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Some classes of meromorphic functions with
assigned zeros and poles.
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§ I. Introduction.

Recently Goodman [1], investigating the class of functions T(p),
the set of typically-real functions of order p, has obtained the fol-
lowing result: ‘

THEOREM A. Let

(1.1) fly=z1+ ¢,z

n=q+l1

be a function of the class T(p). Suppose that in addition to the q-th
order zero at z=0, f(z) has exactly l zervos, a,a.,---,a, such that
0<|a;|<1, j=1,2,---,1. Then

q 2[(¢+1)/2]
(1.2) AL 5y (1) e,
. q 2[(¢+1)/2]

a3 o= T (P)T N, 0=raa,
where
(1.4) t=p—(q+1),

— d _ . 4
(1.5) N@) =111 |a]|z)(1+ - ) .

Relating to this theorem Umezawa [2] has shown that when ¢ =90,
the estimates [(1.2), (1.3) hold also for the functions belonging to a
wider class of functions D(p), which is the set of regular functions
of order p in the direction of a diametral line. But he has not
touched the case £>0. In this paper we shall show that also for
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the case £>0 much the same estimates as [1.2), (1.3) hold. But they
will be given as corollaries of results for certain more general
functions. (Corollaries 2, 2a, 2b).

The purpose of this note is to introduce some new classes of
functions related to T'(p), D(p) and to investigate their properties

similar to [1.2), (1.3).

§ 2. Functions of order p in all in the directions
of two rays. Main theorem.

DEFINITION 1. Let f(z2) be meromorphic in |z|<1 and let f(2)==
0, o for |z|=1. If there exist such two rays starting from the origin
as are crossed by f(e') 2p times in all as €? traverses the boundary
of the unit circle, then f(z) is said to be of order p in all in the
directions of the two rays. If further the minor angle formed by
the two rays is equal to «, then f(z) is said to belong to the class
Mp, ).

DEFINITION 2. In Definition 1 a point f(e’%) lying on either of the
two rays is called a positively or negatively cutting point according
as at the point the angular velocity of f(e?) about the origin is
positive or negative when e? traverses the boundary of the unit
circle in the positive direction.

DEFINITION 8. In Definition 1 if particularly f(z) is regular in
|z]=<1 and the 2p points at which f(e?) crosses the two rays are all
positively cutting points, then f(z) is said to be starlike of order p
in the directions of the two rays. If further the minor angle formed
by the two rays is equal to «, then f(z) is said to belong to the
class S(p, a).

The two special cases that a=m and a=0 will be discussed
particularly in detail in §§ 3 and 4.

LEMMA. Let f(2) be a function of the class M(p, o) which has exactly
j zeros and exactly k poles in |z|<<1 and let t=p—(j—k), then f(z) has
exactly 2p—t positively cutlting points and exactly t negatively cutting
points.

PrOOF. Let p,v denote the numbers of the positively and the
negatively cutting points respectively. Then it can easily be seen
that the increment of arg f(z) is (n—v) 7 as z traverses the circle
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|z]=1 in the positive direction. On the other hand, as is well known,
the same quantity is equal to 2(j—k) =. Consequently

p—v=2(—F), r+v=2p.

Hence p=p+(j—k)=2p—t, v=p—(j—k)=t.

THEOREM. Let f(z) be a function of the class M(p, \m) having the
expansion

(2.1) f(z)=27+ i c,z" (q: an integer, positive, negalive or zero)

n=qg+1

in a neighbourhood of the origin. Suppose that f(z) has, in 0 <<|z| <1,
exactly 1 zeros, a, a,, -, a, and exactly m poles, b, b,,---,b,. Finally let
flen), p=1,2,---,2p—1t, and fle¥v), v=1,2,---,t, denote the positively and
the negatively cutting points respectively, where

(2.2) t=p—(q+1—m)
necessarily holds in virtue of the lemma. Then

2—

2.8) 77 (112) min | A(z) B(z)|§|f(refﬂ)|_g_ra(ij:)z}?ﬂaxm(z) B@)|,

lz!=r l2i=r
0r<1,
(2.4) {279f(2)|A(2)B(2)} " P L (1 +2)[(1—-2) ,
where
J— L —_—q . _— z & _._ ——7z _
(2.5) Ap=111-a2) 1 . ) /E(l b.2) (1 i ),
(2.6) B(z)= Iill (e ~z)/2ﬁ(e*‘% —2).

PRrROOF. Let us suppose that f(z) is of order p in all in the direc-
tions of two rays OX, OY such that £ XOY =a=. Set

£2)~f@)([16: [112;) (~ 2y A@

P z m (z—b,) (1-5,3)
ﬂz)}:ll (2—a;) (1—a,z) =i z ’
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then g(z) is meromorphic in |[z|]<1 and has no zeros and no poles in
0<<|z|]<1. Moreover arg g(z)=arg f(z) for |z|=1, because

2 1 (z—b,) 1—0,2) T 1
_ >0, ¥ TR TR 11 -32]2>0
(z2—a;) (1—a,z) [1—a,z]’ = 4 | #|

on |z|=1.

Therefore g(z) is also of order p in all in the directions of OX, OY
and further the points g(e?»), p=1, 2,---,2p—1, and the points g(e»),
v=1,2,...,f, are also the positively and the negatively cutting points
of g(z) respectively. Next set

ha—(~Dr-texp| | (2o~ 50,) | B,

then, since

h(eit)=2%p-t Qﬁtsin 9/*2—‘91—t[cosec"7)”2—‘9 ,
p=1 y=1

h(z) is real on |z|=1 except at each ev,, at which A(z)=c, and
changes its sign at each of e?:, e, as z traverses the circle |z|=1.
We can choose therefore a suitable sign o, + or —, so that oh(2)
may be positive for every z (J]z|=1) at which g(z) takes a value in
the major angle XOY and may be negative for every z (|]z|]=1) at
which g(z) takes a value in the minor angle XOY.

Let us lastly, for this o, put

F(z)=oh(z2) g(2),

then F(z) is regular and has no zeros in |z| <1, and further it is also
regular on |z|=1 except at each e/, and takes no values interior to
the minor angle XOY. Moreover the image curve of the circle
|z|=1 by F(z) (hereafter we denote it by C) touches OX or OY at
the points F(e®x)=0, p=1,2,.--,2p—¢, and at the points F(e¥ )= oo,
v=1,2,--.,¢. To see the manner of C touching at these points, we pro-
long OX, OY in the opposite directions and denote these prolongations
by OX’, OY’, and further denote the four minor angles XOY, YOX,
X'0Y', YOX by D,, D,, D,, D, respectively. We may here assume
that D,, D,, D, and D, lie in the counter-clockwise order.
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Under this arrangement we can easily see, from the above-
mentioned properties of g(z) and h(z), that
(1) if g(e?+) lies on OX, then when e? passes e«, C runs from D,
into D,, touching XX’ at the origin,
(2) if g(e®x) lies on OQY, then when e? passes e?«, C runs from D,
into D,, touching Y'Y at the origin,
(3) if g(ev) lies on OX, then when e? passes e¥,, C runs from D,
into D,, touching X’X at the point at infinity,
(4) if g(e’e») lies on OY, then when e? passes e»», C runs from D,
into D,, touching Y'Y’ at the point at infinity,
provided that e? traverses the circle |z|=1 in the positive direction.

Therefore, for every p(<<1) sufficiently close to 1, F{(pe®) lies
within the major angle XOY, which is equal to (2—2A)w. Consequently
it holds for a branch of F(z)"®» and for a real « suitably chosen
that

R {eiaF(Peiﬂ)ll(?-l) } > 0

for every p(<<1) sufficiently close to 1. On the other hand
R{e2F(2)"*-»} is harmonic in |z|<<1 because of the properties of
F(z) stated above. Hence

Ri{eaF(2)"*PH} >0 for 2] <1,

which yields

@7 |Royie-b 127 <Ry jue-v < oy pre-n 1E7 o<y <1,
1+7» 1—7»

(2.8) F(z)e-D g | F(0)|1-» }+: .

Thus we obtain (2.3), respectively by substituting

2p—¢

F@)=(~1ya exp[ - (59— 2 0,) |([164/11 4;)= A2/ A@ B

y=1

in (2.7), (2.8). This proves the theorem.
COROLLARY 1. Under the hypotheses of the theorem we have
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74 1—7 )24 [N(—7)| it
(29) (1+r)2<w><1+r) P(r) = ftre?l

ra 1+7 \t**=4  N(7)
= @7y (l—r) e =D
(2.10) ]cq+1|g2(p+2 x)+]§(!a [+ - I ) Z(I b,|+ Ibkl)

where

@2.11) N(z)=J[‘[:(1+]aj|z)(1+ ) P(z):ﬁ(1+lbk|z)(1+

P4 P4 )
|a;] 15,1

- PROOF. It is clear that
| N(—7)|[P(r) < |A(re?)| < N(r)| | P(—7)],
A—=7) /A +7ry?r-i < |B(re?)| < (1 +7)[L—7r)?*.
Hence (2.9) follows from (2.3). Next when |z|=7r—0, we have
|f(2)/27] =]1+¢,i2]+ O .
On the other hand from (2.9) |

/()22 <1+ {2(p+2— x)+2(|a |+-—— )+2(l b,|+— )}r+0(r2).

la; A
Hence (2.10) holds.
COROLLARY la. Let f(z)=z1’+Zw] c,z" be a function of the class

. n=p+1
S(p, A1), then

re 1—7 )\ i V24 147 \2-2
(2.12) (1+7)? (1+r) s firet)l= (L—7r)»? (l—r) » 0=7<1,
(2.13) [Cpui| Z2(p+2—20).

PrOOF. In this case f(z) has no zeros and no poles in 0<<|z|<1,
and g=p. Therefore both N(z) and P(z) disappear and ¢ vanishes.
Thus (2.12), (2.18) follow at once from (2.9), (2.10).
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3. Functions of order p in the direction
of one straight line.

DEFINITION 4. Let f(z) be a function of the class M(p, =), then
f(z) is said to be of order p in the direction of one straight line.
Because in this case the two rays in Definition 1 form one whole
straight line.

The classes T(p), D(p) are special ones of M(p, 7), and the idea
of T(p) was first introduced by Rogosinski [12] for p=1 and extended
to the case of general p by Robertson [4,5], and that of D(p) was
first introduced by Ozaki [9] for p=1 and extended to the case of
general p by Ozaki, Umezawa, and Takatsuka [6], [13]. Moreover, as
is well known, a function f(z) belonging to the class S(p, =) is said
to be starlike of order p in the direction of one straight line, and
the idea of S(p, =) was first introduced by Robertson [3] for p=1
and extended to the case of general p by him [4].

DEFINITION 5. Let f(z) be meromorphic in |z|<1, and let a

straight line f£(£),f(—¢),|¢]=1, be a diametral line of f(z), then the
segment [f(§), f(—¢&)] is called a diametral segment and the points
AL), f(—¢) are called the ends of the diametral segment.

REMARK. The idea of diametral line was introduced by Ozaki
[9,10] and DeBruijn [11] and was studied in detail by Ozaki, Ume-
zawa, and Takatsuka [6] and Umezawa [2]. It was shown by them
that if f(z) is regular in |2|<1, then there exists a point ¢(|¢|=1)
for which the three points f(¢),0, and f(—¢) lie on one straight line.
Similarly we can easily see that there exists such a diametral line
also for a function meromorphic in |z]|<1.

COROLLARY 2. In the theorem, let f(z) be a function of the class
M(p, ) then

(3.1) r (Al;f) t IN(=7)]

A I i0
A+7)Xe-0\1+7r P(r) = [fre?)

] »77:? o l_iiy t+1 N(?’)i )
= (1—-7)2(pt)(1__7,) | P(—7)] , 0Zr<1,
3.2 oz 'v1+z H1 N(z)
(3.2) (A K (1—2z)¥o-0 ( 1—z ) - P(=2) ’
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where t, N(2), and P(z) are defined by [(2.2), (2.11), and f(2) of

denotes the expansion (2.1).

A part of this corollary has been obtained by Ito [8]

ProOOF. Substituting A=1 in (2.9), we immediately obtain (3.1).
Next, from we have '

fie)ze{ F2 maj [A() B

where maj [A(z) B(z)] denotes a majorant of [A(2) B(z)]. On the other
hand obviously

A(2)KN(z)[P(—2) , B) K1 +2)//(1—2)*".
Hence holds.

COROLLARY 2a. In the theorem let f(z) be of order p in the direction
of a diametral line and let further the ends of the diametral segment
be both positively cutting points, then

' 7 1-7\t1—7" [N(=7)| i
3.3) (1+r)2<1’"t>(1+r) i O F ]
< ( 1\+£) * N o<y
T Q-0 \1—7/ |P(—7)]’ = ’
24 1+z\* N@)

PRrROOF. Let f(e®), f(e®~) be the ends of the diametral segment,
then e%:= —e?s. Therefore in this case B(z) has the following form:

B(2)=1T(¢% —2)/(—e%m+2%) 1T (e —2).
y=1 =]
IJ*I:ll’ﬂn

Hence

A=

(L+7°) (L +7)p-t=2 <|Bret)|< _ 1+7)

A—r) A —r)e-t2’

1 +2) ]
B(2)K d—2) A—g)pi
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Applying these inequalities to (2.3), [(2.4), with A’s replaced by 1, we
obtain {3.3), respectively.

Similarly we have the following corollary.

COROLLARY 2b. In the theorem let f(z) be of order p in the direction
of a diametral line and let further the ends of the diametral segment be
both negatively cutting points, then

ra 1—7\t |[N(—7)] i0
(85) (1+r)2(1"”(1+r) P(r) = et
2 147\t 147° N(r)
—-(1':;)2@:»(1 S s 0=t
oz 1+z\* 1+2° N(z)
(3.6) J&L )°<p w1 z) 1-2* P(—2)°

COROLLARY 2c. In the theorem let f(z) be starlike of order p in the
direction of a diametral line, then

ra 1772 i oy
(1_|_r)2p 1+r |N( r)lglf(re =< (1 )2p N(f), 0o<r<1,

(3.8) f(2)&

(3.7)

249
A2y N(z).

and the right-hand inequality of (8.7) are the results of
Umezawa [2] mentioned in §1.

PrROOF. In this case f(z) is regular for |z|<1 and has exactly
p—q zeros, a,a,--,a,_,in 0<|z|<<1l, Therefore P(z) disappears and
t vanishes. Moreover both the ends of the diametral segment are
positively cutting points. Thus by Corollary 2a we obtain (3.7), (3.8).

Let us now compare the result of Theorem A with ours.

In Theorem A, f(z) is of order p in the direction of the real axis,
which is a diametral line of f(2), and the points f(1), f(—1) are the
ends of the diametral segment. It can easily be verified that when
t is odd, one of the points f(1), f(—1) is positively cutting point and
the other is a negatively cutting one, and when ¢ is even, the points
f(@), f(—1) are both positively cutting ones or are both negatively
cutting ones.

Therefore (1.2), (1.3) for an odd ¢t are contained in our result,
Corollary 2. Moreover when ¢ is even and both the points f(1), f(—1)
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are positively cutting ones, [1.2) and (1.8) are contained in our result,
Corollary 22. But when ¢ is even and both the points f(1), f(—
are negatively cutting ones, (1.2) and (1.83) are not contained in our
result, Corollary 2b.

The following two corollaries are special ones of Corollaries 2
and 2c.

COROLLARY 2d. Let f(z)zzf’+i c,z" be a function of the class

S(p, 7), then "
AN el Z g___” 1+7  o<r<1,
(3.9) Ain® 17 = |f(re?)| A_r® 17’ =r<
z? 1+z
(3.10) ) K- A 2% 1z

This is the result due to Robertson [4] and Ito [7].

COROLLARY 2e. Let f(z)=zﬁ+i c,2" be starlike of order p in the
n=p+1 .
direction of a diametral line, then

v 1—7? 0 o
(3.11) Aoy 17 =N = (1~ )qt,,

0o<r<1,

(3.12) f(z )<<

w )

(8.12) is the result due to Ozaki, Umezawa, and Takatsuka [6].

- 4. Functions of order p in the direction of one ray.

DEFINITION 6. Let f(z) be a function of the class M(p,0), then
f(2) is said to be of order p in the direction of one ray. Because in
this case the two rays in Definition 1 coincide with each other and
f(€®) crosses the ray exactly p times as e? traverses the circle |z|=1.
Similarly a function f(z) belonging to the class S(p,0) is said to be
starlike of order p in the direction of one ray.

COROLLARY 8. In the theorem, let f(z) be a function of the class
M(p,0) then
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vt [1=7 )N ")lg i0
4.1) (1+r)2(1’")(1+r) P() | f(re)|
rp,,,, 1+r 142 N(r)
—“(1_”2@—»(1 r) 1P—p 0=
29 1+z\™** N(z)
4.2) f@ o 1) P

where N(z), P(z) are defined by (2.11).
PROOF. Substituting A=0 in (2.9), we 1mmed1ately obtain (4.1).
Next, from (2.4)

fokae( 172 | maj [AG) B2,

which yields (4.2).

COROLLARY 3a. In thetheorem let f(z) be of order p in the direction
of a ray contaiming a diametral segment and let further the ends of
the diametral segment be both positively cutting points, then

ra 1—7\t[1-7"\*|N(—7)] ;
(4-3) (A +7)%e-0 (1+r) (1+r ) P@r) = fren)]

ri 147\t N@)
__(1_,,)2(1)—t)(1_r) |P(—7)] ’ o=r=<i
1+z\! Nz)
(4.4) flz )<< )=><p h) (‘1 z ) P(—2)

PROOF. 1In this case, since the two rays in the theorem coincide
with each other, we now have

eiﬁ# :eiﬁ'u-i-l, M:l' 3’.--,2p_t__1 ’
ey =evyey, v=1,8,---,1—-1.

Therefore, if f(e?), f(e'«) are the ends of the diametral segment,
then

e0m=e0m+1 = —@ilpa= —ilys+1,
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Accordingly B(z) has the following form:

L ) -t
B(Z):[‘I (ew:,, ﬁz)/(hemom +22)2 -[-I (e"’ﬂ —Z) .
y=1 =1
p¥p1pa+l, pgs patl '

Hence
(1—r)

: t
A+ 7L ryos = | B(re”)| = a ﬂ’)

N ¢ 5 )
B oyt - ayioici

Thus from (2.8), [2.4), with A’s replaced by 0, we obtain [(4.3),
respectively.

REMARK. It is worth noting that and the right-hand in-
equality of coincide with the corresponding results of
2a.

Similarly we have the following corollary.

COROLLARY 8b. In the theorem let f(z) be of order p in the direction
of a ray containing a diametrval segment and let further the ends of
the diametral segment be both negatively cutting points, then

- (45 v (1=r)' | N(=7)] i
(4.5) (1+y)2(b—t)(1+r) o) =< |f(re?)|
re 147\ (14+7°\* N@)
~_(1—7’)2(&—:)(1—7’) (1_72) |P(—7)] , 0Zr<1,

24 1+z \t(1+2°\* N@)
(4.6) K (1__2)2(p—t)(1—z) (1—22) P( z)

We here notice that the left-hand inequality of (4.5) also coincides
with the corresponding one of Corollary 2b.

COROLLARY 3c. In the theorem let f(z) be starlike of order p in the
dirvection of a ray containing a diametral segment, then

o [(1=7 < T
wn Gl (1+72) | N(—7) | < |fre?)| < 1_ )qp N#), 0<7r<1,

(4.8) | (K *(]:*');b* N(z).
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(4.8)

and
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PrROOF. Just as in the proof of Corollary 2c we obtain (4.7),
respectively from (4.3), (4.4).

The following two corollaries are special ones of Corollaries 3
3c.

COROLLARY 3d. Let f(z)=2?+ icnz" be a function of the class
n=p+1

S(p, 0), then

v [(1-7}® i0 r? 1+7)\*
(4.9) Ay 1y ) Efeni= (l_r)gp(lhr), 0<r<1,
10 2 (14z)®
(4.10) USA 1—2)* (l—z)

COROLLARY 3e. Let f(z)=2?+ i c,2” be starlike of order p in the

n=p+1

direction of a ray containing a diametral segment, then

b 1—72\2 . b
411 r ( ) <|fre)|<_. ", 0<r<l
(4.11) G 1) SWeenl= 7, o<1,
p
4.12 2V — 2
(412) fOK 70
Nara Gakugei University.
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