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On the Class Field Theory on Algebraic Number
Fields with Infinite Degree

Yukiyosi KAWADA

By the celebrated Takagi’s class field $theo\cdot\cdot y$ a finite notmll abelian
extension field $K_{t)}$ over an algebraic number field $\gamma_{\iota_{1)}^{\prime}}\iota vith$ . finite degree is
completely characterized by the corresponding ideal group $H(K_{0}/le_{0})mod$ .
$\mathfrak{f}$ . (Cf. Takagi [9]). Using the notion of “ $id\grave{c}le$

“ Chevalley has reformed
the class field theory so that we can characterIze the Galois group $G(\tilde{k}_{0}/l_{0}^{\prime})$

of the miximal abelian extension $ l_{0}\sim$, of $l_{\iota_{0}^{\prime}}$ by a suitable factor group of
the $glou_{1}$) $J(\gamma_{\iota_{()}})$ of all the id\‘eles. (Cf. Chevalley [1], [2], Weil [11]).

On the othcr hand the ideal theory of an algebraic number field $k$

with infinite clcgrce $\backslash v_{c}\backslash s$ investigated by many authors (Heibrand [4],
Krull [6], Moriya [7] and othels). Fspecially Moriya $|8$] has extended
the Takagi’s class field theory $ 0\lambda$ such field $\chi$ . Nevertheless the id\‘ele

theor,$vo1$ such field $k$ cloes not yet appear in the literature. The aim of
this llote is to extend the Chevalley’s idcle theory on algebraic $nLmber$

fields with infinite degree and to reform the class field theory established
by Moriya. Our chicf mcthod is to consider the inductive limlt $g\downarrow oup$

of the idcle $glou_{1)S}J(/{}^{t^{\prime}}\lambda)$ of algcbraic number fields $l_{\lambda}\subset k$ with finite
$d_{\mathbb{C}_{F>}^{\circ}}$

. cc.
1. $L\cap\vee tP$ be the $1ation_{\iota}’\tau 1$ number field, and $\gamma_{\triangleright}$ be an algebraic number

field over $P\iota\backslash ith$ infinite degrce. Wc shall denote by $\gamma_{{}^{t}\lambda}(\lambda\epsilon\Lambda)$ the fields
which are subfields of $\gamma_{\triangleright}$ and havc finite degree over $P$. We have then

. $\gamma_{L}\cdot=\bigcup_{\lambda(4\{}\gamma_{{}^{t}\lambda}$ .
Now we shall define a semi-order

$\lambda<\mu$ for $\gamma_{\vee}\lambda\subset\chi_{\mu}$ (1)

in $\Lambda$ , then $\Lambda$ becomes a directed set.
By a prime divisor $\mathfrak{p}$ of $\gamma$

, we shall mean as usual an equivalence
class of vtluations of $\gamma_{\iota^{\prime}}$ . A valuation of lu induces a valuation of $k_{\lambda}\subset\chi,$ ,

and so a $p_{1}im\vee\backslash $ divisor $\mathfrak{p}$ of $k$ determines a unique prime divisor $\mathfrak{p}_{\lambda}$ of
$I_{\vee},\lambda\subset\prime_{\iota}$ . We shall denotc it by

$\mathfrak{p}_{\lambda}=\pi_{\lambda}\mathfrak{p}$
$(\lambda\epsilon\Lambda)$ . $(2.)$
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If $\lambda<\mu$ , then $\mathfrak{p}_{\mu}$ of $k_{\mu}$ is an extension of $\mathfrak{p}_{\lambda}$ of $’\iota_{\lambda}^{\prime}$ . We shall $de\rightarrow ote$ then

$\mathfrak{p}_{\lambda}=\pi_{\lambda}^{\mu}\mathfrak{p}_{\mu}$ $(\lambda<\mu)$ . (3)

We have then evidently

$\pi_{\lambda}^{\mu}\cdot\pi_{\mu}^{\nu}=\pi_{\lambda}^{\nu}$ $(\lambda<\mu<\nu)$ . (4)

$(1 \cdot 1)$ $1f$ a set of prime divisors $\mathfrak{p}_{\lambda}$ of $\prime k_{\lambda}(\lambda\epsilon\Lambda)$ satisjies $t1_{l}e$ condition
(3) $t/en$ tlere exists one and only one prime divisor $\mathfrak{p}$ of lu $suc/l$

’ that (2) $/\iota olds$

We shall denote this $prim\vee$ divisor $\mathfrak{p}$ of $k$ by

$\mathfrak{p}=\lim_{\lambda}\mathfrak{p}_{\lambda}$ . (t)

$(1 \cdot 2)$ Let $\mathfrak{p}_{\lambda}$ be a prime divisor of $k_{\lambda}$ , tlten tlere exists at $leas\cdot t$

a prinze clivivisor $\mathfrak{p}$ of $k$ rvitlt (2).
Let $\mathfrak{R}(k)$ alld $\mathfrak{R}(,t_{\lambda})$ be the set of all the prime divisols of $k$ or $k_{\lambda}$

respectively, then

$\mathfrak{R}(k_{\lambda})=\pi_{\lambda}\mathfrak{R}(/^{\prime}\triangleright)$ , $\mathfrak{R}(\nearrow_{k^{\prime}}\lambda)=\pi_{\lambda}^{\mu}\mathfrak{R}(\gamma,_{\mu})$ ( $\lambda<(u)$ . (6)

By $(1 \cdot 1)$ we have also
$(1 \cdot 3)$ $\mathfrak{R}(k)=proj$ . $\lim$

)
$\mathfrak{R}(\chi_{z_{\lambda}})$ .

Remark. We can $s_{-}^{\circ}1ect$ a confinal sequence $P\subset k_{1}\subset\gamma_{L^{\prime}}\underline{..}\subset\cdots,$ $/^{\gamma\ovalbox{\tt\small REJECT}}\iota=()^{\infty_{1=1}}k_{n}$

of $\Lambda$ and so $(1 \cdot 3)$ becomes a projective limit of a sequence: $\mathfrak{R}(k)=proj$ .
$\lim_{n}\mathfrak{R}(k_{n})$ .

2. Let $k(P)(k_{\lambda}(\mathfrak{p}_{\lambda}))$ be the completion of $k(k_{\lambda})w$ . $r$ . $t$ . $\mathfrak{p}(\mathfrak{p}_{\lambda})$ and
$\chi*(\mathfrak{p})(k_{\lambda}^{k}(\mathfrak{p}_{\lambda}))$ be the multiplicative group of all the non-zero elements
of $k(\mathfrak{p})(k_{\lambda}(\mathfrak{p}_{\lambda}))$ . As usual we can consider $\chi_{\lambda}(\mathfrak{p}_{\lambda})\subset l^{J}(\mathfrak{p})$ foi $\mathfrak{p}_{\lambda}=’\tau_{\lambda}\mathfrak{p}$

and $\prime_{\vee^{J}}\lambda(\mathfrak{p}_{\lambda})\subset k_{\mu}(\mathfrak{p}_{\mu})$ for $\mathfrak{p}_{\lambda}=\pi_{\lambda}^{\mu}\mathfrak{p}_{\mu}(\lambda<\mu)$ .
Now we shall put $ J(k)\sim$ as the direct product $go\iota\downarrow p$ of all the $k^{*}(\mathfrak{p})$

$(\mathfrak{p}\epsilon \mathfrak{R}(k))$ :
$J\tilde{(}k)=\Pi_{\mathfrak{p}_{e\mathfrak{R}^{(k)}}}k^{*}(\mathfrak{p})$ . (7)

So an element $\mathfrak{a}\epsilon J(k)$ is representable as

$\mathfrak{a}=\{\mathfrak{a}(\mathfrak{p})|\mathfrak{a}(\mathfrak{p})\epsilon k^{*}(\mathfrak{p}), \mathfrak{p}\epsilon \mathfrak{R}(k)\}$ .

We shall call $\mathfrak{a}(\mathfrak{p})$ the $\mathfrak{p}$ -componenl of $\mathfrak{a}$
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For the field $k_{\lambda}$ an element $\mathfrak{a}_{\lambda}\epsilon\tilde{J}(k_{\lambda})=Il\mathfrak{p}_{\lambda}\epsilon \mathfrak{R}(,t_{\lambda})k_{\lambda}^{*}(p_{\lambda})$ is called by
Chevalley [2] $\cdot$ an id\‘ele if almost all the components $\mathfrak{a}_{\lambda}(\mathfrak{p}_{\lambda})$ are units in
$k_{\lambda}^{\sqrt{}\prime}(\mathfrak{p}_{\lambda})$ . The group $I(k_{\lambda})$ of all the id\‘eles of $k_{\lambda}$ is called the fnndamental
group of $k$ by him.

Now let an id\‘ele $\mathfrak{a}_{\lambda}\epsilon J(k_{\lambda})$ be given. Then by the mapping $\pi_{\lambda}^{\prime}’(\mathfrak{R}(\gamma_{\iota_{\mu}^{\prime}}))$

$=\mathfrak{R}(k_{\lambda})(\lambda<\mu)$ we can define the dual mapping $\psi_{\mu}^{\lambda}$ :

$\mathfrak{a}_{\mu}=\psi_{\mu}^{\lambda}(\mathfrak{a}_{\lambda})\epsilon J(k_{\mu})$ for $\lambda<\mu$ (9)

by

$\psi_{\mu}^{\lambda}(\mathfrak{a}_{\lambda})(\mathfrak{p}_{\mu})=\mathfrak{a}_{\lambda}(\pi_{\lambda}^{\mu}(\mathfrak{p}_{\mu}))$ $\mathfrak{p}_{\mu}\epsilon \mathfrak{R}(k_{\mu})$ . (10)

It is easy to see that the mapping $\psi_{\mu}^{\lambda}$ :

$\psi_{\mu}^{\lambda}(J(k_{\lambda}))cJ(k_{\mu})$ $(\lambda<\mu)$ (11)

is an isomorphism of $J(k_{\lambda})$ into $J(l_{\mu}^{J})(\lambda<\mu)$ . We have also

$\psi_{\mu\$^{y}\nu}^{\lambda.f^{\mu}}=\psi_{\nu}^{\lambda}$ for $\lambda<\mu<\nu$. (12)

Quite analogously by the mapping $\pi_{\lambda}(\mathfrak{R}(k))=\mathfrak{R}(\gamma_{\triangleright}\lambda)$ we can define $t1_{1}e$

dual mapping $\psi^{\lambda}$ of $J(k_{\lambda})$ into $J\tilde{(}k$) :

$\psi^{\lambda}(\mathfrak{a}_{\lambda})=\mathfrak{a}\epsilon J\tilde{(}k)$ (13)

by

$\mathfrak{a}(\mathfrak{p})=\mathfrak{a}_{\lambda}(\pi_{\lambda}(\mathfrak{p}))$ $\mathfrak{p}\epsilon \mathfrak{R}(\gamma_{\vee^{J}})$ . (14)

It is also an isomorphism of ]$(k_{\lambda})$ into $\tilde{J}(k)$ and we have

$\psi^{\mu}\cdot\psi_{\mu}^{\lambda}=\psi^{\lambda}$ $(\lambda<\mu)$ . (15)

From (15) follows then

$\psi^{\lambda}(J(k_{\lambda}))\subset\psi^{\mu}(J(k_{\mu}))$ for $\lambda<\mu$ . (16)

Now we shall define the fundamental group $J(k)$ of $k$ by

$J(k)=\bigcup_{\lambda \mathfrak{c}A}\psi^{\lambda}(J(\gamma_{i_{\lambda}}))\subset J\tilde{(}k)$ (17)

and we shall call the elements of $J(k)$ the ideles of $k$ . Hencean id\‘ele $\mathfrak{a}$

of $k$ can be represented for some $\lambda\epsilon\Lambda$ as
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$\mathfrak{a}=\psi^{\lambda}(\mathfrak{a}_{\lambda})$ $\mathfrak{a}_{\lambda}\epsilon J(k_{\lambda})$ , (18)

and then also for all $\mu>\lambda$

$\mathfrak{a}=\psi^{\mu}(\mathfrak{a}_{\mu})$ for $\mathfrak{a}_{\mu}=\psi_{\mu}^{\lambda}(\mathfrak{a}_{\lambda})\epsilon J(k_{\mu})$ . (19)

An id\‘ele $\mathfrak{a}_{\lambda}\epsilon J(k_{\lambda})$ is call $ed$ a principal id\‘ele by Chevalley [2] if we
have for an element $a_{\lambda}\epsilon k_{\lambda}^{f}\mathfrak{a}_{\lambda}(\mathfrak{p}_{\lambda})=a_{\lambda}$ for all $\mathfrak{p}_{\lambda}\epsilon \mathfrak{R}(k_{\lambda})$ . We shall denote
by $P(k_{\lambda})$ the group of all the principal id\‘eles. It is clear that $\psi_{\mu}^{\lambda}(P(k_{\lambda}))$

$\subset P(k_{\mu})$ for $\lambda<\mu$ . In the same way we shall define the principal id\‘ele $\mathfrak{a}$

of $k$ by $\mathfrak{a}(\mathfrak{p})=a\epsilon k^{*}$ for every $\mathfrak{p}\epsilon \mathfrak{R}(k)$ with a fixed element $a\epsilon k^{*}$ , and
denote by $P(k)$ the group of all the principal id\‘eles of $k$ . We have then

$P(k)=\bigcup_{\lambda eA}\psi^{\lambda}(P(k_{\lambda}))\subset J(k)^{(1)}$ (20)

Now we shall consider a topology of $J(k)$ . For an algebraic number
field $k_{\lambda}$ with finite degree a convenient topology, which is slightly different
from the topology introduced by Chevalley [2], is defined by Weil [11],
K. Iwasawa $\underline{o}$ and others. By this topology $\psi_{\mu}^{\lambda}(J(k_{\lambda}))\subset J(k_{\mu})$ for $\lambda<\mu$ is
a $hom$ .-omorphism of $J(k_{\lambda})$ onto a closed subgroup of $J(f_{\iota\mu}^{J})$ .

In general, let be given a system of topological groups $G_{\lambda}(\lambda\epsilon\Lambda)$ with a
directed sct $\Lambda$ and for each pair $\{G_{\lambda}, G_{\mu}\}(\lambda<\mu)$ an isomorphic and home-
omorphic mapping $\psi_{\mu}^{\lambda}$ of $G_{\lambda}$ onto a closed subgroup $\psi_{\mu}^{\lambda}(G_{\lambda})$ of $G_{\mu}$ such
that $\psi_{\mu\}^{J_{\nu}^{\mu}=\psi_{\nu}^{\lambda}}}^{\lambda.\prime}$ for $\lambda<\mu<\nu$ holds. Then we can define a topological group
$G$ , which is called the inductive limit group of $G:G=ind$ . $\lim_{\lambda}G_{\lambda}$ (Cf.
Weil [10] p. 109, Freudenthal [3]).

In our case, for the group $J(k)$ defied by (17) we can introduce the
topology as

$J(k)=ind$ . $\lim_{\lambda}f(k_{\lambda})$ . (22)

Namely a set $O\subset J(k)$ is open if and only if $On\psi^{\lambda}(J(k_{\lambda}))$ is the image
by $\psi^{\lambda}$ of an open set in $J(k_{\lambda})$ for every $\lambda\epsilon\Lambda$ . This is equivalent to the
fact that $O$ has the form

$O=\bigcup_{\lambda\epsilon A}\sqrt{J}^{\lambda}(O_{\lambda})$ $0_{\lambda}$ : open subsets of $J(k_{\lambda})^{(\$)}$ (23)

3. Let $k$ be an algebraic number field with infinite degree and $K$ a
finite extension field over $k$ . Let the degree of $1\zeta/k$ be $n:n=[K:k]$ . $K$

is a simple extension of $k:K=k(\theta)$ , and $\theta$ is a root of an irreducible
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polynomial $f(X)\epsilon k[X]$ with degree $n$ . Let $k_{\alpha}(a=a(K))$ be the field
which is obtained by adjunction of all the coefficients of $f(X)$ fo $P$. Let us
take then

$\Lambda^{\prime}=\{\lambda|\lambda\epsilon\Lambda, \lambda>a\}$ (24)

Namely, $\Lambda$ ‘ is the residual set of $\Lambda w$ . $r$ . $t$ $a=a(K)$ . Let us put
$K_{\lambda}=k_{\lambda}(\theta)$ for $\lambda\epsilon\Lambda^{\prime}$ , then wc havc $[K_{\lambda} : k_{\lambda}]=n$ and $k=\bigcup_{\lambda A/}kk_{\lambda}$ ,
$K=(j_{\lambda\epsilon A^{\prime K}\lambda}$ .

Let a prime divic.or $\mathfrak{p}$ of $k$ be extended to $gp1i\iota ne$ divisors $\mathfrak{P}^{(1)},\ldots$ ,
$\mathfrak{P}^{(q)}$ of $1\zeta$. We shall define the nonn of an id\‘ele $\mathfrak{A}\epsilon J(lf)$ :

$N_{x/k}\mathfrak{A}=\mathfrak{a}\epsilon\tilde{J}(k)$ (25)

by

$\mathfrak{a}(\mathfrak{p})=Il\oint_{=11}v_{R^{\prime}(\mathfrak{P}^{(i)})/(\mathfrak{p})(\mathfrak{A}(\mathfrak{P}))}’\vee(i)$ $\mathfrak{p}\epsilon \mathfrak{R}(k)$ . (26)

Instead of $\pi,$ $\psi$ ctc. for $k$ we shall denote by $\Pi,$ $\Psi$ etc. the co responding
mappings for ]$\zeta$. Then for some $\lambda\epsilon\Lambda^{t}$ we havc $\mathfrak{A}=\Psi^{\lambda}(\mathfrak{A}_{\lambda})$ , with $\mathfrak{A}_{\lambda}\epsilon J(K_{\lambda})$ .
I-et be $\mathfrak{p}_{\lambda}=\pi_{\lambda}\mathfrak{p},$

$\mathfrak{P}_{\lambda^{i)}}(=J/\lambda \mathfrak{P}^{(i)}(i=1,\ldots,g)$ , then $\mathfrak{P}_{\lambda^{i)}}^{t}(i=1, ..,g)$ $ale$ all ex-
tensions of $\mathfrak{p}_{\lambda}$ to $K_{\lambda}$ . Let $\mathfrak{Q}_{\lambda}^{(1)},\ldots,$ $\mathfrak{O}_{\lambda}^{(h)}(/z\leqq 6\sigma)$ bc the sct $()f$ all the ciif-
ferent ones within $\mathfrak{P}_{\lambda}^{(1)},\ldots,$ $\mathfrak{P}_{\lambda^{\prime\prime}}^{t)}$ . $Fo\cdot$. example, $\mathfrak{P}_{\lambda^{11}}^{t}=\cdots=\mathfrak{P}_{\lambda}(a)=\mathfrak{Q}_{\lambda}^{(l)},$ $\{\}_{\lambda}^{\prime ar1)}=$

$...=\mathfrak{Q}_{\lambda^{\underline{o}}}^{()},\ldots,$ then we h,.ve $[A_{\lambda}^{\prime}(\mathfrak{Q}_{\lambda^{1)}}^{\prime}):k_{\lambda}(\mathfrak{p}_{\lambda})]=\Sigma^{a_{l=1}}[K(\mathfrak{P}(i)) : k(\mathfrak{p})]a\iota^{\backslash }Ad$

$\mathfrak{A}(\mathfrak{P}(1))=\ldots=\mathfrak{A}(\mathfrak{P}(a))=\backslash _{\backslash })I_{\lambda}(\mathfrak{Q}_{\lambda^{1)}}^{t})$ etc. It is then easy to $sec$ by the well-
known methods in the theory of algebla that

$Jl_{i^{l}=1}(Nx^{\prime}(\mathfrak{P}^{(i)})/\mathfrak{p}(/.).(\mathfrak{A}(\mathfrak{P}(i)))=N_{A_{\lambda}^{\prime}(\mathfrak{Q}_{\lambda^{(\rceil)}})/t_{\lambda(\mathfrak{p}_{\lambda})({}^{t}J_{\lambda}(\mathfrak{Q}_{\lambda^{1)}}^{(}))}}’)$ .

On the other hand the norm of an id\‘ele
$\mathfrak{A}_{\lambda}\epsilon J([\zeta_{\lambda,*})$ :

$\Lambda^{\gamma_{K_{\lambda}/}}r_{i_{\lambda}}(\mathfrak{A}_{\lambda})=\mathfrak{a}_{\lambda}\epsilon J(k_{\lambda})$

is defined by Chevalley [2] by

$\mathfrak{a}_{\lambda}(\mathfrak{p}_{\lambda})=J/h\Lambda^{\Gamma}I\iota_{\lambda}^{\nearrow}(\mathfrak{Q}_{\lambda}^{(i)})/1_{\lambda}(\mathfrak{p}_{\lambda})(\mathfrak{A}_{\lambda}(\mathfrak{Q}_{\lambda}^{(i)}))$ .

Hence we have $N_{K/k}\mathfrak{A}=\mathfrak{a}=\psi^{\lambda}(\mathfrak{a}_{\lambda})=\psi^{\lambda}(N_{I\zeta_{\lambda}/}r_{\lambda}\mathfrak{A}_{\lambda})$ for $\lambda\epsilon\Lambda^{\prime}$ ; this proves
the following:

(3.1) $T/\iota e$ rrorm $\Lambda^{\gamma_{K/k^{\backslash }\backslash }}\mathfrak{l}=\mathfrak{a}$ of an $id\dot{‘}\sqrt j\mathfrak{A}\epsilon J(K)$ is an idde of $ka;id$

$N_{K/k}(\Psi^{\lambda\backslash }21_{\lambda})=\psi^{\lambda}(Nx_{\lambda/\cdot\lambda}^{\prime}’,\mathfrak{A}_{\lambda})$ for $\lambda\epsilon\Lambda$ ‘. (28)
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From (28) we have also

$N_{K/k}f(K)=\bigcup_{\lambda\epsilon A}\psi^{\lambda}(N_{K_{\lambda}/k_{\lambda}}J(K_{\lambda}))$ . (29)

Since $Nx_{\lambda}^{\nearrow}/k_{\lambda}$ is a continuous $mappi_{1^{\urcorner}}g$ of $J(K_{\lambda})$ into $J(k_{\lambda})$ for cvery
$\lambda\epsilon\Lambda$ we can easily prove by the definition of the topology of $J(k)$ the
following :

(3.2) $11^{\Gamma_{Kk}}$ is a continuous mapping of$J(K)$ into $J(k)$ .

4. Let $k$ be an algebraic number fi$e!d$ with infinite degree. By the
absolute dgree $N(k)$ of $k$ we shall mean as in Moriya [8] the following
Steinitz’s G-number: let $k=\bigcup_{\lambda}k_{\lambda},$ $N_{\lambda}=[k:P]$ and for a prime nnmber $p$

$N_{\lambda}=p^{r_{\lambda}}M_{\lambda}(p, M_{\lambda})=]$ , then we shall put

$N(k)=\Pi_{p}p^{r}$ , $r=\sup_{\lambda}r_{\lambda}$ . (30)

Let us put $N_{0}(k)=ll_{p}^{\prime}p^{r}$ for all the primes 2 with $ r<\infty$ and $N^{*}(k)$

$=Il_{\rho}^{\prime\prime}p^{r}$ for all the $P^{1}$ imes $p$ with $ r=\infty$ . Then

$N(\gamma_{\iota^{\prime}})=\lrcorner V^{*}(k)\cdot\Lambda^{\gamma_{0}}(k)$ . (31)

We shall call after $M_{01}iya[8]N^{*}(k)$ the infinite part of $N(k)$ .
Now let $K$ be a finite noimal abelian extension field ovcr $k$ with the

$Ga^{1}ois$ group $G(l\zeta/k)$ and with degree $n=[K:k]$ . Let $nsp\iota t$

$H(K/k)=P(k)\cdot N_{K/k}(J(K))\subset\nearrow(k)$ (32)

and

$\mathfrak{H}(K/k)=J(k)/H(K/k)$ , $\gamma_{l}(K//t^{\prime})=[J(k) : H(K/k)]$ . (33)

By (20) and (29) we have

$H(K/k)=\bigcup_{\lambda\epsilon A}\psi^{\lambda}(H(K_{\lambda}/k_{\lambda}))$ (34)

for the corresponding $g_{1}oupH(K_{\lambda}/k_{\lambda})=P(k_{\lambda})\cdot N_{K_{\lambda}}/1_{l_{\lambda}}(J(I\sigma_{\lambda}^{\prime}))(\lambda\epsilon\Lambda^{\prime})$ .
For an $a_{J}^{\rceil}geb_{1}aic$ number field $\gamma_{\vee^{y}}\lambda$ with finite degree over P.we have

$\mathfrak{H}(I\zeta_{\lambda}/k_{\lambda})\cong G(K_{\lambda}/k_{\lambda}),$ $a1_{-d}^{\urcorner}h(K_{\lambda}/k_{\lambda})=[K_{\lambda} : k_{\lambda}]$ (35)

by the class field theory (Cf. Chevalley [2]), but for our case (35) is not
always true. (Cf. Moriya [8]).

(4.1) For a finite rormal abelian extension field $K/k’\iota ve$ have
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$h(K/k)\leqq[K:k\underline{\rceil}^{(4)}$ $(3\grave{6})$

(Proof) Let a system of representartives of classes $J(\gamma_{v})mod$ . $H(R/k)$
$|)e\{\mathfrak{a}^{(1)}, \mathfrak{a}^{()},\ldots, \mathfrak{a}^{(r)}\underline{o} \}$ . For any finite number of them: \dagger $\mathfrak{a}^{(1)},\ldots,$ $\mathfrak{a}^{(r}$)}, there
exists $\lambda\epsilon\Lambda$‘ such that $\mathfrak{a}^{(i)}=\psi^{\lambda}(\mathfrak{a}_{\lambda}^{(i)}),$ $\mathfrak{a}_{\lambda}^{(i)}\epsilon J(k_{\lambda}),$ $i=1,\ldots,$ $r$ . If for some pair
$(i,j)(i\neq J)\mathfrak{a}_{\lambda}=\mathfrak{a}_{\lambda}^{(i)}(\mathfrak{a}_{\lambda}^{(j)})^{-1}=a_{\lambda}\cdot NK_{\lambda}/x_{\lambda}\mathfrak{A}_{\lambda}(a_{\lambda}\epsilon P(k_{\lambda}), \mathfrak{A}_{\lambda}\epsilon J(K_{\lambda}))$ , then $\psi^{\lambda}(\mathfrak{a}_{\lambda})$

$=\mathfrak{a}^{(i)}(\mathfrak{a}^{(j)})^{-1}=\psi^{\lambda}(a_{\lambda})\cdot\psi^{\lambda}(N_{(1)}K\lambda/k_{\lambda}\mathfrak{A}_{\lambda})=\psi^{\lambda}(a_{\lambda})\cdot N_{K^{\prime}k}(\Psi^{\lambda}\mathfrak{A}_{\lambda})\epsilon H(K/^{\prime}k)$
, which is

a contradiction. Hence $\mathfrak{a}_{\lambda}$

$\mathfrak{a}_{\lambda^{r}}^{()}$ belong to $r$ different classes of $J(k_{\lambda})$

$rr_{I}ud$ $H(I\zeta_{\lambda}/k_{\lambda})$ , so that $r\leqq h(K_{\lambda}/k_{\lambda})=[K_{\lambda} ; k_{\lambda}]=[K:k]$ . Since we can
take $\{\mathfrak{a}^{(1)}, .., \mathfrak{a}^{(r})\}$ arbitrarily from $\{\mathfrak{a}^{(1)},\mathfrak{a}^{t^{\underline{o}})},\ldots\}$ , we have (36), $q$ . $e$ . $d$ .

(4.2) For a finite normal abelian extension $K/^{\prime}k\gamma_{p}(K/k)$ is relatively
prime to $N^{*}(k)$ .

(Proof) Let $1_{l}(K/k)=p^{r}t(r>0)$ and $l^{\infty}$ is a factor of $N(k)$ . Then
there exists an id\‘ele $\mathfrak{a}\epsilon J(1_{\iota}^{J})$ such that $\mathfrak{a}\not\in H(K/l^{\prime})$ and $\mathfrak{a}^{\rho}\epsilon H(K/k)$ . Hence
we have for some $\lambda,$

$\mu,$
$\nu\epsilon\Lambda^{\prime}$ , $\mathfrak{a}=\psi^{\lambda}(\mathfrak{a}_{\lambda})$ , $\mathfrak{a}_{\lambda}\epsilon J(k_{\lambda})$ ; $\mathfrak{a}^{p}=a\cdot N_{K/k}\mathfrak{A}$ ;

$a=\psi^{\mu}(a_{\mu}),$ $a_{\mu}\epsilon P(k_{\mu})$ ; $\mathfrak{A}=\Psi_{\nu}(\mathfrak{A}_{\nu}),$ $\mathfrak{A}^{\nu}\epsilon J(K_{\nu})$ . Take $t^{J}>\lambda,$ $\mu,$
$\nu$ . Then

$\mathfrak{a}=\psi^{p}(\mathfrak{a}_{\rho}),$ $\mathfrak{a}^{\rho}=\psi^{p}(a_{p})\cdot 1V_{K/k}\Psi^{f^{l}}(\mathfrak{A}_{\rho})=\psi^{\rho}\langle b_{\rho}$), $\mathfrak{b}_{\rho}N’.,\mathfrak{A}_{\rho}\epsilon J(k_{\rho})$ . The-
refore, we have $C_{\rho}\epsilon H(K_{\rho}/k_{p}),$ $b_{\rho}=\mathfrak{a}_{\rho}^{p}$ . Since $p^{\infty}$ is a factor of $N(/\iota)$ , we can
take $\sigma>\rho$ such that $M=[k_{\sigma} : k_{\rho}]$ is divisible by $p$ .

By the theorem of translation in the class field theory (Chevalley [2])

$H(K_{\sigma}/k_{\sigma})=\{\mathfrak{a}_{\sigma}|N_{l_{\sigma}/k_{\rho}}\prime \mathfrak{a}_{\sigma}\epsilon H(l\zeta_{p}/l_{\rho})\}$ $(\rho<\sigma)$ . (37)

For the id\‘ele $\mathfrak{a}_{\sigma}=\psi_{\sigma}^{\rho}\mathfrak{a}_{r},$ $\mathfrak{a}_{\rho}\epsilon J(l_{o})$ we have $N/_{\iota\circ}//i\rho \mathfrak{a}_{O}=\mathfrak{a}_{r}^{M}=\mathfrak{b}_{\rho}^{M}\epsilon H(1\zeta,/k_{\rho})$ .
so that $\psi_{\sigma}^{\rho}(\mathfrak{a}_{\rho})\epsilon H(K_{\sigma}/k_{\sigma})$ by (37). Hence we have $\mathfrak{a}=\psi^{\sigma}(\psi_{\sigma}^{P}(\mathfrak{a}_{\rho}))\epsilon H(K/k)$

by (34), which contradicts with our assumption. Therefore, $h(K/k)$ is
relatively prime to $N^{*}(k),$ $q$ . $e$ . $d$ .

(4.3) Let $K$ be a finite ,ormal abelian extension over $k$ and $[K:k]$ is
relatively prime to $N^{*}(k),$ $t/\iota enzve/lave$

$\mathfrak{H}(K/k)\cong G(K/k)$ and so $\gamma_{l}(A\gamma k)=L^{K;}\chi,$]. (38)

(Proof) By our assumption we can take $\beta=\beta(K)\epsilon\Lambda^{\prime}$ such that
$M=[k_{\lambda} : k_{\beta}]$ is relatively prime to $ n=[K:k\rfloor$ for $\lambda>\beta$ .

Lct $\mathfrak{a}_{\lambda}^{(1)},\ldots,$ $\mathfrak{a}_{\lambda}^{(n)}$ be a complete system of representatives of classes of
$J(\gamma_{\nu_{\lambda}},)mod$ . $H(1\zeta_{\lambda}/k_{\lambda})$ . If $\mathfrak{a}^{(i)}=\psi^{\lambda}(\mathfrak{a}_{\lambda}^{(i)})(i=1, ., n)$ belong to different classes
$mod$ . $H(K/k)in\nearrow(\gamma_{\nu^{\prime}})$ , then we see by (4.1) that $\{\mathfrak{a}^{(1)},\ldots \mathfrak{a}^{(n)}\}$ is also a
complete system of representatives of $J(k)$ $mod$ . $H(K/k)$ . Hence we
hav $e$
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$H(K/k)\cong H(K_{\lambda}/k_{\lambda})\cong G(K_{\lambda}/k_{\lambda})\cong G(K/k)$ .

If this is not the case, there exists some pair $(i_{J})(i\neq J)$ with
$H(K/\prime k)\ni \mathfrak{a}=\mathfrak{a}^{(i)}(\mathfrak{a}^{(j)})^{-1}=\psi^{\lambda}(\mathfrak{a}_{\lambda})$ for $\mathfrak{a}_{\lambda}=\mathfrak{a}_{\lambda}^{(i)}(\mathfrak{a}_{\lambda}^{(j)})^{-1}$ . Then by (34) we
have for some $\mu>\lambda$ $\mathfrak{a}=\psi^{\mu}(\mathfrak{a}_{\mu})=\psi^{\mu}(\psi_{\mu}^{\lambda}(\mathfrak{a}_{\lambda}))$ with $\mathfrak{a}_{\mu}\epsilon H(K_{\mu}/k_{\mu})$ . By
the thcorem of translation we have as in (4.1) $\mathfrak{a}_{\lambda}^{M}\epsilon H(K_{\lambda}/k_{\lambda})$ for
$M=[k_{\mu} ; k_{\lambda}]$ . Since 1V and $n$ are relatively prime, this. means $\mathfrak{a}_{\lambda}\epsilon H(K_{\lambda}/k_{\lambda})$ ,
which is a contradiction, $q$ . $e$ . $d$ .

We can easily prove the following by (4.1), (4.2), (4.3):
(4.4) Let $K$ be a finile izormal $abe/ian$ exlension over $k$ and let

$n=[K:k]=n^{*}\cdot n_{0}$ (39)

$w/eren^{*}$ is a divior of $N^{*}(k)$ and $n_{0}$ is relatively prime to $N^{*}(k)$ . $T/len$

$\prime zve$ have

$\gamma_{l}(K/k)=n_{0}$ . (40)

We shall call a finite normal abelian extension $K/k$ a class field over
$k$ if the equality

$\gamma_{l}(I\zeta/k)=[lf:k]$ (41)

$ho_{-}^{1}ds$ . Then by (4.4) a neeessary and $suJ7icie’\iota t$ condition $t/at$ a finite
normal abelian extension $K,/k$ is a class field is $t/at[K:k]$ is relatively
prime to $N^{*}(k)$ .

As in the classical case, we can easily prove:
(4.5) (i) Let $K$ and $K^{\prime}$ be class fields over $k$ . Then

$K\supset K^{\prime}$ if and only if $H(K/k)\subset H(A^{\prime}/k)$ . (42)

$T/en$ we $/ave$ also

$[K:K^{\prime}]=[H(K^{\prime}/k) : H(K/k)]$ . (43)

(ii) Let $K$ and $I\zeta^{\prime}$ be class felds over $k$ , then $K\cup K^{\prime}$ and $KnX^{\prime}$

are also class fields over $kzvit\gamma_{l}$

$H(K\cup K^{\prime}/k)=H(K/k)nH(K^{t}k)$ ,
$H(KnK^{\prime}/k)=H(K/k)\cdot H(K^{\prime}/k)$ . (44)
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5. Let $K$ be a class field over $k$ . Then the subgroup $H=H(K/k)$
of $J(k)$ satisfies the following four conditions $(i)-(iv)$ :

(i) $H\supset P(\chi,)$ .
(ii) $[J(k) : H]=n<\infty$ ; $n$ and $N^{*}(k)$ are relatively prime.
(iii) $H$ is an $op_{\ell i}n$ and closed subgroup $of\nearrow(k)$ .
(Proof) By the class field theory for finite algebraic fields $H(K_{\lambda}/k_{\lambda})$

are open and closed subgroups of $J(k)(\lambda\epsilon\Lambda^{\prime})$ (Cf. Wcil [11]). I-Tence
$H(J\zeta/k)$ is open by (34) and by the definition of the topolpgy of $J(l^{\prime})$ .
Since $[J(l^{\prime}) : H(K,/^{\prime}k)]$ is finite, $H(K//_{\iota^{\prime}})$ is also closed, $q$ . $ed$ .

We shall denot $e$ by $H_{\lambda}$ for a subgroup $H$ of $J(k)$ the subgroup of
$J(k_{\lambda})$ defined by

$\psi^{\lambda}(H_{\lambda})=\psi^{\lambda}(J(k_{\lambda}))\cap H.$ (45)

(iv) Tli,$\prime re$ exists $\beta(H)\epsilon\Lambda$ such $t/lat$ for all $\vee>\mu>\beta(H)$

$H_{\nu}=\{\mathfrak{a}_{\nu}|N/\mathfrak{a}_{\nu}\epsilon H_{\mu}\nu’ \mathfrak{a}_{\nu}\epsilon.I(l_{\nu})\}$ (46)

ltold.
(Proof) Take $\beta(H)$ as in the $P^{loof}$ of (4.3). We shtll see now

$\psi^{\mu}(H(I\zeta_{tA}//_{\iota^{J}}\mu))=\$^{\prime_{J^{\mu}(J(/))\cap H(l\zeta}}\iota_{\mu}^{\prime}//_{\iota^{\prime}})$ for $\mu>\beta$ , (47)

then (46) $fo$llows from (47) by the theorem of $t\{anslatio.l$ . In (47) the
inclusion rclation $\subset$ holds obviously by (:34). Converscly let $\mathfrak{a}=\psi^{\mu}(\mathfrak{a}_{\mu})$ ,
$\mathfrak{a}_{\mu}\epsilon J(k_{\mu})$ belongs to $H(A^{\prime}/k)$ , then for some $\nu>\mu$ $\dagger^{;_{\nu}}J^{\mu}(0_{\mu})\epsilon H(K_{\nu}/k_{\nu})$ as
in (4.1). By the the theore $m$ of translatIo.1 we have $\mathfrak{a}_{\mu}^{M}=\wedge^{\gamma}\chi_{\mu}/k_{\mu}(\psi_{\nu}^{\mu}(\mathfrak{a}_{\mu}))$

$\epsilon H(K_{\mu}/k_{\mu})$ $lt’ ithM=[k_{\nu} : k_{\mu}]$ . Since $(\lrcorner M, n)=1$ , we have $\mathfrak{a}_{\mu}\epsilon H(K_{\mu}//\mu)$ ,
$i$ . $e$ . $\mathfrak{a}=\psi^{\mu}(\mathfrak{a}_{\mu})\epsilon\psi^{\mu}(H(K_{\mu}//_{\iota_{\mu}^{\prime}}))$ . This shows (47), $q$ . $e$ . $d$ .

$R_{6’}mark$ . Just as in (4.2) from (iv) $fo1_{1}^{1}ows$ that $[J(k) : H]$ is rela-
tively prime to $N^{*}(\gamma_{\iota^{\prime}})$ .

We shall call a subgroup $H$ of $J(k)$ with the propetlies $(i)-(iv)$ a

characleristic $subgro\iota/p$ . (This corresponcls to the $K$-Giuppe in Moriya [8]).
We shall prove now the convcrse:

(5.1) $L^{\rho}tH$ be a charactcristic $su[;_{\delta^{(r}}rol/p$ of $J(k),$ $t/n’ n$ there exisis a
class ficld $K$ over $kwit\gamma_{l}H=H(A^{\prime}//_{\iota})$ .

(Proof) Take $\lambda>\beta(11)$ in (iv). $The_{1}1\backslash vc$ have as in $t\ovalbox{\tt\small REJECT} 1c$ proof of
(4.3) $[J(k) : H]=|J(k_{\lambda})$ : $H_{\lambda}$]. Since $H_{\lambda}$ is an open and closed $st\iota bgroup$

of $J(k_{\lambda})$ with finite index containing $P(k_{\lambda})$ , there exists a class field
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$I\zeta_{\lambda}=k_{\lambda}(\theta)$ over $k_{\lambda}$ with $H_{\lambda}=H(\prime^{\Gamma}C_{\lambda}/,L^{\prime}r\lambda)$ (Whaples [12]). But by the
property (iv) and by the theorem of $tr_{\vee}\iota nslationH_{\mu}=H(K_{\mu}/k_{\mu})$ for $\mu>\lambda$

holds for $K_{\mu}=k_{\mu}(\theta)$ . Hence for the field $1\zeta=k(\theta)=\cup\lambda\in AK$ we have
$H(H/\gamma,)=(l_{\mu}\psi^{\mu}(H(1\zeta_{\mu}/4_{\mu}^{\prime}))=u_{\mu}\psi^{\mu}(H_{\mu})=f1.$ $O_{i1}$ the other hand $[K:k]$

$=[K_{\lambda} : k_{\lambda}]=[J(k_{\lambda}) : H_{\lambda}]=[J(k) : H]$ . Hence $K$ is the required class field,

$q$ . $e$ . $d$ .
Now let $I1(J_{\iota})$ be the set of all the ,characteristic subgroups $of.\gamma(k)$ .
(i) If $H_{1},$ $H_{2}\epsilon H(4^{y})$ , then $ H_{1}\cap H_{2}\epsilon$ -H(le)
(ii) If $ H_{1}\epsilon$ JI $(k)$ and $H_{1}\subset H_{2}\subset J(k)$ , then $H_{2}\epsilon H(k)$

$i$ . $e$ . $ff(k)$ makes a lattice with $H_{1}\cup 1f_{2}=H_{\dot{A}}\cdot H_{2}$ and $wIth$ the set-
theorctical intersection $H_{1}\cap U_{2}$ . On the other hand let $K(/\iota\gamma_{J})$ be the set of
all the class fields over $k$ .

(i) If $\gamma\zeta_{1},1C_{2}\epsilon K(k)$ , then $K_{2}\cdot\Gamma_{1_{2}^{\prime}}\epsilon K(,\gamma\llcorner)$ .
(ii) If $K_{1}\epsilon K(k)$ and $K_{1}\supset K_{2}\supset\gamma_{\iota’}$ , then $K_{\underline{o}}\epsilon L^{r}(/^{\prime}e)$ .

$i$ . $e$ . $K(k)$ makes a lattice with the field compositum $K_{1}\cup K_{2}=K_{1}\cdot K_{2}$ and
with the set-theoretical intersection $K_{1}nK_{2}$ .

Let $\gamma_{\iota}^{\sim}b\leftrightarrow$ the union of all the class fields over $k$ . Then the Galois-
group $\tilde{G}=G(\gamma_{t}/k)\sim$ is a compact topological group by the Krull’s topology
(Cf. Krull [5]). For a finite $exten^{c}ionk^{\sim}\supset K\supset k$ the correspoding group
$G(K)=|\sigma|\sigma\epsilon\tilde{G,}\sigma(a)=a$ for all $a\epsilon K$ } is open and closed and has a finite
inclex [ $\tilde{G}$ : $G([\zeta)]=[K:k]$ .

Let $G(k)$ be the lattice of all the open and closed subgroups $G$ of
$G^{\sim}$ with finite indices. By the above $consideration,s$ and by the Galois
theory for infinite algebraic extensions we have

(5.2) Let $H\epsilon H(k)$ . $T/bcn$ tkere exists a class field $I\zeta/k\epsilon K(k)$ willz
$H=H(K/k)$ . To $K$ corresponds $G=G(K)\epsilon G(k)$ . Tltis eorrespondence

$H(k)\epsilon H\rightarrow\varphi(H)=G\epsilon G(k)$

is $a$ one to one $correspond\iota;ce$ between IT$(k)$ and $G(k)$ $’\iota vhich$ is also a
$lattice- isomorp7\iota ism$ :

(i) $H_{1}\supset H_{2\leftarrow}^{\rightarrow}\varphi(H_{1})\supset\varphi(H_{2})$ and then $\lceil H_{1}$ : $H_{2}$] $=[\varphi(H_{1}) : \varphi(H_{2})]$

(ii) $\varphi(H_{1}\cap H_{2})=\varphi(H_{1})\cap\varphi(H_{2})$

(iii) $\varphi(H_{1}\cdot H_{2})=\varphi(H_{1})\cdot\varphi(H_{2})$ .
Finally let $\iota s$ put

$H_{0}=nH$ for all fi $\epsilon H(k)$ . ()



114 Y. KAWADA

Then $H$ is also a closed subgroup of $J(/\vee^{\prime})$ . We shall put then

$I(k)=J(k)/H_{0}$ (49)

Now we shall give a new topology in $1(\gamma_{\iota})$ which is in general weaker
than the the topology induced from $J(k),$ $i$ . $e$ . we shall take as the basis
of neighourhoods of the neutral element of $1(k)$ the set of all the subgroups
$H/H_{0}$ for $H\epsilon H(k)$ . Then $1(k)$ is a topological group which is totally
disconnected and totally bounded. Let the completion of $1(k)$ be denoted
$1\overline{(,k})$ . Then $1\overline{(k)}$ is a compact topological group.

Thcorem. $L^{\rho}t\tilde{k}$ be the mnon of all $th^{\underline{\rho}}$ class fields over $k$ and $l\iota_{\nu^{\prime}}$

$G^{\sim}=G(\tilde{k}/k)$ be $t/le$ compact $Galoi_{S_{\ell}^{-\circ}},roup$ of $\tilde{k}/k$ . $ T/lC’\iota$

$\tilde{G}_{\cong}\overline{1(k})$ (isomorphism and $hom^{\rho}omorp/ism$). (50)

(Proof) Put $\tilde{k}=U_{n}K_{n}$ , $k\subset K_{1}\subset K_{2}\subset\ldots,$ $K_{n}\epsilon K(k)$ , $ G_{n}=G(\mathcal{L}\sqrt K_{n})\sim$ ,

$H_{n}=H(K_{n}/k)$ and $1_{n}=H_{n}/H_{0}$ . Then $ H_{1}\supset H_{2}\supset\ldots$ and $H_{0}=\cap {}_{n}H_{n}$ . Hence
$n_{n}t_{n}=\{1\}$ . By (4.3) $G\tilde{/}G_{n\cong}G(K_{n}/k)\cong H(K_{n}/k)\cong J(k)/H_{n\cong}I(k)/1_{n}$ .
Let an isomorphic mapping $1(k)/1_{n\cong}G^{\sim}/G_{n}$ be $\varphi^{(n)}$ . Then for $m<n\varphi^{(n)}$

also induces an isomorphic mapping $\varphi_{m}^{(n)}$ of $I(k)/1_{m}$ . By the well-known
diagonal methods we can choose mappings $\varphi_{0}^{(n)}$ of $1(k)/1_{n}$ to $\tilde{G}/G_{n}$ such
that $\varphi^{(n)}$ induces $\varphi^{(m)}$ on $1(k)/1_{m}$ for $m<n$ .

Since $I\overline{(/\iota)}$ and $\tilde{G}$ can be defined as the projective limit group of
sequences $\{1(\gamma_{\iota})/1_{n}\}$ and $\{\tilde{G}/G_{n}\}$ respectively we can define an isomorphic
and hom-omorphic mapping $\varphi_{0}$ of l(k) onto $\tilde{G}$ such that $\varphi_{0}$ induces
$\varphi_{0}^{(n)}$ on $\overline{1(k)}/\overline{1_{n}}\cong I(\mathcal{L}^{\prime})/1_{n}$ (Cf. Freudenthal [3]), $q$ . $e$ . $d$ .
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References

(1) We shall call an id\‘ele $\mathfrak{a}\epsilon J(k)$ a unit id\‘ele if the p-componts $\mathfrak{a}(\mathfrak{p})$ are units in $k(\mathfrak{p})$

for all finite prime divisors. Let $U(/\vee)$ be the group of all the unit id\‘eles, then $S^{\infty}(k)=J(k)/U(k)$

is isomorphic to the group of all the “ umkehrbare Ideale ” of $/_{\vee}$ (Cf. Krull [6]).
(2) K. Iwasawa, On L-functions, to be published elsewhere, which was read at the

meeting of the Math. Soc. Japan, May, 1950.
(3) Though $J(k_{\lambda})$ are locally compact, $J(k)$ is not always locally compact, and $tho\iota tgh$

$P(k_{\lambda})$ are discrete sul)groups of $J(\gamma_{\lambda}\vee),$ $P(\chi,)$ is not necessarily discrete. But we can get some
properties of $J(k)$ by (22). For example, we can define $p_{(\mathfrak{a})}^{r*}$ for $c\epsilon J(k)1)y$ modifying slightly
the definition of $V(a_{\lambda})$ for $a_{\lambda}\epsilon J(\chi_{\lambda}’)$ , which was introduced by Artin and Whaples (Cf. E. Artin,
W. Whaples, $A\kappa iomatic$ characterization of’fields by the product formula for valuations, Bull.
Amer. Math. $So^{\wedge}..$ , 51(1945), 469-492. Put $J^{*}(k)=\{\mathfrak{a}|\nabla^{*}(\mathfrak{a})=1\}$ . Then $J^{*}(k)\supset P(k),$ $ J^{*}(k)\supset$

$U(/\vee^{\prime})$ . The strncture of the group $J_{\lambda}(\chi,)/P(k)U(k)$ is important for the analcgy with the theory
of algebraic functions. For these considerations cf. Y. Kawada, On the class field theory on
infinite algebraic number fields, (in Japanese). Math. Reports of T\‘odai-KyOy\^ogakubu, 1 (1950),
85-100.

(4) (4.1), (4,2), (4.3), (4,4), (5,1) correspond to Satz 4, Satz 5, Satz 6, Satz 7, and Satz 14
in Moriya [8].
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