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Some Remarks concerning $p$-adic Number Field

Tadao TANNAKA

The content of this paper is already published in 1942 in Japanese
([1]) but as after that time several lemarks and developments in this
direction were made by other authors, most of them being also Japanese,
it would not be meaningless to translate the results in European langu’age.
Especially Nakayama, who obtained a generalizaton of my result, hoped me
to quote his result together, if the translation is attempted in future.

1. The results obtained by myself are the following two theorems.
In this paper all the concerning fields are p-adic number fields and
$G(’\ell/K)$ denote the group of numbers $A$ in $K$ such that $N_{Kk}(A)=1$ .

Theorem 1. (Ordering llieorem). $1ft$; fidds $X/k$ and $K/k^{\prime}$ are
$\delta ot/l$ relativc abelian, then the $nec_{t’}ssary$ an a $s//ffci_{6}nt$ condition that $k^{\prime}\subset k./lolds$

is $G(l/J\zeta)\subset G(\chi,’/I\zeta)$ .
Theorem 2. $1fK//e$ is abelian of dgree $n$ anda faclor set of exponent

$n,$ $t/lc^{J}nt/\iota e$ group $G(k/K)$ is generatvd by $t/;e$ numbers of the form $a_{\sigma,\tau}/$

$a_{\tau,\sigma}ar\iota db^{1-O}$ :
$G(k/K)=\{a_{\sigma\ovalbox{\tt\small REJECT}\tau}/a_{\mathfrak{r},\sigma}, K^{1-\sigma}\}$ .

I called the latter theorem $‘$ . Hauptgcschlechtssatz im Minimalen “.
Clearly this is a generalization of the well-known Hilbert’s noim theorem
concerning cyclic fields.

2. Next I will give a blief sketch of the $f_{U1}$ ther developments obta-
ined by other authors.

T. Nakayama [2] generalized the theorem 2 as follows.
Theorem $2^{\prime}$ . $1fK/k$ is a normal field $zvit/lt/le$ Galois group

$\mathfrak{G}=\{\rho, \sigma, \tau,\ldots\},$ $t/\iota ent/le$ group $G(f_{k}\sqrt K)$ consists of $t/\iota e$ products of $t’\iota e$

elements
$b^{1-\rho}(b\epsilon K, \rho\epsilon \mathfrak{G})$

and
$b(\sigma, \tau)/$[) $(\tau, \sigma)(’\iota t//lere(b)\sim(a)$ and

$b(\sigma\tau, \mathfrak{G})=b(\tau\sigma, \mathfrak{G}))$ .

Thereby $(a)$ is a fixed factor set $corresp_{\rho/l}ding$ to a division $al_{f}ebra$ .
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The proof of this theorem will be given in the below.
In this paper we use the terminology “ factor set” in the following

sense: I.e. a syste $m$ of elements $a_{\sigma,\tau}$ (or $a(\sigma, \tau)$ if it is convenient in wri-
ting) of $K$ with

$a_{p,0\tau}a_{\sigma,\tau}=a_{p\sigma.t}a_{p,\sigma}^{\tau}$ .

We use also the abbreviation $a(\sigma, \mathfrak{G})=\Pi a(\sigma, \tau)(\tau\in \mathfrak{G})$ , and so on.
Y. Matsushima [3] proved the followlng theorem, which constitutes a

converse of Hilbert’s norm theorem for the special fields.
. Theorem 3. $1fK/k$ is abelian and $G(k/K)$ consists of $ th\ell$ elements of

the form $\Pi b^{1-\sigma},$ $ t1_{l}enth\ell$ Galois group of $K/k$ is cyclic.
He presented also the question, if in this theorem the restriction “ $K/k$

is abelian ‘’ could be omitted or not.
G. Toyoda [4] treated this problem, but his proof contained a small

$mi^{v}stake$ .
H. Kuniyoshi [5] proved the following theorem, which solves Matsus-

hima’s problem negatively.
Theorem 4. If $\mathfrak{G}i\dot{\circ}$ the Galois gloup of $I\zeta/k$, and its successive com-

mut\‘ator factors

$\mathfrak{G}/\mathfrak{G}^{\prime},$ $\mathfrak{G}^{\prime}/\mathfrak{G}^{\prime\prime},\ldots$

are all cyclic, then the $g$ . oup $G(k/K)$ consists of the elements of the form
llb’ $-\sigma$ .

Kuniyoshi [6] also decided the factor group $G(k/K)/K^{1-\sigma}$ completely
in terms of the Galois group ($K/k$ being abelian), and his result contains
theorem 3 as an obvious consequence.

My theorem 2 would become easier to understand if we recall the fact

$c\iota_{\sigma,\tau}/a,,\circ=u_{\overline{\sigma}}^{1}u_{\sigma}^{-1}u_{\sigma}u_{\tau}$ ,

where $u_{\sigma},$ $u_{\tau}\ldots ale$ the usual basis for crossed product with

$u_{\sigma}^{-1}$ a $u_{\sigma}=a^{\sigma}$, $u_{\sigma}u_{\tau}=u_{\sigma\tau}a_{a.\tau}$ .

From this standpoint I presented a conjecture, which was proved af-
terward to be true by Nakayama ar. $d$ Matsushima [7], and the result is

Theorem 5. $1fD$ is a division alge$bra$ over $k$ , then all $tJ\iota e$ elements of
$ Dwit/\iota$ tlte reduced norm I belong $\iota ot\parallel\iota e$ commutator group of multiplicative
group $D$ .
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Recently S. Wang [8] $S^{howed}$ that this theorem is also true for the
case of simple algebras over algebraic number fields.

3. We shall now $p|^{\prime}ove$ the theorem 1.
Lemma 1. From the assumptions $K\supset k,$ $K\frac{\perp}{I},t^{\prime}$ folJo $\overline{\mathfrak{c}}/s$ $(K^{*} : k^{*})=\infty$ ,

where *means $t/l_{-}^{\rho}$ multiplicative gronp of non cero elements.
Proof. We assume $(K^{*}:k^{*})=n<\infty$ contrary to our assertion, and

select a system of representatives $a_{0}=1,$ $a_{1},\ldots,$ $\ell/_{n-1}$ of the factor group $K^{*}/$

$k^{*}$ . As $a=a_{1}\in k$ , we have also $1+a,$ $2+a,\ldots\epsilon\gamma_{\vee^{\prime}}$ . If we put $m+a=\beta_{m}a_{m}$

($a_{m}\in k,$ $\beta_{ln}$ being one of the representatives $a_{1},$ $\iota_{2}^{\prime},\ldots$ ), all the numbers $\beta_{1}$ ,
$\beta_{2},..$ , are different, for if $\beta_{l}=\beta_{m}(l=:|=m)$ we. have

$\beta_{m}=\frac{l-rn}{a_{l}-a_{m}}\epsilon k$

$coltrary$ to the $\cdot$ assumption, and our lemma is also proved.
Lemma 2. $1ft/le$ ficlds $K/k$ and $K/k$‘ are both relative abelian and $k^{g}$

$\subset k,$ $k^{\prime}\frac{1}{-\tau}k$ , then the (proper) $i\prime\prime zplication$ relat on $G(k/K)\subset G(k^{\prime}/K)/\iota olds$ .
Proof. Obviously it is sufficient to $p_{1}ove$ that $G(k/K)\neq G(k^{\prime}/K)$ .

We assume that the equality holds. We denote by $\Lambda^{\gamma}(A)=a$ and $N^{\prime}(A)$

$=a^{\prime}$ the norms with respect to $K/k$ and $K/k^{\prime}$ respectively, and put (K. k)
$=;,$ $(k:k^{\prime})=n^{\prime}$ . Then we have

$N(0^{n\prime}/a^{\prime})=1$ ,

so that it follows frorn the translation theorem of the local class field theory

$a^{n\prime}/a^{\prime}\epsilon N(K^{*}),$ $a^{\prime}=\Lambda^{\gamma}(B)\epsilon N(K^{*})$

and from which
$\Lambda^{\gamma t}(A^{n^{;}}/B)=1$ .

From the assumption $G(k/K)=G(k^{\prime}/K)$ we have then $N(A^{n^{\prime}}/B)=1$ ,

that is $a^{n^{r}}=a^{\prime}\epsilon k^{\prime},$ $\Lambda^{7}(K^{*})^{n\prime}\subset k^{\prime*}$ .

We have especially
$k^{*nn\prime}\subset N(I\zeta^{*})^{n\prime}\subset k^{\prime*}\subset k^{*}$ ,

and as $(k^{*} : k^{*nn\prime})<\infty$ holds,

$(k^{*} : k^{\prime*})<\infty$ .
From the lemma 1 then follows $k=k^{/}$ as was required.
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Proof of the theorem 1. It remains only to prove following fact:
If $K=kfd$ and $K/k,$ $I\zeta/k^{\prime}$ are relatively $abeI^{i}an$ , then from the assump-

tion $G(k/K)\subset G(k^{\prime}/K)$ we can infer $k^{\prime}\subset k$ .
We put $k^{\prime\prime}=k\cap k^{\prime},$ $(K:k)=n,$ $(K:k^{/})=n^{\prime}$ and $K=k^{\prime\prime}(\Theta)$ . If $\Theta\overline{\rightarrow}$

$\theta^{(1)},$ $\theta^{(2)},\ldots,\Theta^{(n)}$ are the $re$ lative conjugates wi.th respect to $K/k$ ,

$f(x)=(x-\Theta^{(1)})(x-\Theta^{()}\underline{o})\ldots(x-\Theta^{(n)})$

is the irreducible polynomial in $ k[x\rfloor$ , with $\Theta$ as a root, and

$f(a)=N(a-\Theta)$ ,

if a $\epsilon k^{\prime\prime}$ , where $N$ denotes the norm with respect to $K/k$ , and likewise $N^{\prime}$

for the field $K/k^{\prime}$ . The equality $N$} $H^{n}/f(a)$ } $=1$ and the’assumption $G(k/K)$

$=G(k/K)$ yield $N^{\prime}\{H^{n}/f(a)\}=1$ , hence

$N^{\prime}\{f(\alpha)\}=N^{\prime}(H^{n})$
.

or
$f_{1}(u)f_{2}(a)..f_{n^{\prime}}$ (ec) $=(a-\Theta_{1})^{n}(a-\Theta_{2})^{n}\ldots(a-\theta_{n/})^{n}$,

where $f_{i}(x)$ and $\theta_{i}$ means the conjugate polynomials and numbers of $f(x)$

and $\theta$ respectively with respect to $K/k^{\prime}$ . As the above equality holds
for any a $\epsilon k^{\prime\prime}$ , it holds also for albitrary $x$ instead of $a$ . Especially each
root $\theta^{(i)}$ of $f(x)=f_{1}(x)$ coincide: one of $\Theta_{j}$ , and from which we conclude
easily the required relation $k^{\prime}\subset k$ , by Galois-theoretical consideration, if we
recall that $K/k^{\prime\prime}$ is a normal field.

4. We now proceed to the $P^{loof}$ of the $theo\iota em2^{\prime}$ , and assume that
the theorem is already proved to be true for the fields of lower degrees.

As the Galois group $\mathfrak{G}$ of $K/k$ is soluble, we can choose a cyclic
intermediate field $Z/k$ , correspording subgroup of which being denoted by
$\mathfrak{N}$ . We then have the decomposition of the $f_{01}m$

$\mathfrak{G}=\mathfrak{N}+\mathfrak{N}\zeta+\mathfrak{N}\zeta^{2}+\cdots+\mathfrak{N}\zeta^{m-1}$

Now suppose that the relative norm $N(A)$ of $A$ with $resp^{\ovalbox{\tt\small REJECT}}ect\dot{to}\ovalbox{\tt\small REJECT}/k$ is
1. As

$N(A)=N^{\prime\prime}(N^{\prime}(A))=1$ ,

where $N^{\prime}$ and $N^{\prime\prime}$ denote the norms with respect to $K/Z$ and $Z/k$ res-
pectively, we have by Hilbert’s norm theorem



256 $T\neg.\acute{\uparrow}ANNAKA$

$N^{\prime}(A)=\sim^{\iota-\mathfrak{r}}$ $(\sim p\epsilon Z)$ . (1)

But since $\{a(x, \lambda)\}$ $(\kappa, \lambda\in \mathfrak{N})$ is a factor sct corresponding to a nor-
mal division algebra over $Z$, we see by Nakayama and Akizuki’s theorem
[9], that there exists an element $\mu\in \mathfrak{N}$ with

$\sim\cdot=a(\mu, \mathfrak{N})JV^{\prime}(c)$ $(c\epsilon K)$ , (2)

and fiom which we deduce

$z^{1-\zeta}=a(\mu, \mathfrak{N})^{1-C}N^{\prime}(c^{1-T})$ . (3)

If $\nu$ runs over $\mathfrak{N}$ , we have

$a(\mu, \mathfrak{N})^{1-t}\cdot=\Pi(a(\mu, \nu)/a(\mu, \nu)^{t})$

$=\Pi(a(\mu, \nu)/a(\mu, \nu\zeta)a(\nu, \zeta)a(\mu\nu, C)^{-1})$

$=a(\mu, \mathfrak{N})/a(\mu, \mathfrak{N}\zeta)$

$=\Pi(a(C\mu, \nu)a(\zeta, \mu)^{\nu}a(\zeta, \mu\nu)^{-1}$

$/a.(\mu\zeta, \nu)_{\ell\dagger}(\mu, \zeta)^{\nu}a(\zeta, \nu)^{-1})$

$=N^{\prime}(a(\zeta, \mu)/(\mu, \zeta))a(C\mu, \mathfrak{N})$

$/a(\mu\zeta, \mathfrak{N})$ . (4).

: We obsexve a factor set $(b)$ , which is associated to $(a)$ :
$b(\sigma, \tau)=a(\sigma, \tau)l_{\sigma}^{\tau}l_{\tau}/l_{\sigma\tau}$ ,

then
$b(\zeta\mu, \mathfrak{N})/b(\mu\zeta, \mathfrak{N})$

$=a(\zeta\mu, \mathfrak{N})/a(/z\zeta, \mathfrak{N})\cdot 1V^{t}(l_{t\mu}/l_{\mu\zeta})$ .

Now we distinguish two cases ascording as (i) $\zeta\mu=\mu\zeta$ , or (ii) $\zeta\mu\neq\mu\zeta$ .
First suppose that (i) holds. Then we have for $(a(\sigma, \tau))$ itself as

$(b(\sigma, \tau))$ ,
$b(\mu, \mathfrak{N})^{1-\zeta}=N^{\prime}(b(\zeta, \mu)/b(\mu, \zeta))$ . (5)

But if (ii) holds, we have anyhow a relation of the folm

$a(\zeta\mu, \mathfrak{N})/a(\mu\zeta, \mathfrak{N})=N^{\prime}(f)$ $(f\epsilon K)$

so that for a suitable systcm $(l_{\sigma})1vIt1_{1}l_{\vee}\vee\mu/f_{\mu\zeta}=f^{\rightarrow 1}(\prime r_{))}$ holds likewise.
It is easy to see that the relation of the form

$\sim\wedge/=\delta(\mu, \backslash )l)N^{\prime}((z)$ (a $\epsilon K$) (6)
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$ho!ds$ , and fiom which we have, combining with (5)
$1V^{t}(A)=\rightarrow\sigma^{1-\zeta}=b(\mu, \mathfrak{N})^{1-\zeta}1N^{\prime}(a^{\rceil\rightarrow t})$ (7)

$=N^{\prime}(b(\zeta, \mu)/b(\mu, \zeta)\cdot a^{1-\zeta})$ .
By the assumption of the mathematical induction $ A(b(\zeta, \mu)/b(\mu, \zeta)\cdot$

$a^{1-C})^{-1}$ can be represented as the product of several elements $b^{1\rightarrow\lambda}(\lambda\in \mathfrak{N})$

and

$b^{\prime}(x, \lambda)/b^{\prime}(\lambda, x)$ $((b^{\prime}(x, \lambda))\sim(a(x, \lambda))$ ,

$b^{\prime}(x\lambda, \mathfrak{N})=b^{\prime}(J_{t}x, \mathfrak{N})=1$ , $x,$
$\lambda\epsilon \mathfrak{N}$).

But it is clear that $(b^{\prime}(x, \lambda))$ can be extended to a factor set $(\delta^{\prime})\sim$

$(a)$ , and from IV’ $(b^{\prime}(x, \lambda)/b^{\prime}(\lambda, x))=1$ it follows that

$N(b^{\prime}(x, \lambda)/b^{\prime}(\lambda, x))$

$=b^{t}(x\lambda, \mathfrak{G})/b^{\prime}(\lambda x, \mathfrak{G})=1$ ,

and the theorem is completely proved,

Mathematical Institute,
T\^ohoku University, Sendai,
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