$ contained in $\sim Q$ and let $L_{n}=FL_{n}^{\prime}$ . Then the union of the
increasing sequence of subfields $L_{n},$ $n\geqq 0$ , in J2 defines the maximal unramified
$p$-primary abelian extension $L$ over $F$ in $\Omega$ . Let $K_{n}$ be the maximal p-primary
abelian extension of $F_{n}$ , in $f2$ , such that no prime ideal of $F_{n}$ different from
$(\pi_{n})$ is ramified in that extension. The union of the increasing sequence of
subfields $K_{n},$ $n\geqq 0$ , in $\Omega$ again defines a $p$ -primary abelian extension $K$ of $F$,

containing the above $L$ . Since $K$ is obviously a Galois extension of $Q$ , the
Galois group $G$ of $F/Q$ acts on the abelian normal subgroup $G(K/F)$ of $G(K/Q)$ .
Similarly $G$ also acts on $G(L/F)$ and $G(K/L)^{15)}$ .

PROPOSITION 12. There exists a G-isomorphism:

$G(K/L)\rightarrow X/Y$ .

PROOF. We know that

$X/Y=\lim X_{n}/Y_{n}=\lim U_{n}^{\prime}/\overline{E}_{n}$ .

By class field theory, there exists a canonical G-isomorphism $G(K_{n}/L_{n}^{\prime})$

$\rightarrow U_{n}/\overline{E}_{n}$ , inducing a G-isomorphism $G(K_{n}/L_{n})\rightarrow U_{n}^{\prime}/\overline{E}_{n^{16)}}$ . Let $G(K_{n\iota}/L_{m})$

$\rightarrow G(K_{n}/L_{n})$ be the homomorphism obtained by restricting the action of
$G(K_{m}/L_{m})$ on $K_{n}$ . Then the following diagram is commutative:

$G(K_{n}^{m}/L)^{)}G(K/L_{n^{m}}\downarrow\rightarrow U_{n}^{\prime}/\overline{E}^{m}-U_{m_{I}}^{\prime}/\overline{E}_{n}$

$m\geqq n$ .

Since $G(K/L)$ is the inverse limit of $G(K_{n}/L_{n}),$ $n\geqq 0$ , relative to $G(K_{m}/L_{m})$

$\rightarrow G(K_{n}/L_{n}),$ $m\geqq n$ , we obtain from the above a G-isomorphism $G(K/L)\rightarrow X/Y$ .

2.4. As in the proof of Proposition 11, we see that

$Y/Z=Y^{\prime}/Z=\lim Y_{n}^{\prime}/Z_{n}=\lim\overline{E}_{n}^{\prime}/\overline{C}_{n}$ .

.Let $+\Phi_{n}$ be the closure of $+F_{n}$ in $\Phi_{n}$ , and let

$+\overline{E}_{n}^{\prime}=+\Phi_{n}\cap\overline{E}_{n}^{\prime}$ , $+\overline{c}_{n}=+\Phi_{n}\cap\overline{C}_{n}$ , $n\geqq 0$ .

15) For the extensions $L/F$ and $K/F$, see [9], \S 5, \S 6.
16) See [9], \S 6.
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Then $+\overline{E}_{n}^{\prime}$ and $+\overline{c}_{n}$ are also closures of $+E_{n}^{\prime}$ and $+c_{n}$ in $U_{n}$ , and $\overline{E}_{n}^{\prime}=+\overline{E}_{n}^{\prime}\times W_{n}$ ,
$\overline{C}_{n}=+\overline{c}_{n}\times W_{n}$ so that

$\overline{E}_{n}^{\prime}/\overline{C}_{n}=+\overline{E}_{n}^{\prime}/^{+}\overline{C}_{n}=+(\overline{E}_{n}^{\prime}/\overline{C}_{n})$ .
Hence

$Y/Z=+(Y/Z)$ .

In general, for any finite abelian group $\mathfrak{G}$ , let $(\mathfrak{G})_{p}$ denote the Sylow p-
subgroup of G. Since $-\vdash E_{n}/+c_{n}$ is a finite group, so is $+E_{n}^{\prime}/+C_{n}$ . Let $A$ denote
the inverse limit of the p-groups $(^{+}E_{n}^{\prime}/+c_{n})_{p},$ $n\geqq 0$ , relative to the homomor-
phisms $N_{n,m}$ : $(^{+}E_{m}^{\prime}/+c_{m})_{p}\rightarrow(+E_{n}^{\prime}/+C_{n})_{p},$ $m\geqq n$ . Clearly $A$ is a compact p-primary
$Z_{p}[G]$ -group. Since $N_{n,m}(+E_{m}^{\prime})=+E_{n}^{\prime},$ $m\geqq n,$ $N_{n,m}$ : $(^{+}E_{m}^{\prime}/+c_{m})_{p}\rightarrow(+E_{\gamma}^{\prime_{1}}/+c_{n})_{p}$ is
surjective. Hence $A\rightarrow(^{+}E_{n}^{\prime}/+C_{n})_{p}$ is also surjective for every $n\geqq 0$ . On the
other hand, as $H^{k}(\Gamma_{n}/\Gamma_{m}, +P_{m}^{\prime})=H^{k}(\Gamma_{n}/\Gamma_{m}, +Q_{m})=0$ for any $k$ and $m\geqq n\geqq 0$ ,

we see that the kernel of $N_{n,m}$ $:+E_{m}^{\prime}/+c_{m}=+P_{m}^{\prime}/+Q_{m}\rightarrow+E_{n}^{\prime}/+C_{n}=+P_{n}^{\prime}/+Q_{n}$ is
\langle $+E_{m}^{\prime}/+C_{m})^{\omega_{n}}$ . Therefore, the kernel of $N_{n,m}:(^{+}E_{m}^{\prime}/+C_{m})_{p}\rightarrow(^{+}E_{n}^{\prime}/+c_{n})_{p}$ is
$(+E_{m}^{\prime}/+C_{m})_{p}^{\omega_{n}}$ , and hence the kernel of $A\rightarrow(+E_{n}^{\prime}/+C_{n})_{p}$ is $A^{\omega_{n}}$ . Thus we obtain
a $Z_{p}[G]$ -isomorphism

$A^{(n)}=A/A^{\omega_{n}}\rightarrow(+E_{n}^{\prime}/+c_{n})_{p}$ , $n\geqq 0$ .

Since $+E_{n}^{\prime}/^{+}C_{n}$ is finite, $+E_{n}^{\prime+}\overline{C}_{n}/+\overline{c}_{n}$ is also finite. Hence $+E_{n}^{\gamma+}\overline{C}_{n}$ is closed
in $U_{n}$ , and we see that $+\overline{E}_{n}^{\prime}=+E_{n}^{\prime+}\overline{C}_{n}$ . Therefore, the injection $+E_{n}^{\prime}\rightarrow+\overline{E}_{n}^{\prime}$

induces a surjective homomorphism $+E_{n}^{\prime}/^{+}C_{n}\rightarrow+\overline{E}_{n}^{\prime}/+\overline{c}_{n}$ . As $+\overline{E}_{n}^{\prime}/+\overline{c}_{n}=Y_{n}^{\prime}/Z_{n}$

is a finite p-group, $(^{+}E_{n}^{\prime}/^{+}C_{n})_{p}\rightarrow+\overline{E}_{n}^{\prime}/^{+}\overline{C}_{n}=\overline{E}_{n}^{\prime}/\overline{C}_{n}$ is also surjective. Hence we
obtain a surjective $Z_{p}[G]$ -homomorphism

$A\rightarrow Y/Z$ .
We shall next show that it is injective.

Suppose that there exists an element $a\neq 1$ in the kernel of $A\rightarrow Y/Z$.
Since $A$ is a p-primary compact group, there is an integer $d\geqq 1$ such that $a$

is not contained in $A^{p}a$ . For each $n\geqq 0$ , let $a_{n}$ denote the image of $a$ under
$A\rightarrow(^{+}E_{n}^{\prime}/+C_{n})_{p}$ , and let $\alpha_{n}$ be an element of $+E_{n}^{\prime}$ representing $a_{n}$ mod $+C_{n}$ .
Since $a$ is in the kernel of $A\rightarrow Y/Z,$ $a_{n}$ is mapped to the identity under
$(+E_{n}^{\prime}/^{+}C_{n})_{p}\rightarrow+\overline{E}_{n}^{\prime}/^{+}\overline{C}_{n}$ . Hence $\alpha_{n}$ is contained $in+\overline{c}_{n}$ , and there exist an element
$\beta_{n}$ in $+E_{n}^{\prime}\cap U_{n}^{q_{n}}$ and an element $\gamma_{n}$ in $+C_{n}$ such that $\alpha_{n}=\beta_{n}\gamma_{n}$ . As $N_{n,m}(a_{m})$

$=a_{n},$ $m\geqq n$ , we have $\alpha_{n}^{+}C_{n}=N_{n,m}(\alpha_{m})^{+}C_{n}=N_{n,m}(\beta_{m})^{+}C_{n}$ . Since $a$ is not con-
tained in $A^{p^{a}},$

$\alpha_{n}$ does not belong to $(^{\vdash}E_{n}^{\prime})^{p!J+}C_{n}$ whenever $n$ is sufficiently
large. Hence $N_{n,m}(\beta_{m}),$ $m\geqq n$ , is not contained in $(^{+}E_{n}^{\prime})^{p}a$ if $n$ is large. On
the other hand, it follows from Corollary iii), iv) of Proposition 8 that there
exists an integer $e\geqq 0$ such that $(^{+}P_{n}/+P_{n}^{\prime})^{p^{e}}=1$ for every $n\geqq 0$ . In the fol-
lowing, we shall fix an $n$ such that $n\geqq d+e$ and that $N_{n,m}(\beta_{m})$ is not contained
in $(+E_{n}^{\prime})^{p^{d}}$ for any $m\geqq n$ .

For each $m\geqq n$ , let $B_{m}$ denote the multiplicative group generated by
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$\beta_{\uparrow}^{\sigma_{\iota}},,$ $\sigma\in G$ . Then $B_{m}$ is a G-subgroup of $+E_{m}^{\prime}\cap U_{m}^{qm}$ , and $N_{n,m}(B_{m})$ is not con-
tained in $(^{+}E_{n}^{\prime})^{p^{d}}$ . Let $D_{m},$ $D_{m}^{\prime}$ , and $D_{m}^{\prime\prime}$ denote the images of $B_{m}$ under the
natural homomorphisms $+P_{m}^{\prime}\rightarrow+P_{m}^{\prime}/(+P_{m}^{\prime})^{p}a$ $+P_{m}^{f}\rightarrow+P_{m}^{\prime}/(+P_{m}^{\prime})^{q_{m}}$ , and $+P_{m}$

$\rightarrow+P_{m}/(^{+}P_{m})^{q_{m}}$ respectively. Let $r_{m}$ be the rank of $D_{m}$ . As an abelian group,

$+P_{m}^{\prime}/\{\pm 1\}$ is isomorphic to $Z^{s}$ , where $s=-2-(p-1)p^{m}1$ . Hence $+P_{m}^{\prime}/(+P_{m}^{\prime})^{q_{m}}$

$\cong(Z/q_{m}Z)^{s}$ and $(^{+}P_{m}^{\prime})^{p}a/(+P_{m}^{\prime})^{q_{m}}\cong(Z/q_{m-a}Z)^{s}$ . We then see easily that $D_{m}^{\prime}$ con-
tains a subgroup isomorphic to $(Z/q_{m-(}\iota Z)^{r_{71t}}$ . Now the kernel of the natural
homomorphism $+P_{m}^{\prime}/(^{+}P_{m}^{\prime})^{q_{m}}\rightarrow+P_{m}/(^{+}P_{m})^{q_{m}}$ is a subgroup of $(^{+}P_{m})^{q_{m}}/(^{+}P_{m}^{\prime})^{q_{m}}$

$\cong^{+}P_{m}/+P_{m}^{\prime}$ , and $D_{m}^{\prime}$ is mapped onto $D_{m^{\prime}}^{\prime}$ under that homomorphism. Since
$(^{+}P_{m}/+P_{m}^{\prime})^{p^{e}}=1$ , it follows from the above that $D_{m^{\prime}}^{\prime}$ contains a subgroup isomor-
phic to $(Z/q_{m-c\triangleright e}Z)^{r_{m}}$ .

Let $L_{m}^{\prime\prime}$ denote the abelian extension of $F_{m}$ generated by the $q_{m}$ -th roots
of elements in $B_{m}$ . Since $+P_{m}\cap(F_{m}^{*})^{q_{m}}=+P_{i}^{q_{n^{7r\iota}}}$ , the Galois group $G(L_{m^{\prime}}^{\prime}/F_{m})$ is
isomorphic to $D_{m}^{\prime\prime}=B_{m}(+P_{m})^{q_{m}}/(^{+}P_{m})^{q_{m}}$ as abelian groups. On the other hand,
$s_{A}^{j}nceB_{m}$ is contained in $+E_{m}^{\prime}\cap U_{m^{m}}^{q},$ $L_{m}^{\prime\prime}/F_{m}$ is unramified. Hence $L_{m^{\prime}}^{\prime}$ is con-
tained in the maximal unramified abelian p-extension $L_{m}^{\prime}$ over $F_{m}$ . It then
follows from the above that the Galois group $G(L_{m}^{\prime}/F_{m})$ contains a subgroup

isomorphic to $(Z/q_{m-a-e}Z)^{r_{m}}$ . However, since $G(L/F)$ is a strictly $\Gamma- finite$

$\Gamma$ -group, there exists an integer $f\geqq 0$ such that the rank of $G(L_{m}^{\prime}/F_{m})^{p^{f}}$ does
not exceed a fixed integer $r\geqq 0$ for every $m\geqq 0^{17)}$ . Hence we see that $r_{m}\leqq r$

whenever $m\geqq d+e+f$.
Now, since $D_{m}$ is a subgroup of $+P_{m}^{\prime}/(^{+}P_{m}^{\prime})^{p}a$ with rank $r_{m}$ , it follows from

the above that the order of $D_{m}$ does not exceed $p^{ar}$ for any $m\geqq n,$ $d+e+f$.
Hence we can find a large $m$ such that $N_{n,m}(D_{m})=1$ . As $D_{m}=B_{m}(\vdash P_{m}^{\prime})/(+P_{m}^{\prime})^{p^{d}}$ ,

$N_{n,m}(B_{m})$ is then contained in $(^{+}P_{m}^{\prime})^{p^{d}}$ . On the other hand, Corollary iii) of
Proposition 8 implies that $(^{+}P_{m}^{\prime})^{p^{(}}l\cap F_{n}=(^{+}P_{m}^{\prime}\cap F_{n})^{p^{\zeta}}t=(^{+}P_{n}^{\prime})^{p^{el}}$ . It also follows
from $+P_{n}^{\prime}=+\Pi_{m}\times+E_{n}^{\prime}$ that $(^{+}P_{n}^{\prime})^{p}a\cap E_{n}=(^{+}E_{n}^{\prime})^{p}a$ . Hence the group $N_{n,m}(B_{m})$ .
which is obviously a subgroup of $E_{n}$ , must be contained in $(^{+}E_{n}^{\prime})^{p}a$ . However
we have chosen $n$ so that $N_{n,m}(B_{m})$ is not contained in $(^{+}E_{n}^{\prime})^{p}a$ for any $m\geqq n$ .
Hence we have a contradiction, and we see that there exists no $a\neq 1$ in the
kernel of $A\rightarrow Y/Z$. Thus the homomorphism $A\rightarrow Y/Z$ is injective, and the
following proposition is proved:

PROPOSITION 13. $Y/Z$ is the invers $e$ limit of $(^{+}E_{n}^{\prime}/+c_{n})_{p},$ $n\geqq 0$ relative to
$N_{n,m}$ : $(^{+}E_{m}^{\prime}/+C_{m})_{p}\rightarrow(+E_{n}^{\prime}/+c_{n})_{p},$ $m\geqq n$ , and the natural homomorphism $Y/Z$

$\rightarrow(+E_{n}^{\prime}/+c_{n})_{p}$ induces an isomorphism $(Y/Z)^{(n)}\rightarrow(+E_{n}^{\prime}/+c_{n})_{p}$ :

$Y/Z=\lim(+E_{n}^{\prime}/+c_{n})_{p}$ , $(Y/Z)^{(n)}=(^{+}E_{n}^{\prime}/+c_{n})_{p}$ . $n\geqq 0$ .

17) See [9], \S 5 and [8], 1.4.
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\S 3

3.1. For any $\alpha,$ $\beta$ in $\Phi_{n}^{*}$ , let

$(\alpha, \beta)_{n}$

denote Hilbert’s norm residue symbol for the power $q_{n}$ in the local field $\Phi_{n}$ .
The symbol $(\alpha, \beta)_{n}$ defines a pairing

$\Phi_{n}^{*}\times\Phi_{n^{\backslash }}^{*}\rightarrow W_{n}$

with the following $properties^{18)}$ :
i) $(\alpha, \beta)_{n}=(\beta, \alpha)_{n}^{-1},$ $(\alpha^{\sigma}, \beta^{\sigma})_{n}=(\alpha, \beta)_{n}^{\mathcal{K}(\sigma)}$ , $\sigma\in G$ ,
ii) $(\alpha, \beta)^{p^{\prime\iota-1?},\prime}=(N_{n.m}(\alpha), \beta)_{n}$ , $\alpha\in\Phi_{m}^{*},$ $\beta\in\Phi_{n}^{*},$ $m\geqq n$ ,

iii) $(\alpha, \beta)_{n}=1$ if and only if $\alpha$ is the norm of an element in $\Phi_{n}(\beta^{q_{n}^{-1}})$ .
iv) $(\alpha, \Phi_{n}^{*})=1$ (or $(\Phi_{n}^{*},$ $\alpha)=1$ ) if and only if $\alpha$ belongs to $(\Phi_{n}^{*})^{q_{n}}$ ; hence

$(\alpha, \beta)_{n}$ induces a non-degenerate pairing

$(\Phi_{n}^{*}/(\Phi_{n}^{*})^{q_{n}})\times(\Phi_{n}^{*}/(\Phi_{n}^{*})^{q_{n}})\rightarrow W_{n}$ .
v) (Artin-Hasse’s explicit formula) For any $\beta$ in $U_{n,0}$, both $q_{n}^{-1}T_{n}(\log\beta)$

and $q_{n}^{-l}T_{n}(\zeta_{n}\pi_{n}^{-1}\log\beta)$ are contained in $Z_{p}$ , and
$(\zeta_{n}, \beta)_{n}=\zeta_{n}^{-q_{n}^{-i}\tau_{n^{(l\circ g\beta)}}}$ ,

$(\pi_{n}, \beta)_{n}=\zeta_{n^{nnn}}^{q^{-I}T(\zeta\pi_{n}^{-1}\log\beta)}$ .
Let $\beta$ be an element of $U_{n,0}$ ; and $\xi$ , an element of $\chi_{n}$ . Since $T_{n}(q_{n}\mathfrak{X}_{n}\log\beta)\equiv 0$

$mod q_{n}Z_{p},$ $\zeta_{\Omega}^{\tau_{n^{(\xi}}}$
Iog $\beta$) depends only upon the coset $\xi^{\prime}$ of $\xi mod q_{n}\mathfrak{X}_{n}$ . Hence we

may write $\zeta_{n}^{\tau_{n^{(\xi^{\prime}\log^{\beta)}}}}$ for $\zeta_{n}^{\tau_{n}(\xi\log^{\beta)}}$ .
PROPOSITION 14. There exists a unique map

$\psi_{n}$ : $\Phi_{n}^{\prime}\rightarrow\chi_{n}/q_{n}\mathfrak{X}_{n}$

such that
$(\alpha, \beta)_{n}=\zeta_{n^{n}}^{T(\psi_{n}(\alpha)og\beta)}$ $\alpha\in\Phi_{n}^{\prime},$ $\beta\in U_{n,0}$ .

$\psi_{n}$ is a surjective $\kappa$ -homomorphism:

$\psi_{n}(\alpha^{\sigma})=\kappa(\sigma)\psi_{n}(\alpha)^{\sigma}$ $\alpha\in\Phi_{7^{\prime}l},$ $\sigma\in G$ .
PROOF. Let $\alpha$ be fixed in $\Phi_{n}^{\prime}$ . Since $N_{n,2n+1}(W_{2n+1})=W_{n},$ $(\alpha, W_{n})_{n}=1$ by

i) and iii). As $W_{n}$ is the kernel of the $\log$ map: $U_{n,0}\rightarrow \mathfrak{L}_{n},$ $(\alpha, \beta)_{n}$ depends only
upon $\log\beta$ for any $\beta$ in $U_{n,0}$ . Hence $\log\beta\rightarrow f((\alpha, \beta)_{n})$ defines a homomorphism
$j_{\backslash }?_{n}\rightarrow Q_{n}/Z_{p},$ $f:W\rightarrow Q_{p}/Z_{p}$ being the homomorphism fixed in 1.5. Since $\Phi_{n}/\mathfrak{X}_{n}$

is dual to $\mathfrak{L}_{n}$ , there exists an element $\alpha^{\prime\prime}$ in $\Phi_{n}$ such that $f((\alpha, \beta)_{n})=\langle\alpha^{\prime\prime}, \log\beta\rangle_{n}$

for any $\beta$ in $U_{n,0}$ . We then have
$(\alpha, \beta)_{n}=\zeta_{n\prime}^{\tau_{n^{(\alpha\prime_{1og^{\beta)}}}}}$

18) See [4], II, \S 11, \S 19 and [2].
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with $\alpha^{\prime}=q_{n}\alpha^{\prime\prime}$ . Since $T_{n}(\alpha^{\prime}\log\beta)$ is in $Z_{p}$ for any $\beta$ in $U_{n,0},$ $\alpha^{\prime}$ is contained
in $\chi_{n}$ . Let $\psi_{n}(\alpha)$ denote the coset of $\alpha^{\prime}mod q_{n}\mathfrak{X}_{n}$ . Then we have

$(\alpha, \beta)_{n}=\zeta_{n}^{T_{n}(\psi_{n}(a)\log\beta)}$ , $\beta\in U_{n,0}$ .
It is clear from the definition of $\mathfrak{X}_{n}$ that $\psi_{n}(\alpha)$ is uniquely determined for $\alpha$

by the above equality. Since $(\alpha, \beta)_{n}$ is multiplicative in $\alpha$ , it follows in parti-
cular that $\psi_{n}$ : $\Phi_{n}^{\prime}\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ is a homomorphism. It also follows from i) that

$(\alpha^{\sigma}, \beta^{\sigma})_{n}=(\alpha, \beta)_{n}^{\mathcal{K}(\sigma)}=\zeta_{n}^{\mathcal{K}(\sigma)T_{n}(\psi_{n^{(}}\alpha)\log\beta)}$

$=\zeta_{n^{nn^{(\alpha)Iog\beta^{\sigma})}}}^{T(K(\sigma)\psi\sigma}$ , $\sigma\in G,$ $\beta^{\sigma}\in U_{n,0}$ .
Hence by the uniqueness mentioned above, we have

$\psi_{n}(\alpha^{\sigma})=\kappa(\sigma)\psi_{n}(\alpha)^{\sigma}$ $\sigma\in G,$ $\alpha\in\Phi_{n}^{\prime}$ .
To show that $\psi_{n}$ is surjective, let $\alpha^{\prime}$ be any element of $\chi_{n}$ . Let $\psi:\Phi_{n}^{*}\rightarrow W_{n}$

be an extension of the homomorphism $U_{n,0}\rightarrow W_{n}$ defined by $\beta\rightarrow\zeta_{n}^{T_{n}(\alpha^{\prime}1og\beta)}$ ;
such an extension exists because $\Phi_{n}^{*}=\Pi_{n}\times U_{n,0}\times V$. Since $W_{??}^{q_{n}}=1,$ $\psi$ is
trivial on $(\Phi_{n}^{*})^{q_{n}}$ . Hence it follows from iv) that there exists an $\alpha$ in $\Phi_{\gamma)}^{*}$

such that
$(\alpha, \beta)_{n}=\zeta_{n}^{\tau_{n^{(\alpha!}}}og\beta)$ $\beta\in U_{n,0}$ .

Since $(\alpha, \zeta_{n})_{n}=\zeta_{n^{n}}^{T(\alpha l\circ g\zeta_{n})}’=1,$ $\alpha$ is contained in $N_{n,2n+1}(\Phi_{2n+1}^{*})=N_{n,2n+1}(\Phi_{2n+1}^{\prime}\times U_{0}$

$=\Phi_{n}^{\prime}\times U_{0}^{q_{n}}$ . As $(\alpha, \beta)_{n}$ is unchanged when $\alpha$ is replaced by any element oi
$\alpha U_{0^{n}}^{q}$ , we may assume that $\alpha$ is contained in $\Phi_{n}^{\prime}$ . Then we have $\alpha^{\prime}=\psi_{n}(\alpha)$

and we see that $\psi_{n}$ is surjective.
Let $f;X\rightarrow \mathfrak{X}$ be any $\kappa$ -homomorphism. Then

$f\cdot(x^{\omega_{n}})\equiv\omega_{n}f(x)$ $mod q_{n}\mathfrak{X}$ , $x\in X$ .
Hence $f$ maps $X^{\omega_{n}}$ into $\omega_{n}\mathfrak{X}+q_{n}\mathfrak{X}$ . Since $X_{n}=X^{(n)}=X/X^{\omega_{n}}$ by Proposition 1C
and since $\omega_{n}\mathfrak{X}+q_{n}\mathfrak{X}$ is contained in the kernel of $\chi\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ . we see that $J$

induces a homomorphism $X_{n}\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ , and hence also a homomorphisrr
$\Phi_{l}^{\prime},\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ .

THEOREM 4. There exists a unique $\kappa$ -isomorphism
$ f:X\rightarrow$ ee

which induces $\psi_{n}$ : $\Phi_{a}^{\prime}\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ for every $n\geqq 0$ .
PROOF. Let $m\geqq n$ . For any $\alpha$ in $\Phi_{m}^{\prime}$ and $\beta$ in $U_{n,0}$ , we have

$(N_{n.m}(\alpha), \beta)_{n}=(\alpha, \beta)_{m}^{p^{m-n}}=\zeta_{n^{m}}^{\tau(\psi_{m}(\alpha)Jog\beta)}$

$=\zeta_{n^{nnm}}^{T(T,(\psi_{m}(\alpha))\log\beta)}$ .
This shows that

$\psi_{n}(N_{n,m}(\alpha))=T_{n.m}(\psi_{m}(\alpha))$ , $\alpha\in\Phi_{m}^{\prime}$ ,

namely that the following diagram is commutative:
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$\Phi_{m}^{\prime}\rightarrow \mathfrak{X}_{m}/q_{m}\mathfrak{X}_{m}$

$\downarrow N_{n,m}$ $\downarrow T_{n,m}$

$\Phi_{n}^{\prime}\rightarrow \mathfrak{X}_{n}/q_{n}\#_{n}$ $m\geqq n$ .
Since $(\Phi_{n}^{\prime})^{q_{n}}$ is contained in the kernel of $\psi_{n},$ $\psi_{n}$ induces a homomorphism

$f_{n}$ : $X_{n}\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ . For these $f_{n},$ $n\geqq 0$ , we then have commutative diagrams
similar to the one in the above. Since ee is also the inverse limit of $\mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$ ,
$n\geqq 0$ , we obtain a continuous homomorphism $f:X\rightarrow \mathfrak{X}$ which induces $f_{n}$ and
$\psi_{n}$ for every $n\geqq 0$ . By Proposition 14, $\psi_{n}$ is a surjective $\kappa$ -homomorphism.
Hence $f_{n}$ and $f$ are also surjective $\kappa$ -homomorphisms.

Suppose that $f(x)=0$ for an element $x$ in $X$. Let $x_{n}$ be the image of $x$

under $X\rightarrow X_{n}$ , and let $\alpha_{n}$ be an element of $\Phi_{7l}^{\prime}$ representing $x_{n}mod (\Phi_{n}^{\prime})^{\eta_{n}}$ .
Then $f(x)=0$ implies $f_{n}(x_{n})=0$ and $\psi_{n}(\alpha_{n})=0$ . It follows that $(\alpha_{n}, \beta)_{n}=1$ for
every $\beta$ in $U_{n,0}$ , and hence also for every $\beta$ in $U_{n}=U_{n,0}\times V,$ $n\geqq 0$ . Since
$\chi_{n}=N_{n,2n+1}(x_{2n+1})$ , we have $\alpha_{n}\equiv N_{n.2n+1}(\alpha_{2n+1})mod (\Phi_{n}^{\prime})^{q_{n}}$ . As $\pi_{n}=\pi_{2_{n+1}}^{q_{n}}\beta$ with
$\beta$ in $U_{2n+1}$ , we see that

$(\alpha_{n}, \pi_{n})_{n}=(N_{n,2n+1}(\alpha_{2n+1}), \pi_{n})_{n}=(\alpha_{2n+1}, \pi_{n})^{q_{7\ell}}\underline{)}fl+J$

$=(\alpha_{2n+1}, \pi_{2n+1})_{2n+}^{q_{2n+_{J}1}}(\alpha_{2n+1}, \beta)_{2n+1}$

$=1$ .

It then follows from $\Phi_{n}^{*}=\Pi_{n}\times U_{n}$ that $(\alpha_{n}, \Phi_{n}^{*})_{n}=1$ . Therefore, by iv), $\alpha_{n}$

is contained in $(\Phi_{n}^{*})^{q_{n}}$ , and $\chi_{n}$ belongs to $X_{n}^{q_{n}}$ for every $n\geqq 0$ . Hence $x=1$ ,

and $f$ is injective. As $X$ is compact, $f$ is then a topological isomorphism. The
uniqueness is obvious.

The definition of $\psi_{n}$ , and hence also the definition of $f$ depend upon the
choice of the sequence of roots of unity $\zeta_{n},$ $n\geqq 0$ , namely, the choice of the
isomorphism $\ell:W\rightarrow Q_{p}/Z_{p}$ . Nevertheless, $f$ is essentially unique in the follow-
ing sense; let $\ell^{\prime}$ : $W\rightarrow Q_{p}/Z_{p}$ be any other isomorphism and let $f^{\prime}$ : $X\rightarrow \mathfrak{X}$ be
the $\kappa$ -isomorphism defined by $C^{\prime}$ . Then there exists a $p$ -adic unit $u$ such that
$f(\zeta)=\mathcal{U}f^{\prime}(\zeta)$ for every $\zeta$ in $W$, and such that

$f^{\prime}(x)=uf(x)$ , $x\in X$ .

Let $\mathfrak{Z}$ be the submodule of ee defined in 1.6, and let $Z$ be the subgroup of
$X$ defined in 2.3. Then:

PROPOSITION 15.
$f(Z)=\mathfrak{Z}$ .

PROOF. Let $f(Z)=\mathfrak{Z}^{\prime}$ , and let $\mathfrak{Z}_{n}^{\prime}$ be the image of $\mathfrak{Z}^{\prime}$ under $\mathfrak{X}\rightarrow \mathfrak{X}_{n}$ . It
follows from Artin-Hasse’s explicit formula that

$\psi_{n}(\pi_{n})=\mu_{n}+q_{n}\mathfrak{X}_{n}$

Hence
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$\psi_{n}(\pi_{n}^{\sigma})=\kappa(\sigma)\mu_{n}^{\sigma}+q_{n}\mathfrak{X}_{n}$ $\sigma\in G$ ,

by Proposition 14. Therefore $\psi_{n}(Q_{n})=(\mathfrak{Z}_{n}+q_{n}\mathfrak{X}_{n})/q_{n}X_{n}$ , and consequently
$f_{n}(Z_{n})=(\mathfrak{Z}_{n}+q_{n}\mathfrak{X}_{n})/q_{n}\mathfrak{X}_{n}$ . However, since

$f$

$ X\rightarrow$ $\mathfrak{X}$

$\downarrow$

$f_{n}$

$\downarrow$

$X_{n}\rightarrow \mathfrak{X}_{n}/q_{n}\mathfrak{X}_{n}$

$\iota scommutative,$ $weseethatf_{n}(Z_{n})=(\mathfrak{Z}_{n}^{\prime}+q_{n}\mathfrak{X}_{n})/q_{n}\mathfrak{X}_{n}$ . $Hence\mathfrak{Z}_{n}+q_{n}\mathfrak{X}_{n}=\mathfrak{Z}_{n}^{\prime}+q_{n}\mathfrak{X}_{n}$ .
We then obtain $\mathfrak{Z}=\mathfrak{Z}^{\prime},$

$q$ . $e$ . $d$ .

3.2. Let
$\mathfrak{Y}=f(Y)$ ,

and let $\mathfrak{Y}_{n}$ be the image of $\mathfrak{Y}$ under $\mathfrak{X}\rightarrow \mathfrak{X}_{n}(n\geqq 0)$ . $\mathfrak{Y}$ is a closed $Z_{p}[G]-$

submodule of $\mathfrak{X}$ containing $\mathfrak{Z}$ , and

$\chi/\mathfrak{Y}=\lim \mathfrak{X}_{n}/\mathfrak{Y}_{n}$ ,

$\mathfrak{Y}/\mathfrak{Z}=\lim \mathfrak{Y}_{n}/\mathfrak{Z}_{n}$ ,

in the obvious manner. Similarly for $\pm(_{\backslash }t/\mathfrak{Y})$ , etc.
It follows from Corollary i) of Proposition 8 that for each $n\geqq 0$ , there

exists an element $\alpha_{n}$ in $+P_{n}^{\prime}$ such that $\perp P_{n}^{\prime}/(+P_{n}^{\prime})^{p}$ is generated by the cosets
of $\alpha_{n}^{\rho},$ $\rho\in+G_{n}$ . Using the same corollary, we also see readily that we may
choose $\alpha_{n}$ so that $N_{n,n+1}(\alpha_{n+1})=\alpha_{n},$ $n\geqq 0$ . Let $y_{n}$ denote the image of $\alpha_{n}$ under
$\star P^{\prime_{p}}\rightarrow+Y_{n}^{\prime}=(Y_{n}^{\prime})^{+}=$ . Then $+Y_{n}^{\prime}$ is generated by $y_{n}$ over $Z_{p}[G]$ , and $N_{n,m}(y_{m})=y_{n}$

for any $m\geqq n\geqq 0$ . Let $y$ be the element of $Y$ determined by these $y_{n},$ $n\geqq 0$ . It
follows from the above that the elements $y^{\sigma},$ $\sigma\in G$ , generate a dense subgroup
of $+Y$ . Hence $f(y)^{\sigma},$ $\sigma\in G$ , also generate a dense subgroup of $-\mathfrak{Y}=f\cdot(+Y)$ .

Let $i$ be odd and $i\neq p-2$ . By Theorem 2 and Proposition 1, we have
$Z_{p}[G]$ -isomorphisms $i\#\rightarrow i\mathfrak{R}\rightarrow A=Z_{p}[[T]]$ . Let $ih$ be the element of $\Lambda$ cor-
$respondingtoi_{6(f(y))in^{i}\mathfrak{X}}$ . Then we have isomorphisms of compact $\Gamma$ -modules

$?\mathfrak{Y}\rightarrow(\dot{\lambda}h)=A^{i}h$ , $i\chi/i\mathfrak{Y}\rightarrow A/(^{i}h)$ .

Since $i\mathfrak{Z}\rightarrow(ig)$ under the same map $\iota\chi\rightarrow A$ , we see that the ideal $(^{i}g)$ is con-
tained in $(^{i}h)$ , namely, that

${}^{\dot{t}}g={}^{t}h^{i}k$ ,

for some $ik$ in $\Lambda$ . It follows that

${}^{t}(\mathfrak{Y}/\mathfrak{Z})=^{t}\mathfrak{Y}/i\mathfrak{Z}\cong\Lambda/(^{i}k)$ .
Since $p-2(\#/\mathfrak{Z})\cong p-2(\mathfrak{A}/\mathfrak{B})=0$ , we have

$p-2(\mathfrak{X}/\mathfrak{Y})=^{p-2}(\mathfrak{Y}/\mathfrak{Z})=0$ .
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Hence the above result also holds for $i=p-2$ , if we put simply $p-2g=^{p-2}h$

$=^{p-2}k=1$ .
PROPOSITION 16. Both $-(\mathfrak{X}/\mathfrak{Y})$ $and^{-}(\mathfrak{Y}/\mathfrak{Z})=\mathfrak{Y}/\mathfrak{Z}$ are regular strictly $\Gamma- finite$

$\Gamma$ -modules, and
$-(\mathfrak{X}/\mathfrak{Y})^{(n)}=-\mathfrak{X}_{n}/-\mathfrak{Y}_{n}$ ,

$-(\mathfrak{Y}/\mathfrak{Z})^{(n)}=^{-}\mathfrak{Y}_{n}/-\mathfrak{Z}_{n}$ , $n\geqq 0$ .
PROOF. We first notice that since $+(Y/Z)=Y/Z$ and $Y/Z$ is $\kappa$ -isomorphic

to $\mathfrak{Y}/\mathfrak{Z}$ , we have $-(\mathfrak{Y}/\mathfrak{Z})=\mathfrak{Y}/\mathfrak{Z}$ . We also know by Theorem 2 that $-(\mathfrak{X}/\mathfrak{Z})$ is
strictly $\Gamma- finite$ Hence both $-(X/\mathfrak{Y})$ and $-(\mathfrak{Y}/\mathfrak{Z})$ are strictly $\Gamma- finite$ . Let $i$ be
any odd index. Then $i(ae/\mathfrak{Y})$ is strictly $\Gamma- finite$ , and ${}^{t}(\mathfrak{X}/\mathfrak{Y})\equiv A/({}^{t}h)$ . As we
have noticed in 1.4, a strictly $\Gamma- finite\Gamma$ -module of the type $A/(g)$ is always
reguiar. Hence ${}^{t}(\mathfrak{X}/\mathfrak{Y})$ is regular. Therefore $-(\mathfrak{X}/\mathfrak{Y})$ , the direct sum of such
$i(ae/\mathfrak{Y})$ , is also regular. Similarly $-(_{\backslash }^{t|}J/\mathfrak{Z})$ is regular.

Since $-(\mathfrak{X}/\mathfrak{Z})^{(n)}=-\mathfrak{X}_{n}/-\mathfrak{Z}_{n}$ by Theorem 2, we see immediately that $-(t/\mathfrak{Y})^{(n}$ ‘

$=-\chi_{n}/-\mathfrak{Y}_{n},$ $n\geqq 0$ . On the other hand, as $-(\mathfrak{X}/\mathfrak{Y})$ is regular, we have $-(\mathfrak{X}/\mathfrak{Y})^{(n)}$

$=\rightarrow(\mathfrak{X}/\mathfrak{Z})^{(n)}/-(\mathfrak{Y}/\mathfrak{Z})^{(n)}$ . Hence $-(\mathfrak{Y}/\mathfrak{Z})^{(n)}$ and $-\mathfrak{Y}_{n}/-\mathfrak{Z}_{n}$ have the same finite order.
However, it is clear that $\omega_{n}(-(\mathfrak{Y}/\mathfrak{Z}))$ is contained in the kernel of the natural
homomorphism $-(\mathfrak{Y}/\mathfrak{Z})\rightarrow-\mathfrak{Y}_{n}/-\mathfrak{Z}_{n}$ . Hence we see from the above that $-(\mathfrak{Y}/\mathfrak{Z})^{(n)}$

$=-(\mathfrak{Y}/\mathfrak{Z})/\omega_{n}(-(\mathfrak{Y}/\mathfrak{Z}))\rightarrow\rightarrow \mathfrak{Y}_{n}/-\mathfrak{Z}_{n}$ is an isomorphism.
Now, the map $f:X\rightarrow \mathfrak{X}$ induces $\kappa$ -isomorphisms

$X/Y\rightarrow\chi/\mathfrak{Y}$ ,

$Y/z\rightarrow \mathfrak{Y}/\mathfrak{Z}$ ,

$X/Z\rightarrow \mathfrak{X}/\mathfrak{Z}$ .
Of $tfieS^{\epsilon\backslash }\vee$ slx $Z_{2)}[G]$ -groups, the arithmetic properties of $X/Y$ and $Y/Z$ are
given by Proposition 12 and Proposition 13 respectively, and the algebraic
structure of $\mathfrak{X}/\mathfrak{Z}$ is described in Theorem 2. Using these facts, we shall next
study some arithmetic consequences of the above $\kappa$ -isomorphisms.

3.3. Let $S_{n}$ denote the Sylow $p$ -subgroup of the ideal class group of $F_{n}$ ,
$n\geqq 0$ . The injection of the i deal group of $F_{n}$ into the ideal group of $F_{m},$ $m\geqq n$ ,

lnduces a homomorphism $S_{n}\rightarrow S_{m}$ . Let $S$ denote the direct limit of $S_{n},$ $n\geqq 0$ ,

relative to these maps $S_{n}\rightarrow S_{m},$ $m\geqq n$ . Clearly $S_{n},$ $n\geqq 0$ , and 5 are $Z_{p}[G]$ -groups
in the natural manner so that $S_{n},$ $\pm S$, etc. are defined. It is known that
$-S_{n}\rightarrow-S_{m}$ is injective for any $m\geqq n^{19)}$ . Hence we may consider $-S$ simpiy as
the union of all $-S_{n},$ $n\geqq 0$ .

Let $L/F$ and $K/F$ be the abelian extensions defined in 2.3. Let $c$ be an
ideal class in $-S$ and let $\mathfrak{a}$ be an ideal of an $F_{n}$ representing the class $c$ .

19) See [9], \S 10, Theorem 15
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Then $\mathfrak{a}^{p^{m}}=(a)$ for some integer $m\geqq 0$ and for some $a$ in $F_{n}^{*}$ . Let $\alpha$ be a
$p^{m}$ -th root of $a$ in 9. It follows from the definition of $K$ that $\alpha$ is contained
in $K$. For any $g$ in $+c(K/F)$ , we put

$(g, c)=\iota(\alpha^{g\rightarrow 1})$ ;

since $\alpha^{g-1}$ is a $p^{m}$ -th root of unity in $W$, the right-hand side is an element of
$Q_{p}/Z_{p}$ . We can then show that $(g, c)$ depends only upon $g$ and $c$ , and defines
a dual pairing of the compact abelian $group+c(K/F)$ and the discrete abelian
group $-S$ into $Q_{p}/Z_{p}$ :

$+c(K/F)\times-S\rightarrow Q_{p}/Z_{p}$ ,

such that
$(g^{\sigma}, c^{\sigma})=\kappa(\sigma)(g, c)$ , $\sigma\in G^{20)}$ .

Let $L^{\prime}/F$ denote the maximal sub-extension of $L/F$ such that the Galois
group $G(L^{\prime}/F)$ is a regular $\Gamma$ -group. It is known that $L/L^{\prime}$ is a finite exten-
sion and $-G(L/F)=-G(L^{\prime}/F)^{21)}$ . Let $-S^{\prime}$ and $-S^{\prime\prime}$ denote the annihilators of
‘; $G(K/L^{\prime})$ and $+c(K/L)$ in $-S$ respectively, with respect to the above pairing.
Then we have similar pairings

$+c(K/L^{\prime})\times(^{-}S/-S^{\prime})\rightarrow Q_{p}/Z_{p}$ ,

$+c(K/L)\times(^{-}S/-S^{\prime\prime})\rightarrow Q_{p}/Z_{p}$ ,

$+c(L^{\prime}/F)x^{-}S^{\prime}\rightarrow Q_{p}/Z_{p}$ ,

$+c(L/F)x^{-}S^{\prime\prime}\rightarrow Q_{p}/Z_{p}$ .

Clearly $-S^{\prime}$ is contained $in-S^{\prime\prime},$ $and-S^{\prime\prime}/-S^{\prime}$ is dual to the finite group $+c(L/L^{\prime})$ .
Since $+c(L^{\prime}/F)$ is a regular $\Gamma$ -group, $-S^{\prime}$ is also regular. It follows that $-S^{\prime}$

is the maximal regular subgroup of the discrete $\Gamma- finite\Gamma$-group $-S^{\prime\prime}$ .
PROPOSITION 17. Let $c$ be an element of order $p^{m},$ $m\geqq 0$ , in $-S_{n}$ . Then

the following properties for $c$ are equivalent:
i) $c$ is contained in $-S_{n}^{\prime\prime}=\rightarrow S^{\prime\prime}\cap^{-}S_{n}$ ,

ii) There exist an integer $s\geqq m$ and an ideal $a$ in the class $c$ such that
$\mathfrak{a}^{P^{S}}=(a)$ with an element $a$ in $F_{n}^{*}\cap\Phi_{n}^{p^{S}}$ ,

iii) For any integer $s\geqq m$ and for any ideal $\mathfrak{a}$ in the class $c$ , there exists
an element $a$ in $F_{n}^{*}\cap\Phi_{n}^{p^{S}}$ such that $\mathfrak{a}^{p^{S}}=(a)$ .

PROOF. Clearly iii) implies ii). Let $s,$ $\mathfrak{a}$ , and $a$ be as stated in ii). Let
$l\geqq n,$ $s$ , and let $\alpha$ be a $p^{s}$-th root of $a$ in $\Omega$ . By the assumption on $a,$ $F_{l}(\alpha)/F_{l}$

is an unramified abelian p-extension so that $\alpha$ is contained in $L_{\iota}^{\prime}$ , and hence
in $L$ . Consequently $\alpha^{g-1}=1$ for every $g$ in $G(K/L)$ , and $(^{+}G(K/L), c)=0$ .
Therefore, $c$ is contained in $-S^{\prime\prime}$ , and we see that ii) implies i).

20) See [9], \S 8.
21) See [9], \S 10, Theorem 16.
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Suppose next that $c$ belongs to $-S^{\prime\prime}$ . Let. $s$ and $\mathfrak{a}$ be as stated in iii).

Since $c$ is an element of $-S_{n}$ , we have $c^{1+\delta}=1$ for $\hat{0}=\sigma(-1)$ . Let $c_{1}=c^{1/2}$ .
Then $c=c_{1}^{1\leftrightarrow\delta}$ . Let $\mathfrak{a}_{1}$ be an ideal of $c_{1}$ , prime to $(\pi_{n})$ . Since $c_{1}^{p^{m}}=1$ , we have
$\mathfrak{a}_{1}^{p^{\delta}}=(a_{1})$ with some $a_{1}$ in $F_{n}^{*}\cap U_{n}$ . Let $\mathfrak{a}_{2}=\mathfrak{a}_{J}^{1\rightarrow\delta},$ $a_{2}=a_{1}^{1\leftrightarrow\delta}$ so that $\mathfrak{a}_{2}$ is an ideal
of the class $c$ satisfying $\mathfrak{a}_{\backslash ,\lrcorner}^{p^{s}}=(a_{2}),$ $a_{9}^{1+\delta}=1$ . Let $\alpha$ be a $p^{s}$ -th root of $a_{2}$ in $K$

Since $(^{+}G(K/L), c)=1$ , it follows from the definition of the pairing that $\alpha^{g-1}=\perp$

for every $g$ in $+c(K/L)$ . On the other hand, we see from $a_{2}^{\iota+\delta}=1$ that $\alpha^{g-1}=1$

for every $g$ in $\leftrightarrow G(K/L)$ . Hence $\alpha^{g-1}=1$ for any $g$ in $G(K/L)$ , and $\alpha$ must be
an element of $L$ . Let $T\geqq n,$ $s$ . Then $F_{l}(\alpha)/F$, is an unramified cyclic exten-
sion, and the principal prime ideal $(\pi,)$ is completely decomposed in $F,(\alpha)$ .

Hence $a_{2}$ is contained in $\Phi^{p^{6}}$ , and consequently in $-U^{p^{S}}$ . However $-U_{l}$ is the
direct product of $W_{l}$ and a subgroup which is G-isomorphic to $-(Z_{p}[G_{l}])^{22)}$ . It
follows that $a_{2}=\zeta_{n}^{i}a_{2}^{\prime}$ where $\tau$ is a suitable integer and $ a^{\prime}\lrcorner\rangle$ is an element of
$-U_{n}^{p^{S}}$ . Thus $\mathfrak{a}_{2}^{p^{S}}=(a_{2}^{\prime})$ with $a_{2}^{\prime}$ in $F_{n}^{*}\cap\Phi_{n}^{p^{s}}$ . Since $\mathfrak{a}$ and $\mathfrak{a}_{2}$ belong to the same
class $c$ , there exists an element $b$ in $F_{n}^{*}$ such that $\mathfrak{a}=b\mathfrak{a}_{2}$ . Then $\mathfrak{a}^{p^{S}}=(a)$ with
$a=b^{p^{S}}a_{2}^{\prime}$ in $F_{n}^{*}\cap\Phi^{p_{\iota}^{S}}$ . Hence i) implies iii).

THEOREM 5. There exists a dual pairing of the compact abelian group
$-(\mathfrak{X}/\mathfrak{Y})$ and the discrete abelian group $-S/-S^{\prime\prime}$ into $Q_{p}/Z_{p}$ :

$-(\mathfrak{X}/\mathfrak{Y})\times(-S/-S^{\prime/})\rightarrow Q_{p}/Z_{p}$ ,

such thal
$(\tilde{x}^{\sigma},\tilde{c}^{\sigma})=(\tilde{x},\tilde{c})$ , $\sigma\in G$ ,

for any $\tilde{x}$ in $-(\mathfrak{X}/\mathfrak{Y})$ and $\tilde{c}$ in $-S/-S^{\prime\prime}$ .
PROOF. By Proposition $12,$ $+G(K/L)=+(X/Y)$ . Hence the map: $X/Y\rightarrow X/\mathfrak{Y}$

$\iota$ nduces a $\kappa$ -isomorphism $+c(K/L)\rightarrow-(\mathfrak{X}/\mathfrak{Y})$ . Combining this with the pairing
$+c(K/L)\times(^{-}S/-S^{\prime\prime})\rightarrow Q_{p}/Z_{p}$ , we obtain a pairing $-(\mathfrak{X}/\mathfrak{Y})\times(^{-}S/-S^{\prime\prime})\rightarrow Q_{p}/Z_{p}$ as
stated in the theorem.

Suppose that $f$ : $W\rightarrow Q_{p}/Z_{p}$ is replaced by $\ell^{\prime}$ : $W\rightarrow Q_{p}/Z_{p}$ . Then $\ell=\mathcal{U}f^{\prime}$

with $u$ in $U$, and $f$ is replaced by $f^{\prime}=uf$. Hence (fi, $\tilde{c}$) is unchanged, and we
see that the pairing is canonically defined. More precisely, the value of $(\tilde{x}, c\sim)$

can be computed explicitly as follows: Let $c$ be an element of $-S_{n}(n\geqq 0)$

representing $\tilde{c}$ , and let $\mathfrak{a}$ be any ideal of the class $c$ , prime to $(\pi_{n})$ . Let
$\mathfrak{a}^{p^{m}}=(a),$ $m\geqq 0$ , with an element $a$ in $F_{n}^{*}$ . We may assume that $a\equiv 1mod \pi_{n}$ ,

because every non-zero residue class $mod \pi_{n}$ contains a unit of $F_{n}$ . Let $x$ be
an element of -ee representing $\tilde{x}$, and let $x_{n}$ be the image of $x$ under $-\mathfrak{X}\rightarrow^{\rightarrow}\mathfrak{X}_{n}$ .
Then:

PROPOSITION 18.
$(\tilde{x},\tilde{c})={\rm Res}(p^{-m}T_{n}(x_{n}\log a))$ .

PROOF. We fix an $s\geqq m,$ $n$ . Let $\alpha$ be a $p^{m}$-th root of $a$ in $K$. Let $g$ be

22) See [9], \S 11, Theorem 19.
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the element of $+c(K/L)$ corresponding to $\tilde{x}in\rightarrow(\mathfrak{X}/\mathfrak{Y})$ , and let $g^{\prime}$ be the restric-
tion of $g$ on $K_{s}$ . We choose an element $b$ in $U_{s}^{\prime}$ such that $g^{\prime}$ is mapped to $b$

$mod E_{s}$ under the isomorphism $G(K_{s}/L_{s})\rightarrow U_{s^{\prime}}/\overline{E}_{s}=X_{s}/Y_{s}$ . Then $\psi_{s}(b)=f_{s}(b)=x_{s}$

$mod q_{s}\mathfrak{X}_{s}$ , where $x_{6}$ denotes the image of $x$ under $-\mathfrak{X}\rightarrow-\mathfrak{X}_{s}$ , and $\psi_{s}$ and $f_{s}$ are
the maps defined in 3.1. Hence it follows from the definition of $(\tilde{x}, c^{\sim})$ and
$(, )_{s}$ that

$(\tilde{x},\tilde{c})=(g, c)=f(\alpha^{g-1})=f(\alpha^{g^{\prime}-1})$

$=l((b, a^{p^{S+1-m}})_{s})=p^{s+1-m_{f((b,a)_{s})}}$

$=p^{s\cdot\vdash 1-m_{f}}(\zeta_{s}^{T_{S}(x_{S}\log a)})$

$=p^{S+1-m}{\rm Res}(q_{s}^{-1}T_{s}(x_{s}\log a))$

$={\rm Res}(p^{-m}T_{n}(T_{n,s}(x_{s})\log a))$

$={\rm Res}(p^{-m}T_{n}(x_{n}\log a))$ , $q$ . $e$ . $d$ .

The formula indicates clearly that the pairing is independent of the choice
of $f$ : $W\rightarrow Q_{p}/Z_{p}$ and that $(\tilde{x}^{\sigma},\tilde{c}^{\sigma})=(\tilde{x},\tilde{c})$ for any $\sigma$ in $G$ . It is to be noted that
we can also define $(\tilde{x},\tilde{c})$ by the above formula and then prove directly that
it gives a dual pairing of $-(\mathfrak{X}/\mathfrak{Y})$ and $-S/-S^{\prime\prime}$ into $Q_{p}/Z_{p}$ .

3.4. It is known that the discrete $\Gamma$ -group $-S$ is regular and that $\rightarrow S_{n}$

consists of all those elements in $-S$ which are invariant under the automor-
phisms of $\Gamma_{n}=G(F/F_{n})^{23)}$ . Hence $N_{n,m}:-S_{m}\rightarrow-s_{n}$ induces an isomorphism
$\rightarrow S_{m}=S_{m}/-S_{m^{n}}^{\omega}\rightarrow-S_{n},$ $m\geqq n\geqq 0$ .

Let $c_{0}$ be any element of $-S_{0}$ . Since $N_{n,m}:-S_{m}\rightarrow-S_{n},$ $m\geqq n\geqq 0$ , is surjec-
tive, we can find $c_{n},$ $n\geqq 1$ , so that $N_{n,m}(c_{m})=c_{n}$ for any $m\geqq n\geqq 0$ . For each
$n\geqq 0$ , we then define a $Z_{p}[G]$ -homomorphism

$\rho_{n}$ ; $\mathfrak{R}_{n}\rightarrow-s_{n}$ ,

by
$\rho_{n}(\alpha)=c_{l}^{\alpha}$ , $\alpha\in \mathfrak{R}_{n}$ .

Since $c_{n}^{-e}=c_{n}$ , we have $\rho_{n}(\mathfrak{R}_{n})=\rho_{n}(-\mathfrak{R}_{n})$ . We also know by a classical result
on cyclotomic fields24) that $\rho_{n}(\alpha)=c_{n}^{\alpha}=1$ for any $\alpha$ in $\mathfrak{R}_{n}\cap \mathfrak{R}_{n}\xi_{n}^{*}$ . Let $\mathfrak{A}_{n}^{*}$ and
$\mathfrak{B}_{n}^{*}$ be the $Z_{p}[G]$ -modules defined in 1.4. Then $9t_{n}^{*}=-\mathfrak{B}_{n}^{*}+^{-}\mathfrak{R}_{n}$ and $-\mathfrak{B}_{n}^{*}=\mathfrak{R}_{n^{-}}\xi_{n}^{*}$

so that
$-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*}=^{-}\mathfrak{R}_{n}/(^{-}\mathfrak{R}_{n\cap}\mathfrak{R}_{n}^{-}\xi_{n}^{*})=^{-\mathfrak{R}_{n}}/(^{-}\mathfrak{R}_{n\cap}\mathfrak{R}_{n}\xi_{n}^{*})$ .

Hence it follows from the above that $\rho_{n}$ induces a $Z_{p}[G]$ -homomorphism

$\rho_{n}^{\prime}$ $:-\mathfrak{U}_{n}^{*}/-\mathfrak{B}_{n}^{*}\rightarrow-s_{n}$ .

Since $N_{n,m}(c_{m})=c_{n},$ $m\geqq n\geqq 0$ , we have

23) See [9], \S 10.
24) See [10], \S 3.
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$\rho_{n}^{\prime}=\rho_{m}^{\prime}\circ t_{m,n}^{\prime}$ , $m\geqq n\geqq 0$ ,

for the homomorphism $t_{m,n}^{f}$ $:-\mathfrak{A}_{r}^{*}/\rightarrow \mathfrak{B}^{*},$ $\rightarrow-\mathfrak{A}_{m}^{*}/-\mathfrak{B}_{m}^{*}$ defined in 1.2. It then follows
that

$\rho_{n}^{\prime}\circ t_{n,m}=\rho_{m}^{\prime}\circ\nu_{n.m}=N_{n,m}\circ\rho_{m}^{\prime}$ , $m\geqq n\geqq 0$ .

Hence the maps $\rho_{n}^{\prime},$ $n\geqq 0$ , define a homomorphism from the inverse limit
$-(\mathfrak{A}^{*}/\mathfrak{B}^{*})$ of $-\mathfrak{A}_{\eta}^{*}/-\mathfrak{B}^{*_{l}},$ $n\geqq 0$ , into the inverse limit of $-S_{n},$ $n\geqq 0$ , relative to the
homomorphisms $N_{n,m}$ $:-S_{m}\rightarrow-S_{n}$ . However, we can see by class field theory
that the inverse limit of $-S_{n},$ $n\geqq 0$ , is canonically isomorphic to the inverse
limit of $-G(L_{n}^{\prime}/F_{n}),$ $n\geqq 0$ , relative to the natural maps $-G(L_{m}^{\prime}/F_{m})\rightarrow-G(L_{n}^{\prime}/F_{n})$ ,

$m\geqq n\geqq 0$ , namely, to the Galois group $-G(L/F)$ . Thus we obtain a $Z_{p}[G]-$

homomorphism
$\rho;-(\mathfrak{A}^{*}/\mathfrak{B}^{*})\rightarrow-G(L/F)$ ,

depending upon the sequence of elements $c_{n},$
$n\geqq 0$ .

Suppose that $c_{0}^{(1)},$ $\cdots c_{t)}^{(\gamma)}$ generate $-s_{0}$ over $Z_{p}[G]$ . Let $\rho^{(j)};\rightarrow(?t^{*}/\mathfrak{B}^{*})$

$\rightarrow-G(L/F)$ be the homomorphism defined by a sequence of elements $c_{n}^{(j)},$ $n\geqq 0$ ,

starting with $c_{0}^{(j)}(1\leqq i\leqq r)$ . We then see easily that the homomorphism
$\rho$

$\ddagger^{-}(?I^{*}/\mathfrak{B}^{*})^{r}\rightarrow-G(L/F)$ defined by these $\rho^{(1)},$ $\cdots$ , $\rho^{(r)}$ is surjective. Hence $G(L/F)$

is always a homomorphic image of the $Z.[G]$ -module $-(\mathfrak{A}^{*}\backslash /\mathfrak{B}^{*})^{r}$ for some
integer $r\geqq 1$ . We shall next consider the case $r=1$ .

In general, let $A$ be a $p$ -primary compact G-module on which $G$ of course
acts continuously. For simplicity, we call $A$ G-cyclic when $A$ contains an
element $a$ such that the elements $\sigma a,$

$\sigma\in G$ , generate a dense subgroup of $A$ .
For example, both $-\mathfrak{Y}$ and $-\mathfrak{Z}$ are G-cyclic modules.

Let $A=+A\oplus^{-}A=^{0}A\oplus\cdots\oplus^{p-2}A$ be the decompositions of $A$ defined as
usual. Then we see easily that each of the following conditions is necessary
and sufficient for $A$ to be G-cyclic:

1) $A^{(0)}=A/A^{\omega_{0}}$ is G-cyclic,
2) Both $+A$ and $-A$ are G-cyclic,
3) Every $iA,$ $0\leqq i\leqq p-2$ , is a $\Gamma$-module of the type $\Lambda/(g),$ $ g\in\Lambda$ ,
4) Every ${}^{t}A^{(0)}={}^{t}A/iA^{\omega_{0}},0\leqq i\leqq p-2$ , is cyclic over $Z_{p}$ , namely, every $iA^{(0)}$

is either isomorphic to $Z_{p}$ or to a finite cyclic group with order a power of $p$ .
For the Galois group $G(L/F)$ , we have natural isomorphisms $G(L/F)^{(0)}$

$\rightarrow G(L_{0}^{\prime}/F_{0})\rightarrow S_{0}$ . Hence $G(L/F)$ is G-cyclic if and only if the finite group $S_{0}$

is G-cyclic.
PROPOSITION 19. The following properties for $S_{0}$ are equivalent:
i) $S_{0}$ is G-cyclic,
ii) $-S_{0}$ is G-cyclic,
iii) ${}^{t}S_{0}$ is cyclic for every index $i$ ,

iv) $iS_{0}$ is cyclic for every odd $i$ .
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PROOF. It is sufficient to show that iv) implies iii). Let $-S_{0^{(p)}}$ denote $th\in$

subgroup of all $cin-S_{0}$ such that $c^{p}=1$ . Then the pairing $+c(K/F)\times^{-}S\rightarrow Q_{p}/Z_{\iota}$

in 3.3 induces a non-degenerate pairing

$(^{+}G(K_{0}/F_{0})/+c(K_{0}/F_{0})^{p})\times\rightarrow S_{0^{(p)}}\rightarrow Q_{p}/Z_{p}$ ,
such that

$(g^{\sigma}, c^{\sigma})=\kappa(\sigma)(g, c)$ $\sigma\in\Delta$ .
Hence we see that

rank ${}^{t}G(K_{0}/F_{0})=rank^{j}S_{0}$ ,

for any even $i$ and odd $j$ such that $i+j\equiv 1mod p-1$ . On the other hand,
since ${}^{t}G(K_{0}/L_{0})\cong iU_{0}^{\prime}/i\overline{E}_{0}=iU_{0,0}^{\prime}/i\overline{E}_{0,0}$ as stated in the proof of Proposition
12, and since rank ${}^{t}U_{0.0}^{\prime}=0$ or 1 according as $i=0$ or $i\neq 0$ , we know that
rank $iG(K_{0}/L_{0})\leqq 1$ for any even index $i$ . Hence rank $iG(K_{0}/F_{0})$ is either equal
to rank $iG(L_{0}/F_{0})$ or equal to $1+rank^{i}G(L_{0}/F_{0})$ . However, by class field theory,
$iG(L_{0}/F_{0})$ is isomorphic to ${}^{t}S_{0}$ . Therefore, it follows from the above that

(6) rank $iS_{0}\leqq rank^{j}S_{0}\leqq 1+rank{}^{t}S_{0}$ ,

for even $i$ and odd $j$ satisfying $i+j\equiv 1mod p-1$ . Hence if $jS_{0}$ is cyclic, so is
${}^{t}S_{0}$ , and we see that iii) follows from iv).

PROPOSITION 20. Suppose that $S_{0}$ is G-cyclic. Then there exisl $Z_{p}[G]-$

isomorphisms
$+c(L^{\prime}/F)\rightarrow^{+}(Y/Z)\subset Y/Z$ ,

$-G(L^{\prime}/F)=-G(L/F)\rightarrow-(\mathfrak{A}^{*}/\mathfrak{B}^{*})$ .
There also exist dual pairings

$-(\mathfrak{X}/\mathfrak{Y})\times(-S/-S^{\prime})\rightarrow Q_{p}/Z_{p}$ ,

$-(\mathfrak{Y}/\mathfrak{Z})x^{-}S^{\prime}\rightarrow Q_{p}/Z_{p}$ ,

$-(\mathfrak{X}/\mathfrak{Z})\times-S\rightarrow Q_{p}/Z_{p}$ ,
such that

$[x^{\sigma}, c^{\sigma}]=[x, c]$ , $\sigma\in G$ .
PROOF. Since $S_{0}$ is G-cyclic, so is $-S_{0}$ by Proposition 19. Hence $-S_{0}$ has

an element $c_{0}$ whose conjugates $c_{0}^{\sigma},$ $\sigma\in G,$ generate $S_{0}$ . Let $c_{n},$ $n\geqq 1$ , be chosen
from $-S_{n}$ as stated in the above. Since $N_{0,n}(c_{n})=c_{0}$ and since $N_{0}$,. $:-S_{n}\rightarrow-S_{0}$

induces an isomorphism of $-S_{n}/- s_{n}^{\omega_{0}}$ onto $-s_{0},$ $-s_{n}/-S_{n}^{\omega_{0}}$ is generated by the
cosets of $c_{n}^{\sigma},$ $\sigma\in G$ . We then see that $S_{n}$ itself is generated by $c_{n}^{\sigma}$ , $\sigma\in G$ , and
the map $\rho_{n}:\mathfrak{R}_{n}\rightarrow-S_{n}$ is surjective. Since $\rho_{n}(-\mathfrak{R}_{n})=\rho_{n}(\mathfrak{R}_{n}),$ $\rho_{n}^{\prime}:\rightarrow \mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*}$

$=-\mathfrak{R}_{n}/(^{-}\mathfrak{R}_{n}\cap \mathfrak{R}_{n}\xi_{n}^{*})\rightarrow-S_{n}$ is also surjective. However, $-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*}$ is isomorphic
to $-\mathfrak{A}_{n}/\rightarrow \mathfrak{B}_{n}$ as abelian groups so that the order of $-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*}$ is equal to the
exact power of $p$ dividing the first factor $-h_{n}$ of the class number of $F_{n}$ ,

namely, to the order of $-S_{n}$ . Hence $\rho_{n}^{\prime}$ must be an isomorphism. Therefore
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$\rho:-(\mathfrak{A}^{*}/\mathfrak{B}^{*})\rightarrow-G(L/F)$ is also an isomorphism.
By Proposition 5, we have a non-degenerate pairing $(^{-}\mathfrak{A}_{n}/-\mathfrak{B}_{n})\times(^{-}\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{\eta}^{*})$

$\rightarrow Q_{p}/Z_{p}$ for each $n\geqq 0$ . Using the isomorphisms $\varphi_{n}$
$:-(\mathfrak{X}/\mathfrak{Z})^{(n)}=^{-\mathfrak{X}_{n}}/-\mathfrak{Z}_{n}\rightarrow-\mathfrak{A}_{n}/-\mathfrak{B}_{n}$

and $\rho_{n}^{\prime}$ $:-$ )
$lI^{*_{?}}/-\mathfrak{B}^{*}\rightarrow-S_{n}$ , we obtain a non-degenerate pairing $[x, c]_{n}$ $:-(\mathfrak{X}/\mathfrak{Z})^{(n)}$

$\times\rightarrow S_{n}\rightarrow Q_{p}/Z_{p}$ such that
$[x^{\sigma}, c^{\sigma}]_{n}=[x, c]_{n}$ , $\sigma\in G$ ,

$[N_{\iota,m}(x), c]_{n}=[x, c]_{m}$ , $m\geqq n\geqq 0$ ,

where the element $x$ in the second equality stands for an arbitrary element
in $\rightarrow(\mathfrak{X}/\mathfrak{Z})^{(m)}$ . Since $-(\mathfrak{X}/\mathfrak{Z})$ is the inverse limit of $-(\mathfrak{X}/\mathfrak{Z})^{(n)},$ $n\geqq 0$ , and $-S$ is the
direct limit of $-S_{n},$ $n\geqq 0$ , it is clear that the above pairings $[x, c]_{n},$ $n\geqq 0$ ,

define a dual pairing
$-(\mathfrak{X}/\mathfrak{Z})x^{-}S\rightarrow Q_{p}/Z_{p}$ ,

such that $[x^{\sigma}, c^{\sigma}]=[x, c]$ for any $\sigma$ in $G$ .
Now, let $A$ and $B$ denote the annihilators of $S^{\prime}$ and $-S^{f\prime}$ in $\rightarrow(\mathfrak{X}/\mathfrak{Z})$ respec-

tively, with regard to the above pairing of $-(\mathfrak{X}/\mathfrak{Z})$ and $-S$ . Then we have
similar pairings

$(^{-}(\mathfrak{X}/\mathfrak{Z})/A)\times-S^{\prime}\rightarrow Q_{p}/Z_{p}$ ,

$B\times(-S/-S^{\prime/})\rightarrow Q_{p}/Z_{p}$ .

Hence it follows from Theorem 5 that $B$ is $Z_{p}[G]$ -isomorphic to $-(\mathfrak{X}/\mathfrak{Y})$ and
consequently that $iB\cong i(ae/\mathfrak{Y})\cong\Lambda/(^{\iota}h)$ for every odd $\iota$ ; here $\Lambda=Z_{p}[[T]]$ , and
$ih$ is an element of $A$ as defined in 3.2. On the other hand, we know that
there exists a $Z_{p}[G]$ -isomorphism $ i\lambda$ : $i(ae/\mathfrak{Z})\rightarrow\Lambda/(ig)$ for each odd $i$ . Let ${}^{t}b$ be
the image of 1 $mod (^{i}h)$ under an isomorphism $\Lambda/({}^{t}h)\rightarrow iB$ , and let $iJ^{\cdot}$ be an
element of $A$ such that $i\lambda(ib)=\iota fmod (^{i}g)$ . Then $i\lambda(iB)=(^{i}f^{i}g)/(^{i}g)$ , and we
see from the isomorphisms $A/(^{i}h)\rightarrow iB\rightarrow i\lambda(iB)$ that an element $u$ of $A$ belongs
to $(^{i}h)$ if and only if $u^{i}f$ is contained in $(^{i}g)$ . Since $ig=ih^{i}k$ , it follows that
${}^{t}f$ is divisible by $ik$ in $\Lambda;^{i}f=ik^{\prime\iota}k$ , and that ${}^{t}k^{\prime}$ is not a zero-divisor $mod (^{i}h)$ .
As ${}^{t}h\neq 0$ , we then see that $(^{i}k^{\prime i}h)$ is a primary ideal of $A$ , belonging to the
maximal ideal of the 2-dimensional local ring $A$ . Hence $\Lambda/(^{?}k^{\prime i}h)$ is a finite
module. Let $iA^{\prime}$ be the lnverse image of $({}^{t}k)/(^{i}g)$ under $ i\lambda$ : $i(\mathfrak{X}/\mathfrak{Z})\rightarrow\Lambda/(^{\tau}g)$ .
Since $(^{i}f^{i}g)=(^{i}k^{\prime},{}^{t}h)(ik)$ , we have $iA^{\prime}/iB\cong(^{i}k)/(^{i}f^{i}g)=A/(^{i}k^{\prime},{}^{t}h)$ and $i(\mathfrak{X}/\mathfrak{Z})/iA^{\prime}$

$\cong\Lambda/(^{i}k)\cong?(\mathfrak{Y}/\mathfrak{Z})$ . Hence (
$A^{\prime}/iB$ is finite and $i(\mathfrak{X}/\mathfrak{Z})/iA^{\prime}$ is a regular $\Gamma$ -module.

On the other hand, as $A/B$ is dual to $-S^{\prime\prime}/-S^{\prime},$ $A/B$ is finite, and so is $iA/{}^{t}B$ .
Since ${}^{t}(\mathfrak{X}/\mathfrak{Z})/iA$ is dual to the regular $\Gamma$ -module $-iS^{\prime i}(\mathfrak{X}/\mathfrak{Z})/iA$ is also regular.
Therefore both ${}^{t}A^{\prime}/iB$ and ${}^{t}A/{}^{t}B$ are finite submodules of the $\Gamma$ -module
$\iota(\mathfrak{X}/\mathfrak{Z})/iB$ with regular factor modules, and we see that $iA^{\prime}=iA^{25)}$ . It follows

25) A discrete $\Gamma- finlte$ module has a unique maximal regular submodule. See
[8], 1.4.
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that $i(ae/\mathfrak{Z})/{}^{t}A\cong\dot{t}(\mathfrak{Y}/\mathfrak{Z})$ for every odd ?, and we have a $Z_{p}[G]$ -isomorphism

$-(\mathfrak{X}/\mathfrak{Z})/A\rightarrow-(\mathfrak{Y}/\mathfrak{Z})$ .

Combining it with $(^{-}(\mathfrak{X}/\mathfrak{Z})/A)\times-S^{\prime}\rightarrow Q_{p}/Z_{p}$ , we obtain a dual pairing $-(\mathfrak{Y}/\mathfrak{Z})$

$\times^{-}S^{\prime}\rightarrow Q_{p}/Z_{p}$ .
The pairing $-(X/\mathfrak{Z})\times-S\rightarrow Q_{p}/Z_{p}$ also induces a similar pairing $A\times(^{-}S/-S^{\prime})$

$\rightarrow Q_{p}/Z_{p}$ . However, it has been proved in the above that $iA\cong(^{i}k)/(^{i}g)=A/(^{i}h)$

$\cong i(\mathfrak{X}/\mathfrak{Y})$ . Hence $A\cong\rightarrow(X/\mathfrak{Y})$ , and we have a pairing $-(\mathfrak{X}/\mathfrak{Y})\times(^{-}S/-S^{\prime})\rightarrow Q_{p}/Z_{p}$ .
Finally, combining the $pairing-(\mathfrak{Y}/\mathfrak{Z})\times-S^{\prime}\rightarrow Q_{p}/Z_{p}$ with the $\kappa$ -isomorphism

$+(Y/z)\rightarrow-(\mathfrak{Y}/\mathfrak{Z})$ , we obtain a dual pairing $+(Y/Z)\times-S^{\prime}\rightarrow Q_{p}/Z_{p}$ such that
$[y^{\sigma}, c^{\sigma}]=\kappa(\sigma)[y, c]$ for any $\sigma$ in $G$ . As stated in 3.3, there also exists a dual
pairing $+G(L^{\prime}/F)\times-S^{\prime}\rightarrow Q_{p}/Z_{p}$ such that $(g^{\sigma}, c^{\sigma})=\kappa(\sigma)(g, c)$ for any $\sigma$ in $G$ .

It follows that $+(Y/Z)=Y/Z$ is $Z_{p}[G]$ -isomorphic to $-\llcorner G(L^{\prime}/F)$ .
Since $G(L/F)^{(n)}=^{\rightarrow}G(L_{n}^{\prime}/F_{n})\cong-S_{n},$ $n\geqq 0$ , the isomorphism $G(L/F)\cong-(9l^{*}/\mathfrak{B}^{*})$

implies
$-S_{n\backslash }\cong-))1^{*_{p}}/-\mathfrak{B}^{*_{p}}$ , $n\geqq 0$ .

As stated in [10], this gives us a group-theoretical interpretation of the
$p$ -part of the classical class number formula (I) for the first factor $-h_{n}$ of the
class number of $F_{n}$ . We also notice that the existence of a $Z_{p}[G]$ -isomorphism
$-G(L/F)\rightarrow-(J_{\vee}^{1*}/\mathfrak{B}^{*})$ implies conversely that $S_{0}$ is G-cyclic, because $-S_{0}\cong-\mathfrak{A}_{0}^{*}/-\mathfrak{B}^{*}$

$=^{-}\mathfrak{R}_{0}/(^{-}\mathfrak{R}_{0}\cap \mathfrak{R}_{0}\xi_{0}^{*})$ and $-\mathfrak{R}_{0}$ is G-cyclic.
To obtain a similar result from $+G(L^{\prime}/F)\cong Y/Z$, we assume that $G(L/F)$

is a regular $\Gamma$ -groups. Then $L^{\prime}=L$ , and $+c(L^{\prime}/F)^{(n)}=+c(L/F)^{(n)}\cong+s_{n},$ $n\geqq 0$ .
On the other hand, the regularity of $G(L/F)$ also implies $E_{n}^{\prime}=E_{n},$ $n\geqq 0^{26)}$ so
that $(Y/Z)^{(n)}=(^{\perp}E_{n}/+C_{n})_{p}$ by Proposition 13. Hence we see from $G(L^{\prime}/F)\cong Y/Z$

that
$+s_{n}\cong(+E_{n}/+c_{n})_{p}$ , $n\geqq 0$ ,

as $Z_{p}[G]$ -groups. This may be considered as a group-theoretical interpretation
of the p-part of the classical class number formula (II) for the second factor
$+h_{n}$ of the class number of $F_{n}$ , because the p-part of (1I) simply states that
the order of $+s_{n}$ is equal to the order of $(^{+}E_{n}/+c_{n})_{p}$ . Without assuming that
$G(L/F)$ is regular, we can still obtain a certain group-theoretical relation
between $+s_{n}$ and $(^{+}E_{n}/+c_{n})_{p}$ by using Corollary iv) of Proposition 8. But we
omit the detail here.

Finally, we notice that unlike the pairing given in Theorem 5, the isomor-
phisms and the pairings in the preceding proposition are not canonical. We
feel that some essential link is still missing in the relation between $-(\mathfrak{X}/\mathfrak{Z})$

and $\rightarrow S$ .

26) See [9], \S 9, Theorem 14.
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3.5. Suppose now that the prime number $p$ is properly irregular; namely,
that the second factor $+h_{0}$ of the class number of $F_{0}$ is prime to $p$ . Then
$+s_{0}=1$ , and it follows from (6) that $jS_{0}$ is cyclic for every odd $j$ . Hence $S_{0}$ is
G-cyclic by Proposition 19, and we see from Proposition 20 that $-s_{n}\cong-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{n}^{*}$ ,
$n\geqq 0$ . However, in this case, we can also proceed as follows, without refer-
ring to the result of 3.4.

It is known that the assumption on $+h_{0}$ implies that $+h_{n}$ is not divisible
by $p$ for any $n\geq 0^{27)}$ Hence the class number formula (II) shows that
$(^{+}E_{n}/+c_{n})_{p}=1$ . It then follows from Proposition 13 that $Y/Z=1$ . Therefore
$-(\mathfrak{Y}/\mathfrak{Z})=\mathfrak{Y}/\mathfrak{Z}=0$ , and $-(\mathfrak{X}/\mathfrak{Y})=^{-}(\mathfrak{X}/\mathfrak{Z})$ . On the other hand, the fact that $+h_{7\ell}$

is prime to $p$ also implies $that+s_{n}=1and+c(L_{n}^{\prime}/F_{n})=1,$ $n\geqq 0$ . Hence $+s=1$ ,

$\rightarrow S=S,$ $+c(L/F)=1$ , and consequently $-S^{\gamma/}=1$ , because $-S^{\prime\prime}$ is dual to $+c(L/F)$

as explained in 3.3. We then see from Theorem 5 that there exists a canonical
dual pairing

$-(\#/\mathfrak{Z})\times S\rightarrow Q_{p}/Z_{p}$

such that $[x^{\sigma}, c^{\sigma}]=[x, c]$ for any $\sigma$ in $G$ . Hence we also have, for each $n\geqq 0$ ,

a similar non-degenerate pairing

$-\mathfrak{X}_{n}/-\mathfrak{Z}_{n}\times S_{n}\rightarrow Q_{p}/Z_{p}$ .

It follows in particular that $-\mathfrak{X}_{n}/-\mathfrak{Z}_{n}$ is finite. Hence $-\backslash $)
$\backslash 1_{n}/-\mathfrak{B}_{n}$ is also finite by

Theorem 2. The proof of Proposition 4 then shows that $iD_{n}\neq 0$ for every
odd $i$ and that the order of $S_{n}$ , which equals the order of $-\mathfrak{X}_{n}/-\mathfrak{Z}_{n}$ , is equal to

the exact power of $p$ dividing $2q_{n}\Pi(--21_{i}-D_{n})$ . Since $S$. $=-S_{n}$ , this is nothing

but the $p$ -part of the class number formula (I). We also see $l$ rom Proposition
5 that $S_{n}$ is $Z_{p}[G]$ -isomorphic to $-\mathfrak{A}_{n}^{*}/-\mathfrak{B}^{*_{p^{\backslash }}}$ .

There exists an essential difference between the above proof and the one
which uses Proposition 20. Whereas the isomorphism $S_{n}=-S_{n}\cong-\backslash \backslash 1^{*_{p}},/-\mathfrak{B}_{n}^{*}$

obtained from Proposition 20 is not canonical, the pairing $-.\yen_{n}/-\mathfrak{Z}_{n}\times S_{n}\rightarrow Q_{p}/Z_{p}$

in the above is canonical and is explicitly given by Proposition 18. Further-
more, in the proof of Proposition 20, we had to use the class number formula
(I) in the form that $-S_{n}$ and $-\mathfrak{A}_{n}^{*}/-\mathfrak{B}_{\rho}^{*}$ have the same order. However, in the
above proof, in addition to the assumption that $+h_{0}$ is not divisible by $p$ , we
have used only the class number formula (II) to the effect that $[^{+}E_{n} : +C_{n}]$ is
finite and prime to $p$ , and have proved the $p$ -part of the class number formula
(I) by purely algebraic deduction.

Massachusetts Institute of Technology

27) See [6].
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