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A consistency-proof of a formal theory of Ackermann’s
ordinal numbers.

By Akiko KINO

(Received Dec. 20, 1957)

In [1], W. Ackermann constructed a certain system of ordinal numbers
of the “ zweite Zahlenklasse ” which will be called in this paper Ackermann’s
system of ordinal numbers.

In the following, we shall first formalize Ackermann’s system of ordinal
numbers in Gentzen’s $LK$ (see [2]). We shall denote by $\Gamma_{A}$ the system thus
formalized, and prove the consistency of $\Gamma_{A}$ . The proof is performed as
follows.

We shall consider the subsystem $N^{1}$ of $G^{1}LC$ (see [8]) defined as follows:
$N^{1}$ has the same beginning sequences and the same inferences as in $G^{1}LC$

except the following restriction on the inference $\forall$ left on $f$-variables. Let
$\mathfrak{P}$ be a proof-figure of $N^{1}$ containing an inference $\forall$ left on an $f$-variable of
the form

$\frac{F(V),\Gamma\rightarrow\Delta}{\forall\varphi F(\varphi),\Gamma-\rangle\Delta}$

Then $F(\varphi)$ should contain no $\forall$ on an $f$-variable. We shall use only proof-
figures in $N^{1}$ for our consistency-proof.

Let $\mathfrak{S}$ be a sequence of the form

$A_{1}(a_{1},\cdots, a_{i}),$
$\cdots,$

$A_{n}(a_{1},\cdots, a_{i})$

$\rightarrow B_{1}(a_{1},\cdots, a_{i}),$
$\cdots,$

$B_{m}(a_{1},\cdots, a_{i})$ .
Then the axiom

$\forall x_{1}\cdots\forall x_{i}(A_{1}(x_{1},\cdots, x_{i})\wedge\cdots$ A $A_{n}(x_{1},\cdots, x_{i})$

$\leftarrow B_{1}(x_{1},\cdots, x_{i})\vee\cdots\vee B_{m}(x_{1},\cdots, x_{i}))$

will be called the axiom obtained from $\mathfrak{S}$ .
Let $\Gamma_{0}$ be a system of axioms obtained from some ” mathematische

Grundsequenzen” in the sense of [3]. Then the consistency in $N^{1}$ of the
following system of axioms, which we shall call the system $\Gamma_{N}$ :

$\Gamma_{0}$ ,
$\forall\varphi\forall x\forall y(x=y\leftarrow(\varphi[x]\varphi[y]))$ ,
$\forall\varphi\forall x$( $\varphi[0]$ A $\forall y(\varphi[y]-\varphi[y+1])-\varphi[x]$ )

follows from Theorem II, Chapter II of [6], as a special case. (In [6] ordinal
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diagrams of any order are used. It is to be noticed that for the proof of
this special case, we have to use only ordinal diagrams of order 2.)

In \S 1, we shall give a precise definition of $\Gamma_{A}$ and in \S 2 of $\Gamma_{0}$ and of
$\Gamma_{N}$ . Finally we shall construct in \S \S 3-5 a model of $\Gamma_{A}$ in $\Gamma_{N}$ and thus
complete our consistency-proof.

The author wishes to express her heart-felt thanks to her teacher Dr.
G. Takeuti, who has given her precious advice during the preparation of
this work.

\S 1. Formalization of Ackermann’s system of ordinal numbers.

We define the system $\Gamma_{A}$ by the following axioms in $LK$.
1.1. $\forall x(x=x)$ .
1.2. $\forall x\forall y(x=y-y=x)$ .
1.3. $\forall x\forall y\forall z(x=y\wedge y=z\leftarrow x=z)$ .
1.4. $Vx_{1}Vx_{2}\forall y_{1}\forall y_{2}(x_{1}=y_{1}\wedge x_{2}=y_{2}-x_{1}+x_{2}=y_{1}+y_{2})$ ,

where $‘+$ is a special function, and $a+b$ means the sum of the ordinal
numbers $a$ and $b$.
1.5. $\forall x_{1}\forall x_{2}\forall x_{3}\forall y_{1}\forall y_{2}\forall y_{3}(x_{1}=y_{1}\wedge x_{2}=y_{2}\wedge x_{3}=y_{3}$

$\leftarrow ack(x_{1}, x_{2}, x_{3})=ack(y_{1}, y_{2}, y_{3}))$ ,

where ‘ ack’ is a special function, which corresponds to the “ Klammerzeichen
$($ , , $)$

” in [1].

1.6. $\forall x7(x<1)$ ,

where ‘ 1 ’ is a special variable and $a<b$ is read, “
$a$ is smaller than $b$ .

1.7. $\forall x\forall y(x<x+y)$ .
1.8. $\forall x\forall y\forall z(y<z\leftarrow x+y<x+z)$ .
1.9. $\forall x\forall y(y<x-\exists z(y+z=x))$ .
1.10. $\forall x(x<ack(1,1,1)\leftarrow x=1\vee\exists y(x=y+1))$ .
1.11. $\forall x\forall y\forall z\forall u\forall v(u<ack(x, y, z)\Lambda v<ack(\chi_{)}y, z)\leftarrow u+v<ack(x, y, z))$ .
1.12. $\forall x_{1}\forall x\lrcorner\rangle$ $\forall x_{s\mathcal{Y}_{1}}\forall\forall y_{2}\forall y_{3}(x_{1}=y_{1}\Lambda x_{2}=y_{2}\Lambda x_{3}<y_{3}$

$\leftarrow ack(x_{1}, x_{2}, x_{3})<ack(y_{1}, y_{2}, y_{3}))$ .
1.13. $\forall x_{1}\forall x_{\triangleleft}\forall x_{3}\forall y_{1}\forall y_{2}\forall y_{3}(x_{1}=y_{1}\wedge x_{2}<y_{2}\wedge x_{3}<ack(y_{1}, y_{2},y_{3})$

$\leftarrow ack(x_{1}, x_{2}, x_{3})<ack(y_{1}, y_{2},y_{3}))$ .
1.14. $\forall x_{1}\forall x_{2}\forall x_{3}\forall y_{1}\forall y_{2}\forall y_{3}(x_{1}<y_{1}\Lambda x_{2}<ack(y_{1},y_{2}, y_{3})$ A $x_{3}<ack(y_{1}, y_{2},y_{3})$

$\leftarrow ack(x_{1}, x_{2}, x_{3})<ack(y_{1}, y_{2}, y_{3}))$ .
1.15. $\forall x\forall y\forall z\forall u(u\leqq x\vee u\leqq y\vee u\leqq z\leftarrow u<ack(x,y, z))$ ,

where $a\leqq b$ is an abbreviation for $a<b\vee a=b$ as usual.

1.16. $\forall x\forall y(x<y\vee x=y\vee y<x)$ .
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1.17. $\forall x\forall y7(x=y\wedge x<y)$ .
1.18. $\forall x\forall y\forall z(x<y\wedge y<z\leftarrow x<z)$ .
1.19. $\forall A\forall x(\forall y(\forall z(z<y-A(z))\mapsto A(y))-A(x))$ .
$\forall AF(\{x\}A(x))$ means the system of all the axioms of the form

$\forall z_{1}\cdots\forall z_{n}(F(\{x\}A(x, z_{1},\cdots, z_{n})))$

where $\{x\}A(x, z_{1},\cdots, z_{n})$ ranges over all the formulas with one argument-place
(see [9] \S 1 for this notion).

1.19 is called the axiom of transfinite induction, which corresponds to
“ Erreichbarkeit ” of Ackermann’s ordinal numbers.

\S 2. The axiom system $\Gamma_{N}$ .

We shall now display the system $\Gamma_{N}$ of the axioms of the theory of
natural numbers in $G^{1}LC$, which is the basic system for our consistency-
proof.

2.1. $\forall x(x=x)$ .
2.2. $\forall\varphi\forall x\forall y(x=y\mapsto(\varphi[x]\leftarrow\varphi[y]))$ .
2.3. $\forall x\forall y(x<y\vee x=y\vee y<x)$ .
2.4. $\forall x\forall y7(x=y\wedge x<y)$ .
2.5. $\forall x\forall y\forall z(x<y\wedge y<z\leftarrow x<z)$ .
2.6. $\forall x(0\leqq x)$ ,

where ‘ $0$ ’ is a special variable and $a\leqq b$ means $a<b\vee a=b$ .
2.7. $0<1$ ,

where ‘ 1 ’ is a special variable.

2.8. $\forall x\forall y(x<y\mapsto x+1\leqq y)$ ,

where $‘+$ is a special function.

2.9. $\forall x(0<x-\exists y(x=y+1))$ .
2.10. $\forall x(x+0=x)$ .
2.11. V$x\forall y(x+y=y+x)$ .
2.12. $\forall x\forall y\forall z((x+y)+z=x+(y+z))$ .
2.13. $\forall x\forall y\forall z(x<y\leftarrow x+z<y+z)$ .
2.14. $\forall x\forall y(y\leqq x-y+(x-y)=x)$ ,

where ‘-, is a special function.

2.15. $\forall x\forall y(x<y-x-y=0)$ .
2.16. $\forall x(x\cdot 1=x)$ ,

where ‘ ’ is a special function.
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2.17. $\forall x\forall y(x\cdot y=y\cdot x)$ .
2.18. V$x\forall y\forall z((x\cdot y)\cdot z=x\cdot(y\cdot z))$ .
2.19. $\forall x\forall y\forall z((x+y)\cdot z=x\cdot z+y\cdot z)$ .
2.20. $\forall x\forall y\forall z(0<x\wedge y<z\leftarrow x\cdot y<x\cdot z)$ .
2.21. $\forall x(x^{1}=x)$ ,

where ‘ $\star^{\star}$ is a special function.

2.22. $\forall x\forall y\forall z(x^{y}\cdot x^{z}=x^{y+z})$ .
2.23. V$x\forall y\forall z((x^{y})^{z}=x^{yz})$ .
2.24. $\forall\varphi\forall x$( $\varphi[0]$ A $\forall y(\varphi[y]\leftarrow\varphi[y+1])\leftarrow\varphi[x]$),

which is called the axiom of mathematical induction. Now we define $2=1+1$ ,

$3=2+1,4=3+1,5=4+1,6=5+1,7=6+1,8=7+1,9=8+1,10=9-\}- 1,11=10+1$ ,
etc.
2.25. V$x\forall y\forall z(ack(x, y, z)=2^{x}3^{y}5^{z})$ ,

where ‘ ack’ is a special function corresponding to ’ ack ’ in $\Gamma_{A}$ .
2.26. $\forall x\forall y(xty=7^{x}11^{y})$ ,

where ‘
$t$

’ is a special function.

2.27. Ack(l) $=0$ ,

where ‘ Ack’ is a special function.

2.28. $\forall x\forall y\forall z(Ack(ack(x, y, z))=0 Ack(x)=0\wedge Ack(y)=0\wedge Ack(z)=0)$ .
2.29. $\forall x(M(x)=0 x=1\vee\exists u\exists v\exists w(x=ack(u, v, w)\wedge Ack(x)=0))$ ,

where ‘ $M$ is a special function and $M(a)=0$ means “
$a$ is monomial ‘’.

2.30. $\forall x\forall y(Ack(xty)=0-Ack(x)=0\wedge M(y)=0)$ .
2.31. $\forall x(M(x)=0\leftarrow|1h(x)=0)$ ,

where ‘lh ’ is a special function and $1h(a)$ means the length of $a$ .
2.32. $\forall x\forall y(Ack(x7y)=0-1h(xTy)=1h(x)+1)$ .
2.33. $\forall x(M(x)=0\leftarrow cp(x, 0)=x)$ ,

where ‘ cp ’ is a special function, and $cp(a, i)$ means the i-th component of $a$ .
2.34. $\forall x\forall y(Ack(x)=0\Lambda y\leqq 1h(x)-M(cp(x, y))=0)$ .
2.35. $\forall x\forall y\forall z(Ack(x)=0\wedge x=y|z\leftarrow\forall u(u\leqq 1h(y)\leftarrow cp(x, u)=cp(y, u))$

$\wedge cp(x, 1h(x))=z)$ .
2.36. $\forall x\forall y(1h(x)<y\leftarrow cp(x, y)=0)$ .
2.37. $\forall x(1c(x)=cp(x, 1h(x)))$ ,

where ‘ lc ’ is a special function, and $1c(a)$ means the last component of $a$ .
2.38. $\forall x\forall y(Ack(x)=0\wedge y\leqq 1h(x)\leftarrow 1h(pt(x, y))=y)$ ,

where ‘ pt ‘ is a special function, and $pt(a, i)$ means the i-th part of $a$ .
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2.39. $\forall x\forall y\forall z(Ack(x)=0\wedge z\leqq y\wedge y\leqq 1h(x)\leftarrow cp(pt(x, y),$ $z$ ) $=cp(x, z))$ .
2.40. V$x(Ack(x)=0-M(x)=0\vee x=pt(x, 1h(x)-1)\uparrow 1c(x))$ .
2.41. $\forall x7(Ord(x, 1)=0)$ ,

where ‘ Ord ‘ is a special function, and $Ord(a, b)=0$ corresponds to $a<b$ in $\Gamma_{A}$ .
2.42. $\forall x(Ack(x)=0-x=1\vee Ord(1, x)=0)$ .
2.43. $\forall x\forall y(Ack(x)=0\wedge Ack(y)=0\Lambda 1h(y)<1h(x)$

$\wedge\forall z(z\leqq 1h(y)-cp(y, z)=cp(x, z))|-Ord(y, x)=0)$ .
2.44. $\forall x\forall y(Ack(x)=0\wedge Ack(y)=0\wedge\exists z(\forall u(u<z\leftarrow cp(y, u)=cp(x, u))$

$\wedge Ord(cp(y, z),$ $cp(x, z))=0)|-Ord(y, x)=0)$ .
2.45. $\forall x\forall y\forall z\forall u\forall v\forall w(u=x\wedge v=y\wedge Ord(w, z)=0-Ord(ack(u, v,w), ack(x, y,z))=0)$ .
2.46. $\forall x\forall y\forall z\forall u\forall v\forall w(u=x\wedge Ord(v, y)=0\Lambda Ord(w, ack(x, y, z))=0$

$\leftarrow Ord(ack(u, v, w), ack(x, y, z))=0)$ .
2.47. $\forall x\forall y\forall z\forall u\forall v\forall w(Ord(u, x)=0\wedge Ord(v, ack(x, y, z))=0\wedge Ord(ru, ack(x, y, z))\Rightarrow 0$

$\leftarrow Ord(ack(u, v, w), ack(x, y, z))=0)$ .
2.48. $\forall x\forall y\forall z\forall u(Ord(u, x)=0\vee u=x\vee Ord(u, y)=0\vee u=y\vee Ord(u, z)=0\vee u=z$

$\mapsto Ord(u, ack(x,y, z))=0)$ .
2.49. $\forall x\forall y(Ord(y, x)=0-Ack(x)=0\wedge Ack(y)=0$

$\wedge((y=1\Lambda 1<x)\vee$ ($1h(y)<1h(x)$ A $\forall z(z\leqq 1h(y)\leftarrow cp(y,$ $z)=cp(x,$ $z))$ )
$\vee\exists z(\forall u(u<z\leftarrow cp(y, u)=cp(x, u))\wedge Ord(cp(y, z),$ $cp(x, z))=0)$

$\vee\exists r\exists s\exists t\exists u\exists v\exists w(x=ack(r. s, t)\Lambda y=ack(u, v, w)$

$\Lambda((u=r\wedge v=s\wedge Ord(w, t)=0)\vee(u=r\wedge Ord(v, s)=0\wedge Ord(w, x)=0)$

$\vee(Ord(u, r)=0\wedge Ord(v, x)=0\wedge Ord(w, x)=0))$

$\vee\exists u\exists v\exists w(x=ack(u, v, w)\wedge(Ord(y, u)=0\vee y=u\vee Ord(y, v)=0\vee y=v$

$\vee Ord(y, w)=0\vee y=w))))$ .
2.50. $0(1)=0$ ,

where ‘ $0$ ’ is a special function, and $0(a)=0$ means that $a$ corresponds to
Ackermann’s ordinal number.

2.51. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0\leftarrow 0(ack(x, y, z))=0)$ .
2.52. $\forall x(Ack(x)=0\wedge 0<1h(x)\wedge\forall y(y\leqq 1h(x)\leftarrow 0(cp(x, y))=0)$

A $\forall z(z<1h(x)-Ord(cp(x, z+1),$ $cp(x, z))=0\vee cp(x, z+1)=cp(x, z))$

$\leftarrow 0(x)=0)$ .
2.53. $\forall x(O(x)=0\mapsto Ack(x)=0\wedge(x=1$

$\vee\exists u\exists v\exists w(x=ack(u, v, w)\wedge O(u)=0\wedge O(v)=0\wedge O(w)=0)$

V ($0<1h(x)$ A $\forall y(y\leqq 1h(x)\leftarrow 0(cp(x, y))=0)$

$\wedge\forall z(z<1h(x)|-Ord(cp(x, z+1),$ $cp(x,z))=0\vee cp(x,z+1)=cp(x,z))))$ .
2.54. $\forall x\forall y(O(x)=0\wedge O(y)=0\wedge(Ord(cp(y, 0),$ $1c(x))=0\vee cp(y, 0)=1c(x))$

$1-(0=1h(y)\mapsto x\# y=x7y)$

$\wedge(0<1h(y)-x\# y=(x\#pt(y, 1h(y)-1))71c(y)))$ ,

where ‘
$\#$
‘ is a special function corresponding to $‘+$ in $\Gamma_{A}$ .
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2.55. $\forall x\forall y(O(x)=0\wedge O(y)=0\wedge Ord(1c(x), cp(y, O))=0$

$\}-(0=1h(y)|-x\# y=y)$

$\Lambda(0<1h(y)-x\# y=pt(x, 1h(x)-1)\# y))$ .
2.56. $\forall x\forall y(O(x)=0\wedge O(y)=0_{1}-O(x\# y)=0)$ .
2.57. $\forall x\forall y(O(x)=0\wedge O(y)=0\leftarrow Ord(x, x\# y)=0)$ .
2.58. V$x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge Ord(y, z)=0\leftarrow Ord(x\# y, x\# z)=0)$ .
2.59. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge Ord(z, x\# y)=0\leftarrow Ord(z, x)=0\vee z=x$

$\vee\exists u(O(u)=0\wedge Ord(u,y)=0\wedge(Ord(z, x\# u)=0z=x\# u))))$ .
2.60. $\forall x\forall y\forall z\forall u\forall v(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge O(u)=0\wedge O(v)=0$

$\wedge Ord(u, ack(x, y, z))=0\wedge Ord(v, ack(x, y, z))=0$

$|-Ord(u\# v, ack(x, y, z))=0)$ .
2.61. $\forall x\forall y(O(x)=0\wedge O(y)=0\wedge Ord(y, x)=0\leftarrow x=y\#(x-y))$ ,

where $-’$ is a special function.

2.62. $\forall x\forall y(O(x)=0\wedge O(y)=0_{\mathfrak{l}}-O(x-y)=0)$ .
2.63. $\forall x\forall y(O(x)=0\wedge O(y)=0_{I}-Ord(x, y)=0\vee x=y\vee Ord(y, x)=0)$ .
2.64. $\forall x\forall y(O(x)=0\wedge O(y)=0-7(x=y\wedge Ord(x, y)=0))$ .
2.65. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0$

$\wedge Ord(x, y)=0\wedge Ord(y, z)=0\leftarrow Ord(x, z)=0)$ .
2.66. $rb(1)=0$ ,

where ‘ rb ’ is a special function, and $rb(a)$ means the number of ack’s con-
tained in $a$ .
2.67. $\forall x\forall y\forall z(O(ack(x, y, z))=0\leftarrow rb(ack(x, y, z))=rb(x)+rb(y)+- rb(z)+1)$ .
2.68. $\forall x(O(x)=0\wedge 0<lh(x)-rb(x)=rb(pt(x, lh(x)-1))+rb(lc(x)))$ .
2.69. $p1(1)=0$ ,

where ‘ pl ’ is a special function, and $p1(a)$ means the number of $\uparrow s$ con-
tained in $a$ .
2.70. $\forall x\forall y\forall z(O(ack(x, y, z))=0\leftarrow p1(ack(x, y, z))=p1(x)+p1(y)+p1(z))$ .
2.71. $\forall x(O(x)=0\wedge 0<1h(x)-p1(x)=p1(pt(x, 1h(x)-1))+p1(1c(x))+1)$ .

All the special functions contained in $\Gamma_{N}$ are “ entscheidbar ” in Gentzen’s
sense (cf. [4]). That is why $\Gamma_{N}$ is consistent in $N^{1}$ by [6], Chapter II.

\S 3. The consistency of $\Gamma_{A}$ .

We are to prove the consistency of $\Gamma_{A}$ by the restriction theory. (See

[5], \S 7 for the notions and notations on restriction.) Consider the system of
restriction which contains only the formula $0(a)=0$ . Let $\Gamma_{A}^{O()}$ denote the
restriction of $\Gamma_{A}$ by this system. According to 7.8 of [5], we have only to
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prove for our purpose that the following axioms are provable under $\Gamma_{N}$ in
$N^{1}$ :

$\Gamma_{A}^{O()}$ ,
$0(1)=0$ ,
$\exists x(O(x)=0)$ ,
$\forall x\forall y(O(x)=0\wedge O(y)=0\leftarrow 0(x+y)=0)$ ,
$\forall x\forall y\forall z(O(x)=0\wedge O(y)=0AO(z)=0\leftarrow 0(ack(x, y, z))=0)$ .

By replacing $\{x, y\}(x<y),$ $\{x, y\}(x+y)$ and $\{x, y, z\}ack(x, y, z)$ by $\{x, y\}(Ord(x, y)$

$=0),$ $\{x,y\}(x\# y)$ and $\{x, y, z\}ack(x, y, z)$ respectively in the above axioms, we
obtain the following axioms.
3.1. $\forall x(0(x)=0\leftarrow x=x)$ .
3.2. $\forall x\forall y(O(x)=0\wedge O(y)=0\wedge x=y-y=x)$ .
3.3. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0\Lambda x=y\wedge y=z\leftarrow x=z)$ .
3.4. $\forall x\forall y\forall z\forall u\forall v\forall w(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge O(u)=0\wedge O(v)=0\wedge O(w)=0$

$\wedge x=u\wedge y=v\Lambda z=w|-ack(x, y, z)=ack(u, v, w))$ .
3.5. $\forall x\forall y\forall u\forall v(O(x)=0\wedge O(y)=0\wedge O(u)=0\Lambda O(v)=0\wedge x=u\wedge y=v\leftarrow x\# y=u\# v)$

3.6. $\forall x(O(x)=0-7Ord(x, 1)=0)$ .
3.7. $\forall x\forall y(O(x)=0\wedge O(y)=0-Ord(x, x\# y)=0)$ .
3.8. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge Ord(y_{j}z)=0\leftarrow Ord(x\# y, x\# z)=0)$ .
3.9. $\forall x\forall y(O(x)=0\wedge O(y)=0\wedge Ord(y, x)=0-\exists z(O(z)=0\wedge y\# z=x))$ .
3.10. $\forall x(O(x)=0\wedge Ord(x, ack(1,1,1))=0\leftarrow x=1\vee\exists y(O(y)=0\wedge x=y\# 1))$ .
3.11. $\forall x\forall y\forall z\forall u\forall v(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge O(u)=0\wedge O(v)=0$

$\wedge Ord(u, ack(x, y, z))=0\wedge Ord(v, ack(x, y, z))=0$

$\leftarrow Ord(u\# v, ack(x,y, z))=0)$ .
3.12. $\forall x\forall y\forall z\forall u\forall v\forall w(O(x)=0\wedge O(y)=0\wedge O(z)=0\Lambda O(u)=0\wedge O(v)=0\wedge O(w)=0$

$\wedge u=x\wedge v=y\wedge Ord(w, z)=0\leftarrow Ord(ack(u, v, w), ack(x,y, z))=0)$ .
3.13. $\forall x\forall y\forall z\forall u\forall v\forall w(O(x)=0\Lambda O(y)=0\wedge O(z)=0\wedge O(u)=0\wedge O(v)=0\wedge O(w)=0$

$\wedge u=x\wedge Ord(v, y)=0\wedge Ord(w, ack(x, y, z))=0$

$-Ord(ack(u, v, w), ack(x, y, z))=0)$ .
3.14. $\forall x\forall y\forall z\forall u\forall v\forall w(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge O(u)=0\wedge O(v)=0\wedge O(w)=0$

$\wedge Ord(u, x)=0\wedge Ord(v, ack(x, y, z))=0\wedge Ord(w, ack(x, y, z))=0$

$-Ord(ack(u, v, w), ack(x.y, z))=0)$ .
3.15. $\forall x\forall y\forall z\forall u(O(x)=0\wedge O(y)=0\wedge O(z)=0\wedge O(u)=0\wedge(Ord(u, x)=0\vee u=x$

$\vee Ord(u, y)=0\vee u=y\vee Ord(u, z)=0\vee u=z)\leftarrow Ord(u, ack(x, y, z))=0)$ .
3.16. V$x\forall y(O(x)=0\wedge O(y)=0\leftarrow Ord(x,y)=0\vee x=y\vee Ord(y, x)=0)$ .
3.17. V$x\forall y(O(x)=0\wedge O(y)=0_{1}-7(x=y\wedge Ord(x, y)=0))$ .
3.18. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0$

$\wedge Ord(x, y)=0\wedge Ord(y, z)=0\leftarrow Ord(x, z)=0)$ .
3.19. $\forall\varphi\forall x(O(x)=0\wedge\forall y(O(y)=0\wedge\forall z(O(z)=0$

$\wedge Ord(z,y)=0-\varphi[z])\mapsto\varphi[y])\mapsto\varphi[x])$ .
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3.20. $0(1)=0$ .
3.21. $\exists x(O(x)=0)$ .
3.22. $\forall x\forall y(O(x)=0\Lambda O(y)=0_{I}-O(x\# y)=0)$ .
3.23. $\forall x\forall y\forall z(O(x)=0\wedge O(y)=0\wedge O(z)=0_{1}-O(ack(x, y, z))=0)$ .

Each of 3.1-3.18, 3.20-3.23 follows directly or easily from the axioms of
$\Gamma_{N}$ . We have only to prove that 3.19 is provable under $\Gamma_{N}$ in $N^{1}$ . Let
$Acc(a)$ denote

$0(a)=0\wedge\forall\varphi(\forall x(O(x)=0\wedge\forall y(O(y)=0\wedge Ord(y, x)=0\leftarrow\varphi[y])\leftarrow\varphi[x])\leftarrow\varphi[a])$ ,

which means that $a$ is accessible. Since 3.19 follows from $\forall x(O(x)=0\leftarrow Acc(x))$ ,

our proof will be finished by constructing proof-figures to the following
sequences TI–T10 under $\Gamma_{N}$ in $N^{1}$ .
Tl. $\rightarrow Acc(1)$ .
T2. $Acc(a),$ $O(b)=0,$ $Ord(b, a)=0\rightarrow Acc(b)$ .
T3. $O(a)=0,$ $\forall x(O(x)=0\wedge Ord(x, a)=0-Acc(x))\rightarrow Acc(a)$ .
T4. $Acc(a),$ $O(b)=0,$ $Ord(b, 1c(a))=0Vb=1c(a)\rightarrow Acc(a\# b)$ .
T5. $0(a)=0,$ $Acc(cp(a, O))\rightarrow Acc(a)$ .
T6. $Acc(a),$ $Acc(b),$ $Acc(c)$ ,

$\forall x\forall y\forall z(O(x)=0\wedge Ord(x, a)=0\Lambda Acc(y)\Lambda Acc(z)\leftarrow Acc(ack(x, y, z)))$ ,
$\forall x\forall y(O(x)=0\wedge Ord(x, b)=0\wedge Acc(y)\mapsto Acc(ack(a, x, y)))$ ,
$\forall x(O(x)=0\wedge Ord(x, c)=0\leftarrow Acc(ack(a, b, x)))\rightarrow Acc(ack(a, b, c))$ .

T7. $Acc(a),$ $Acc(b),$ $Acc(c)$ ,
$\forall x\forall y\forall z(O(x)=0\wedge Ord(x, a)=0\wedge Acc(y)\wedge Acc(z)\leftarrow Acc(ack(x,y, z)))$ ,
$\forall x\forall y$ ( $O(x)=0\Lambda$ Ord $(x,$ $b)=0$A $Acc(y)\leftarrow Acc(ack(a,$ $x,$ $y))$ ) $\rightarrow Acc(ack(a, b, c))$ .

T8. $Acc(a),$ $Acc(b),$ $Acc(c)$ ,
$\forall x\forall y\forall z(O(x)=0\wedge Ord(x, a)=0\wedge Acc(y)\wedge Acc(z)\leftarrow Acc(ack(x, y, z)))$

$\rightarrow Acc(ack(a, b, c))$ .
T9. $Acc(a),$ $Acc(b),$ $Acc(c)\rightarrow Acc(ack(a, b, c))$ .
T10. $0(a)=0\rightarrow Acc(a)$ .

Now we shall see that every chief-formula of the inference $\forall$ left on an
$f$-variable appearing in the following proof-figures is always either of the
form

$\forall\varphi(\forall x(O(x)=0\wedge\forall y(O(y)=0\wedge Ord(y, x)=0_{I}-\varphi[y])-\varphi[x])\leftarrow\varphi[a])$

( $i$ . $e$ . a predecessor of a formula of the form $Acc(a)$ ), or of the form
$\forall\varphi\forall x(\varphi[0]\wedge\forall y(\varphi[y]\leftarrow\varphi[y+1])-\varphi[x])$ ,

or of the form
$\forall\varphi\forall x(\forall y(\forall z(z<y\mapsto\varphi[z])|-\varphi[y])\leftarrow\varphi[x])$ ,

so that all these proof-figures are contained in $N^{1}$ . The last formula cited
above is sometimes called the axiom of course-of-values induction, and we
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see easily that it is provable under $\Gamma_{N}$ in $N^{1}$ . Proof-figures to Tl, T8–9 are
easy to construct, so that we may omit the construction. Since it takes too
much space to show the proof-figures themselves, we shall only show how to
construct those to $T2-T7$ and T10 in the following paragraphs.

\S 4. A preparation.

Hereafter we say briefly that $\Gamma\rightarrow\Delta$ is provable or that we have $\Gamma\rightarrow\Delta$ ,

when $\Gamma\rightarrow\Delta$ is provable under $\Gamma_{N}$ in $N^{1}$ ( $i$ . $e$ . $\Gamma_{N},$ $\Gamma\rightarrow\Delta$ is provable in $N^{1}$ ).

In this section we shall mention some provable sequences useful for the next
sections.

LEMMA. The following sequences are provable.

4.1. $Acc(a)\rightarrow 0(a)=0$ .
4.2. $0(a)=0,$ $O(b)=0,$ $Ord(b, 1c(a))=0\vee b=1c(a)\rightarrow Ord(b, a)=0,$ $b=a$ .
4.3. $0(a)=0\rightarrow cp(pt(a, k),$ $0$ ) $=cp(a, 0)$ .
4.4. $0(a)=0,1h(a)=k+1\rightarrow 1h(pt(a, k))=k$ .
4.5. $0(a)=0,1h(a)=k+1\rightarrow 0(pt(a, k))=0$ .
4.6. $0(a)=0\rightarrow 0(1c(a))=0$ .
4.7. $0(a)=0,1h(a)=k+1\rightarrow Ord(1c(a),$ $lc(pt(a, k))=0,$ $lc(a)=lc(pt(a, k))$ .
4.8. $1h(a)=0\rightarrow cp(a, O)=a$ .
4.9. $O(ack(d_{1}, d_{2}, d_{3}))=0,$ $rb(ack(d_{1}, d_{2}, d_{3}))=k\rightarrow(rb(cp(d_{3}, O))<k)$ .
4.10. $Ord(ack(d_{1}, d\underline{)}, d_{3}), ack(a, b, c))=0\rightarrow d_{1}=a\Lambda d_{2}=b\wedge Ord(d_{3}, c)=0$ ,

$d_{1}=a\Lambda Ord(d_{2}, b)=0\wedge Ord(d_{3}, ack(a, b, c))=0$ ,
$Ord(d_{1}, a)=0\wedge Ord(d_{2}, ack(a, b, c))=0\wedge Ord(d_{3}, ack(a, b, c))=0$ ,
$Ord(ack(d_{1}, d_{2}, d_{3}), a)=0,$ $ack(d_{1}, d_{2}, d_{3})=a$ ,
$Ord(ack(d_{1}, d_{2}, d_{3}), b)=0,$ $ack(d_{1}, d_{2}, d_{3})=b$ ,
$Ord(ack(d_{1}, d_{\lrcorner})’ d_{3}),$ $c$ ) $=0,$ $ack(d_{1}, d_{2}, d_{3})=c$ .

4.11. $0(ack(a, b, c))=0,$ $O(d)=0,$ $Ord(d, ack(a, b, c))=0\rightarrow cp(d, 0)=1$ ,
$\exists x\exists y\exists z(cp(d, O)=ack(x, y, z)\wedge O(ack(x, y, z))=0$

$\wedge Ord(ack(x, y, z), ack(a, b, c))=0)$ .
4.12. $0(a)=0,$ $p1(a)+rb(a)=k,$ $a=ack(b, c, d)\rightarrow p1(b)+rb(b)<k$ .
4.13. $0(a)=0,$ $p1(a)+rb(a)=k,$ $a=ack(b, c, d)\rightarrow p1(c)+rb(c)<k$ .
4.14. $0(a)=0,$ $p1(a)+rb(a)=k,$ $a=ack(b, c, d)\rightarrow p1(d)+rb(d)<k$ .
4.15. $0(a)=0,$ $p1(a)+rb(a)=k,$ $0<lh(a)\rightarrow pl(cp(a, O))+rb(cp(a, O))<k$ .
4.16. $0(a)=0\rightarrow a=1,$ $\exists x\exists y\exists z(a=ack(x, y, z)),$ $0<1h(a)$ .

PROOFS. 4.1. It is obvious, because $Acc(a)$ denotes
$O(a)=0\wedge\forall\varphi(\forall x(\forall y(Ord(y, x)=0\mapsto\varphi[y])-\varphi[x])\leftarrow\varphi[a])$ .

4.2. By 2.2, 2.21, 2.31, 2.34, 2.37, 2.43, 2.53 and 2.65.
4.3. By 2.6, 2.39 and 2.53.
4.4. By 2.2, 2.7, 2.10, 2.11 and 2.38.
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4.5. By 2.2, 2.14, 2.52 and 2.53.
4.6. By 2.1, 2.2, 2.37 and 2.53.
4.7. By 2.2, 2.7, 2.37, 2.38, 2.39 and 2.53.
4.8. By 2.31 and 2.33.
4.9. By 2.2, 2.7, 2.13, 2.14, 2.24, 2.29, 2.31, 2.33, 2.53 and 2.62.
4.10. By 2.1 and 2.49.
4.11. By 2.2, 2.29, 2.34, 2.43, 2.53 and 2.65.
4.12. By 2.1, 2.2, 2.6, 2.7, 2.10, 2.67 and 2.70.
4.13 and 4.14. By the same way as in 4.12.
4.15. By 2.2, 2.6, 2.7, 2.10, 2.11, 2.24, 2.33, 2.38, 2,39, 2.40, 2.53 and 2.71.
4.16. By 2.53.

\S 5. Proofs of T2-T7 and T10.

We shall now outline the proof-figures to $T2-T7$ and TIO. To save
space, we shall often use the following abbreviations:

$\{x, y\}D(x, y)$ for $\{x, y\}(O(x)=0\wedge Ord(x, y)=0)$ ,
$\{x, \varphi\}E(x, \varphi)$ for $\{x, \varphi\}(O(x)=0\wedge\forall y(D(y, x)\leftarrow\varphi[y])\leftarrow\varphi[x])$ ,
$\{x,y\}L(x, y)$ for $\{x, y\}(O(x)=0\wedge 1h(x)=y\wedge Acc(cp(x, O))\leftarrow Acc(x))$ ,
$\{x\}A(x)$ for $\{x\}(\forall u\forall v\forall w(D(u, x)\Lambda Acc(v)\Lambda Acc(w)-Acc(ack(u, v, w))))$ ,
$\{x, y\}B(x, y)$ for $\{x, y\}(\forall u\forall v(D(u, y)\wedge Acc(v)\leftarrow Acc(ack(x, u, v))))$ ,
$\{x, y, z\}C(x, y, z)$ for $\{x, y, z\}(\forall u(D(u, z)\leftarrow Acc(ack(x, y, u))))$ ,
$\{x,y\}R(x, y)$ for $\{x, y\}(rb(cp(x, 0))=y\Lambda D(x, ack(a, b, c))-Acc(x))$ ,
$\{x, \varphi\}F(x, \varphi)$ for $\{x, \varphi\}(\forall y(y<x\leftarrow\varphi[y])-\varphi[x])$ ,
$\{x, y, z\}K(x, y, z)$ for $\{x, y, z\}(Acc(z)\leftarrow Acc(ack(x,y, z)))$ ,
$\{x\}pr(x)$ for $\{x\}(p1(x)+rb(x))$ ,
$\{x, y\}P(x, y)$ for $\{x, y\}(O(x)=0\wedge pr(x)=y\leftarrow Acc(x))$ .

Moreover, the left side of $Ti$ will sometimes be denoted by $\Gamma_{i}(2\leqq i\leqq 10)$ .

5.1. PROOF OF T2.
We have the following sequences separated by semicolons successively:

$\forall z(D(z, d)\leftarrow\alpha[z])\rightarrow\forall y(D(y, d)\leftarrow\alpha[y])$ ;
adding $D(d, c)\rightarrow D(d, c)$ , we obtain

$D(d, c)\leftarrow\forall z(D(z, c)\leftarrow\alpha[z]),$ $D(d, c)\rightarrow\forall y(D(y, d)\leftarrow\alpha[y])$ ;
$\forall y(D(y, c)-\forall z(D(z, y)\leftarrow\alpha[z])),$ $D(d, c)\rightarrow\forall y(D(y, d)\leftarrow\alpha[y])$ ;

adding $0(d)=0\rightarrow 0(d)=0$ and remembering the meaning of $D(d, c)$ ,
$\forall y(D(y, c)\leftarrow\forall z(D(z, y)|-\alpha[z])),$ $D(d, c)\rightarrow O(d)=0\wedge\forall y(D(y, d)\leftarrow\alpha[y])$ ;

adding $\alpha[d]\rightarrow\alpha[d]$ ,
$E(d, \alpha),$ $\forall y(D(y, c)\leftarrow\forall z(D(z, y)-\alpha[z])),$ $D(d, c)\rightarrow\alpha[d]$ ;
$\forall xE(x, \alpha),$ $\forall y(D(y, c)\leftarrow\forall z(D(z,y)\leftarrow\alpha[z])),$ $D(d, c)\rightarrow\alpha[d]$ ;
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$\forall xE(x, \alpha),$ $\forall y(D(y, c)\leftarrow\forall z(D\langle z, y)\leftarrow\alpha[z]))\rightarrow D(d, c)\leftarrow\alpha[d]$ ;
$\forall xE(x, \alpha),$ $\forall y(D(y, c)\mapsto\forall z(D(z, y)\mapsto\alpha[z]))\rightarrow\forall z(D(z, c)-\alpha[z])$ ;
$O(c)=0\wedge\forall y(D(y, c)\leftarrow\forall z(D(z,y)-\alpha[z]),$ $\forall xE(x, \alpha)\rightarrow\forall z(D(z, c)\leftarrow\alpha[z])$ ;
$\forall xE(x, \alpha)\rightarrow E(c, \{y\}(\forall z(D(z, y)\leftarrow\alpha[z])))$ ;
$\forall xE(x, \alpha)\rightarrow\forall xE(x, \{y\}(\forall z(D(z, y)\leftarrow\alpha[z])))$ ;

using $\forall z(D(z, a)-\alpha[z]),$ $O(b)=0,$ $Ord(b, a)=0\rightarrow\alpha[b]$ ,
$\forall xE(x, \{y\}(\forall z(D(z, y)\mapsto\alpha[z])))-\forall z(D(z, a)-\alpha[z]),$ $\forall xE(x, \alpha)$ ,

$O(b)=0,$ $Ord(b, a)=0\rightarrow\alpha[b]$ ;
by $\forall$ left on an $f$-variable,

$\forall\varphi(\forall x(E(x, \varphi)\downarrow-\varphi[a]),$ $\forall xE(x, \alpha),$ $O(b)=0,$ $Ord(b, a)=0\rightarrow\alpha[b]$ ;
$\forall xE(x, \alpha),$ $\Gamma_{2}\rightarrow\alpha[b]$ ;
$\Gamma_{2}\rightarrow\forall xE(x, \alpha)\mapsto\alpha[b]$ ;
$\Gamma_{2}\rightarrow\forall\varphi(\forall xE(x, \varphi)|-\varphi[b])$ ;

adding $0(b)=0\rightarrow 0(b)=0$ ,
$\Gamma_{2}\rightarrow Acc(b),$ $q$ . $e$ . $d$ .

5.2. PROOF OF T3.
We have the following sequences separated by semicolons successively:

$\forall xE(x, \alpha)\leftarrow\alpha[b],$ $\forall xE(x, \alpha)\rightarrow\alpha[b]$ ;

by $\forall$ left on an $f$-variable,
$\forall\varphi(\forall xE(x, \varphi)-\varphi[b]),$ $\forall xE(x, \alpha)\rightarrow\alpha[b]$ ;
$Acc(b),$ $\forall xE(x, \alpha)\rightarrow\alpha[b]$ ;

adding $D(b, a)\rightarrow D(b, a)$ ,
$D(b, a)|-Acc(b),$ $D(b, a),$ $\forall xE(x, \alpha)\rightarrow\alpha[b]$ ;
$\forall x(D(x, a)\leftarrow Acc(x)),$ $D(b, a),$ $\forall xE(x, \alpha)\rightarrow\alpha[b]$ ;
$\forall x(D(x, a)\mapsto Acc(x)),$ $\forall xE(x, \alpha)\rightarrow D(b, a)|-\alpha[b]$ ;
$\forall x(D(x, a)\leftarrow Acc(x)),$ $\forall xE(x, \alpha)\rightarrow\forall y(D(y, a)\leftarrow\alpha[y])$ ;

adding $0(a)=0\rightarrow 0(a)=0$,
$\forall xE(x, \alpha),$ $\Gamma_{3}\rightarrow 0(a)=0\wedge\forall y(D(y, a)\leftarrow\alpha[y])$ ;

adding $\alpha[a]\rightarrow\alpha[a]$ ,
$E(a, \alpha),$ $\forall xE(x, \alpha),$ $\Gamma_{3}\rightarrow\alpha[a]$ ;
$\forall xE(x, \alpha),$ $\Gamma_{3}\rightarrow\alpha[a]$ ;
$\Gamma_{3}\rightarrow\forall xE(x, \alpha)\leftarrow\alpha[a]$ ;
$\Gamma_{3}\rightarrow\forall\varphi xE(x, \varphi)\leftarrow\varphi[a])$ ;

adding $O(a)=0\rightarrow 0(a)=0$ again,
$\Gamma_{3}\rightarrow Acc(a),$ $q$ . $e$ . $d$ .

5.3. PROOF OF T4.
We have the following sequences separated by semicolons successively:

$\forall y(D(y, c)-Acc(a\# y)),$ $D(e, c)\rightarrow Acc(a\# e)$ ;
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using $d=a\# e,$ $Acc(a\# e)\rightarrow Acc(d)$ and $O(d)=0,$ $Ord(d, a\# e)=0,$ $Acc(a\# e)\rightarrow Acc(d)$ ,
$D(e, c)\wedge(Ord(d, a\# e)=0d=a\# e),$ $\forall y(D(y, c)\leftarrow Acc(a\# y)),$ $O(d)=0\rightarrow Acc(d)$ ;
$\exists z(D(z, c)\wedge(Ord(d, a\# z)=0\vee d=a\# z))$ ,

$\forall y(D(y, c)\mapsto Acc(a\# y)),$ $O(d)=0\rightarrow Acc(d)$ ;
using $d=a,$ $Acc(a)\rightarrow Acc(d)$ , and $0(d)=0,$ $Ord(d, a)=0,$ $Acc(a)\rightarrow Acc(d)$ ,

$Ord(d, a)=0\vee d=a\vee\exists z(D(z, c)\wedge(Ord(d, a\# z)=0\vee d=a\# z))$ ,
$\forall y(D(y, c)-Acc(a\# y)),$ $O(d)=0,$ $Acc(a)\rightarrow Acc(d)$ ;

by the help of 2.59 and 4.1,
$0(c)=0,$ $O(d)=0,$ $Ord(d, a\# c)=0,$ $\forall y(D(y, c)\leftarrow Acc(a\# y)),$ $Acc(a)\rightarrow Acc(d)$ ;
$O(c)=0,$ $D(d, a\# c),$ $\forall y(D(y, c)-Acc(a\# y)),$ $Acc(a)\rightarrow Acc(d)$ ;
$0(c)=0,$ $\forall y(D(y, c)\leftarrow Acc(a\# y)),$ $Acc(a)\rightarrow D(d, a\# c)\leftarrow Acc(d)$ ;
$0(c)=0,$ $\forall y(D(y, c)\leftarrow Acc(a\# y)),$ $Acc(a)\rightarrow\forall y(D(y, a\# c)\leftarrow Acc(y))$ ;

by the help of 2.56 and 4.1,
$0(c)=0,$ $\forall y(D(y, c)\leftarrow Acc(a\# y)),$ $Acc(a)\rightarrow 0(a\# c)=0\wedge\forall y(D(y, a\# c)\leftarrow Acc(y))$ ;

using $0(a\# c)=0\wedge\forall y(D(y, a\# c)-Acc(y))\rightarrow Acc(a\# c)$ (cf. T3),
$0(c)=0,$ $\forall y(D(y, c)\mapsto Acc(a\# y)),$ $Acc(a)\rightarrow Acc(a\# c)$ ;
$O(c)=0\wedge\forall y(D(y, c)|-Acc(a\# y)),$ $Acc(a)\rightarrow Acc(a\# c)$ ;
$Acc(a)\rightarrow E(c, \{y\}Acc(a\# y))$ ;
$Acc(a)\rightarrow\forall xE(x, \{y\}Acc(a\# y))$ ;

adding $Acc(a\# b)\rightarrow Acc(a\# b)$ ,
$\forall xE(x, \{y\}Acc(a\# y))-Acc(a\# b),$ $Acc(a)\rightarrow Acc(a\# b)$ ;

by $\forall$ left on an $f$-variable,
$\forall\varphi(\forall xE(x, \varphi)\leftarrow\varphi[b]),$ $Acc(a)\rightarrow Acc(a\# b)$ ;

(1) $Acc(b),$ $Acc(a)\rightarrow Acc(a\# b)$ .
On the other hand, from 4.2 and $b=a,$ $Acc(a)\rightarrow Acc(b)$ , we have successively,

$\Gamma_{4}\rightarrow Acc(b),$ $Ord(b, a)=0$ ;
using T2,
(2) $\Gamma_{4}\rightarrow Acc(b)$ .
From (1) and (2) we have T4, $q$ . $e$ . $d$ .

5.4. PROOF OF T5.
We have the following sequences successively: from 4.3 and

$cp(pt(a, k),$ $0$ ) $=cp(a, 0),$ $Acc(cp(a, O))\rightarrow Acc(cp(pt(a, k),$ $0$)),

$0(a)=0,$ $Acc(cp(a, O))\rightarrow Acc(cp(pt(a, k),$ $0$));

using 4.4,
$0(a)=0,1h(a)=k+1,$ $Acc(cp(a, O))\rightarrow lh(pt(a, k))=k\wedge Acc(cp(pt(a, k),$ $0$));

using 4.5,
$0(a)=0,1h(a)=k+1,$ $Acc(cp(a, 0))$

$\rightarrow 0(pt(a, k))=0\Lambda lh(cp(pt(a, k),$ $0$ )) $=k\wedge Acc(cp(pt(a, k),$ $0$));

adding $Acc(pt(a, k))\rightarrow Acc(pt(a, k))$ ,
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$L(pt(a, k),$ $k$ )
$,$ $O(a)=0,1h(a)=k+1,$ $Acc(cp(a, O))\rightarrow Acc(pt(a, k))$ ;

(1) $\forall zL(z, k),$ $O(a)=0,1h(a)=h+1,$ $Acc(cp(a, O))\rightarrow Acc(pt(a, k))$ .
By T4 (and by 2.2, 2.40, 2.53 and 2.54) we have,

$Acc(pt(a, k)),$ $O(1c(a))=0$,
$Ord(lc(a), lc(pt(a, k)))=0\vee 1c(a)=1c(pt(a, k))\rightarrow Acc(a)$ ,

then by 4.6 and 4.7,
(2) $Acc(pt(a, k)),$ $O(a)=0,1h(a)=k+1\rightarrow Acc(a)$ .
From (1) and (2), we have successively,

$0(a)=0,1h(a)=k-\vdash 1,$ $Acc(cp(a, 0)),$ $\forall zL(z, k)\rightarrow Acc(a)$ ;
$0(a)=0\wedge 1h(a)=k+1\wedge Acc(cp(a, 0)),$ $\forall zL(z, k)\rightarrow Acc(a)$ ;
$\forall zL(z, k)\rightarrow L(a, k+1)$ ;
$\forall zL(z, k)\rightarrow\forall zL(z, k+1)$ ;
$\rightarrow\forall zL(z, k)_{I}-\forall zL(z, k+1)$ ;

(3) $\rightarrow\forall y(\forall zL(z, y)-\forall zL(z, y+1))$ ;
On the other hand, from 4.8 and $cp(a, 0)=a,$ $Acc(cp(a, O))\rightarrow Acc(a)$ , we have
easily
(4) $\rightarrow\forall zL(z, 0)$ .
By (3) and (4),

$\rightarrow\forall zL(z, 0)\wedge\forall y(\forall zL(z, y)\leftarrow\forall zL(z, y+1))$ ;
using $\forall zL(z, 1h(a)),$ $O(a)=0,$ $Acc(cp(a, O))\rightarrow Acc(a)$ (by 2.1) ,

$\forall zL(z, O)\wedge\forall y(\forall zL(z, y)|-\forall zL(z, y+1))-\forall zL(z, 1h(a)),$ $\Gamma_{5}\rightarrow Acc(a)$ ;
$\forall \mathcal{X}(\forall zL(z, 0)\wedge\forall y(\forall zL(z, y)\mathcal{F}_{s^{\prime}}\rightarrow Acc(a)$ ;

by $\forall$ left on an $f$-variable,
$\forall\varphi\forall x(\varphi[0]\wedge\forall y(\varphi[y]\leftarrow\varphi[y+1])\leftarrow\varphi[x]),$ $\Gamma_{5}\rightarrow Acc(a)$ ;

by 2.24,
$\Gamma_{5}\rightarrow Acc(a),$ $q$ . $e$ . $d$ .

5.5. PROOF OF T6.
From $d_{1}=a,$ $Acc(ack(a, b, d_{3}))\rightarrow Acc(ack(d_{1}, b, d_{3}))$ and $d_{2}=b,$ $Acc(ack(d_{1}, b, d_{3}))$

$\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ , we have the following sequences successively:
$d_{1}=a,$ $d_{2}=b,$ $Acc(ack(a, b, d_{3}))\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ ;

adding $O(d_{3})=0,$ $Ord(d_{3}, c)=0\rightarrow D(d_{3}, c)$ ,
$D(d_{3}, c)-Acc(ack(a, b, d_{3})),$ $d_{1}=a,$ $d_{2}=b,$ $O(d_{3})=0,$ $Ord(d_{3}, c)=0$

$\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ ;
$C(a, b, c),$ $d_{1}=a,$ $d_{2}=b,$ $O(d_{3})=0,$ $Ord(d_{3}, c)=0\rightarrow Acc(ack(d_{\rfloor}, d_{2}, d_{3}))$ ;

(1) $C(a, b, c),$ $d=a\wedge d_{d}=b\wedge Ord(d_{3}, c)=0,$ $O(d_{3})=0\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ .
We have also the following sequences successively:

$R(d_{3}, rb(cp(d_{3},0))),$ $O(d_{3})=0,$ $Ord(d_{3}, ack(a, b, c))=0\rightarrow Acc(d_{3})$ ;
$\forall uR(u, rb(cp(d_{3},0))),$ $O(d_{3})=0,$ $Ord(d_{3}, ack(a, b, c))=0\rightarrow Acc(d_{\partial})$ ;

adding $rb(cp(d_{3},0))<k\rightarrow rb(cp(d_{3}, O))<k$ ,
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$rb(cp(d_{3}, O)<k\leftarrow\forall uR(u, rb(cp(d_{3},0))),$ $rb(cp(d_{3}, O))<k,$ $O(d_{3})=0$ ,
$Ord(d_{3}, ack(a, b, c))=0\rightarrow Acc(d_{3})$ ;

$\forall z(z<k_{I}-\forall uR(u, z)),$ $rb(cp(d_{3}, O))<k$ ,
$O(d_{3})=0,$ $Ord(d_{3}, ack(a, b, c))=0\rightarrow Acc(d_{3})$ ;

(2) $rb(cp(d_{3}, O))<k,$ $\forall z(z<k\leftarrow\forall uR(u, z))$ ,
$O(d_{3})=0,$ $Ord(d_{3}, ack(a, b, c))=0\rightarrow Acc(d_{3})$ ;

using 4.9,
$O(d_{3})=0,$ $Ord(d_{3}, ack(a, b, c))=0,$ $rb(ack(d_{1}, d_{2}, d_{3}))=k$ ,

$\forall z(z<k-\forall uR(u, z))\rightarrow Acc(d_{3})$ ;
using $O(d_{2})=0,$ $Ord(d_{2}, b)=0\rightarrow D(d_{2}, b)$ ,

$Ord(d_{2}, b)=0,$ $Ord(d_{3}, ack(a, b, c))=0,$ $rb(ack(d_{1}, d_{2}, d_{3}))=k$ ,
$\forall z(z<k|-\forall uR(u, z)),$ $O(d_{2})=0,$ $O(d_{3})=0\rightarrow D(d_{2}, b)\wedge Acc(d_{3})$ ;

using $d_{1}=a,$ $Acc(ack(a, d_{2}, d_{3}))\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ ,
$D(d_{2}, b)\Lambda Acc(d_{3})|-Acc(ack(a, d_{2}, d_{3})),$ $d_{1}=a,$ $Ord(d_{2}, b)=0$ ,

$Ord(d_{3}, ack(a, b, c))=0,$ $rb(ack(d_{1}, d_{2}, d_{3}))=k,$ $\forall z(z<k$

$l-\forall uR(u, z)),$ $O(d_{2})=0,$ $O(d_{3})=0\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ ;
$B(a, b),$ $d_{1}=a,$ $Ord(d_{2}, b)=0,$ $Ord(d_{3}, ack(a, b, c))=0,$ $rb(ack(d_{I}, d_{2}, d_{3}))=k$ ,

$\forall z(z<k\leftarrow\forall uR(u, z)),$ $O(d_{2})=0,$ $O(d_{3})=0\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ ;
(3) $d_{1}=a\Lambda Ord(d_{2}, b)=0\wedge Ord(d_{3}, ack(a, b, c))=0,$ $rb(ack(d_{1}, d_{2}, d_{3}))=k$ ,

$\forall z(z<k_{I}-\forall uR(u, z)),$ $O(d_{2})=0,$ $O(d_{3})=0,$ $B(a, b)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ .
In the similar method as we obtained (3), we have
(4) $Ord(d_{1}, a)=0\wedge Ord(d_{2}, ack(a, b, c))=0\Lambda Ord(d_{3}, ack(a, b, c))=0$ ,

$rb(ack(d_{J}, d_{2}, d_{3}))=k,$ $\forall z(z<k\leftarrow\forall uR(u, z)),$ $O(d_{1})=0$ ,
$O(d_{2})=0,$ $O(d_{3})=0,$ $A(a)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ .

Moreover, we have the following sequences by T2 or by 2.2:
(5) $Ord(ack(d_{1}, d_{2}, d_{3}), a)=0,O(ack(d_{1}, d_{2}, d_{3}))=0,$ $Acc(a)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$

(6) $ack(d_{1}, d_{2)}d_{3})=a,$ $Acc(a)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$

(7) $Ord(ack(d_{1}, d_{2}, d_{3}), b)=0,$ $O(ack(d_{1}, d_{2}, d_{3}))=0,$ $Acc(b)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$

(8) $ack(d_{1}, d_{2}, d_{3})=b,$ $Acc(b)\rightarrow Acc(ack(d_{I}, d_{2}, d_{3}))$

(9) $Ord(ack(d_{1}, d_{2}, d_{3}), c)=0,$ $O(ack(d_{1}, d_{2}, d_{3}))=0,$ $Acc(c)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$

(10) $ack(d_{I}, d_{2}, d_{3})=c,$ $Acc(c)\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ .
Then using 4.10, (1), (3) $-(10)$ and 2.51 successively, we have

$D(ack(d_{1}, d_{2}, d_{3}), ack(a, b, c)))rb(ack(d_{1}, d_{2}, d_{3}))=k$ ,
$\forall z(z<h\mapsto\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(ack(d_{1}, d_{2}, d_{3}))$ ;

using $cp(d, 0)=ack(d_{1}, d_{2}, d_{3}),$ $Acc(ack(d_{1}, d_{2}, d_{3}))\rightarrow Acc(cp(d, 0))$ ,
$cp(d, 0)=ack(d_{1}, d_{2}, d_{3}),$ $rb(ack(d_{1}, d_{2}, d_{3}))=k,$ $D(ack(d_{1}, d_{2}, d_{3}), ack(a, b, c))$ ,

$\forall z(z<k|-\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(cp(d, 0))$ ;
using $cp(d, 0)=ack(d_{1}, d_{2}, d_{3}),$ $rb(cp(d, 0))=k\rightarrow rb(ack(d_{1}, d_{2}, d_{3}))=k$ ,

$cp(d, 0)=ack(d_{1}, d_{2}, d_{3}),$ $rb(cp(d, 0))=k,$ $D(ack(d_{1}, d_{2}, d_{3}), ack(a, b, c))$ ,
$\forall z(z<h\leftarrow\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(cp(d, 0))$ ;
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$cp(d, 0)=ack(d_{1}, d_{2}, d_{3})\Lambda D(ack(d_{1}, d_{2}, d_{3}), ack(a, b, c)),$ $rb(cp(d, 0))=k$ ,
$\forall z(z<k\leftarrow\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(cp(d, 0))$ ;

$\exists x\exists y\exists z(cp(d, 0)=ack(x, y, z)\Lambda D(ack(x, y, z), ack(a, b, c)))$ ,
$rb(cp(d, 0))=k,$ $\forall z(z<k\mapsto\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(cp(d, 0))$ ;

using 4.11, 4.1 and 2.51,
$rb(cp(d, 0))=k,$ $D(d, ack(a, b, c)),$ $\forall z(z<k\leftarrow\forall uR(u, z))$ ,

$\Gamma_{6}\rightarrow Acc(cp(d,0)),$ $cp(d, 0)=1$ ;
using $cp(d, 0)=1\rightarrow Acc(cp(d, 0))$ (following from Tl and 2.2),

$rb(cp(d, 0))=k,$ $D(d, ack(a, b, c)),$ $\forall z(z<k_{1}-\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(cp(d, 0))$ ;
then by the help of T5,

$rb(cp(d, 0))=k,$ $D(d, ack(a, b, c)),$ $\forall z(z<k\mapsto\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(d)$ ;
$rb(cp(d, 0))=k\wedge D(d, ack(a, b, c)),$ $\forall z(z<k\leftarrow\forall uR(u, z)),$ $\Gamma_{6}\rightarrow Acc(d)$ ;
$\forall z(z<k\leftarrow\forall uR(u, z)),$ $\Gamma_{6}\rightarrow R(d, k)$ ;
$\forall z(z<k-\forall uR(u, z)),$ $\Gamma_{6}\rightarrow\forall\ell iR(u, k)$ ;
$\Gamma_{6}\rightarrow F(k, \{z\}(\forall uR(u, z)))$ ;
$\Gamma_{6}\rightarrow\forall yF(y, \{z\}(\forall uR(u, z)))$ ;

using $\forall uR(u, rb(cp(d, 0))),$ $D(d, ack(a, b, c))\rightarrow Acc(d)$ ,
$\forall yF(y, \{z\}(\forall uR(u, z)))\leftarrow\forall uR(u, rb(cp(d, 0))),$ $D(d, ack(a, b, c))$ ,

$\Gamma_{6}\rightarrow Acc(d)$ ;
$\forall x(\forall yF(y, \{z\}(\forall uR(u, z)))\leftarrow\forall uR(u, x)),$ $D(d, ack(a, b, c)),$ $\Gamma_{6}\rightarrow Acc(d)$ ;

by $\forall$ left on an $f$-variable,
$\forall\varphi\forall x(\forall yF(y, \varphi)\leftarrow\varphi[x]),$ $D(d, ack(a, b, c)),$ $\Gamma_{6}\rightarrow Acc(d)$ ;

$i$ . $e$ . (cf. the end of \S 3),
$D(d, ack(a, b, c)),$ $\Gamma_{6}\rightarrow Acc(d)$ ;
$\Gamma_{6}\rightarrow D(d, ack(a, b, c))|-Acc(d)$ ;
$\Gamma_{6}\rightarrow\forall x(D(x, ack(a, b, c))\leftarrow Acc(x))$ ;

by the help of T3,
$\Gamma_{6}\rightarrow Acc(ack(a, b, c)),$ $q$ . $e$ . $d$ .

5.6. PROOF OF T7.
We have the following sequences successively on one hand:

by the help of T2,
$D(e, d)-K(a, b, e),$ $D(e, d),$ $Acc(d)\rightarrow Acc(ack(a, b, e))$ ;
$\forall y(D(y, d)\leftarrow K(a_{j}b,y)),$ $D(e, d),$ $Acc(d)\rightarrow Acc(ack(a, b, e))$ ;
$\forall y(D(y, d)\leftarrow K(a, b, y)),$ $Acc(d)\rightarrow D(e, d)\leftarrow Acc(ack(a, b, e))$ ;

(1) $\forall y(D(y, d)-K(a, b, y)),$ $Acc(d)\rightarrow C(a, b, d)$ .
On the other hand, by T6 we have
(2) $Acc(a),$ $Acc(b),$ $Acc(d),$ $A(a),$ $B(a, b),$ $C(a, b, d)\rightarrow Acc(ack(a, b, d))$ .
From (1) and (2) we have successively,

$\forall y(D(y, d)-K(a, b, y)),$ $Acc(a)_{f}Acc(b)_{f}Acc(d),$ $A(a),$ $B(a, b)\rightarrow Acc(ack(a, b, d))$ ;
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$\forall y(D(y, d)\leftarrow K(a, b, y)),$ $Acc(a),$ $Acc(b),$ $A(a),$ $B(a, b)\rightarrow K(a, b, d)$ ;
$Acc(a),$ $Acc(b),$ $A(a),$ $B(a, b)\rightarrow E(d, \{y\}K(a, b, y))$ ;
$Acc(a),$ $Acc(b),$ $A(a),$ $B(a, b)\rightarrow\forall xE(x, \{y\}K(a, b, y))$ ;

adding $K(a, b, c),$ $Acc(c)\rightarrow Acc(ack(a, b, c))$ ,
$\forall xE(x, \{y\rfloor K(a, b, y))\leftarrow K(a, b, c),$ $\Gamma_{7}\rightarrow Acc(ack(a, b, c))$ ;

by $\forall$ left on an $f$-variable,
$\forall\varphi(\forall xE(x, \varphi)-\varphi[c]),$ $\Gamma_{7}\rightarrow Acc(ack(a, b, c))$ ;
$\Gamma_{7}\rightarrow Acc(ack(a, b, c)),$ $q$ . $e$ . $d$ .

T8 and T9 are proved quite similarly.

5.7. PROOF OF T10.
In the same way as we obtained (2) in 5.5, we have
$pr(b)<k,$ $\forall z(z<k-\forall uP(u, z)),$ $O(b)=0\rightarrow Acc(b)$ ,

then using 4.12 and 2.53,
(1) $pr(a)=k,$ $a=ack(b, c, d),$ $O(a)=0,$ $\forall z(z<k|-\forall uP(u, z))\rightarrow Acc(b)$ .
By 4.13 and 4.14 in place of 4.12,
(2) $pr(a)=k,$ $a=ack(b, c, d),$ $O(a)=0,$ $\forall z(z<k\mapsto\forall uP(u, z))\rightarrow Acc(c)$

and
(3) $pr(a)=k,$ $a=ack(b, c, d),$ $O(a)=0,$ $\forall z(z<k|-\forall uP(u, z))\rightarrow Acc(d)$

respectively. Using (1), (2) and (3) successively, by the help of T9 and 2.2,
we have
(4) $pr(a)=k,$ $a=ack(b, c, d),$ $O(a)=0,$ $\forall z(z<k\leftarrow\forall uP(u, z))\rightarrow Acc(a)$ .
From 4.15 and $\forall xP(x, pr(cp(a, 0))),$ $O(cp(a, 0))=0\rightarrow Acc(cp(a, 0))$ (by 2.1), we have

$0<1h(a),pr(a)=k,$ $\forall z(z<k|-\forall uP(u, z))\rightarrow Acc(cp(a, 0))$ ,
then by the help of T5,
(5) $0<1h(a),$ $O(a)=0,pr(a)=k,$ $\forall z(z<k\leftarrow\forall uP(u, z))\rightarrow Acc(a)$ .
By Tl and 2.2,
(6) $a=1\rightarrow Acc(a)$ .
Then, using (4), (5) and (6) successively by the help of 4.16,

$0(a)=0\wedge pr(a)=k,$ $\forall z(z<k\leftarrow\forall uP(u, z))\rightarrow Acc(a)$ ;
$\forall z(z<k\leftarrow\forall uP(u, z))\rightarrow P(a, k)$ ;
$\forall z(z<k-\forall uP(u, z))\rightarrow\forall uP(u, k)$ ;
$\rightarrow F(k, \{y\}(\forall uP(u, y)))$ ;
$\rightarrow\forall xF(x, \{y\}(\forall uP(u, y)))$ .

Now we can conclude the proof in the same way as in 5.5, $q$ . $e$ . $d$ .

Tokyo University of Education.



A consistency-proof of a formal $theor_{J}$ of Ackermann’s ordinal numbers. 303

References

[1] W. Ackermann, Konstruktiver Aufbau eines Abschnitts der zweiten Cantorschen
Zahlenklasse, Math. Z., 53 (1951), 403-413.

[2] G. Gentzen, Untersuchungen \"uber das logische Schliessen I, II, Math. Z., 39
(1934), 176-210, 405-431.

[3] G. Gentzen, Neue Fassung des Widerspruchsfreiheitsbeweises f\"ur die reine
Zahlentheorie. Forschung zur Logik und zur Grundlegung der exakten Wissen-
schaften, Neue Folge 4, Leipzig (1938), 19-44.

[4] G. Gentzen, Die Widerspruchsfreiheit der reinen Zahlentheorie, Math. Ann.,
112 (1936), 493-565.

[5] G. Takeuti, On a generalized logic calculus, Jap. J. Math., 23 (1953), 39-96;
Errata to ‘On a generalized logic calculus’, Jap. J. Math., 24 (1954), 149-156.

[6] G. Takeuti, On the fundamental conjecture of $GLC$ V, J. Math. Soc. Japan, 10
(1958), 121-134.

[7] G. Takeuti, Ordinal diagrams, J. Math. Soc. Japan, 9 (1957), 386-394.
[8] G. Takeuti, On the fundamental conjecture of $GLC$ I, J. Math. Soc. Japan, 7

(1955), 249-275.
[9] G. Takeuti, A metamathematical theorem on functions, J. Math. Soc. Japan, 8

(1956), 65-78.


	A consistency-proof of ...
	\S 1. Formalization of ...
	\S 2. The axiom system ...
	\S 3. The consistency ...
	\S 4. A preparation.
	\S 5. Proofs of T2-T7 ...
	References


