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§1. Let D be a domain in the #z-dimensional complex Euclidean space
C", and M be a k-dimensinal analytic set® in D A1=Zk=<n—1). It is well-
known that the set of all irreducible points of M is not always an open sub-
set of M. For example, the analytic set {z}—z%z,=0} in C? is irreducible at
the origin, but there exist reducible points of the analytic set converging to
the origin (Osgood [2]). We shall say that a point p is a singular irreducible
point of M, if M is irreducible at p and there exist reducible points of M
converging to p. Let S be the set of all singular irreducible points of M. Re-
cently S. Hitotumatu has shown that S must be empty if M is an analytic
set of 1-dimension in C2 In this note, we show the following:

THEOREM. The closure S of S in D is an analytic set in D. For each point
peES, a relation dim,S=dim,M—2 holds.

REMARK. For the set S itself, Theorem is not true. For example, the
analytic set {z,z}—z%z,)=0} in C* has the set {z;,=2,=2,=0, 2,#0} as S.
For another example, the analytic set {zi—2z%zi+2i(1—z}z,)=0} in C* is ir-
reducible in C* Outside the set {2,=0}\J {2, =0} U {1—2z}2, =0}, the analytic
set is decomposed into the following four sets:

(zo=21+2V2 (t=—2142V7 },

{a=2V1-2V2 )} and {z=—2V1-2v%}.
We have easily
S={z,=2,=0,2,=2,} U{lezzzo: z;=—2,—{0,0,0,0)} .

But we can generally show that the set S itself has an analytic property,
that is, S is locally the finite union of locally analytic sets. (cf. §4.)

First applying the Remmert-Stein’s ‘Einbettungssatz’ ([34) and the
method of Osgood [2, Chap. II, § 157, we shall define the number of components.
of M at a point pe M. (cf. §2). In §3, we shall derive a property of roots
of a polynomial. In §4, we shall consider Theorem for the case that M is.

1) About the definition and related notions of an analytic set, see Remmert-Stein

[4].
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purely dimensional, and in §5 we shall conclude the proof of [Theoreml
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note.

§2. If the set S is empty, is trivial. We assume that S is not
empty. In this section and §4, we assume that the analytic set M is purely
k-dimensional in D. An ordinary point of M can not belong to S. Letp bea
singular point of M and U be an arbitrary neighborhood of p contained in D.
By the Remmert-Stein’s ‘ Einbettungssatz’, after suitable non-singular an-
alytic transformations of coordinates, the analytic set M has the following
type of local representations in a neighborhood of p. We may assume the

point p to be the origin of C*. We denote by w,, -, Wp-s, 21, =+ , 2 the coordi-
nates in a neighborhood of p. There exist neighborhoods W and Z, of the
origin in the spaces C"*w,, -, w,-;) and C'(z,) respectively v =1,2, -+, k)

satisfying the following:
WX Z, X -+ X Z; is contained in U. There exist distinguished polynomials?®

Pwy; 24, , 2;) in w, of degree g, (a=1,2, ---,n—k) with coefficients holomor-
phic in Z; X --- X Z,. For each «a, P, has no multiple factors and every system
(wy, -+ , wp_i) of the solutions of Pyws; 2y, -+, 2:,) =0 for any point (z, -, z:)

e Z, X -+ X Z is surely a point in W,

The discriminant w, of P, is not identically zero for each «@. There exists
a distinguished polynomial 4,(z;; z,, -, ) in 2z; with coefficients holomorphic
in Z, X .-« X Z, such that

n—-k
{y 20 EZ, X 0 X Z ldI;Ilww(Zn ey 2) =0}
={(zy, ", 20) EZ1 X oo+ X Zp | d4i(2y 5 25, -+, z)=0}.

For the sake of brevity, we put often (wy, -, wn_r)=w, 2, =0,(2,, -, 21) = 2,
Zy=V and Z, X -+ X Z,=Z. We may assume 4,(v; z) has no multiple factors
and every solution of 4,(v; z2)=0 belongs to V for any z& Z.

Let 08,(z) be the discriminant of 4,(v; z). 06,(z) is holomorphic in Z and not
identically zero.

The set M' = {(w,v,2)€ WXV X Z|Pwys;v,2)=0,(a=1,2,--- ,n—Fk)} is an
analytic set in W X V X Z having two properties as follows:

i) The set M~ (W X V X Z) is the union of some irreducible components
of M’ in WX V X Z. Each irreducible components of M’ in WX V X Z'is the

n-k
closure of a connected component of the set M’ N {II .2, z)+ 0}, and con-
a=1

versely. Moreover each irreducible component of M/ in WX VXZ is ir-
reducible at the origin.

2) In this note, a distinguished polynomial has generally its center at the origin.
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i) Over any point (#°, 2°)® in V X Z, there exists at least one point (»?°, v°, z°)
of M. If :];I’:cow(v", z%) # 0, M has the same germ as M’ at each point («?®, 2°, 2%)
of M over (v°, z%.

A point (0’ 0°, 2% is often called a point w® over (2% 2°). Since each point

n—-k
of M over (2° 2°) satisfying TI w.(¢° 2°) #+ 0 is an ordinary point of M, the set
a=1

n-—-k
{IT w, =0} contains the origin and we can construct 4, as above.
a=1

Take a point (w? 2° 2°) in M satisfying 4,(0°;2°)=0. Let V° and V° be
two bounded simply-connected neighborhoods of »°, and W?° Z° be those of
w? z°. We shall say that a collection (W°, V©, Yo, Z% is a distinguished system
of neighborhoods of (w°, v°, 2°) for M if it satisfies the following four conditions:

L wecw, Vesvicv, 2°cZz,

2 M'NW° X {v°} X {2°}) = {(w", v, 2"},

B) M/ N"O@W X VX Z=¢, (W° means the boundary of W?.)

@ (e V| 4(;2)=0}={»*} and {(v, 2) € (V°'— V)X Z°|4,(v ; 2) =0} = ¢.
First we remark that for any given neighborhood W’ of w® we can construct
a distinguished system of neighborhoods (W?°, V', V9, 2% such that Woc W'.

Let (W°, Vo, Ve, Z% be a distinguished system of neighborhoods of (w°, v°,2°)
for M. By the condition (3), over any (v,2)€ V°X Z° we can find at least
one point of M in W?° Let b be a point in_V°—T7° and B be a simply-
connected neighborhood of b contained in V°—V° Let z' be a point in Z°
satisfying 0,(z')# 0 and v}, ---, v} be roots of the equation 4,(»,2')=0 in V.
‘We take simply-connected neighborhoods V'} and Z* of »} and 2! X1=1,2,---,¢)
as follows:

(@ Z'czZ°ni{s, =0}, eV 1=12-,1,

(b) Vin Vi=¢ for any A#=u A, u=1,2, - ,0),

() 4,v;2)+#0 for any (v, z)e(V"—C}1 V)X Zt.

Let w',---,uw' be points of M in W° over (v,2) = BX Z°. We denote w”
by w™(v, 2) or (wi(v, 2), --- , wh (v, 2)) (u=1,2,---,0). Since for any (v,2) = BX Z°
the equation Py w.;v»,2)=0 has distinct g, roots which are one-valued
holomorphic functions in B X Z° the branch wi(v,z) is so (#=1,2,---,7;
a=1,2,--,n—k). Each w4y, z) can be analytically continued along any curve

t -
in (V°—U V)X Z'. We may assume that «?, - ,w't are all of the simul-

t -
taneous continuations of ! along some curves in (V°—\U V{)XxX Z' and
=1

awhtHha e gttty gre those of W'ttt (v=1,2, - m; LA-L+ o iy

3) In this note, x¥ does not mean the y-th power of x unless otherwise stated.
4) AE&EB means that the closure of A is compact and is contained in B.
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=/[). We shall call m the number of components of M at (w°,v°, 2°). It is trivial
that this number m does not depend upon a particular choice of the neigh-
borhoods Vi and Z' (1=1,2,---,%. Under these assumptions and notations.
we have

LEMMA 1. The number of components of M at (w’, v°, 2°) coincides with the
number of irveducible components of M at (w®, v°,2%. As the result of this fact,
it is determined only by M and (W, v°, 2°), and does not depend upon a particular
choice of a point z* and a distinguished system of neighborhoods (W°, V°, Ve, Z%
of (w° v° 2% for M.

ProOOF. It is sufficient to show that one of the systems, for example
wt, -+, w", makes an irreducible component of M at (w° ¢°, 2°), and another
system, for example w't*!, ... wh*l2 makes distinct one.

Let /% be the number of distinct branches among wit* l-171 ... | glit -1+l
and we make elementary symmetric functions of such /¢ ones (v=1,2,---,m;
a=1,2,---,n—k). We denote by @(v,z) one of them. @(v,z) is one-valued

t —
and holomorphic in {(V"—AU" V)X Z'}U{BX Z’}. Let ¢ be an arbitrary

closed curve passing through (b,2') contained in {V°XxXZ° ~{4,#0}. We
continue simultaneously w' over (b,z') along ¢. When we come back to the
point (b, z') again, such a continuation of ! must be contained in {w?, ---, w'}.
We show first this fact. We may assume 6, # 0 on ¢. Let (¢/,2’) be an arbi-
trary point on ¢ and v{,---,v{ be roots of the equation 4,(»;z)=0 in V.
Since 3, #0 on ¢, we have # =¢ Take simply-connected neighborhoods V'
and Z’ of »j and 2/ (A=1,2, -+, satisfying the similar conditions (a), (b), (c)

t -
as Viand Z. We may assume 'J Vj®o’. The point »’ can be joined to the
a=1

t -
point & by a curve ¢’ contained in V°—'J V}{. We continue simultaneously
A=1
w' along ¢ from (b, zY) to (v/,2"), along ¢’ from (v/,2") to (b,2’) when z is in Z*
t —
and next along any closed curve in (VO—AU V) x Z’. The set of all w* over
=1

(b, 2’) obtained by such continuations is locally invariant when (»/,2’) moves
on ¢. So it is also {w?,---,w"}. From this fact @(v, z) becomes holomorphic
and one-valued in {V°® X Z°} n {4, #0}. By the removable singularity theorem
of Riemann, @(v, z) is a holomorphic and one-valued function in V° X Z°
Now, we have an irreducible polynomial Q4(ws; v, 2) in w, of degree [J
with coefficients holomorphic in V°® X Z° such that the roots of the equation
Q4 (wy;v,2)=0 are precisely those /¢ distinct branches among w1t vt ... |
w1t By the Remmert-Stein’s ‘ Einbettungssatz’, the closure of the
set which we obtain by the simultaneous continuations of ! along any curve
contained in {V°X Z°} n{4,#0} is an irreducible components of M at
?®, v°, 2%. Since w"'™ is not the simultaneous continuation of w! in
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{V°x Z° N {4, # 0}, the irreducible component of M at (w° v° 2°) containing
w!' is different to that containing w'*'. We conclude the proof.

We put Q. (w,;v,2)= in[ Q4 (wa; v, 2) and call it the a-th polynomial attached
py=1

to M at W 1v%2°) («a=12,---,n—k). It is a distinguished polynomial in w,
of degree /f+ --- +I% having its center at (w? v°, 2°).

By Lemma 1, we have

LEMMA 2. Let (W°, V?, 170, Z%) be a distinguished system of mneighborhoods
of W®,v° 2% for M and (v, 2') be a point in Vox 2o Suppose that the equation
4,(v;2)=0 has one and only one voot v*in V° and over (v, 2) theve is one and
only one point w* of M’ in WO Then the number of components of M at
W’ v°, 2°) is equal to that at (w?, v, 2*).

PROOF. First we remark (w?, v, 2') M. We can construct a distinguished
system of neighborhoods (W1, V1, V1, ZY of (wt, v', 2*) for M such that W W°,
Vi=ye, Vic Vo and Z'cZ°. By and the definition of the number
of components, we can easily arrive at the conclusion.

§3. Let 4, be a distinguished polynomial in z, of degree d with coeffi-
cients holomorphic in a neighborhood ¥V of the origin in C*(d >1,n=1). Sup-

pose that 4, has no multiple factors. Taking suitable coordinates z,, -, z,
in a neighborhood of the origin and a sufficiently small neighborhood Z, of
the origin in the z,-plane (v=1,2,.--,#%), by the Weierstrass’ preparation

theorem we can easily show the existence of distinguished polynomials
ALz, 2000, 0, 20) (0=1,2,---,7; 1 <7< n) satisfying the following:

1) Zyx--xXZ,CV.

2) Each 4, is a distinguished polynomial in z, whose coefficients are
holomorphic functions of zu,-,2, In Zpy X - X Z,. 4, has no multiple
factors and every solution of the equation 4,(z,; zu.1, -+, 2,) =0 belongs to Z,
for any (zuiq, =+, 20) €E Zpgy X o X Zp (=1,2,---, ).

3) We denote by 0, the discriminant of 4,. Then the set {J,=0} con-
tains the origin of Zuy X -+ X Z, and is contained in the set {4u;; =0} (#=0,
1,---,7—1). The analytic set {4,=0} in Z, X --- X Z, is ordinary at the origin.
‘We may assume {4,=0}={z,=0} in Z, X --- X Z,.

Under these assumptions, we have

LEMMA 3. Theve exists a neighbovhood 'Z, of the origin contained in Z,
W=r+1,---,n) such that for an arbitrary point (Zy.y, -+ ,2n) E ' Zppy X o+ X ' Z,
the simultaneous equations

A,u(z;e;z,u+1: 5y 2r-1y 0: g1y **° Zn):O (ﬂ :0: 1; T 7—1)

have one and only one system of solutions 2,(Zrvy, +++,2,) (0=0,1,---,r—1). And
each z,{z,41, -+, 2a) 1S @ holomorphic function in 'Z,o, X - X' Z,.
PROOF. First we consider the case r=1. 4, is uniquely decomposed into
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the product IaIA(‘,‘ of irreducible polynomials 45. Let d, be the degree of 4,
p=1

and d, be the least common multiple of d,,---,d,. We put z,=w, 2,=v,
(z2,, -+ ,2,) =2 and v=1¢% (here /% means the d,-th power of #). Let (W¢°, V°,
e, Z) be a distinguished system of neighborhoods of the origin (0,0, 0) for
the analytic set {4,=0} such that V°={|v|<e}, V°={|v| <&} and V°xZ°
CZ, X «+ X Z, By the assumptions d >1 and r=1, we have {§,=0} = {p =0}.
We put T={¢t]<¥¢e}, T={t|<N&} and 4¥w;t 2)=4w;1®,z). Denot-
ing by 6f the discriminant of 4§, we have {0f =0} ={¢=0} in TxZ°. We
put it A. The number of components of the analytic set {4¥ =0} at the

d
origin is equal to the degree d of 4f. So we have 4f = Hl(w~w,,(t, z)) where
g

w, is holomorphic and one-valued in 7' X Z° Denoting by A, the set {(¢ 2)
eTXZ\wyit,2)=w/St z)} for any pu+v (u,v=1,2,---,d). Since A, is not
empty, it is a purely l-codimensional analytic set in T'x Z°. As A is an ir-
reducible 1l-codimensional analytic set in T'X Z° and contains A,, we have
An=A (u,v=12,---,d; p+#v). The roots of 4(w;0,z)=0 are those of
43w ;0,2)=0, and they must be w,0,z). This concludes the proof in the
case r=1.

In the general case, the proof is inductive. If #=1, the lemma is trivial.
Let us assume the lemma true for »—1.

We DUt 4525 Zuew = » Zrmps Zrans s Z0) = A2 Zpsts = > Zres 0y Zrgny =+ 5 Zn)
(u=0,1,---,v—1). 4% is a distinguished polynomial in z, and not identically
zero. Since {z,=0} & {4,,, =0}, 4% has no multiple factors (#=0,1, ---,7—2).
Denoting by 8% the discriminant of 4%, we have {0§=0} C {45,,=0}. By the
lemma of the case r=1, 4,_,(2,-1; 0,241, -, 2,)=0 1is equivalent to z,_,
={(2,41, "+, 2y) in a neighborhood "7, X -+ X "Z, C Z,p1 X -+ X Z, where { is a
holomorphic function in “Z,., X --» X”Z,. By the transformations of coordi-
nates ‘z,—=z, W=12,---,n;v#r—1)and 'z,.,=2_,—L(2r11, ", 2, Z1 X =+ X 2y
X" Zppy X -+« X"Z, can be regarded as a neighborhood in (’z,---,’z,)-space.
From the hypothesis of the induction, there exists a neighborhood 'Z,,, X ---
X 'Z, such that for any ("z,.y, =, '2,) € 'Zyy X -+ X 'Z, the simultaneous equa-
tions 45’2z, "2y 5 2029, 0, 2y, o, 2,) =0 (=0, 1, ---, 7—2) have one and only
one system of solutions "z, ="'2,{'Zrr1, =+, Zn). Zrs1 X -+ X 'Z, can be regarded
as a neighborhood of the origin in (z,,,, -+, z,)-space. This yields the lemma.

§4. In this section we use the same assumptions and notations as in § 2.
Taking suitable coordinates w,, -, w,_s, 21, -+, 2; in a neighborhood of the
origin and making neighborhoods W, Z,---,Z; small, we may assume that
all of the hypothesis in § 2 hold and furthermore the following:

If 6,00)#0, we have {4,(n;2z)=0}={v=0} in VX Z; we put then r=1.
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W=2,2=@y ,2), V=2, and Z=2,X -+ X Z). If 8§,(0)=0, there exist
distinguished polynomials 4,(z,; 2,41, ---, 2) (0 =2, ---, #) satisfying the similar
conditions 2), 3) as in § 3.

Let L be connected components of the set

LD2=MNWXVXDN{4=0tN - N {4=0} N {41, # 0}

such that LA= \tle{} =12, --,7; we put 4,.,=1).

LEMMA 4. If M is irreducible (reducible) at a point in Li, then M is also
irveducible (veducible) at any point in L}

ProOF. Let (w° 1% 2°) be a point in L{. We can take a distinguished
system of neighborhoods (W?°, V9, V0,729 of w° v 2" for M such that
(20 € Z8] 4,205 Barry -+, 22) =0} = {24} and (BZ% X Z8i X -+ X Z) N {4u=0} = ¢
for u=1,2,---,2, where v°=2%,2°=(2%, ---,2}) and Z°=Z} X --- X Z}. We may
assume d;,, #0 in Z§;, X --- X Z} and furthermore in Z% X --- X Z% 4, is equi-
valent to a distinguished polynomial ‘4, in z, having its center at (2%, ---, 2}y
(t=1,2,---,2). Let Quw.;v,2) be the a-th polynomial attached to M at
W, v 2°) (a=1,2,--,n—k). Q,and '4,(u=1,2,---,2)satisfy all assumptions.
of Lemma 3. Making the neighborhood ZJ,; X --- X Z§ small as in Lemma 3,
by Lemma 1 and Lemma 2 our assertion is proved.

LEMMA 5. If LinLL # ¢, then we have A< and LiD LA,

Proor. By the definition of L#, the fact A< A’ is trivial. If A=21", we
have v=v’. Suppose A< 1’. Let N, be irreducible components of an analytic
set N=MnN{4:=0}n - Nn{d:=0} "\ {4;4.=0} in WXV XZ such that N

24 -
=\ N,. By the Remmert-Stein’s continuation theorem ([3]), L% is a purely
g=1

k—2 dimensional analytic set in WXV X Z and we have either L{D N,
or L}A\N,=¢ for each ¢ (6=1,2 ---,#). Since NDOL}, the relation

L= Cj(N,,mL{li) holds. Suppose that N, > L% for each 6. Then for each o
o=1

dim L#>dim (N, ~ L#) at each point of L%, because L% is a connected locally
analytic set without singularities in WX VX Z by Lemma 3. This is a
contradiction. Hence N,DL} for some o. Since LinL¥ +¢, we have
N,ALi#¢ and L} DN, for this . This concludes the proof.

Now, we can prove our Theorem when M is purely dimensional. Let p”
be an arbitrary point of Sin WX V X Z. Since p’ is not an ordinary point
of M, there exists one and only one L%, such that p’ € L%. By Lemma 4, M
is irreducible at each point of L. By the definition of the set S, there must
exist L} such that L4>p’ and every point of L% is a reducible point of M.
By Lemma 5, we have LD L% and A< 2’. From this fact we have 1'=2
and SDOL%. Thus we obtain the relation SA(WX VX Z)= AU L3 Since L#

Lics
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is a purely k—21 dimensional analytic set in W X V X Z, our assertion is proved.

We remark that the set S must be empty when M is 1-dimensional.

§5. Suppose M is not purely dimensional. M is decomposed uniquely
into the union of purely dimensional analytic set in D. We denote it by
M=M,\IM,\J ---\JM,, where M, is either empty or purely y-dimensional
analytic set in D and no irreducible components of M, in D is contained in
M, for v#v’. Let S, be the set of all singular irreducible points of A,. S,
is an at most (v—2)-dimensional analytic set in D. We have easily S35,
U ... US,.

Take a point p in S,S°% We take a small neighborhood G of p such
that GC D and G S=¢. Then every point of S,\G must be a reducible
point of M and must be contained in some M, (' #v). Hence S,NG
C(/QM,,[\M,,,)(\G. From this fact, we can conclude that any irreducible

v #Ey

component of S, in D passing through a point pegvm? must be contained

k
in Hl(MymM,,,).
:’ ;y
Let S, be the union of all irreducible components of S, in D not contained
k
in UW,\M,). S, is an at most (v—2)-dimensional analytic set in D. We
y/ =1
Vv #Fy

k — —
have easily \U S;S. Take a point p’in S. Let v, ---,y, be all indices such
y=2

that p’ ES;,, (p=1,2,---,%. We take a point p” of S in a sufficiently small
t
neighborhood of p’. p” must belong to UIS.»,,. Since M is irreducible at p”,
0=
t — k
p’ must belong to \U S}, We have S=\JS/, and this concludes the proof.
=1 y=2

Chuo University
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