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On a certain system with infinite induction.
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Introduction

K. Schiitte gave the system Z of the theory of natural numbers which
contains the infinite induction, and he proved that G. Gentzen’s elimination
theorem holds in Z [1].

To every proof-figure in Z corresponds an ordinal number of the second
class which is called the order of the proof-figure. In this paper we prove
some metatheorems on Z by applying G. Gentzen’s elimination theorem for
proof-figures of finite order due to K. Schiitte [1]. Our proofs are not neces-
sarily based on the finite stand-point.

In §1 we formulate the system Z into G. Gentzen’s style.

In §2 we give another proof of the consistency of Z and G. Gentzen’s
elimination theorem for proof-figures of any order in Z, which is given in the
following stronger form: for every proof-figure in Z we have a proof-figure
of finite order to the same end-sequent which contains no cut. Moreover we
prove that any arithmetical formula is decidable in Z, i.e. if A is an arbitrary
arithmetical formula, then either A or non-A is provable in Z.

In §3 as an application of results in §1 we prove the consistency of G.
Gentzen’s LK with number-theoretic axioms containing the complete induction
without use of the transfinite induction to Cantor’s first e-number e,

§1. System.
In this section we formulate an w-complete system Z of arithmetic into
G. Gentzen style.

1. Symbols

We use the following fundamental symbols; symbol 0, bound variables x,
¥, 2 etc., function symbols /, +, -, predicate symbol =, logical symbols A, 7,
Y and symbol —.

If necessary we use several letters for abbreviation.

2. Terms are constructed as follows:
(1) the symbol 0 is a term; (2) if # is a term, so is ¢, and if # and ¢, are
terms, so are 4+, and #; £,
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In particular terms of the form 0,0/,07,07,--- are called numerals.

3. Formulas are constructed as follows:

(1) if ¢, and ¢, are terms, then ¢ =+#, is a prime formula and a prime for-
mula is a formula; 2) if 4 is a formula, so is 74; 3) if A and B are for-
mulas, so is AA B, and (4) if F(@) is a formula, so is Yx F(x).

The number of logical symbols in a formula is called the degree of the
formula.

4. We call a figure of the following form a sequent, A, -+, A,— By, -, B,
where A, -, A, By, ,B, are arbitrary formulas. And it may happen that
#=0o0r v=0. We say that A,---, A, are in the antecedent and B, -, B,
are in the succedent in the sequent.

5. Sequents of the following forms are called beginning sequents :
(1) a sequent of the form — P, where P is a true prime formula, and (2)
a sequent of the form P—, where P is a false prime formula.

6. Rules of inference

If S, --,S, and S are sequents, then a figure of the form
Sty Sm
S
is called a rule of infevence. Sy, ---,Sn are called the wupper sequents and S is

called the /Jower sequent of the rule of inference. In our case Z contains the
following rules of inference.

In what follows, capital Greek letters I', I etc. express finite sequences of
formulas.

(1) Structural rules of inference

Thinning in antecedent Thinning in succedent
I'—4 I'—4
D, I'— 4 I'—4,D
Interchange in antecedent - Interchange in succedent
I'\D,CII—-4 I'—4,D,CA
r'C,D,II -4 I'—4,C,D, A
Contraction in antecedent Contraction in succedent
D, D, I"'—4 I'—4,D,D
D, I'— 4 r—-4,D

where C and D are arbitrary formulas called principal formulas of each rule
of inference.
(2) Logical rules of inference
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A-in antecedent A-in succedent
_ AT'—4 B.I'—14 r-4A I'—4B
ANB,I'—-4 ANBT'—4 I'—4ANB
7-in antecedent "/-in succedent
_ I'—4, A Al—-4
TAT'—4 I'—4,7A

where A and B are arbitrary formulas called side formulas of each rule of in-
ference. AN B or /A is called principal formula of each rule of inference.
V-in antecedent

ij;z;w({;;,‘?z‘j‘ , Where n is an arbitrary numeral.

Y-in succedent

I'— 4, F(n) for every numeral n_
I'—> A4, ¥x F(x)

This is called the infinite induction. F(n) is called the side formula and Yx F(x)
is called the principal formula of each rule of inference.

3) Cut
I'—4,D D, 11— A

 III— 4,4
where D is an arbitrary formula called the cut-formula. We define the degree
of a cut as the degree of the cut-formula of this cut.

7. We introduce a concept “ proof-figure” into the system. Under a proof-
figure we understand a figure of finite or infinite sequents, built up in the
following manner: uppermost sequents are always beginning sequents; every
sequent is a lower sequent of at most one rule of inference ; and every sequent,
except just one, the end-sequent, is upper sequent of just one rule of inference.
To every sequent of proof-figure corresponds an ordinal number of the second
class as follows. (1) The ordinal number of a beginning sequent is zero. (2)
The ordinal number of the lower sequent of a structural rule of inference is
equal to that of the upper sequent. (3) The ordinal number of the lower sequent
of a cut or a logical rule of inference is greater than those of upper sequents.

Only proof-figures which have the maximum of degrees of cut are under
our consideration.

8. When a formula A contains no predicate symbol except = and no
function symbol except /, -+, -, A is said to be arithmetical. To simplify the
treatment, we assume that the system contains only arithmetical formulas.

§ 2. In this section we give a consistency proof of the system Z and give
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a proof of the elimination theorem in general form, starting with K. Schiitte’s
elimination theorem for proof-figures of finite order.

1. Elimination theorem for proof-figures of finite order (due to K. Schiitte
[1D.

If a sequent I' — 4 is provable by a finite order, then we have a proof-figure
to I' = 4 without cut, having also a finite ovder.

For simplicity we say that I'— 4 is finitely provable or a-provable in case
that I'— 4 has a proof-figure of finite order or order «.

2. LemmMa. If t and s are terms with the same numevical value, then the
sequent F(t)— F(s) is 2n-provable, where n is the degree of F(¢).
It is easily proved by induction on the degree of the formula F(?).

3. Tueorem. Let A, -,A,—B,,---,B, be a sequent where n-+v+0 and
Wiy oo s My Ny, oo, 0, be the degrees of A, -+, A, By, -, B, respectively. If the
sequent A,, -+, A,— By, -+, B, is provable without cut, then some sequent A;— is
mgprovable without cut (1<i=<p) or some sequent — B; is n;-provable without
cut 1=<j=<v).

Proor. We prove by transfinite induction on the order of the proof-figure
to Ay, -, Ay,— By, -+, B,.

If the order is zero, then it is clear. If the last rule of inference (denoted
by &) is a logical rule of inference, then we have six cases, € is A-in succedent,
A-in antecedent, /-in succedent, /-in antecedent, V-in succedent and V-in
antecedent.

In the case where ¥ is A-in succedent let it be

Al) Tty A/x'—_)BJ’ "ty Bv—l, C AI’ ) A/z_"Bh ) Bu—l; D
AU B A,Lz_)Bly o 7BV—13 CAD

where CA D is B,.

If A;— is not m;-provable without cut for every i (1<i=<u) and — B; is
not n;-provable without cut for every j (1=j=v—1), then both —-C and —D
are (n,—1)-provable without cut by the assumption of transfinite induction.
Therefore - C A D is n,-provable without cut.

In the case where £ is A-in antecedent, /-in succedent, /-in antecedent
or V-in antecedent we prove in the same way as in A-in succedent.

In the case where & is V-in succedent let it be

Ay Ap— By -, By, Fi(n) for every numeral n
AI) Tty A,u—xBl’ Tty Bu—ly Vxﬁ‘(x)
If A;,— is not m;-provable without cut for every i 1<i<u) and —B; is
not #n;-provable without cut for every j (1=j=v—1), then —» F(@n) is (n,—1)-
provable without cut for every numeral n. Therefore the sequent — Vx F(x)
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is n,-provable without cut.

4. Tueorem. Let F be an arbitrary formula. Then it is impossible that both
the sequents — F and F— arve provable without cut.

Proor. If — Fis provable without cut, then — F is finitely provable with-
out cut from Theorem 3. Similary F— is finitely provable without cut. There-
fore if both — F and F— were provable without cut, then the sequent ‘—’

should be finitely provable. This should contradict to Theorem 1 in this
section.

5. Turorem (Generalization of Theorvem 3).

Let Ay, -, Ay— By, -+, B, be a sequent where p-+v=+0 and my, -, My, iy,
<, m, be the degrees of A, -, A, By, - ,B, respectively. If the sequent Ay -+,
A,— By, -+, B, is provable, then some sequent A;— is myprovable without cut or
some sequent — B; is n;provable without cut.

Proor. We prove by transfinite induction on the order of the proof-figure
to Ay, -+, A,— By, -+, B,. In case that the last rule of inference is not a cut
we can prove in the same way as in Theorem 3. In case that the last rule of
inference is. a cut, let it be

Ay, o, Ap— By, -, B, C C Aussy s Au— Byosy, = By

A, -, A,—~B,,B, .
If A;— is not m;provable without cut for every : 1 =<:<u) and — B; is not
n;provable without cut for every j (1 =<j=<v), then both —C and C— are m-
provable without cut by the assumption of transfinite indudtion, where m is
the degree of C. This contradicts to Theorem 4.

6. Tureorewm (Consistency theovem in gemeral form).

The sequent ‘—’ is not provable in Z.

Proor. If the sequent ‘—’ is provable in Z, then the last rule of infer-
ence to ‘—’ is of the form

Therefore both sequents — F and F— are provable in Z. From Theorem 5

then both — F and F— are finitely provable without cut. This contradicts to
Theorem 4.

7. Tueorem (Elimination theorem in geneval form).

If a sequent I' — 4 is provable in Z, then I' — 4 is finitely provable without cut.

Proor. Let I'—4 be Ay, -+, A,— By, -+, B,. From Theorem 6 it follows
that g-+v 0. Therefore some sequent A;— is finitely provable without cut or
some sequent — B; is finitely provable without cut. In each case I'—4 is
finitely provable without cut.
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8. Tueorem (Decidability Theovens).
Let F be an arvithmetical formula of the degree n. Then either —F or F—
is n-provable without cut.
- Proor. By Lemma 2 the sequent F'— F is 2n-provable without cut. There-
fore we obtain Theorem 8 from Theorem 3 and Theorem 1.

9. DeriniTion. We say that a system S contains the system Z, when the
system 8 satisfies the following conditions.

(1) Terms and formulas in Z are also terms and formulas in S respectively.

(2) Provable sequents in Z are also provable in S.

10. TueoremMm. Let F be an avithmetical formula and S contains the system
Z. Then —F or F'— is provable in S.

§3. A consistency-proof of G. Gentzen’s LK with number-theoretic axioms
containing the complete induction.

1. We obtain G. Gentzen’s LK with number-theoretic axioms containing
the complete induction by modifying the system Z as follows.
(1) To symbols we add free variables a, b, ¢ etc.
(2) In the construction rule of terms we add ‘free variables are terms’.
(3) Beginning sequents are the following, excluding those of Z.
(3.1) Avrithmetical beginning sequents are the following:
—i=1; S=ft—f=g; s=ll=u—>s=u,
sS'=t—s=¢; s=t—s'=t;
—t4+0=t¢; — s+t =(s+18);
—t:0=0; —s-t'=s-t+s;
where s,¢ and » are arbitrary terms.
(3.2) Logical beginning sequents are sequents of the form

D—-D
where D is an arbitrary formula.

(4) Rules of inference V-in antecedent and V-in succedent in Z are omitted.
And we introduce new rules of inference:

V-in antecedent V-in succedent
_F@®,I'—4 I'—4,F(a)
VxF(x), "— 4 I'—4,VxF(x)
where ¢ is an arbitrary term. where @ is a free variable not con-

tained in the lower sequent.
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CI (complete induction)

F(a), [ — 4, F(a)

FO),I[—4,F@® -

where ¢ is an arbitrary term and ¢ is a free variable not contained in the lower
sequent.

In what follows we denote the system given here by LK. To distinguish
between proof-figures in LK and proof-figures in Z we use the terminologies
LK-proof-figures and Z-proof-figures.

2. In the following manner an ordinal number smaller than «? corresponds
to every sequent in an LK-proof-figure. This is called the ovder of the sequent.
The order of the end-sequent is called the order of the proof-figure.

(1) The order of a beginning sequent is .

(2) The order of the lower sequent of a structural rule of inference is
equal to that of the upper sequent.

(3) In a logical rule of inference with one upper sequent or a rule of in-
ference CI, the order of the lower sequent is a-w, where « is the order of
the upper sequent.

(4) In a logical rule of inference with two upper sequents or a cut the
order of the lower sequent is max («;, a,)-+w, where «; and «, are orders of
two upper sequents.

It is clear that order of every LK-proof-figure is smaller than o’

3. We transform an LK-proof-figure to a Z-proof-figure.
When I' is A(ay, -+, aw), -+, Alay, -+, aw), s0 we express A (¢, -, tn) >
A,u(il; tty tm) by F(l‘v Tty tm)*

Tueorem. Let I'(ay, -+, an)— day, -+, an) be a sequent not containing free
variables except a,, -+ ,an and be a-provable in LK. If ny, ---,n, are arbitrary
numerals, then we have a Z-proof-figure to the sequent I'(n,, --- ,n,)— Ay, -+ , Ny)

with an order B (< ).

Proor. We prove by induction on the number of rules of inference in
the LK-proof-figure to the sequent I'(a,, -+, @n)— d(ay, -+ , @n)-

In case that I'(ay, -, an)— 4(ay, -+, @) is a beginning sequent, the sequent
I'n, - ,n,)—4@n,, -, n,) is finitely provable in Z. In case that I'(ay, -, @n)
— A(a,, -+, @) is not a beiginning sequent, we denote the last rule of inference
by ¥ If £ is a structural rule of inference, then it is clear.

We have only to prove in cases where  is V-in antecedent, V-in succedent,
or CI. In other cases we can prove similarly.

In case that ¥ is V-in antecedent, it is of the form

F(t(ah =ty Am)y ay e, Am), Iﬂ/ab ’ Qm)'—)A(Cll) 7’7azn)
VAF(x, ay - an), H(ay, -, an)— day, - 5 an)
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If the order of the upper sequent is «,, then @ =«a,+w. By the assumption
of the induction the sequent

F(t(nly o, Ry), ny, -, 0y, Iy, -, n,)— ARy, -+, ny)

is r-provable in Z (y < a;<a). Let n be the numerical value of t(n,, -, n,).
From Lemma 2 in §2 the sequent
Fn,n, - ,n,)—Fing, - ,n,),n, - ,n,)
is 2d-provable in Z, where d is the degree of F(n,n,, ---,n,). Hence the sequent
Fn,n,--,n,), IR, - ,n,)— 4n, -, n,)

is (max(2d, r)+1)-provable in Z (max(2d, y)+1 < a). Therefore the sequent
Vx F(x, ng -, n,), H(nly Tty nm)"‘)d(nl, v M)

is (max(2d, y)+1-+1)-provable in Z (max(2d, 7)+1+1< «).
In case that € is V-in succedent, it is of the form

F(al’ tt s am)_)A(ap ) am)’ F(aa Ay oy am)
I'(ay, -, an)—Alay, -, an), VXF(x, @y, -, @n) *

If the order of the upper sequent is «,, then @« =«a,+w. By the assumption
of the induction the sequent

F(nly Tty nm)"_)A(nly oo snm): F(n’ ng,- - 1nm)
is ro-provable in Z (r, < a; < «) for every numeral n. Therefore we have a Z-
proof-figure of the order lim r,+1(Z a,+1 < «) to the sequent
F(nlr Tt nm)—éA(nI) Tt nm)v VXF(X, ng,--, nm) .
In case that 8 is CI, it is of the form

F(CZ, ayy am)’ H(al’ Ty am)'—)A(aI) ot am); F([ZI; ai oy am) )
F(07 Aty am), ]](au ] am)'_’A(al’ am); F(t(ala R am)y ay ey am) )

If the order of the upper sequent is «;, then a« =«,+w. By the assumption
of the induction for every numeral n the sequent

F(n; ng, - ’nm)) H(nly )nm)"‘*A(nly ’nm): F(n,) ng -, nm)
is ryp-provable in Z (r, <«a; <a). Now the sequents

F(O) ny, - )nm)y H(nl) R nm)'—’A(nb 7nm)) F(()/: ny, .- 7nm)
and
F(O/; ny, -, nm)y H(nly A nm)“"A(nlr Tt nm)) F(O”: ny,:, nm)

are rq,and y,-provable in Z. Therefore the sequent
F(O, ng - )nm); H(nl; rnm)—"A(nh ] nm)’ F(Oﬂy ng,--, nm)

is (max(r,, r1)+1)-provable in Z (max(yry, 7)+1 < a,+1 < «). Similarly for every
numeral z the sequent
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F(O: ng--- ’nm)y H(nly R nm)’_’A(nh Sty nm): F(Z', Ry, e, nm)

is (max(rg, 71, =+, 72)+2)-provable in Z (max(ry, 71, =+, 7:)+2 < @, +2z < ). There-
fore when the numerical value of #(n,,---,n,) is I, so the sequent

F(O: ng,:-, nm): H(ni; Tty nm)—"A(nly Tty nm)) F(l Mgy ooy nm)
is (max(ry, 71, =, r1)+4)-provable in Z. Hence the sequent
F(O, y, - ’nm)f H(nly Tty nm)_’A(nly Tty nm); F(t(nh T nm); ngy -, nm)

is (max(re, 71, =+, r)+I+2d+1)-provable in Z (max(ry, 7y, -+, r)+l+2d+1 < )
where d is the degree of F(, ny, -+, ny).

4. We assume that the sequent ‘—’ is provable in LK.

Then we have a Z-proof-figure to ‘—’ of an order smaller than w® For
Z-proof-figures with order smaller than ®? we can prove Theorems 3,4 and 5
in §2 only by using transfinite induction to w? For such proof-figures, there-
fore, we have Theorem 6 in §2 only by using transfinite induction to »? This
contradicts to the assumption. Hence we proved without use of transfinite
induction on ordinal numbers greater than ? that the sequent ‘—’ is not
provable in LK.
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