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Hitherto the concept of differentials is introduced usually as the dual no-
tion of the derivations. For instance the differentials belonging to a function
field K/k are the dual elements of the k-derivations of K into itself. If V is
a differentiable manifold the local differentials at a point of ¥V are nothing
other than the elements of the dual space of the space of tangent vectors at
the point. Recently P. Cartier introduced in [4]" the notion of differentials
without referring to the special module of derivations. His theory was used
to settle the problem of separability in the extension of fields and the theory
of simple points. We shall present here a more general version of the theory
of differentials in a commutative R-algebra. In §1 we list the notations and
terminologies which will be used throughout the rest of the paper. In §2 we
shall prove some properties of differentials in a commutative algebra. Among
others we shall introduce the notion of the quasi-separability for an R-algebra®
S. When R is a field and S is a finite R-module the quasi-separability coincides
with the separability of S/R. In § 3 we shall give a theorem by which we can
determine the structure of the module of differentials. §4 is devoted to the
proof of the following theorem. Let P be a point of an algebraic variety V
which is defined over k&, and let R be the quotient ring of P in V/k Then
under suitable conditions it will be shown that P is a simple point of V if and
only if the module of k-differentials D(R) is a free module. We shall study
in §5 the contribution of our theory to the theory of ramifications. We shall
introduce there the notion of d-different. Quasi-separability and unramifiedness
will be shown to be equivalent under some additional assumptions. On the
other hand we have another kind of different which is called the homological
different in [2] We can easily prove that the homological different is con-
tained in the d-different and in some occasions they have the same radical.
But the precise relation between them is yet unknown. The relation between
the d-different and the differential index defined in our previous paper will
be discussed in the last paragraph. They give rise to the same results in the
case where we are studying the covering of algebraic curves. But in the case

1) The numbers in the bracket refer to the bibliography at the end of the paper.
2) For the precise definitions see §1.




64 Y. NaKAI

of higher dimensional varieties the matter is not so simple. The study of
their relation suggests us to introduce a series of differents associated with the
differentials of higher degree. We shall show in some special case that there
exists a non-increasing sequence of differents beginning from the d-different
and terminating in the different defined by the differential index. It is now
conjectured that the d-different has some geometric meaning related to the
differential forms of degree 1, but nothing is yet known about it.

§1. Notations and terminologies

All rings considered in this paper are assumed to be commutative and con-
tain the unity which will be denoted by 1. Let S and R be two rings. We
shall say that S is an R-algebra if R is an operator domain of S and (i) there
exists an R-homomorphism f from R into S such that /(1) =1 (ii) each element
7 of R operates on S by the rule rs=f(#)s where s is in S and the right hand
side is the multiplication in S. Let a be an ideal of S, then we shall call the
ideal f~(a N\ f(R)) the contraction of a and will be denoted simply by anR. In
this case R/(a\R) can be considered as a subring of S/a in an obvious way.
Let x be an element of R, we denote usually the element f(x) in S by the same
letter x if there is no danger of confusion. Let Sand R be two R-algebra with
the ring homomorphism f: R—Sand g: R—»7. A ring homomorphism = from
S into 7" will be called an R-algebra homomorphism if we have g=mof.

Let S be an R-algebra, an R-derivation of S into an S-module ¥ is an R-
linear map from S into V such that D(xy) = xD(y)+yD(x) for x and y inS. D
is an R-derivation of Sif, and only if, D is zero on f(R). We shall denote by
Dx(S) the module of R-differentials in S, i.e. the S-module satisfying the follow-
ing conditions:

(1) There is an R-derivation dy from S into Dz(S) (dg will be called the
differential operater over R).

(2) Dgx(S) is generated by {dzx, x =S} over S.

(3) For any R-derivation D of S into an S-module V, there exists an S-
linear map % from Dg(S) into V such that D=/hdp.

It is known that for a given R-algebra S, there exists a unique Dg(S), up
to an S-isomorphism. Let ¢ be the homomorphism from S S into S defined
by qo(; a;@b;) = ab. The kernel I of ¢ is generated by the element of

the form {I1Qs—xX1}. We make S®zS into an S-module by the rule a(d&Qc)
=abQc. Then SQRS=SR®1-+TI (direct sum) as an S-module. Let N be the
submodule of S®S generated by the elements of the form {1®ab—a®b—0b
Qa}, then Dx(S) is given by the difference module (S®S)/N and the differ-
ential drpa(e =S) is defined as the class of 1®a mod R. Since R=SQ1+I1*
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(direct sum) as S-module, we have Dx(S) is isomorphic to I/1? (cf. [4, Exposé 13]).

In the following we shall have occasions to consider several R-algebras S,
T,--- at the same time. To distinguish the differential operaters in Dx(S),
Dg(T), --- we shall use the symbols d§,d3%, --~. Thus for the same element z,
d¥x and d%x may have different meaning. We shall sometimes omit the sub-
script R if there is no danger of confusion. Let g, --,a, be elements of S,
then the differentials da;, ---, da, will be called linearly independent if 1,da,+ ---
+2Ada; =0 (2; €S) implies necessarily A, =:--=2,=0. Differentials da,, -, da,
are linearly independent if there exist s R-derivations D; =1, ---,s) of S such
that Dya;) = 0y

§ 2. Module of R-differentials

Let S be an R-algebra with the ring homomorphism f: R—S, and let T be
an S-algebra with the ring homomorphism g:S—7. Then T is an R-algebra
with the ring homomorphism 2=g-f: R— 7. Let x be an element of S, then
d%x stand for the R-differential dg(x) in Dg(T). Then Dx=dZ%x is an R-deriva-
tion of S into a T-module Dx(T), hence there exists an S homomorphism
a: Dgp(S)Y— Dp(T) such that

Dx=dix=a-d%x for x=S.

From this we can define a homomorphism @g;sr:7T®sDr(S)— De(T) by
Or s, (Xt QRd%x;) =2 tydix;, where ;= 7T, and x;S. Let Ng;s,r and Dg,r be
i

the kernel and cokernel of ¢;s.» respectively, then we have an exact sequence

J
(A) 0 NR;S,T T®SDR(S)_——)DR(T)_—")DS.T“-"’0-

We shall show that Dg,r is isomorphic to Dg(T"). To prove this it is sufficient
to show that Dg, has the universal mapping property with respect to the dif-
ferential operator @ =jd%. Let D be an S-derivation of T into a T-module V.
Then D is, a fortiori, an R-derivation of T into V, and there exists a T-homo-
morphism S : Dg(T)—V such that Dx= Ad%x for x= 7. Since D is an S-deri-
vation, Dx=0 holds for x in S, i.e. /S vanishes on the image of ¢g;sr. Tak-
ing the quotient we get a homomorphism B from Dg,p into V, and Dx= fd7x
= f-ax which proves that Dg s, has the property (3). Since it is easily seen
that Dy, satisfies the properties (1) and (2), the uniqueness property of the
module of differentials implies that Dg r is isomorphic to Dg(T). The above
results will be formulated in the

Prorosition 1. Let S be an R-algebra and let T be an S-algebra. Then D(T)
is isomorphic to the difference module Dx(T)/TD(S), where D(S) is a submodule
of Dg(T) generated by the elements {d%s,s =S}. Moveover if Dg(S) is zevo, Dg(T)
is isomorphic to Dg(T).
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Tueorem 1. Let S be an R-algebra and let T be an S-algebra. Then any R-
derivation of S into a T-module V can be extended to an R-derivation of T into
V if, and only if, (1) Qr;s,r is injective and (ii) T &Q Dg(S) is the divect summand
of De(T) (as a T-module)®. Moreover if it is known that Dg(S) is a finite mod-
ule, then we'll have () and (1) if any R-derivation of S into a finite T-module
can be extended to an R-derivation of T.

Proor. Let z= ; t;QdSx; be such that @g;s,r(2)=0, i.e. ZL) tdTx;=0. (We

omit the subscript R for the sake of simplicity.) Since D:x—1®dSx is an R-
derivation of S into a (finite) T-module TR ¢Dg(S), it can be extended to an
R-derivation of T into T Dg(S). We shall denote this extension by the same
letter D. Let a be a T-homomorphism Dg(T)— TR sDr(S) such that Dx=
adTx for xin 7. From Ei}tidei =0, follows 0 = a(Zi) t,dTx;) = }"‘_Z, tiadTx; = Xi}tlii
= ;ti(l X dsx;) = }_,;ti@)d Sx; since #’s are in S.  Thus ¢g; 7 is injective. More-

over we see that agg;s =1 from the definitions. Hence the exact sequence

Pr:8,T
0——>T Q@ Dp(S) —— Dp(T)— Ds r—0

splits and we get the condition (ii).

Conversely assume that ¢z ¢ is injective and TR Dg(S) is a direct sum-
mand of Dg(T). Let D be an R-derivation of S into a 7-module V. Then
there exists an S-homomorphism a from Dg(S) into V such that D =a«adS. Let
«, be the T-homomorphism from 7'Q Dg(S) into ¥V which is induced in a natu-
ral way by «, i. e. «,(t Qd%x) = ta(dSx). Since TR Dg(S) is the direct summand
of Dx(T), a, can be extended at least in one way to a T-homomorphism &,
from Dg(T) into V. Then the derivation ﬁdede will be the extension of
D. In fact if x is an element of S, we have

Dx=a,d™x = a,(1Qd%) = adx = Dx.

Corovrrary 1. If T is a field, then any derivation of S into a T-module can
be extended to an R-devivation of T if, and only if, the kernel N of @g:s,r is zero.

In the above situation Dg(T) =0, if the extension of the derivation (if ex-
ists) is unique, hence we have the

CoroLrLarY 2. The homomorphism @g.s,r iS an isomorphism if, and only if,
any derivation of S can be extended in a unique way to the devivation of T.

If T is not a field, the vanishing of the kernel gg;sr does not necessarily
imply that the extension is always possible.

ExampLeE. Let R be a field of characteristic #2, and let S= R[X?] and
T=R[X]. The correspondence 1Xd(X?—2XdX gives clearly an isomorphism
of TR Dx(S) into Dg(T). On the other hand let D be a derivation of S into

3) The necessity of the condition (ii) is pointed out by H. Sato.
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T defined by 0/0(X?). This derivation cannot be extended to the derivation
of T into T since D(X?)=2XD(X)=1.

ProrosiTion 2. Let S be an R-algebra and let U be a multiplicatively closed
set in S. Assume that U does not contain any zevo divisor. Then we have an
isomorphism Dg(Sy) = Sy Q) De(S).

Proor. By the above Cor. 2 it is sufficient to show that any R-derivation
of S into an Sy-module V can be extended in a unique way to an R-derivation
of Sy into V. But it is seen immediately that D(1/«) = —(1/#*)Du is the unique
extension of the given derivation D of S.

The examle mentioned before is a special case of the following proposition,
in which @g;s,r» would be injective though the extension of the derivation might
be impossible.

Prorosition 3. Let S be a domain with the quotient field K and L be a
separable extension of K. Let T be a subring of L such that L is the quotient
field of T. Then if Dg(S) is a free module over S, the homomorphism Qr.s,r 1S
an injective map.

Proor. Let us consider the following commutative diagram

Pr;s,T
0——> N—TQsDp(S) — Dg(T)

¢ Pr:&,L
0— L gDr(K) —— Dg(L)

where ¢g;k,z is injective since any derivation of K can be extended to the
derivation of L. Let z be an element of T®sDx(S) such that ¢ g (z) =0.
From the above diagram we see that ¢(z)=0. Letz= ; t,®dSs;, where {dSs;}

is a free base of Dg(S). By Prop. 2, Diy(K)= KX sDx(S), hence Dz(K) is also
a free module with the base {d*s;}. From the general property of tensor pro-
duct, L ® xDg(K) is also a free module with the base {1Xd%s;}. Hence if ¢(z)
= %} 5, Rd¥%s; =0, we have ;=0 for all i, i.e. z=0. Thus the proof is complete.

Prorosition 4. Let S be an R-algebra and assume that S is the direct sum
of two ideals A and B. Then Dg(S)= Dg(A)+Dg(B) (direct sum), and A annihi-
lates Dg(B) and B annihilates Dg(A).

Proor. Since S is the direct sum of A and B, we have SR zS=AR rA+
BRrB+AQR gB+BXrA (direct sum). Let Ry, R, and Ry be respectively the
relation deals of SRS, AR A and BR B defining the modules of differentials.
Then it is easily seen that Rg=R,+Rg+ARB+BX A. Let ¢ and b be ele-
ments of A and B respectively, then ¢ga®@b)=ab=0. Hence a®b is in I
for any elements ¢ in A and b in B. From this we can see that e ®@b=
(@R ep)esXb) is contained in I} where ¢, and ez are units of A and B respec-
tively. Thus we get the equality Rg=R,+Rz+ARXB+BRA. From this
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we can see that Dx(S)=(E®S)/Rs=(ARA)/R,+(BRB)/Rg= Dg(A)+Dxr(B).
adb=0 follows from the fact that ¢®¥& is contained in I%.

DeriniTioN 1. Let S be an R-algebra, we shall say that S is a quasi-sepavable
R-algebra if we have Dg(S)=0.

The following propositions are immediate consequences of the exact se-
quence (A).

Prorosition 5. If S is a quasi-separable R-algebra and if T is a quasi-sepa-
vable S-algebra, then T is a quasi-separyble R-algebra. On the other hand if T is
a quasi-separable R-algebra, then T is a quasi-separable S-algebra.

Prorosition 6. Let A be an arbitrary ving and let a be an ideal of A, then
A/a is a quasi-separable A-algebra.

The following proposition is a direct consequence of the definitions and
Prop. 6.

Proposition 7. Let S be a quasi-separable R-algebra and let M be an ideal
of S. Let m be an ideal of R such that wS M\ R. Then S/M is a quasi-sepa-
rable (R/m)-algebra.

Proor. Let zg:S—S/M and np: R— R/m be respectively the natural homo-
morphism. Then there exists a homomorphism f: R/m—S/M such that zg-f
=f-7p. Then S/M is a quasi-separable R-algebra and hence it is quasi-sepa-
rable over (R/m) with the ring homomorphism 7 by Prop. 5.

Prorosition 8. Let S be a quasi-separable R-algebra and let U be a multi-
plicatively closed set in S. Let V be the set U\ R then the quotient ring Sy is
quasi-separable over R and Ry respectively.

This is an immediate consequence of the successive applications of Prop.
7, Prop. 2 and Prop. 5.

Next we shall consider the generalization of Prop. 2 in the case where U
is an arbitrary multiplicatively closed set in S such that U does not contain 0
but contains 1. Let S be an R-algebra and let a be an ideal of S. Then ap-
plying the functor QsDgr(S) to the exact sequence

0 a S S/a 0

we see easily that (S/a) @ ¢Dg(S) is isomorphic to the difference module Dx(S)/
aDg(S). Now we can define an S-homomorphism o from a/a® in Dz(S)/aDx(S)
by the rule

o(class of @)=class of da, a<=n.

We shall show the following
ProposiTioN 9. Using the notations as above
(kernel of Qr;s,se) = (Image of p)
i.e. the sequence

a/a®>——(S/a) Q) sDa(S) —— Dr(S/a) —0
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is exact.®

Proor. For the sake of simplicity we shall use the notation d for d% and
a* for d§/». We shall also denote the class of elements x moda by £ Then
the map z = @g; 5,50 iS given by the rule

Hence D(a) = {S-module generated by the differentials da, a<a} and aDx(S)
are contained in the kernel of 2. Thus the homomorphism % induces the homo-
morphism # of Dg(S)/D(a)+-aDx(S) into Dg(S/a). We shall show that & is an
isomorphism. Let & be the map from S/a into Dz(S)/D(a)+aDx(S) defined by
the following way. Let & be an element of S/a and let ¢ be one of its repre-
sentative, then

6(@) = {the class of da mod D(a)+aD(S)}.

It is not difficult to verify that the map ¢ gives actually an R-derivation of
S/a into (S/a) Q Dg(S). Then there exists an (S/a)-homomorphism = from Dz(S/a)
into (S/a) @ Dg(S) such that 6=7d*. Let x be an arbitrary element of S, then
hrd*(%) = ho(x) = h (class of dx)=h(dx)=d*x%. From this we see that ht = iden-
tity map. Similarly thi(class of adx) = t(@d*%) = Grd*(%) = @o(x) = {class of adx}
and we see that t4=identity. Thus % is an isomorphism. On the other hand
it is seen at once that the image of p is equal to the class of aDgz(S)+D(a)
mod aDgz(S). The final assertion follows from the isomorphism theorem.

Prorosition 10. Let S be an R-algebva and let U be a multiplicatively closed
set in S, then we have Dgp(Sy) = Sy & Dg(S).

Proor. Let n be the ideal of S generated by the elements x such that xz
=( for some element # in U. Let S*=S/n, then Sy = S*y« by definition where
U* is the image of U under the natural homomorphism S—S* By Prop. 9
we have an exact sequence

n/nQ—»S*@)SDR(S)——»DR(S*)———»O.
Applying the exact functor @S*,. (=Q®Sy) we get
(/1) @ S s —— S*pu @ s Dp(S) —— Da(S*) Q S*pe——0 .

Since U* does not contain any zero divisor, D(S*) X S ¥y« is isomorphic to Dx(S*y)
(Prop. 2)) and (n/n?)QS*y+=0 which completes the proof.

Prorosition 11. Let S and T be R-algebras and assume that S is guasi-
separable over R, then SQrT is a quasi-separable T-algebra.

Proor. Let us put Y=S& 7, then we have an exact sequence

Y7
Y@ rDr(T)—Dp(Y)——Dy(Y)—0,

4) The special case of this exact sequence is given in a more precise form in Ex-
posé 17 in [47.
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0
YQsDp(S) — Dr(Y)—— Dg(Y)—0.

By our assumption we have Dg(S) =0, hence Dg(Y) and Dg(Y) are isomorphic
by the isomorphism p defined by

od%(y) =d5(y), yeY.

Let y be an arbitrary element of ¥ and set y=Xs5;&Q¢ where s;€85, 4, T.
Then '
di(y)=hdi(y) = Iwﬂd%’(g s:Qt) =hp™! 4? (5:DAEARD L)

=2 (5@ Dho™d§1 Q) = Z(s: QDA K1 ®1)
=2(s: QDA Q1) =0.

This proves the assertion.

The following proposition is immediate.

Prorosition 12. Let k be a field and let L be the perfect closuve of k, o7 @
separable extension of k, then Dy(L)=0.

Let S be an R-algebra. If S is a field and R is a subfield of S such that
[S: R]<co, then it is easily seen that Dg(S) is equal to zero if, and only if,
S is a separable extension of . We can prove a generalization of this results
in the following

Prorosition 13. Let S be an algebra over a field R and assume that S is of
Sfinite rank over R. Then Dgx(S)=0 if, and only if, S is a separable algebra™
over R.

Proor. Assume first that S is a separable R-algebra. Then S is the direct
sum of the fields K; where K)’s are separable extensions of R. Hence Dg(S) =
Dy(K)+ --- +Dg(K,) =0 (Prop. 4).

Conversely assume that Dx(S)=0, and let S*=S®zS. Then we have an
exact sequence of S®modules

'
0 I Se S 0.

Since S is of finite rank over R and R is a field, the ideal I has finite genet-
ators. By our assumption Dx(S)=1/I*=0, we see that I=1I% From this we
can conclude that S is S*projective ([2, Th. 2.5]). Hence S is a separable R-
algebra ([5, Th. 7.107]).

The following gives a sufficient condition for S to be a quasi-
separable R-algebra.

Prorosition 14.° Let S be an R-algebra and assume that S is S*-projective,

5) When R is a field, S is called a separable R-algebra if S®zK is semi-simple
for any extension K of R (cf. [1]).
6) This result is stronger than the analogous one in [2]
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then S is quasi-separable over R.

Proor. Assume that S is S°projective, then there exists an element 2z in
S®S such that z2/=1Iz and @(z)=1 ([5, IX, Th. 7.7]). If 2= a;Qd; then
Sab;=1. Let x be an arbitrary element of S. Since 2(1®x) =2(xQ1), we
get the relation

2a,Qbix =2 axb; .

Hence 0=2a;Qbx—2 axXb;
=2] a(1Qbx—x&Xby)
=2 ab:Qx) = (2 a:b;) Dx=1Qx (mod %)

ie. 1®x=0 (modRN). Since R=SR1+I* we see that 1 @x—xX1=0 (mod I?).
Since [ is generated by {I1Qx—xX1}, the above argument shows that /=13
hence Dg(S)=0.

£ 3. The structure of Dy(S)

The following proposition is proved elsewhere (cf. [4]), but for the sake
of convenience of readers we shall write down the proof.

Prorosition 15. Let R be a ving and let A be an index set, and let {X;, A € A}
be a set of indeterminates. Let A be a polynomial ving in {X;} with coefficients
in R. Then Dg(A) is a free module with the base {dX;}.

Proor. Let us introduce a new set of indeterminates{Y,;} with the same
index set 4. Then A® zA is isomorphic to the polynomial ring in two sets of
indeterminates {X;} and {Y;}. The homomorphism ¢ from A®zA into A de-
fined in §1 is given by the substitution of X, in the place of Y;. Let us put
Z;=X;—Y, and let us represent the elements of AX A as polynomials in Xj
and Z;. The kernal I of ¢ is given as the set of polynomials of degree =1
in Z; and I*® is given as the set of polynomials of degree =2 in Z’s. Since
Dr(A) is isomorphic (as a A-module) to I/I%, we see immediately that Dg(A)
is ismorphic to the module of homogeneous elements of degree 1 in Z’s. By
definition Z;=dX,; and they are linearly independent over A. Thus the proof
is complete.

Let S be a ring containing a ring R and {z;, A € A} be a set of generators
of S over R. Let {Z;,A= A} be a set of indeterminates with the index set A
and let A be a polynomial ring in {Z;} with coefficients in R. Then there
exists an R-homomorphism ¢ : A—S such that

o(Z) =z red.
The kernel M of ¢ will be called the defining ideal of S with respect to the
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generator system {z;}. Applying Prop. 9 to S= A/M, we get the exact sequence

0 Pr;a,8
M/ M2—> S 4Dp(A) —> Dg(S)——0.

Since Dg(A) is a free module, SQ Dgr(A) is also a free module over S with the
base {1RdAZ;, A= A}. In the following we shall write simply dZ; for 1 QQd4Z;.
Then S® Dx(A) will be written as D(S*)= X SdZ,. Let {F,ux< M} be a set
of generators of the defining ideal M, and let N be the submodule of D(S*)
generated by the forms

{AT_,(@F#/OZA)dZA, reMy.

Then the image of the homomorphism p is given by N. From this we get
the following

Tueorem 2. Using the same notations and assumptions as above, the module
of diffeventials Dg(S) is isomorphic o the difference module D(S*)/N.

CororrLary 1. In the above notations assume that S is an ntegral domain of
positive characteristic p and that the defining ideal W of S is genervated by the
polynomials {F,.} such that {F,} are polynomials in {Z3,2 & A}. Then Dg(S) is
a free module over S.

CoroLrLary 2. Let R be a normal domain with the quotient field K and let
L be a separably algebraic extension of K. Let z be an element of L integral over
R and let f(X) be an irreducible monic polynomial for z over R. Then Dgp(R[z])
is isomorphic (as R-module) to R/(f'(2)).”

Proor. In this case the defining ideal of R[z] is the principal ideal (f(X)).
Hence the Cor. follows directly from the Theorem.

§4. Differentials in local rings

Let R be a local ring and let M be the maximal ideal of R. Assume that
R contains a field .. Let us denote by L the residue class field of R, then &
can be considered in a natural way as a subfield of L. By Prop. 9 we have
an exact sequence
M/M?—— L& gDi(R)—> Di(L)—0.
Moreover if L is a separable extension of %, then the sequence
G) 0—> M/M?*—— LQ gD(R)—> Dy(L)——0

is known to be exact (Th. 5 in Exposé 17 in [4).

Let R be a local ring with the maximal ideal M and let £ be a finite R-
module. A set of elements #,,--,u, of E is a system of generators of £ if,
and only if, 1Qu; (¢=1,2,---,n) form a system of generators of (R/M)X zE.

7) The analogous result is obtained also in [6] and [8].
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Moreover (u, -+, #,) is a minimal set of generators of E if, and only if, 1&#,,
-+, 1®u, form a base of the vector space (R/M)RQ E over the field R/M. Thus
the number of the minimal set of generators of E (over R) is a well defined
integer independent of the choice of the generator system of E. We shall call
this integer the rvank of E and it will be denoted by rank gF.

ProrosiTion 16. Let R be a local ving containing a field k such that the res-
idue class field of R is a finite separable extension of k, and that Di(R) is a finite
module. Let u,, - ,u, be a set of elements in the maximal ideal M of R. Then
the differentials du,, -+ ,du, (where d stands for dF) form a minimal set of gener-
ators of Dy(R) if, and only if, wuy, -, u, form a minimal set of genervators of M.

TueoreM 3. Let A be an affine ving® over a field k and let R be the quotient
ving of A with vespect to a prime ideal B. Assume that Q) A is an integral do-
main ; (1) the quotient ficld K of Ais a separable extension of k; (iii) the residue
class filld L of R is sepavably algebraic over k. Then R is a regular local ring
if, and only if, the module of k-differentials Di(R) is a free module.

Proor. By our assumption P is a maximal ideal of A, hence the rank of
R(=the rank of ) is equal to the transcendence degree of A over k2 Let us
put r=rank R. By Prop. 2 we have Dy(K)= KX DyR). Moreover this iso-
morphism is given by the rule 1®dZ®u— d¥u (where we omit the subscript
k in the differential operators). Now assume that R is a regular local ring
and let #,---,u. be a regular system of parameters of R. By the preceding
Proposition we see that {d®u,, ---, d®u,} is a minimal set of generators of Dy(R).
Hence by the above isomorphism we see that {d%u,,---,d%u,} is a system of
generators of Dy(K). On the other hand K is a separable extension of dimen-
sion # over k, hence Di(K) is a free module of rank ». This implies that
d%uy, -+, d%u, are linearly independent over K. That d®u,, - -, dFu, are linearly
independent over R follows immediately from this.

Conversely assume that Di(R) is a free module over R and let {uq, -, #,}
be a minimal set of generators of M (=the maximal ideal of R). Then {dZu,,
<o, d®u,} form a base of Dy(R). Applying again Proposition 2 we see that
Dy(K)= KR pD,(R) is also a vector space of dimension #. From this we get
immediately the equality z» =7, proving that R is a regular local ring.

As an application of the preceding Proposition we can give an alternative
proof of the Jacobian criterion for simple points (cf. [4], [90).

Prorosition 17 Let V" be an affine variety defined over k and let P be the
defining ideal of V in k[ xy, - ,%,). Let P be a point of V such that k(P) is
separably algebraic over k and let O be the quotient ving of P in V/k. Then 2
is « regular local ring if, and only if, there exist (n—r)-polynomials fi, -+, for in

8) An affine ring over k& is a homomorphic image of a polynomial ring in a finite
number of variables over k.
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B such that the rank of the matrix (0f;/0x;) is n—r at P.

Proor. Let m be the maximal ideal of A= k[x,,- -, x,] defining the point
P and let us put R=A,. Then O=R/PBR. By Prop. 9 we have the exact
sequence :

0 i
P /P*2—— (P/P*) Q pDi(R)—— Dip(R/P*) —0

where P*=PR. Now assume that R/P* is a regular local ring. Applying
Theorem 3 we see that Dy(R/P*) is a free module of rank n—7. Let ¢ be an
(R/P*)-homomorphism : D(R/P*) — (R/P*) X Di(R) such that

i-¢ = the identity.
Then the above sequence implies the direct sum decomposition
(R/P*YRQDy(R)=Im p+Img.

Since Di(R) is a free module with the base {dx,, -, dx,}, (R/B*)R zDi(R) is
also a free module with the base {1RQdx, --,1Rdx,}. Since R/P* is a local
ring, each term in the right hand side is also a free module, and the rank of
Im¢ =n—r. From this we can find (n—r)-polynomials f,, -+, fn_r In P such
that {dfi, - ,df.-,} form a subsystem of free base of Dy(R) module $*D(R)
(where (R/B*)Q zDi(R) is canonically isomorphic to the residue class module
Du(R)/PB*Di(R)). On the other hand we have

(R/m*) @ rDi(R) = (R/m*) X &g (R/P*) Q) rDi(R)) -

This implies that a free base of (R/P*)X D,(R) is also a free base of (R/m¥)
KR Di(R). Hence dfy, ---, df,—, must also be linearly independent module m*Dy(R).
This is the required result. Conversely assume that P contains (z—7)-polyno-
mials fi, -+, fa—r such that the rank of the matrix (9f;/0x;) modulo m is equal
to n—». Then {df,, - ,dfn-r} is a part of minimal base of Dy (X) modulo
m*Dy(R). Hence we can find a free base of Dy(R) containing dfi, -+, dfn-r as
members. Since Im(p) is contained in Dy(R)df,+ -+ +Di(R)df p-r+P*Di(R), Im(po)
= (R/$*)-1Qdf 1+ - +(R/P*)1Qdfn-r. Moreover {1Qdf}, ,1Qdfnr} is a
part of free base of (R/P*)Q Di(R), hence Dy(R/B*) is a free module over .
Now the assertion follows from Th. 3.

CoroLrLaRrY 1. Retaining the natations and assumptions as in Prop. 17, P is
a simple point of V if, and only if, D) is a free module.

CoroLLARY 2. Retaining the notations and assumptions as in Prop. 17 and
assume that O is a regular local ring. Then, any vegular system of parameters
is a separating transcendent base of the function field k(V) over k.

Remark. We shall give here some examples which show that the assump-
tion made in these propositions are inevitable.

ExampLe 1. Let & be a non-perfect field and let # be an element of %, such
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that 1[11’_ &k Let A=FKX, Y]/(X?4aY?) and let R= A,,, where x and y are
residue classes of X and Y respectively. Then Dy (R) is a free module with
the base dx and dy (cf. Cor. 1 of Th. 2), but R is not a regular local ring. In
this example the quotient field K of R is not a separable extension of 4.

ExampLe 2. Let V be a plane curve defined over a non-pzrfect field & by

B
the equation X2+ Y?=4, where # is an element of %2 such that #? is not
contained in k. As is easily seen V is a normal curve, and in particular the

point P= (0, u‘;’*) is a normal point of V and the quotient ring R of P in V/k
is a regular local ring. Let A be the affine coordinate ring of V. By Th. 2
we see easily that D,(A) is generated by dx and dy with the relation 2xdx=0.
Hence Di(R)=RQ Dy(A) is also generated by d®x and d®y with the relation
2xdBx=0 (dBx+#0). Thus Dy(R) is not a free module. In this example the
assumption (iii) in Th. 3 is not satisfied.

In the same example the coordinate function x is a regular system of param-
eter of R. But (V) is not separable over k(X), showing the Cor. 2 does not
hold in general if k(P) is not separable over k.

Let R be a local domain containing a field 2 and let M be the maximal
ideal of R. Let L be the residue field of R and assume that L is a separable

extension of 2 Let {#, -, u;} be a set of separating transcendence basis of
L over %2 and let «y, .-, «a, be representatives of #,,:--,#, in R. The elements
a,, -+, a, are algebraically independent over k, hence the field k(«y, -+, as)=F

is contained in the ring R. Let us denote by K the quotient field of R and
assume that it is possible to find elements #’s and «’s in such a way that K
is a seperable extension of the field F. In this case we shall say that the local
ring R has a separating residue field. Now we can generalize in
the following

Tueorem 3. Let A be an affine ving over a field k and let R be the quotient
ring of A with respect to a prime ideal. Assume that (i) A is an integral domain,
(ii) the quotient field K of A is a separable extension of k, (iii) the residue class
field of R is a separable extension of k, (iv) R has a separating vesidue fleld.
Then the module of differentials Di(R) is a free module if, and only if, R is a
regular local ring.

Proor. Let L be the residue field of R. By our assumptions there exists
a field F in R such that L is separably algebraic over F and the quotient field
K of R is a separable extension of F, and such that F' is a purely transcen-
dental extension of % of dimension » (=dim; L). Since K is a separable ex-
tension over F, the module of differentials Dp(K) is a free module of rank n—r
where n=dim; K. Now assume that R is a regular local ring. By Th. 3 we
see that Dz(R) is a free module. On the other hand, applying the Prop. 3 and
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the exact sequence (A) we see that the sequence

0——=RQ pDi(F)— D(R)— Dp(R)—0

is exact. Since Dy(R) is a free module the above exact sequence splits and
D(R) is isomorphic to the direct sum of RQ Dy (F) and Dz(R), both of them
are free modules over R. Thus we have proved that Dy(R) is a free module.
Conversely assume that Dy(R) is a free module of rank m. Then Dy(R)=
K& pDi(R) is also a free module of rank s, hence m=n. Let M be the
maximal ideal of R. Then R/M is a separable extension of dimension 7 over
k and D,(R/M) is a vector space of dimension # over the field R/M. From
this and the exact sequence

0—— M/M?*——(R/M) & Di(R)— D(R/M)—0,

we see that M/M? is a vector space of dimension »—r over R/M. Since the
rank of R is n—7, R must be a regular local ring.

CoroLLary. Let V™ be a variety defined over a field k and let P be a point
of V (not necessarily algebraic over k) and let R be the quotient ving of P in V/k.
Now assume that the local ving R has a separvating rvesidue field, then the module
of diffeventials Dy(R) is a free module if, and only if, P is a simple point of V.
Movreover the rank of D(R) is equal to n.

§ 5. Ramification theory and quasi-separability

Let S be an R-algebra and let L be a prime ideal of S and let p be the
contraction of P in R. We shall say that ¥ is unramified if

(U)) 9Sy =S,

(U,) Sy/PSyp is a finite separable extension of R,/pR,.

Let p be a prime ideal of R, then S will be said to be unramified over p if

(Uy) every prime ideal P of S such that B R=p is unramified ;

(Uy) There exist only a finite number of primes in S such that L, R =1.

We shall say that S is unramified (over R) if S is unramified over every
prime ideal P of R.

The following proposition is convenient in further discussions.

Prorosition 189 Let S be an R-algebra and let p be a prime ideal of R.
Then S is unvamified over p if, and only if, Sy/pPSy is a separable (Ry/PRy)-
algebra, wheve U= R—9.

Proor. Let P be a prime ideal of S. Then we have P R=yp if, and only
if, PBSy/pSy is the prime ideal of S* =S,/pSy;. Now assume that S* is a sepa-
rable R* = Ry/pRy algebra. Then there are only a finite number of prime

9) This formulation is due to [2]
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ideals L, ---,8, in S* and we have fh\l 2;,=0. Let i}z be the complete inverse

image of 9, in Sy, and let P, =R AS. Then B; = B;Sy, [h\l B,Sy = N PBs = Sy
Hence we have $iSU(m.sU> :pSU(sB-sUY Since SU@.SU) =Sy, We get the relation

(U). Moreover SU/%i=(SU/DSU)/D1; is a separable extension of the field R¥,
and (U,) is also satisfied.

Conversely assume that S is unramified over R, then we see easily that any
two prime ideals P and Q in S such that P R=0Q " R=p cannot satisfy the
inclusion relations. Let P, ---, P, be all the prime ideals of S such that R\,

=19, then i[h\_l B.:Sy = pSy; and S, /9Sy = Sy /B Sy+ -+ +Sy/BrSy (direct sum). Since

Su/PBiSy = Sy, /P:Sw; is a separable field extension of R¥, S* is also a separable
R*-algebra, and the proof is complete.

In the following we shall discuss the relation between quasi-separability
condition and the unramifiedness condition.

DeriniTiON 2. Let S be an R-algebra and let B be a prime ideal of S. We
shall denote by v the comtraction of B in R. We shall say that P satisfies the
Sfiniteness condition if Sy/PSp is a finite extension of Ry/PRy.

S will be said to satisfy the finiteness condition over the prime ideal  of R,
if Sy/pSy is a finite (Ry/YRy)-algebra, where U= R—).

An R-algebra S will be said to satisfy the finiteness condition if S satisfies
the finiteness condition over any prime ideal of R.

Tueorem 4. Let S be an R-algebra and let P be a prime ideal of S satisfying
the finiteness conditions, and let b be its contraction in R. Then if the quotient
ring Sy is noetherian and quasi-separable over Ry, then B is unramified.

Proor. By our assumption Sy is quasi-separable over R, and pR, is con-
tained in PSy. Hence Sp/PSy is quasi-separable over the field R,/pR, by Prop.
7. This and the finiteness condition implies the condition (U,). Let S*=
Sp/pSy, then S* is a local ring with the maximal ideal P* = PSy/pSy, and S*
contains the field R* such that the residue field S*/P* (= Sp/PSp) is separably
algebraic over R*. From (G) in §3 we get an exact sequence

0 —— ¥/ P*2— (5*/P*) ©Q s+ DpS¥) -

From Dg,(Sy) =0 we get Dp(S*)=0 by virtue of Prop. 9. Hence the above
exact sequence implies that P* = P*2.  Since P* has a finite set of generators we
must have P* =0, i.e. PSg = vSy, proving (U,).

Tueorem 5. Let S be an R-algebra and assume that S satisfy the finiteness
condition over a prime ideal b of R. Then if S is quasi-separable over R, S is
unvamified over b.

Proor. Let U= R—, then from Dx(S) =0 we get Dp,(Sy) =0 by Prop. 8.
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Applying Prop. 7 to the last relation we see that Sy/pSy is a quasi-separable
(Ry/vRy)-algebra. The theorem will follow from Prop. 13, Prop. 18 and the
finiteness condition for S.

CoroLLary. Let S be an R-algebra and assume that S is a finite R-module.
Then if S is quasi-separvable, S is unramified.

In the next place we shall study when the quasi-separability will follow
from unramifiedness. For this purpose it is convenient to introduce the notion
of d-different.

DeriniTion 3. Let S be an R-algebva and let Dg(S) be the module of R-
diffeventials in S. Let D be the ideal of S genevated by the elements x in S such
that xDg(S)=0. We shall call © d-different of S over R and will be denoted by
D(S/R), or simply by Dy if it is clear from the context.

Tueorem 6. Let S be an R-algebra and assume that the module Dg(S) of R-
diffeventials in S is a finite S-module. Let P be a prime ideal of S whichis un-~
ramified over R, then LB does not contain the d-diffevent D.

Proor. Let S*=Sy and R* = Ry, where p=RN\P. Then S* is unramified
over R¥ i.e. if we denote by P* and p* the maximal ideals of S* and R* re-
spectively, S*/P* is a finite separable extension of R*/p* and P§* = p*S*. Hence
De(S*¥/P*) =0 and (S*/P*) R s+Dp+(S*) is generated by the elements da,, -+ , dag,
where a4, -+, @, are any set of generators of LE* (Prop. 9) and d stands for d5a.
Since P* is generated by the elements in p* we see that Dz«(S*) R (S*/P*)=0.
On the other hand Dj«{S*)= Dg(S*) is a finite module since it is a homomorphic
image of S*Q) Dx(S), hence we must have Dp(S*)=0. By Prop. 10, Dz(S*)=
S*QRDg(S), and the annihilator of Dg(S*) is given by DR S* =D*'0, The
above results implies that the annihilator @* of Dz(S*) must be a unit ideal,
hence P cannot contain the d-different D.

CoroLrLarY. Let S be an R-algebra and assume that Dg(S) is a finite S-
module. Then if S is unramified over R, S is quasi-sepavable over R.

Proor. Assume that Dg(S) is not zero. Then the d-different ® is not a
unit ideal, and there exists a maximal ideal I containing ®. I must be the
one which is ramified over R.

Tueorem 7. Let S be a noetherian R-algebva and let © be the d-different.
Let B be a prime ideal of S satisfying the finiteness condition. Then if PRD, P
is unvamified.

Proor. By Prop. 10 we eave Dg(Sg) = Sg Q) ¢Px(S), hence if we have P2 D,
then Dg(Sy)=0. Applying Prop. 8 we see that Dg (Sy) #0. The assertion fol-
lows from Th. 4.

Let R be a noetherian normal domain with the quotient field K and let L

10) In general if E is a finite S-module and if o is the annihilater of £, then the
annihilater of E®gSy is given by a®sSy-
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be a finite separable extension of K. Let S be the integral closure of R in L,
then as is well known S is a finite R-module and every prime ideal of S satis-
fies the finiteness condition. Then we can apply [Theorem 6 and 7 to this case
and we get the

TueoreMm 8. Under the same notations and assumptions as above let Dy be
the d-diffevent of S over R. Then any prime ideal B of S is unramified if, and
only if, B does not contain the d-different D,.

E. Noether and Auslander-Buchsbaum defined another kind of different for
an R-algebra S (cf. and [2]). The different is called by the name of “homo-
logical different ” in [2] Homological different is defined in the following way.

Let S be an R-algebra. As we mentioned bzfore, there exists an exact sequeance
of S¢=SXrS modules

?
0 I Se S 0.

The homomorphism ¢ is defined by ¢(Zx;®y;) = 2 x:y; and S is made into a

S¢-module by the rule (¢ ®d)x = abx, where @, b and x are elements of S. Let
N be the annihilater of the ideal 7, then the homological different §) is given
by o).

Prorosition 19. The homological diffevent §) is contained in the d-diffevent

D. Moreover if the kernel I has a finite number of generaters, then the radicals
of b conincides with that of DY,

Proor. Let &=172:1], i.e. the set of elements s in S® such that s/ S
‘We shall show that ¢(&)=D. Let @ be an element of ®. Since Dg(S) is iso-
morphic (as a S-module) to I/I? we see that ¢ S I2. Hence ¢®1 is contained
in &, and ¢=¢(@®1) is contained in ¢(&). Conversely let @ be an element of
@(®). Then there exists an element « in S¢ such that ¢(a)=a. Let us put
a :i_Zs‘i c;Rd;. Let x be an arbitrary element of S. Using the relation X¢d; =

a, we get
al1Xx—2R1)=(@R@DNARXx—xR1)
=((Zed) QDU Qx—x&1)
=[(26:Qd)—2(: QD1 Rdi—d: QDIAR®x—xR1)
=a(lR®x—xR1)=0 (mod 1%).

Since [ is generated by 1Qx—x®1, the above relation implies that ¢ is con-
tained in ®. By definition h=¢(M) and R=(0): ICI?*:I=&. Hence §)=¢(N)
is contained in ® = @(&).

Now assume that [ has a finite number of generaters and let {«y, -, a,}

11) We owe the last part of the proposition to H. Sato.
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be a set of generaters of I. Let s be an arbitrary element of ©. From sI < I?
we get the relation

Sai:ilaijaj @=1,--,n)
=
where &’s are in I. If we put d =det|sd;;—a;;|, then da;=0 for i=1,2, -, n.

Hence 4 is contained in . Applying the homomorphism ¢ to the relation § =
det|sd;;—a;;|, we see that ¢(s)* is contained in ¢(M) =Y. Since D =¢(S) and s
is an arbitrary element of &, the above relation implies that the d-different ®,
hence the radial of ®, is contained in the radical of ).

§6. The module of differentials of higher degree

Let R be a local ring and let E be a finite R-module. Then the number
of minimal set of generators #,, -, u#, of E is a well determined integer. It
is equal to the dimension of the vector space EX z(R/M) over the field R/M,
where M is the maximal ideal of R. We shall call this integer the rank of E
and denote it by rank gF.

Lemma. Let R be a local ving and let E be a finite R-module over R. Let
n=rank E, then the rank of the exterior algebra A°E is equal to ,C,. Moreover
if Eis a free module, then A'E is also a free module.

Proor. Let M be the maximal ideal of R and let K=R/M. If E=
EQ® K, then the dimension of A‘E is, as is well known, equal to ,C,, Hence if
we can show that A°E is isomorphic to (1‘E)® K the proof will be complete.
For the sake of simplicity we shall denote 1®x by %, where x is an element
of E. Let f be a map from EX --- XE into A°E defined by

N ————
t

Sy %) =T A - N,
Then f is multilinear and skew symmetric. Hence there exists an R-homo-
morphism g: A'E— A'E such that
G N ANx)=T N NZ.

Since A'E is a K-vector space, g induces a homomorphism ¢ : (L'E)Q zK— A'E
defined by

PLARQU A = Ax)]=F N - A K.
On the other hand

VEN - AD)=1Q @ A = Axp)
is a well defined homomorphism from A’E into (A’E)®Q zK. Since ¢-y =1 and
Jrop =1, we see that A'E and (A'/E)® K are isomorphic. The last assertion is
proved in [3, Chap. III].

In this occassion we would like to give a refinement of Th. 2 in our pre-
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vicus paper [7]

TucoreEM 9. Let V7" be a vaviety defined over a field k and let P be a point
of 'V such that k(P) is separably algebraic over k. Let R be the quotient ving of
P in V/k, and assume that A"Dy(R) is a free R-module with the base dt; N\ -+ A dt,.
Then P is a simple point of V and {t,, -+, t,} is a set of uniformizing parameters
at P.

Proor. Let M be the maximal ideal of R and let {#,,---,%,} be a set of
minimal base of M. Then Dy(R) is of rank # by Prop. 16. Hence by the above
Lemma the rank of A"Dy(R) is of rank ,C,. From this we see that the rank
of A”D(R) is 1 if, and only if, =7 Since rank of R is r and # is equal to
the number of minimal base of M, we have » =7 if, and only if, R is a regular
local ring. This proves that R is a regular local ring. Moreover P is separably
algebraic over the ground field, P must be a simple point of V. Let uy, -, %,
be a set of uniformizing parameters at P, then by Prop. 17 Di(R) is a free
module with the base duy, -+, du,, hence A"Dy(R) is a free module of rank 1
with the base duy, -, du,. Combining the assumptions in the Theorem we see
that d¢, A -+ Adt, and du, A\ -+ Adu, differ by a unit of R. Then by Prop. 1
in [7], #, -, ¢, are a set of uniformizing parameters at P on V.

Remark. The assumptions made in Th. 2 in [7] are superfluous since we
have assumed that A"D,(R) is of rank 1.

Let V be a normal variety defined over a field £ and let K=A&(V) is the
function field of V over k Let L be a finite separable extension of K and let
U be the normalization of V in L. Then there exists a natural rational map
7:U—V called a covering map. Let P be a point of ¥ and let @ be a point
of U lying above P. We shall denote by R and S respectively the quotient
rings of Pand @ in V/k and U/k. We shall denote by ¢, -+, ¢, a minimal set
of generators of the maximal ideal M of R. To avoid the confusion in the
notations we shall denote d§ simply by d. Let E be the submodule of Dy(S)
generated by dt, -, dtn, Then Dg(S) is isomorphic to the difference module
Di(S)/E by Prop. 1. Let qa, be the annihilaters of the difference modules A’Dy(S)/
A'E (#=1,2,---). a, is nothing other than the d-different of S/R.

Tueorem 10. Assume that P and Q ave simple points of V and U respec-
tively, then we have

;=202 20,204
where v=dim V. Moreover a, is a principal ideal.'® :

Proor. Let (#,--,¢,) and («,, -, u,) be a regular system of parameters of
R and S respectively. Then, since Dy(R) is a free module with the base {dFZ,
-, d®t,}, d5t,, .-+ ,dSt, are also linearly independent over S (Prop. 3). For the
sake of simplicity we shall use the symbol d for d§. Let us express d#’s in

12) Here we again have the proof of purity of branch loci in this special case.
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terms of the free base duy, -+, du, of DIS),
1) dl‘i=zr)aijduj, 1<:<r, ai; €S.
Jj=1

Let A;; be the cofacter of @;; and A=det|a;|. Then we can solve (10) in the
form
) duy= 3 (An/ At 1<j<r.
From (20) we get
du N - Ndug, =2 (Aje - Agry) Aty N -+ N diy,
s 22{%)1(/1]-1,“ cor Ao Atay A -+ N dty,}

where the sum X, is extended over all the ¢! permutations &, ---, &, of «ay, -+, a,
()

and the sum 3, is extended over all set of indices «; < --- < «; taken from
1,2,--,7. Now assume that an element @ of Sisin a,. Then adu;, A -+ A du;,
is contained in X,S(dt,, A -+ Adts,) for all a; < -+ <, and vice versa. Taking
into account that dt, -+, dt. are linearly independent over S we get the con-
clusion: a is contained in o, if, and only if,

a (%):1 Ajlkl Ajlikt = (At)

for all pairs of t-tuples (3., - ,7.) and (ay, -+, ;). We shall calculate
Ajiar =+ Agra

(Zwl Ajing o+ Aj, = det :
Ah’l‘l Ajza’t

Let s, <+ <58yt and B; < -+ < fBn be the set of integers such that (4, -, 7,

Syt 5 Spy) and (By, oo+, By By, oo+, Br—y) are even permutations of (1,2, --,7) re-
spectively. By an easy calculation we get

Ajyay = Ajray Ajipy - Ajipres Qjrag """ Qjgy  Tsjay **°°° Asr_tay
Ajca’/l oo ‘/4.7‘de Aic?t cee Ah?r—t ajldt ..... ajt"t asxdc ..... asr—tw;
1 . ajlﬁl ..... aj391 aSJBI ..... asr—tﬁl
0 . . . .
1 Qjifrat " Bjghyog Cs18r—y " Csy_yPr—s
A
. 0
A
Asypy " AspyBy
N . .

As1Pr—t **" Asy—tBr—;
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Taking the determinant of both sides we get the equation!®
Ajay - Ajgay Asi1p°" " sy Frt
: =A"'B, where B=| : :
Ay Ang Bsp8) """ Asytfir—s
From these calculation we can conclude the following: a<=a, if, and only if,

aB e (A) for any minor detevminant B of ovder v—! of A (where it should be
understood that B=1 if £=7#). From this assertion the inclusion relation

G202 20,

follows immediately. In particular ¢ €a, if, and only if, ¢ is contained in the
principal ideal (A), and A is itself contained in a,. From this we get a,=(A).
Now assume that ¢, -+, @, are elements in aj;, then ¢;A,3 € (A) for any triplet
G,a,8), 1=i,a,f=r. Hence

A11 Axr
ay ot ay : : :dl"‘drAr_le(Ar)
Arl Arr
ie. @, - a,=(A). This proves that af is contained in a,. Thus the proof is

complete.

Let ¥V and U be as before and let C be an irreducible subvariety of codi-
mension 1 on U and let D be a subvariety of V lying under C. Let @ and P
be respectively the points of C and D such that =(Q)= P. It is possible to find
such a pair among the simple points of U and simple points of V. Let R and
S be the quotient rings of P and @ in V/k and U/k respectively and let {#,
-t} and {ey, - ,u,} be sets of uniformizing parameters at P and Q. Let
w=d®, N -+ NdFt,. Then the multiplicity of C in the divisor of the differ-
ential form zmxw =dSt A --- AdSt'* is called the differential index'® of C and
will be denoted by e(C). If we represent d¥s in terms of dSu’s, we can write

dSty N\ -+ NdSt,=ad5u; \ -+ NdSu,.

Then the differential index e(C) is given by the multiplicity of C in the divisor
(). On the other hand let » be the prime ideal in S defining the divisor C,
then S, is a discrete valuation ring. Let & be its prime element, and let ® be
the d-different of S over R. Then the above Theorem implies that (&%®) is
contained in ®S,. Hence if we define e¢; by DS, = (&%), we get the inequality

3) e; = e(C).

13) This is a generalization of the Theorem of Sylvester.

14) 1In [7] we did not distinguish dB and dS. But it was reasonable since SRD(R)
— D(S) is injective (Prop. 3). But here we adopt the precise notations to make the
matters clear.

15) Cf. [T} §6.
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From Th. 14 we get at once the

Cororrary. e, =¢C) if dimV =1.

The inequality cannot be replaced by an equality in general as is shown
in the following example.

ExamprLe. Let V be an affine space with coordinates x and y, and let U be
an affine space with coordinates # and v. We shall assume that they satisfy
the following relation

x=ut+u’v, y=uv.

Let P and @ be the points with the coordinates (0,0) and (0,0). Let A= k[x, y]
and B=k[u,v], then the local rings R and S of Pand Q are given by k[%, ylu,»
and k[u, v]w,» respectively. By a simple calculation we see that d-different of
S/R is given by (#%), but the ideal a, in the Theorem is given by (#*). Hence
e, =3, e(C) =4, where C is the straight line defined by the equation #=0 in U.
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