Journal of the Mathematical Society of _Ja;;an Vol. 1, No. 4 April 1950.

On the decomposition of an (L)-—grbup
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The purpose of the present note is to give a decomposition theorem
of an (L)—group” which is a generalization of the well known theorem
of Levi? in the theory of Lie groups.

The writer expresses his hearty thanks to Mr. M. Goto for his kind
advices.

§1. A locally compact group G is called an (L)-group, if G contains
a system of closed normal subgroups {/,} such that

1) G/N, are all Lie groups and

2) NN, =e, :
where ¢ d::notes the unit element of G. If an (L)-group G is connected,
G contains a system of compact normal subgroups {K,} such that G/K,
are all Lie groups and N KA,=¢. Moreover we may assume that all X, are

contained in a compact normal subgroup and that the intersection of any
finite number of K, is contained in the system {K,}{¥. -Such a system
§ K, is denoted in the following as a canonical system of G.

A subgroup L of an (L)-group G is called a Lie subgroup, if it is
generated by a local Lie group Z, which is contained in a neighbourhood
of the unit element of G. If we take as the neighbourhoods of the unit
element in the group L those of the local group Z, we may introduce a
new topology in Z, which we shall call the inner topology of L.

Now let G be an arbitrary topological group and let A, and /A, be
the subgroups of G. We denote by [4,, H,] the subgroup of ‘G generated
by the elements of the form [4, % ]=/%4, /2, /2i* /3. The closure of [A,
H,] will be denoted by C(H;, H,) and is called the topological commuta-
tor group of A, and A, In particular C(G, G) is called the topological
commutator group of G and is denoted by D(G). We define inductively
the groups D,(G) by the relations D, (G) =G, Du(G)=D (Du_ (G)).
Analogously the subgroups V, (G) are defined by N, (G)=G. N,(G)=
(G, N,_«(G)). A connected locally compact group G is solvadle (nil-
potent), if Do(G)=e¢ (N,(G)=¢) for some integer ». In the case of the
Lie groups these definitions of the solvability ard the nilpotency coincide
with the usual ones.
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As K. Iwasawa has shown, there exists in any connected locally
compact group G a unique maximal solvable connected closed normal
-subgroup which is called the radical of G®.

Definition 1. A connected (L)-group is said to be semz-szmple if its
radical contains only the unit element, :

By a result of M. Gotd? any connected ‘semi-simple (1.)-group G is
the product of its maximal connected compact normal subgroup C and a
closed connected normal subgroup Z, which is a semi-simp! Lie group
containing no compact connected normal subgroup other than the group
(¢) consisting only of the unit element, such that [Z, C]=¢ and LNG
is a finite group®. We call such a decomposition of a connected semi-
simple (L)-group a canonical decomposition.

§2. In this section we prove some lemmas which are necessary in
the following sections.

Lemma 1. Let G be a Connccted Lie group and R its radical and
let Vbe a closed normal - subO'roup Then RN is closed and RNV/N is
the radical of G/V.

We omit the proof.

Lemma 2. Let G be a connected (L)-group and R its radical. If
NV is a closed normal subgroup of G such that G/N is 'a Lie group, then
RN is closed and RN/N is the radical of G/]V ‘

Progf. Let K be a compact normal subgroup of G such that G/K is
a Lie group. Then G/NNK is also a Lie group and since KNV is
compact, we see that R(KNXN)/KnN'is the raical of G/KNN®. By
the +homomorphic - mapping of . G/KNN on G/N R(KNN)/KNN is
mapped on RAN/N. Then by Lemma 3 we. see that RN is closed and
RN/N is the radical of G/N. : . :

Lemma 3. Let G be a connected semi- snmple (L) -group and N a
closed o-dimensional normal subgroup. If G//V‘ is’ a Lie group, then G
itself is a Lie group and N is discrete.

- Progf. Since N is o- -dimensional, /V is contamed in the center of G.
Let K be a compact open subgroup of V. As N is central, K is a com-
pact o-dimensional normal subgroup of G. ‘Since N/K is discrete, we see
that G/K is a Lie group, whence G is a Lie group”. ‘Since each o-di-
mesional closed suborroup of a Lie group ‘is discrete, /V is discrete.

Lemma 4. Let G be a connected (L)- group and 'L be a closed con-
nected normal subgroup which is a semi-simple Lie group Suppose that .
there exists a closed normal subgroup M such that G=L-M, [LM]=e.
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Then G=L-M, where M, denotes the component of the unit.element in

Proof. As G/M is a semi-simple Lie group, M contains the radical
R of G. Hence M,2R and G/M, is a connected semi-simple (L)-group.
But since the factor group of G/M, with respect to M/M, is a Lie group
and since M/M, is o-dimensional, G/M, is a Lie group and M/M, is
discrete by Lemma 3. We have G/M,=LM,/M,-M/M,, where LM,/M,
is a Lie subgroup of G/M, As we may easily see, the Lie groups G/M,
and LM,/ M, are locally isomorphic, whence G/M,=L-M,/M, Thus G=
L., ‘

Lemma 5. Let G be a connected (L)-group and R its radical and
let D(G) be the topological commutator group. Then G=D(G)-R.

Progf. As G/D((G) is abelian, there exist closed normal subgroups
K and A such that K-H=G, KnH=D(G), K/D(G) is compact and
H/D(G) is a vector group. Since G/K is a vector group we see by
Lemma 4 that RK/K is the radical of G/K. But since G/K is abelian,
we have G=R-K. Next let R, be the radical of D(&) and put K/R,=
K, D(G)/R,=D. Then D is semi-simple and K/I) is a compact abelian
group. Let XV be the centraliser of D in K Then K=D-N”. Now let
R, be the radical of K. Then R, =R,/R, is the radical of K and as we
may easily see R, is contained in . Since N/]VnD (=~ ](/D) and N
ND are abelian, &V is solvable, whence the component of the unit element
of IV coincides with R,. Let D=L-C be the canonical decomposition of
D. The K=Z-C-N and M=CN is the closed normal subgroup  of K
such that [Z, M]=e. Therefore we get by Lemma 4 K=Z-, where
denotes the component of the unit element of 7. But we see easily that
M,=C- R, whence K—L C-R, - Hence K=D-R, Therefore G=K.-R=
D(G) -R.

Lemma 6. Let G be a connected (L)-group such that the radical R
is a Lie group. If the factor group G/K with respect to a compact
o-dimensional subgroup K is a Lie group, then G itself is a Lie group.

Proof. 1t is sufficient to prove that G/R is a Lie group. But since
G/KR is a Lie group and KR/R is a compact o-dimensional normal
subgroup of G/R, G/R is a Lie group.

§3. In this section we prove our decomposition theorem and the
uniqueness of such decomposition up to inner automorphismus.

Theorem 1. Le: G be a connected (L) -group. Then G decomposes
into the form G=L-C- R, where
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1) R is the radical of G, C is a compact connected semi-simple subgroup
and L is a semi-simple Lic subgroup whick contains no compact connected
normal subgroup different from (e), '

2) [L, Cl=e and LNC is a finite group and

3) LR and CR are the closed normal subgroups suckh that G/R=
L R/R-CR/R is the canonical decomposition of the connected sgmi-simple (L)

-group G/R. ,

' Proof. We first consider the case where G is a Lie group. Let G
=S-R be a Levi decomposition of G, where S is a semi-simple Lie
subgroup. Now let S=LZL.C be the canonical decomposition of the semi-
simple Lie group S. Then since the inner topology of S is stronger than
the relative topology of S as a subgroup of G, C is also a compact con-
nected semi-simple subgroup of G. Since S and G/R are locally isomor-
phic and the compactness is the local property in the case of the semi-
simple Lie groups by Weyl’s theorem,”® the image CR/R of C by the
locally isomorphic mapping of S on G/R is the maximal compact connec-
ted normal subgroup of G/R. Moreover since L is the component of the
unit element of the centraliser of C, LR/R coincides locally with the
component of the centraliser of CR/R. Hence LR/R is closed and . G/R
=LR/R-CR/R. is the canonical decomposition of»G‘/R. '

Next we consider the case of an (L)-group. But we proceed stepwise
as follows: First we consider the case where R is a simply connected
Lie group, then the case where R is nilpotent, and finally the general case.

1) R is a simply connected Lie group.

Let G/R=L,/R-C,/R be the canonical decomposition of G/R and X, be
the maximal compact connected normal subgroup of C;. Clearly X is a
normal subgroup of G. We first show that G/K, is a Lie group. Since
L, is a Lie group and G/K,=L,K,/K,-C,/K,, it is sufficient to show that
Ci/K, is a Lie group. Let K be the maximal compact normal subgroup
of ;. Then (,/K is a Lie group”® and since K/K, is compact and
o-dimensional and the radical RK,/K, of C,/K, is a Lie group, we see by
Lemma 6 that C)/K, is a Lie group. Now since the kernel A R/R of
the homomorphism G/R~G/K,R is compact and connected, /AR is the
maximal compact connected normal subgroup of G/K,R and G/KR=L K,
JK,R-C,/K,R is the canonical decomposition of the semi-simple Lie group
G/K,R. Put G*=G/K, R*=RK,/K,, L*,=LK,/K, and C*=C,/K,. Then
by what has been already proved there exists a semi-simple Lie subgroup S*
of the Lie group G* such that L* =/L*R* and C(*=C*R*, where S*=
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L*C* is the canonical decomposition of S*..- Now let L,=L-R be a Levi
decomposition of the Lie group Z,, where L is a semi- sxmple Lie subO‘roup
Then L*, =L K,/K,=L-K,/K,-RK,/K, is ‘a Levi decompositxon of L* and
since L*I—L*R* is also such a decomposition, there exists an element 7
in R such that »Lr'K,/K,=L*®. Now let C be the complete inverse
image of C* under the homomorphism G/G~K,. Clearly C is contained
in €, and since C* and K|, are both compact, connected and semi-simple,
the same holds for C. Since G=L,-C,, L,=rLr'-R, C;=CR, we have G
=yLr~'.C-R. Now since [L*, C*]|=e, ie. [rLr K,/K,,C/K)=¢ we have
[»Lr7, C]C K,. On the other hand since [Z,,C;]C R, we have [»Zr7, C]
C R, whence [L, C]CRNK, But as R is simply connected, R contains
no compact subgroup, whence RN A,=e. Thus [L, C]=e¢. ThatrL+'NnC
is a finite group will be shown afterwards : o
- 2) R is nilpotent. - : , =

Let X be the maximal compact subgroup of R.” Then K is connected and
is contained in the center of R™. Therefore X is the unique maximal
compact subgroup and a central subgronp of G and R/K is a simply
connected Lie group. Let G/R=L,/R-C,/R be the canonical decompo-
sition of G/R and put GY=G/K, R'=R/K, L’—-L,/K and C/=C,/K.
Then G’'/R'=L//R'-C{//R’ is the canonical decomposition of G’/R’ and
since the radical R’ of G’ is simply connected, we have by 1) a decom-
position of G such that ¢'=2"-C" R/, L'\=L'R', C/=C'R, [L', C']=/,
where ¢/ denotes the unit element of G’. Now since Z/,=L /K is a Lie
group and K is compact and abelian, there exists in Z; a semi-simple Lie
subgroup L such that Ly=L-R and L'=LK/KX Next let C be the
complete inverse image of C’ under the komomorphism C,~ ().  Then C
is compact and tonnected and K is the radical of C. As we may see
from the structure theory' of compact groups,'? there exists a connected
compact semi-simple subgroup C such- that C=C-K. Then C,=C-R=C
‘R. Thus G=L:C:R, L=L-R, C;=C-R. Since [Z, C"]=¢, we have
[Z, C]€ K. As Kis central,” (lel™ cVe=clelc™), i.e. Ll =cldd et
for ceC, J¢eL. Multiplying ¢ from the left, we obtain ¢ (ll™?) = (lel™) .
Then (lcl7%c7Y) - (7 d™Y) =7 (™) (Ql7'd™) =c7' (ledl7'd7c™?) ¢ = ledi™
(¢ d)~*. Hence, for -fixed /, the correspondence c—/cl~'c' is a continuous
(not necessarily open) homomorphism of the group C into- thé gioup "X
Denoting by /V the kernel of this homomorphism, we see that C//NV is an
abelian group: But since € is semi-simple, we have C=N. Therefore
every element in C commutes with 2eZ. - Thus we obtain [Z, C]=¢. Mo-
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reover since L and Z;/R are locally isomorphic and Z,/R contains no
compact connected normal subgroup except (¢), the same holds for Z by’
Weyl's theorem. "Now we prove that’ZN(C is a finite group. Let {&,}
be a canonical system of the connected (L)'—group G. Then G 1is the
limit group of the system of groups {G/K,} and hence ZNC is the limit
.group of the system of groups {(LN() K,/K,}. We have G/K, =LK,/
K,-CK,/K,RK,/K, and LK,/K,-CK,/K, are the maximal semi-simple Lie
subgroups S, of the Lie groups G/K,. Since L~LK,/K, and L contains
no compact connected normal subgroup except {¢), the same hold for LK,
/K,. Hence CK,/K, are the maximal compact connected normal sub-
gitoups of 'S, and S,=LK,/K,-CK,/K, ‘are the canonical decompositions
of *S,. Therefore (LNC)K,/K, are the finite groups. Thus LNC is a
limit group of a system of finite groups, whence ZNC is compact. On
the other hand LN C is containéd'in;' the center of the semi-simple Lie
group L and hence it  is enumerable. Therefore ZN C must be a finite
- group.™® -

- 3) General case.
As the radical R; of the topological commutor group D(G) is nilpotent;'®
we have by 2)°a decomposition of D(G) such that D(G)=L-C-R,, [L,
Cl=¢ and LNC is a finite group. Then since G=D(G)-R by Lemma
7, we have G=L.-C-R. We must prove that LR and CR-are the closed
normal subgrovps such that G/R=LR/R-CR/R is the canonical decom-
position of G/R. For this purpose let' G/R=L,;/R-C,/R be the canonical
decomposition of G/R. Since CR; is a characteristic subgroup of D(G),
CR=CR,-R is a closed normal subgroup of G and clearly CR2(,. Now
we have G/R,=R/R,-D4R, and the radical- R/R, of G/R, is central.
Since R/R; is also the radical of Cy/R, and C,/R,/R/R, compact, C,/R,
is by 2) the product of R/R, and a compact semi-simple connected
subgroup. Hence D(C;/R,)is compact and since D(Cy/R,) CD(G/R)) =
D(G)/R,, we have D(C,/R)CCR/R,. But D(C,/R)= D(C)R/R,
whence D(C,)R,C CR,, Therefore D(C,)RC CR. On the other hand since
C,/R is semi-simple, we have D(C,/R)=C,/R and hence D(C,)R=C,.
Thus we obtlain (;=CR. Now G /R=C,/R-LR/R and clearly Z,/R2
LR/R. But as:G/R/C,/R is locally isomorpbic with ZR/R and also with
L,/R, the Lie groups L,/R and LR/R must be of the same dimensions.
Therefore L,/R=LR/R, whence L,=LR. q.e.d. :

. Theorem 2.. Let G=L-C-R mza’ G=L'C'R b¢ twd decomj)oszz‘wns o
a connected (L)-group G whick satisfy the conditions 1) and 2) in Theorem
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2. Tlwen there exis's an element v in R such that vLr1=L', rCr'=(C.

Progf. We may assume that the one of these decompositions, for
example G=L-C-R,is the one obtained in the proof of Theorem 1. First
we prove that LZR=ZL'R and CR=C'R. Let {K,} be a canonical system
of G. Then G/K,=LK.,/K, -CK,/K,RK,/K, and S,=LK,/K,-CK,/K,
is a maximal semi-simple Lie subgroup of G/K,. As was shown before,
CK,/K, is the maximal compact connected normal subgroup of S,. By
the same reason, also C'X,/K, is the maximal compact normal subgroup of
the maximal semi-simple Lie subgroup S)/=Z'k,/K,-C'K,/K,. Hence from
what has been already noticed in the proof of Theorem 1 we obtain CK,
/Ks RK,/Ky,=C'K,/Ks RK/K, i.e. CRK,=C'RK,. Consideiing the in-
tersections of each sides for all ¢, we get CR=(C'R. But since G/R=
LR/R-CR/R=L'R/R-CR/R and the former is the canonical decomposi-
tion of G/R, we have ZLR/RDI'R/R. But as G/R/CR/R is locally
isomorphic with ZR/R and also with Z’R/R, we obtain LZR=L'R as before.

Next we consider the case where the radical R is nilpotent. ILet X
be the maximal compact subgroup of K. As we have already remarked,
K is connected and is contained in the center of G. Then CK is a max-
imal compact subgroup of C;=CR=C'R. For, since (\/K=CK/K-R/K
and R/K is a simply connected Lie group, CK/K is a maximal compact
subgroup of C;/K and hence CK is maximally compact in ;. By the same
way C'K is also a maximal compact subgioup of C,. Hence there exists
an element a=c-7(ceC, r€R) in C, such that aCKa7'=C'K. Since K is
central, we have »Cr'K=C'K. Let C'K=M. Then K is the radical of
M and »Cr'-K and C'K are two decompositions of the compact group M
as the products of the semi-simple connected cempact normal subgroups
and the radical. As such a decomposition of the compact group is unique,
we have »Cr~'=(C. Hence it is sufficient to show that, if G=L.C-R=1'-
C-R are the decompositions of G, then there exists an element » in R
such that »Lr'=L' and »Cr'=C. If G is a Lie group, this is easy to
verify. First let R be simply connected. Let K, be the maximal compact
connected normal subgroup of C;=CR. Then as we have already shown
G/K, is a Lie group and hence there exists an element » in R such that
rLyr7 Ky=IL'K, and »Cr'=C. Since K,C C, we have [»Lr7', K ]]=e¢, [L,
K,)=¢ and »Lr'n K, and L' N K, are finite groups. Hence 'K, is alge-
braically isomorphic with Z'x K,/D, where D is a finite group. If we
introduce a topology in ZL'K, as the factor group of L' x K, then 'K,
becomes a connected semi-simple (L)-group and L' is a closed subgroup.
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Since L’ coatains no compact connected normal subgroup, KX is the max-
imal compact connected normal subgroup of L'-K,. Let L'K,=L,K, be the
canonical decomposition of L'K,, then L’ is contained in Z, and since Z,
and L’ are locally isomorphic Lie groups we get L,=LZL'. rLr™* is also
contained in Z, and L’ and »Lr~! are also locally isomorphic. Hence L'
=rLr~'. If R is not simply connected, consider the group G/K. Then
we have »Lr~'.K=L'K and »Cr'K=CK. Then considering the commu-
tator group in the former and the topological commutator group in the
latter, we obtain »Zr=ZL' and »Cr=C. Finally we consider the general
case. Let R, be the radical of D(G). Then since the decomposition G=
L-C-R is the one obtained in the proof of Theorem 1, D(G)/R,=LR,/R,
-CR,/R, is the canonical decomposition of D(G)/R,. Now the component
of the unit element of the group CRND (G) is CR,. For, since CCD
(G), we have CRND(G)=C(RND(G)) and as tha component of the
unit element of RND(G) is R,, we may easily verify the above proposition.
Since (YR=CR and (C”’ is also contained in D(G), C'(RND(G))=C(Rn
D(G)) and considering the components of the both sides, we have CR,=
C'R,. As L'is also contained in D(G) and [Z/, C']=e¢, we have
LR,/R,2L'R,/R, and by the same argument as before we obtain LR,=
L'R,. Therefore D(G)=L-C-R,=L'C'R,. Since R, is nilpotent there
exists an element » in R, such that »Lr'=Z' and »Cr'=C. q.ed.

§4. Now we may give somewhat different. formulation to Theorems
1 and 2. | - |

Definition 2. Let G be a connected (L)'-group. A subgroup A of
G is called an semi-simple (L)-subgroup, if, for each closed normal
subgroup /V such that G /N is a Lie group, AN/N is a semi-simple Lie
subgroup of G/V. | 7

As we may easily see, each closed semi-simple subgroup is a semi-
simple (L)-subgroup. ‘ '

Theorem 3. Lot G be a connected (L)-group and R its radical. Then
there exists a semi-simple (L)-subgroup S suck that G=S-R. If S’ is another
semi-simple (L)-subgroup suckh that G=S"-R, then there exists an élement »
in R suck that »Sr—'=S".

FProof. Let G=L.C-R be a decomposition in Theorem 1. -Then
since LZ and C are semi-simple (L)-subgroups and [Z, C]=e, we see that
the subgoup S=L-C is a semi-simple (L)-subgroup such that S:R=G.
Now let {K,t be a canonical system-of G and put G,=G/K,, S',=S'K,
/K, Then &', are maximal semi-simple Lie subgroups of the Lie groups
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G. and G is the limit group of the system {G,} of Lié"groups. Let a
and be an arbxtrary pair of indices such that X; CX,. Then G; is
homomorphic to Ga. If @ denotes the homomoxphxc ‘mapping of G, on
G,, then there corresponds to every element x of G the system {x.t,
where .G, and x a=¢a(%) for any pair ¢, such that X,Cc K,. In par-
ticular the elements of S’ ars determmed by the systems 155!, 54€S,.
Now let S, —-L’ .C’, and S’.;—L’ C’ be the canonical decomposxtxons of
the semi-simple Lie groups S’, and S' Then ¢,,(S%) = =5, 0o (L) =
L'y and 97,3((:’,,').:6”.,. Clearly the systems {c’s } such that J/,eC’, deter-
mine a compact subgroup C'CS’. Further since the kernels Kg; of the
homomorphisms ¢,, are compact, we see that ¢, are locally isomorphic
mappings of L’y on L',. In fact, let K.; be the ideals of &, which cor-
respond to the group K,, where &, denotes the Lie algebra of the
Lie group G,. Then since K,; is compact, K=+ Bas, where &S,y is
the semi-simple ideal and B, is the center. Since R,; is the ideal of &,
S.; is contained in the Lie algebra &', of the maximal semi-simple Lie
subgroup S, and B., is contained in the radical of @, Moreover since
S.; generates the compact group, &, is contained in the Lie algebra of
the group C’;. Hence the intersection of &,, and the Lie algebra of the
Lie subgroups Z’; contains only zero. This proves the above assertion
Therefore we may choose a sufficiently small neighbourhood Z°, of the
unit element of each Z’, such that ¢,, are the one-to-one mappings of L'
on L% for all pairs (¢, #) such that K C K, Further let ¢, be the
homomorphic mappings of G on G, and put L'= N.¥z'(L%). There
correspond to the elements of Z° the systems }x,} such that x,el’
and, for fixed a, every element x, in I° appears in such a system.
Hence Z° is a local Lie group isomorphic with the local Lie groups Z°,.
Let £’ be the Lie subgroup generated by Z°. Then Z/C S’ and ¢,(L') =
L, ie. I'K,/K,=L,. We may easily see that S'=71'-C’ and [Z/, C ]=e.
Further we may prove by the same argument as in the proof of Theorem
1 that L'nC" is a finite group. Hence we obtain a decomposition G=Z1'
+C’R which satisfies the conditions 1) and 2) in Theorem 2 such that §’
=/L'C’. Then by Theorem 3 there exists an element » in R such that
rLr-'=1' and »Cr~'=C". "Hence »Sr'=S". q.e.d.

Now we consider the case where G is a connected (/)-group'™ and
show that in this case the semi-simple. (L)-subgroup S is closed.
. Theorem 4. If G is a connected : (I)-group, then every semi-simple
(L)-subgroup S suckh that G=S-R is‘a cosed subgroup.
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Progf. If K is a compact normal subgroup of G such that G/K is a

Lie group, then G/K is faithfully representable (£7.)® Let S be the closure
of S. Then SK/X is the closure of SK/X. But since SK/K is a semi-
simple Lie subgroup of the £ ». Lie group G/K, it is closed.”® Hence
SK/K=SK/K. Thus S is a semi-simple (L)-subgroup such that G=S-

R.

H

3)
£

5)
6)
7
8)

9)
10)
11)
12)

13)

But since S is conjugate with S, S is also closed.

Mathematical Institute

: Nagoya University

Notes

For (L)-groups, see K. Iwasawa. On some types of topological groups, Annals of Math.
Vol. 50, No. 8 (1949). We shall refer to this paper as I. '

For Levi’s theorem, see J.H.C. Whitehead. On the decomposition of an infinitesimal group,.
Proc. Cambr. Phil. Soc. v. 32. (1932), A. Malcev. On the representation of an algebra as
a direct sum of the radical and a semi-simple algebra, C. R. DRSS, 36 (1942) and M.
Gotd, On a theorem of E.E. Levi, Mathemati¢a Japonicae. Vol. 1. No. 3 (1949).

See, 1.

M. Gotd, Linear representations of topological groups, to appear shortly. We shall refer to
this paper as G. ‘

Z is the component of the unit element in the centraliser of C.

See, G.

See, G.

H. Weyl, Theorie der Darstellung kontinuierlicher halbeinfacher Gruppen durch lineare
Transformationen, I-III, Math. Zeit. Bd. 23-24 (1924-25). ‘

See, I.

See, A. Malcev, loc. cit.

See, G.

For, by I, maximal compact subgroups are conjugate with each other and any compact '
abelian normal subgroup is contained in the center of G.

See, 1. Lemma 4.8



274 On the decomposition of an (L)-gronp

14) See, H. Freudenthal, Topologische Gruppen mit geniigend vielen fastperiodischen Funktionen,
Ann. of Math. 37 (1936).

15) See, G. '

16) See, G.

17) For the definition and properties of (Z)-groups, see, G.

18) A Lie group is said to be faithfully representable, if it admits an isomorphic continuous
representaion by matrices.

19) K. Yosida, A theorem concerning the semi-simple Lie groups, Tohoku Math. Journ. v. 43
(1937).



	On the decomposition of ...
	\S 1.
	\S 2.
	\S 3.
	\S 4.
	Notes


